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Our History: Block Wise Time Domain SC-MMSE

Problem of Complexity: O[N?(L + K)?] + Matrix inversion of 71,
N: antennas, L: path length, K: Frame length.

My 2002 Equation

Zm = (Ik + TrnSpm) ™' [T + HIZT'E] (1)
where
T, = dag | HZ(HAH) Hm} | (2)
S, = diag||8n|?], (3)
> = HAH" + 1, (4)
A = E[(s—35)(s - 8)"] = diag[E[]s]"] — |5°]. (5)
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Our History: Block Wise Freq. Domain SC-MMSE

Finally, the equalizer output is given by:
My 2005 Equation

zm = (Irc + TnSpm) [rmém + FPHEH(Ef AR aQINK)_lf'f} |

where

Diagonal-Block in the case N = 2: .

.......

ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ
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|
Goals and Objectives of This Course

@ The primary goal is to provide the audience with the in-depth
knowledge of turbo equalization, its design techniques, and practical
applications and its extensions.

@ To provide lay knowledge for deriving the frequency domain
processing, with which the computational complexity of the turbo
equalization is independent of the number of the multipath
components in the channel.

@ To provide the course takers with the information theoretic
background of the turbo equalization techniques.

@ To introduce concatenation turbo equalizers neighboring in time in
the absence of Cyclic Prefix (CP) or Guard Interval (Gl)

@ To introduce the n-OFDM technique, and then to provide the
audience with the knowledge that how nOFDM systems with
equalization can achieve high spectrum efficiency and improve the

BER performance, compared to the conventional OFDM system. just
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Course Contents

Introduction of Instructors

Goals and Objectives, and Methodologies

© 00

Introduction to Frequency Domain Turbo Equalization (by Prof. Tad
Matsumoto)

©Q Information Theoretic Consideration of Turbo Equalization

© Time-Concatenated Turbo Equalization systems without cyclic prefix
(by Prof. Khoirul Anwar)

@ non-Orthogonal Frequency Division Multiplexing (nOFDM) (by Ms.
Norulhusna Ahmad)

@ Conclusions
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Turbo Equalization Basics
- Sliding Window -

Tad Matsumoto
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e
Single User’'s Case: Turbo Equalization (1)

Transmitter

Data —+»| Encoder —> H - »| Modulator |=4—»| Channel

oI Complex
T Field
Log-likelihood ratio (LLR) AWGN —>é
Receiver
Decoded < § — 4+ —.
Data Decoder 11 ~ Equalizer

L 11

_|_

Note: The definition field of the code should not necessarily be GF(2), but if the
code is not binary, the exchanged information is probability vector. This is very
complex. Just
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]
The Channel

h(O) Signal T e~ T |
Y/h(l)\’ Y i%; 80
\/ hO) | k) | ) | Tse R
s(k) h(2) r(k) > —~D— (k)
- s(k—2)
C h(2) h(1) h(0) O 0 || s(k—1) Co(l)
r(k) = 0 Ah(2) h(1) h(O) O s(k) + | v(2)
0 0 h(2) h(1) h(0) | SE/;Jrl; - v(3)
| s(B+2) |
=Hs(k) +v (8)
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SC-MMSE: Soft Cancellation with MMSE

H: Space-Time

SC-MMSE 8] Residual MMSE Equalizer
Input | BQualizer — plus Noise ! Channel Matrix
o y(n) oty s T TI...| T~ T-I I1: interleaver
. —| y() 0
Soft Replica of — utput
IST Components é\é\ Q (,é) -1 >O
\:\ ¥ II — Channel
+ = Decoder
—® m(n)
b(k)
| Conditional MMSE
Channel m(n)=
Mtanh(*/2)| | Estimator [H(n)Am)HH(n) LLR:
H(n) +o20]'H(n)e, Calculation Ay [s(K)]
Soft Interference Cancellation
11
My[s(k)]
Tutorial on Turbo Equalizations 9/71
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Symbol’s Expected Value

Why tanh(\/2)?

@ Can anyone answer this question?
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Why tanh(\/2)?

Pr(+1
In PrE—lg .

@ Extrinsic information of bits (decoder feedback) Ay =
@ Using Pr(4+1) + Pr(—1) = 1, we have

1

Pr(—1) = o

(9)

@ The soft estimate of symbols § = E|s] can be calculated from the
probabilities Pr(41) and Pr(—1), as

s = (=1)-Pr(—=1)4+1-Pr(+1),
= —Pr(—1) + Pr(+1)e™
= Pr(—1)(e™ —1) (10)

® Using (9) and (10), we have s = ¢ 2=1 — tanh(A\2/2).

Just
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e
Mistake Quite Often Found in the Literatures (1)

@ s =tanh(\g/2) is correct, only if the decoder feedback is

uncorrelated. Otherwise, § = (—1) - Pr(—1) + 1 - Pr(+1) does not
hold.

@ Feeding the "soft” equalizer (or detector) output directly back to
equalizer does not satisfy "turbo concept” because equalizer
(detector) outputs are correlated.

@ Shannon said "If the code is random enough and long enough, ..."

e Interleaving has to be long enough
e Interleaving has to be random enough
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e
MMSE Weight Calculation — 1

@ The whole channel structure can be expressed by the compact
expression y = Hb + v

@ Soft cancellation

y = y(k) — HS(k) = H(s(k) — 8(k)) + v(k), (11)
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e
MMSE Weight Calculation — 1

@ Soft canceller outputs is weighted by the vector m(k) to output
z(k) = m(k)?y (k) for which the criterion is:

m(k) = argminE{|s(k) ~m"y(k)[*}
= arg min m"E{y (k)3 (k)" Jm —2m E{s(k)y (k)} + 1
(13)

whire E{y(k)y(k)?} = HA(k)H? + 02T and E{b(k)y(k)} = Hey,
wit

A(k) = cov{s(k) —58(k)}
= diag{l—5k—L+D?%--- 1-3k—-D%1,1-5Ek+1>-- - 1+5k+L-1*}
(14)
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e
MMSE Weight Calculation — 2

@ Now,
MSE = m(k)" [HA(k)H" + 0°I] m(k) — 2m(k)"Her + 1 (15)
@ Setting the gradient of MSE with respect to m to be zero, we have
m(k) = [HA(K)H" + 61| He. (16)
Mistake Quite Often Found in Literatures (2)

@ With the soft-feedback, the MMSE filter is time-invariant.
@ Using the channel-fixed MMSE

m(k) = [HH” + 0°1] ' He,, (17)

for every iteration does not make sense at all.
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e
Asymptotic Performance Analysis

@ If we can assume that decoder feedback is strong enough code, and
that iterations are performed,

BPSK
A(k) — A = diag[0,---,0,1,0,---,0]. an

: ~ H :
@ If this happens, since HAH becomes a rank-one matrix, the MMSE
filter taps become

m(k) >m = [hh" +5°I]"'h (19)
@ b, (20)
where o = hH}}JrUQ.
Note:
(a) Matrix Inversion Lemma. Just
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Matrix Inversion Lemma

Matrix Inversion Lemma:
A+BCD] '=A"1'-A"'B[C"'+DA'B]"'DA! (21)J
m = [hh’ + %I 'h (22)
1
_ _ H _
A=LB=C'.D= (23)

@ Now, by using the Matrix Inversion Lemma, we have

1 1 1 1
S hi
. o2 g2 (1 +hHh/02) 02] ’
1 1 hfh
_ |- h = ah 24
g’ o2 02—|—hHh] . (24)

1

where @ =
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]
Extrinsic LLR Calculation

@ Assuming that the MMSE filter output z(k) = m(k)”y(k) can be
approximated as a Gaussian channel output having input b(k),

2(k) = p(k)s(k) +n(k), (25)
where u(k) = E[z(k)s(k)] = e, H¥m(k), and the variance of n(k) is
v(k)* = E[l2(k)[] - p°

= e H'm(k) — p* = p— pf? (26)
@ The extrinsic LLR \{[b(k)] at the MMSE filter output is then given
by:
_ Pr(z(k)[s(k) = +1)
MR =g 5 st = —1)
z(k) — 2y 2 ;
_ =R Uzu(k)\ ) J;ZM(/f)\ _ Zf)%_( M((kk))‘(ﬂ)
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Time Domain Block-Wise Processing
Tad Matsumoto
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e
Revisit MMSE Weight Calculation — 1

@ Soft cancellation y = y(k) — HsS(k) = H(s(k) — s(k)) + v(k), where
s(k) =[5(k+(L—-1)),---,58(k+1),0,5(k—1),---,5(k—(L—1))]".
@ Soft canceller outputs is weighted by the vector m(k) to output
z(k) = m(k)?y(k) for which the criterion is:

m(k) = argminE{|s(k) ~m"y(k)[*}
= arg min m"E{y (k)3 (k)" }m —2m"E{s(k)y (k)} + 1

where E{y (k)y(k)"} = HA(k)H" 4 ¢°I and E{b(k)y(k)} = Her
with
A(k)= cov{s(k) — §(k)}
= diag{l -3k —L+1)% - 1-5k—-1)%1,1-5k+D*---,1-5k+L—-1)?*}
(29)
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e
MMSE Weight Calculation — 3: Modification

@ Now define
S(k) = [$(k+(L—1)), -, 5(k+1),5(k),5(k—1),- -, 8(k—(L—1))]",
then
Ao(k)=cov{s(k) —s(k)}

=diag{1-3(k+L—1)%- - -, 1-5k+D*1-5(k)* 1 —5k-1)>- - -, 1-5(k —L+1)*}
(30)

@ With Ay defined above, the MMSE weight vector is given by:
—1

HeL

Restoral term

m(k) = |HAok)H" + §k)* hht +5%1

—1
= » !l _x <~(k)2 - hH21h> h'>=1  (31)
S

and X! = (HA H + 021) bis independent of the symbol mdex]lAcIST

Tutorial on Turbo Equalizations 21/ 11
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SIMO Channel Model (1)

STAIIRD OINIS
aanjoaes Aouanbarg

]

: W | g

c gkl 1 (k) S
(Dataj| = £ 2 o
— 23 2 2

4 o

% m = =

- =8

- 2

Received Signal: Received Signal (spatially sampled):
L—1 L—1
(k) =Y ha(Ds(k =) +oa(k) | (k)= H(l)s(k — 1)+ v(k)
1=0 I=0
rn(k): received signal r(k) = [r1(k),ro(k), - ,rn (k)T

L :  channel memory length H(l) = [hi (1), ha(1), - - - ,hN(l)]T,
l) :

. channel impulse response v(k) = [v1(k), va(k), - - - ,UN(k)]T-
s(k) : transmitted signal

vn(k) © complex white Gaussian noise CA(0, o?) JusT

(IEEE VTC-Spring 2012) Tutorial on Turbo Equalizations 22 /171
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Channel Model (2)

@ Block-wise Space-Time channel matrix

H = [H] H}-.. HJ] eCONED),
H’rL — [hn,h hn,27 T 7hn,K] )
hn,k — [Ok—la hn(0)7 hn(l)v T hn(L — 1)7 OK—k+1]T-

@ H,, has the Toeplitz structure (linear convolution)
@ K: block length, 0,: all zeros vector of length «

o Example of H,, € CEHL)XK \ith [ = 3,

" ha(0) 0 0 0 0 0

hn(1)  hn(0) O 0 0 0

hn(2)  ha(1)  hn(0) O 0 0

Hy=| 0  §ho(2) hal 0 0

(IEEE VTC-Spring 2012) Tutorial on Turbo Equalizations
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Channel Model (3)

@ Received signal vector

r = Hs+v

r = [cl,rd ... rh]F

r, = [ro(L—2), - ,rn(0),rn(1), - ,rn(K —L+1), -, rp(K)]"
s = [s(1),5(2),---,s(K)]"

v o= [vi,vy,,vplt
v = [Un(L—=2),- ,vn(0),00(1), - ,on(K —L+1),- v, (K)]*

(IEEE VTC-Spring 2012) Tutorial on Turbo Equalizations
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Principle of Turbo Equalization

Decoder

le(k) i N ?)\1[8(]6)] H_1 R Soft —>§(l{7)

HSININ-OS
Jaddewa(y/
1adden Jos
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Mapper & Soft Interference Cancellation

@ Mapper
A priori log-likelihood ratio (LLR) provided by the decoder (BPSK)
Pr(s(k) = +1)
A1ls(k)] = 36
R (36)

@ First moment of the soft symbol
Al|s(k
§(k) = tanh ( 1[82( )]> (37)

@ Soft interference cancellation
The soft symbol is used in the cancellation of interference

components from the received signal to provide a residual
r = r— HS (38)

@ If the a priori information is perfect, only noise components remain.]MST

26 / 71
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MMSE Equalizer (Time Domain)

@ Adaptive Linear Filter MMSE filter is used to further reduce the
residual interference components: The vector w! for the filter taps is
obtained to minimize the following mean square error (MSE).

restoral term

w(k) = arg Wl?lj)le w(k)" (r+ h(k)s(k) ) — s(k)[*, (40)

where h(k) = [b]) hT,. ... hE |

@ Using Wiener-Hopf solutions

. [a\ww)H(r +h(k)3(k)) - s(/«)r?] .

(41)

ow (k)H
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MMSE Equalizer (Time Domain)

@ After taking partial derivative

E|(T +hs(k)) (T + hé(k))H}w(k) —E|[(r+ h(k)s(k))s(k)"] = 0(42)

Covariance Matrix Steering Vector
About w(k):
w(k) = [Covariance Matrix] ' [Steering Vector] J
@ Covariance Matrix
E [(F +h3(k))(F +hs(k)"] = E[t8"] +73(k)*h(k)" + h(k)s(k)F"
+h(k)3(k)8(k) h(k)" (43)
Y B[]+ h(k)s0) PR (48

Note: (a): with E[s(k)] = §(k), then
h(k) (Els(k)]5(k)* + $(k)E[s(k)"] — 2|3(F)[*) h(k)" =0 just
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MMSE Equalizer (Time-Domain): Covariance Matrix

E[ft"] = E[(r—HS)(r — H§)"],

= HAH" 4+ %1 (45)

2 dag(E[s?] - Elss” - E [s7] 8 + |8},
= diag{E[|s|*] — 2|s|* + |8|*},
9 Tag{E[|s|2] — |82} + 0 (46)

Note: (a): Ix denotes a K x K identity matrix, (b) : diag is an operator
which replaces non-diagonal elements in the matrix with zeros,

() - E[s(k)] = 8(k), then E[s(k)|E[s(k)"] = [8[* # E[s(k)|"].
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MMSE Equalizer (Time-Domain): Mean Vector

@ Covariance Matrix

E [(F+hs(k))(F+hs(k)"] = Z+h|3(k)[*h(k)"

Y HAHY +02T+h|3(k)[?h(k)" (47)

@ Steering Vector

E[(r 4+ h(k)s(k))s(k)"] = [ s(k)" — Hss(k)" + vs(k)”
+h(k)s(k)s(k)],
= h(k) (48)
@ Finally, we can find the optimum filter tap coefficients as
w(k) = (2 + h(k)[3(k)["h(k)") " h(k). (49)
Note: (a) : 3 is independent of the k-th common covariance. st
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e
MMSE Equalizer: z(k)

@ Equalizer Output

2(k) = w(k)T (k) +h(k)3(k)
= b)) [(Z+h(R)3R)PhE)) ] (k) + hk)s(k)),

2 h(k)" (2 + h(k)[5(k)*h(k)") " (#(k) + h(k)3(k)  (50)

Note:
(a) : Because of the "Hermitianity” of the argument (XXH)H = XX
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e
Weighting Factor w(k)

w(k)? = h(k)7 [+ h(k)5(k)*h(k) 7],

@ (k)H(E_l—E_lh(k) [130k)| " 2+0(k) TS (k)] (k)" 2_1) ,
2 h(k)T= —h(k) TS (k) [|5(0)] 7% + (k)] BT

— h(k)TS =y (k) [|8(k)] 2 +v(k)] (k) PR

o menr ARBEER L mel

= h(k)72 1+v(k)l§(k)\2h(k) o
(AR Hevo1

‘(1 T A(RaRE ) P E

= (14 y()|3(k)*) " h(k) 2! (51)

Note: (a) : matrix inversion Lemma,
(b) = (k) =h(k)" S~ h(k)
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e
Equalizer Output: Final z(k)

2(k) = (1+4(k)[3(k) ) n(k)T= "1 (E(E) + h(k)3(k)),

= (14 ~(k)[3(k)*) " (h(k)T=715(k) + h(k)T S h(k)5(k))
(52)

Finally, the equalizer output can be obtained as:

2(k) = (1+y(B)|s(k)[*) (v(k)é(k) + h(k)Hg)lf‘(k)> (53)

y

Sorting all element of z(k) into a vector, we have:

z = (Ix +T8S)" " [Ts+HYE 3] (54)

where I' = diag [HY (HAH" + ¢%I)"'H| , S = diag]|$|%]. Note:

(a) : symbol-wise matrix inversion is NO LONGER required!, however, too
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|
BPSK De-Mapper

@ Filter Output

2(k) = w(k)" (£(k) +h(k)3(k)) = p. (k)s(k)+  v.(k)  (55)

Mean Equivalent noise

o Mean: u,(k) =E{z(k)s(k)*} = 1+7(7]€()]|2(7€)|2E{\3(k)]2}

@ Equivalent Noise:
02 (k)? = E{2(k)2(k)"} — p=(k)? = p= (k) (1 — p=(k))
o Log-likelihood ratio (LLR): Extrinsic information

Pr[z(k)|s(k) = +1] exp _ %[z(k):(;)/éz/(j) 2]
As(k)] = In <Pr[z(k)]s(k) - _1]> —In = RS = |,

XP |7 T 20 (0)2)2
b (R ARL=(k)
pz (k) (1 — p(k)) 1 — p. (k)

(IEEE VTC-Spring 2012) Tutorial on Turbo Equalizations 34 /71
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Frequency Domain Block-Wise Processing

Tad Matsumoto

E-mail: tadashi.matsumoto®@ee.oulu.fi
matumoto@jaist.ac.jp

L.
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Channel Model (1):

{Data 1}
—] nterleaver

MIMO CP-Transmission

(Data 1}

Recv. Signal (spatially sampled):

f
I ZAEN
{Data 2} %; ' 5 1, (k) Eﬂ {Data 2} 11
{Data M} g % %) g Data M} I‘(k) - Z H(l) (k l) V(k)
- Symbol Mapper [=0 )
Received Signal: r(k) = [ri(k),r2(k) ,TN(/@)]?
M L—1 ha1 (1) han (1)
= B (1) sm(k—1) +vn (k) HL() = hgl_(l) hzy(Z)
m=1{=0 ) : :
rn(k) :  received signal  hni(1) hna (1)
L : channel memory length s(k) = [s1(k), ,SM(k)]T.
ham(l) © channel impulse response v (k) = [v1(k),...,un (k)"
Sm(k) : transmitted signal
vn(k) ' ~ CN(0,02)
Just
(IEEE VTC-Spring 2012) Tutorial on Turbo Equalizations 36 / 71




e
Channel Model (2): MIMO CP-Transmission

@ Block-wise Space-Time channel matrix

H = [H{ H], - Hi/| e ChNEM (57)

] T
Hm — _H,{ma HgMa RN Hjjgfm] . (58)
Hnm — [hn,m,la hn,m,Qa T 7hn,m,K] ) (59)

hn,m,k — [Ok—la hnm(O)a hnm(l)a T hnm(L_l)a OK—k—l—l]T- (60)

@ H,,, is Topelitz matrix where the last L — 1 elements are removed.

@ K: block length, 0,: all zeros vector of length x
e Example of H,,,,, € CE*E with L = 3,

Bom(0) 0 0 0 0 0
(1) hom(0) 0 o0 0 0
(@) B (1) h(0) -0 0 0

Hoo= 00 0 (2) ha(1) -0 0 o | (6D
0 0 0 e han(® hem() () "
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Channel Model (3): CP-Transmission

Longer than

<« L-1 > K (FFT pOint) R
Cyclic
Prefix Symbol stream

—

@ Append cyclic prefix: Channel matrix becomes circulant, HY

@ Example of Circulant Matrix for L = 3

B (0) 0 0 0
hpm (1) hpm(0) 0 0
e —|Pnm(2) (1 ) N (0) 0
0 0 hm(2) (1
0 0 0 P (2
° HC — [ 1m7H2m7° Hﬁm]T
o H° = [HS. HE, ]

B (2)

0

0

) 0
) hnm(0)
) ham(1)

hnm( )
h

n

(62)

@ Because of the C|rcular|ty, the channel matrix in frequency domain is

expressed as diagonal matrix.

(IEEE VTC-Spring 2012)
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DFT Operator

@ DFT Matrix: Nppr is the number of DFT point (corresponds to K).

- .2m(0)(0) _ .27 (0)(1) _ 2m(0)(K—1) -
6 .7 K 6 .] K e o o 6 J K
-27(1)(0 27(1)(1 27(1)(K—1
Fo_ (63)
VK . . . .
27 (K—1)(0) 27 (K—1)(1) 27(K—1)(K—1)
e/ K e J e e e = |

@ Frequency Domain Channel Matrix
o Between m-th Tx and n-th Rx: H¢, =F{E/ F

,=|f . . .
=/ . Is a diagonal matrix.

o Between all Tx and all Rx: H® = F{E/ Fy,

=/ is a diagonal matrix, Fy = Iy QF, Fy; =1,y ® F, ® is Kronecker
product, I, identity matrix of dimension x.
o Between m-th Tx and all Rx: HY = FH'_‘f F

=/ is a block diagonal matrix.

Just
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FD-Turbo Equalization Algorithm (1)

Filter output of block-wise time domain (MIMO):

= (Ix +TnSp) ' [T + HL 2] (64)
> = HAH" + 6?Iyg, Ty, = diag HE X ' H,,,], Sy, = diag [[5m ]

Frequency Domain <« Just by replacing H by F7/ZF

)y FRE/Fy AFLE ARy 4+ 0%k, (65)

2—1

—1
FH”fFMAFH =HFN 4o INK} 7

< |\pH (EfFMAFﬁEfH n J2INK) FN} ,

~1
2 (Fy) ! (BTFUARRET +o%y)  (FR) (66)
Note: (CL) : 0'21]\7[( = F%O‘QINKFN, : (b) : (1&]3(3)_1 = (3_1]3_11A_1
F is a unitary matrix (no noise enhancement). st
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FD-Turbo Equalization Algorithm (2)
I,=diag [H X "H,,],

— diag [FH =/ Hp 31— 1FH“fF},

— diag [FHEanFN(FN)l(Ef Fy AP =/H 527 ) (O = F]

—1
—=diag [FH =/ (Ef FyAFLEH 4 J2INK) E;’;F] (67)

Therefore,
Zm = (I + T0nSm) [Timém + HIZ 15,
= (I +T0Sm) T + FEE/ AR (Fy) !
(EIF AR EM + 60Ty ) T (FR) T,
DAk AT S ) T+ FIEL (B Py AFSE T 1 0%y i) ']
(68)

Note: (a) : T/ = Fy¥, underlined part — computation is still too heavy. Just
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FD-Turbo Equalization Algorithm: Approximation 1

General Formula: If A a diagonal matrix, A block circulant matrix.?

? In the case that the matrix size (or DFT size) is large.

A = Fy AFY (69) |

Approximation 1:

A~ diag[XllK,XgIK, - ,XMIK] with Xm = %tI‘Am and
A,, = FA,,F? where A,, is the m-th block of A, therefore

) (70)
Finally,
y 2y, — (IK -+ Pmsm)—l
—1
P + B (S AS 4 0T ) ff] (71)
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FD-Turbo Equalization Algorithm: Approximation 2

About T,
—1
T, ~ diag [FH =/ H (Ef AE 021) E{nF] (72)
Approximation 2
—1
T, ~ Fldiag [EmH (E‘.fAEfH—I—JZI) =/ | F,
L ol (=f A=fH | 2 —y ~
— Etr = (:. A= + 0o INK) = IK%’YmIK (73)

and
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FD-Turbo Equalization: Summary

@ Frequency domain Turbo equalization output

zon = (147, 0m) " [ﬁmém + P, } | (75)
where
1 —1

T = [E‘.mH (Ef AEH | JQINK) E.,,fn] . (76)

| K
S = = (k)2 = (1= A, (77)

k=1

—1
v, = EmH (EfAEfH + O'2INK) : (78)
@ First and second moments of the equalizer output

Pz = Tm(l+ ngm)_la (79)
0w = Ham(l = fom): (80)
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Complexity is Independent of the Path Number L

' =@=TD, U=|
| == FD. U=2
| ' =p=TD.U=2
- —9—FD. U=3
"| =w="TD. U=3
| === FD. U=4
[| - =d=TD, U=4

=)
I

Complex operations in [rame

Figure 1: Each user uses 2 Tx antennas and Rx uses 4 antennas with K = 512.
U is the number of users, TD is time-domain, and FD is frequency domain. source:
J. Karjalainen, N. Veselinovi¢, K. Kansanen, and T. Matsumoto, " Iterative Frequency Domain Joint-over-Antenna Detection in

Multiuser MIMQ™, IEEE Trans on Wireless Comm., vol. 6, no. 10, Oct. 2007, pp. 3620-3630. INST
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Demapping: Symbol-to-Bit LLR Conversion (1)

01

S= B 010,*”?1' 1001
Yk —> LLR — > Le(bk) \.\
Converter 110# | Gray 1 ¢000
'.\ _.-"
T 111811 100
La(by) it

Yr = hsg + Nk, ng is k-th noise component, L,(bx) is a priori knowledge
of the related symbols, and L. (b;) is exrinsic bit-wise LLR.

Note: The following equations hold for arbitrarily mapping rules. Each
symbols s Is constructed by the mapping rule

Sk :MAP{b: [bl,bz,.. b'u,... bm]} (81)
Pr(b, = Olye) _, Pr(by =0,48) _, 2ben, Pr(y[b) Pr(b)

Lib,(k)] =In =In
O = B, =iy Prby = L) S, Priylb) Pr(b)
(82)
where the sets By and B; of the bit vector b that yield the p-th bit b,
being "0" and "1", respectively. Just
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Demapping: Symbol-to-bit LLR Conversion (2)

Property of (a priori) LLR L

Pr(b = 0)
L =1
e =0 (83)
and? Pr(b=1)+Pr(b=0)=1 (84)
therefore 1
! P — —
r(b=0) oL (85)
oL
P — ]_ —
r(b ) T (86)

In general

Pr(b=1) Just
Pr(b=0)" e
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e
Demapping: Symbol-to-bit LLR Conversion (3)

ZbeB Pr(y|b) Pr(b)

Hou)l = o 2_beB, Pr(y[b) Pr(b
. Teesp {5 Pr(e
e, =) Pr(s)
Zexp{—|y h8|}HPr
— I - (88)
> e~ vl [[Pec(o)

where the sets Sy and S1 of symbols s that yield the p-th bit b, being " 0"
and "1", respectively, and b, (s) is the v-th bit of the vector b

corresponding to the symbol s. h is the channel gain. Just
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Demapping: Symbol-to-bit LLR Conversion (4)

Using the LLR property:

Pr(yls) [T, Pr(b,(s
D _ses, Pr(y 8) 11021 Pr(bu(s))
m e—CI/(S)La[CV(S)]
o ZSES@ Pr(yls) =1 T Talw Gl
- P M e—cv(8)Lalen ()] ?
Zsesl r(yls) [[,= 1_|_6—La[c,/(s)]
Z exp{—‘y hs| }H —cv(s)Lalev(s)]
— In & i (89)
3 exp— y —2h8\ ) H o—cu(8)Lalew(s)]
sEST O-N r=1
where ¢, (s) =1 — 2b,(s).
Just

(IEEE VTC-Spring 2012) Tutorial on Turbo Equalizations 50 /71



e
Demapping: Symbol-to-bit LLR Conversion (5)

Iherefore,
Le[bu(k)] — L[bu(k>]_La[bu(k)]v
2 : hsz |m| —cy (S cy(s
eXp{ ‘y 5 ‘} € v (8)Lalew (s))

s€So N v=1,v#u

= In 5 oy (90)
|y — hs| —eo(s) Lalcw(s))
Z exp = } H e
s€S1 N v=1,v#u

Note:

The mapper receives "symbol” containing a bit b,,. Therefore, we need
v =+ 1 to calculate extrinsic LLR.

(IEEE VTC-Spring 2012) Tutorial on Turbo Equalizations 51 /71




|
Soft Mapping: MMSE Equalization for QAM

For generic modulation format,

A(k) = diag{E [|sx|] —[3(k)"}, (91)
S = Elsg| = Z s; Pr(sg = s;), (92)
S, ES
Ellse] = ) [sil*Pr(sy = s1). (93)
S, €S
with
M
1 A Lq[brm(si)]
Pr(s, = s;) = 57 ﬂgl (1 — Cm (i) tanh{ 5 }> (94)
and
ém(Sz‘) = 1- Qbm(si), (95)
where b,,(s;) is the m-th bit of the symbol s;. M is the modulation
multiplicity. Just
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Our Founding Father Said:

1948: Establishment of Information Theory

Reprinted with corrections from The Bell System Tecimical Journal,

Vol. 27, pp. 379423, 623-656, July, October, 1948,
A Mathematical Theory of Communication

HE recent development of various methods of modulation such as PCM and PPM which exchange
bandwidth for signal-to-noise ratio has intensified the interest in a general theory of communication. A
basis for such a theory is contained in the important papers of Nyquist! and Hartley® on this subject. In the
present paper we will extend the theory to include a number of new factors, in particular the effect of noise
in the channel, and the savings possible due to the statistical structure of the original message and due to the

nature of the final destination of the information.

By C. E. SHANNON

INTRODUCTION

Information

Source
Encoder

Trans

mitter

Channel Coding Theorem:

@ There exist a length n rate R code (2", n) such that the error
probability can be made arbitrarily small, if the code rate is lower

than the capacity, R < C.

@ Conversely, any (2", n) rate R code that can achieve arbitrarily

4(?*

Noise

small error must satisfy R < C.

Recei
ver

Claude Shannon

h

Decoder

Destination
—
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Turbo Concept

Data —»| Encoder —» H —| Mapper —»| Channel

.4

AWGN —P

Decoded 1 .
— Equalizer
Data Decoder H B @ (Demapper)

A

D11

Use very symple codes allows us to use a lot of mathematical tools.
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s BER — 0 Always Guaranteed?

o Fact: " Conditioning reduces Entropy’ H(X) > H(X|Y)
@ Turbo feedback works as conditioning with LLR L;,i € {1,2,...}.

HX)>HX|Y)>H(X|Y,L,) > HX|Y,Li,Ly) > --- (96)

@ Mutual information between transmitted coded bit and the LLR
I(X;Y)=H(X)—- H(X|Y) (97)
and I(X;Y,[,)=H(X)-H(X|Y,L,)>H(X)-H(X|Y), (98)

[(X:;Y,L1,Ly) = H(X)—H(X|Y, L1, Ly) > H(X)—H(X|Y), (99)

I(X;Y,Ll,..,LA.;) = HX)—H(X]|Y, L1,...Ly)>H(X)—H(X]Y). (100)

This means that:
if H(X|Y,L1,...Ly) =0 (102)
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EXIT Charts: Equalizer

Equalizer

i ' i \ |
0 0.2 04 0.6 0.8 1
a priori input I}&‘1 at input of demapper—

extrinsic output IEJI at output of demapper—

Figure 2: Area under the EXIT curve depends on the constellation constrained
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EXIT Charts: Decoder

=
co

=
o)

o
I~

_________________ N 2] Decoder 7>

=
ho

a priori input Iﬁ2 to outer decoder—

jutional cnc&;}t (15,1
0 ! S !
0 04 06 08 i

extrinsic output IEE of outer decoder—

Figure 3: Area under the EXIT equals to the channel coding rate of the used code
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EXIT Charts: Exchange Between Equalizer and Decoder

extrinsic output 151 at output of demapper—

i i i i
0 0.2 04 0.6 0.8 1
a priori input Im at input of demapper—

Figure 4: If the both curve do not intersect, the received sequence can be

iteratively decoded without any bit-error
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EXIT Chart Tells Us the Convergence Story

Equalizer

...........................

; Decoder
1 | 1 ]
0 0.2 04 0.6 0.8 1
a priori input Im at input of demapper—

extrinsic output 'E‘I at output of demapper—

Figure b: The area under the decoder EXIT curve should be smaller than the area
under the demapper EXIT curve to avoid intersection. Curve Fitting: Minimize
area between both EXIT curves.
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In [EEE |CC 2011, Kyoto,...

A student of a famous professor came to my place and asked
me a question...

"Why the gain is saturated within 1-2 iterations, even though
| am using very strong Turbo code?...”

"The issue is NOT the code strength, but the matching of the
convergence property.”
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MU-SIMO: Revisit

+
T TN
b1 - C, HII, M H Hy, ,% 11, " D, — b,
R
“ H, Q3
= 2
> /M
y Y > T 2
b2—C2 HZ_M = Hz_ > D2_>b2
RC2 1 -
H2 NS

@ Block at m-th transmit antenna: s, = [5,,(1), 5m(2), ..., s (K)]"

o Block from all transmit antennas: s = [s1, s2,...,51/]7 ps
/
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Performance of Multiuser MIMO FD/SC-MMSE

o MIMO FD/SC-MMSE jointly '
decode information from each t—a
user. 102

@ The decoding is performed _
separately for each user. o

@ Encoder: NSNRCC 4(17,15),
FFT=512, MIMO 2 x 2,
Rayleigh 64-path, Decoder:
BCJR Log-MAP.

@ Ref.: K. Anwar and T. Matsumoto, " MIMO 10 +

Average BER

If sources are
correlated ? <

Spatial Turbo Coding with Iterative Equalization”,

ITG Workshop on Smart Antennas (WSA), 5|

Bremen, Germany, Feb. 2010.

SNR (dB)
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Idea: Vertical Iterations (Spatial Turbo Codes)

c
L¢, Dy
< Me

—Y )
' Lei g LS, Dy

u
La’JDl

Lal,E

b
+
]L‘:,Dl

I, IT,

U LY
L@)DQ >i Q’Dg

N — T
Y y/ | H22 7 Lc j/-l-
by C, 11, = I, — :Tl?z

J=
T
MIMO
FD/SC-MMSE

I Lep, -3
a2,E 1. ke 2 Me
2 [* NP

@ Vertical iteration is expected to improve the performance because of
(1) space diversity utilization and (2) coding gain.

@ The design above is called spatial turbo codes (STC) since the output
of the second decoder is not multiplexed (in time) but transmitted in
parallel over the space.
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Comparing STC with Turbo Codes

B Turbo Code I
HO—O0 > 1
L__| DEMUX » Ci
|+
T =
v \ 4 HO Ho_l H
o M‘I‘jX i%)
C
2 > C,’! j/-l-
B Spatial Turbo Code n—-
C, B MUX |— I1, T T= —|"" ]_' e
I1,! I1,

—
OWIN
DS/Ad ISWIN
=
ﬂ
- ‘

OL
 C, B MUX (11,
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3D EXIT Chart at Antenna 1: SNR=-3 dB

0 0 la2 Interleaver=768 ~ © 0 0 o I‘: B’ [a.02
CC-4 (17,15)17 -
VI=5x

ep1 = 1Ip1(Ig p1, 14 p1)s ler,p = Te(la1,E, la2,£, SNR1,SNRy), (103)
ep2 = Ip2(lg po, 1y pa); le2,p = Te(la2,E, la2,£, SNR1,SNR1). (104)
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Contribution of Vertical lterations

09 |

0.8 |

C - C
3E17 Iaf:Dl T Ia’:DQ
=
(0) (@)

N
~

C
e

1

Iel,E

c
e. D1

c
e, D2

Convolutional code

Channel: Rayleigh 64-path, Encoder: SRCC 4(17,15)17

T'e(Ia1.8.La2. . SNR1,SNR>)

TDl( aDl
Tp2(1g p2-1a.p2)

u
a,Dl)

=3
e
Vertical Iter. = 5X \

Turbo code

200 channel Realizations
FFT: 512, SNR=-3.5dB, 1

0.2

0.3

04

0.5 0. 6 0.7 08 09 1

__7C
aE1 IEQ? 8D1

(IEEE VTC-Spring 2012)
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@ Vertical lteration converts
CC — Turbo

@ Stuck point is shifted to
the right side.

Lw

MIMO
FD/SC-MMSE

Just
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BER Performance of STC

Average BER
>

—_
o|
(98

N

- w/ vertical
. 1teration

500 channel realizations

w/o0 vertical \

1teration ‘ S /@»
7.

| g

Gain: 6dB 2
2 2%
T 2. 2.
: AN
@2 A

(IEEE VTC-Spring 2012)

. [urp/Anoede) NDMV OINIIN TXT

-3 -2 -1 0 1 2 3 4 5 6
Average Per-Antenna SNR [dB]

Tutorial on Turbo Equalizations

@ [ransmitter:
Encoder: SRCC
4(17,15), 17,
Interleaver =1024
(random).

@ Channel:
MIMO 2 x 2 Equal
average power
64-path.

@ Receiver:
Decoder: BCJR
Log-MAP, FFT=512.
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Doped-Accumulator

= P E— ST
[ U: Uncoded i l“-l --------
PA C: Coded | A
T G
OOUONG0ORE s .
VU@ O@ oo
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Doped-Accumulator: EXIT Chart and BER Perf.

1 T 1 T T T 1 I I 1 100: T T T T E
SNR=-3.5dB E 200 channels realizations
0.91 Interleaver=1024 1 : :
SRCC-4 (17,15) i Raye
0.8r l()lg Raylejg (Turp, Code) E
2
F10°; E
o
o L
3
g 3
< 10 ¢ E
4
10 B
O | 1 | | | 1 | | 1 1()_5 | | i
0 01 02 03 CO.4 0.05 O.g 07 08 09 1 -6 4 ) 0 2 4 6 8
oy = Lo,y Le,p, SNR (dB)

Figure 6: Doped Accumulator "bend” the EXIT curve of turbo equalization such
that the error floor is reduced.
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Conclusions

@ Mathematics required to perform turbo equalization algorithm is no
longer too complex. It is at a high school level.

@ Single carrier signaling does not need high linearity-amplifier, and
hence very energy-efficient.

@ The excellent performance achievability of turbo equalization is NOT
the matter of code strength. It is the matter of equalizer-decoder
EXIT matching.

@ Turbo MIMO changes the convolutional code into Turbo code by the
vertical iterations.

@ Doped accumulator can eliminate the error floor.
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