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1 Introduction

The aim of this thesis is to give a foundation for computable analysis which does not
depend on a particular effectivity concept.

The main purpose in computable analysis is investigations of computational structures
appear in analysis, geometry, topology, or any other fields of mathematics. Although
many researchers developed foundations for computable analysis, most of those are based
on particular effectivity concepts, such as computability, polynomial time computability
or limit computability, and are also based on choices of special kind of spaces, such as
computable topological space [8], effective uniform neighborhood system [2] or effective
equilogical space [1].

Our goal is to reformulate fundamental results from computable analysis without a
particular choice of an effectivity concept or of a special kind of space. To do that, we give
a description of “relativization to oracles” on a pure category theoretical setting, based
on the approach from [6]. Using the description, at the end of this thesis, a corresponding
result to the equivalence between oracle co-r.e. closedness and topological closedness will
be shown categorically.

In what follows, we give some backgrounds and motivations of our work.

Backgrounds TTE, type-2 theory of effectivity, a foundation for computable analysis
developed mainly by K. Weihrauch, has been broadly embraced by many researchers (see
9)).

The main effectivity concept in TTE is type-2 computability. Although it is defined
only on Cantor space, the space of binary sequences of countably infinite length, even
on an abstract space, relative computability can be derived by a representation 2 . So-
called continuous computation or arbitrary precision computation is formally described
by relative computability.

An abstract space equipped with a representation is called a represented space. TTE
provides us a theory on systematic structures, such as computable topological space or
computable metric space, to construct a represented space with many desirable properties
8].

A central idea of TTE might be expressed as “each topological notion is the rela-
tivization of a computational notion”. As a fragment of our reasoning for the idea, it
is well-known that for every subset of a given computable topological space, oracle co-
r.e. closedness coincides with topological closedness. This sort of equivalences between
a relativized computational notion and a topological notion are thought as necessary
fundamental results, and are used in practical ways [3].

The problem on which we focus in this thesis is non-axiomatized style of TTE. Caused
by its arbitrary choice of an effectivity concept and of a special kind of space, when we
prove even a fundamental result, it is unclear what the critical assumption to obtain the
result. This kind of problems is not unique on TTE, but, as we explained at the beginning
of this introduction, is common among many other foundations for computable analysis.

2A representation is a partial surjection from Cantor space to the concerned space.



Hence there is a need for a foundation for computable analysis which does not depend
on any particular effectivity concept and on any special kind of space.

Our Approach and Its Concept Avoiding a choice of a special kind of computational
structure as our basis, we use categories. A category is an algebraic structure consists
of the class of objects, the class of morphisms and some other arguments. Typically,
each object is a kind of space (e.g. topological space or represented space), and each
morphism is a function between two objects with special properties (continuous functions
and relatively computable functions are possible choices respectively for topological spaces
and for represented spaces).

Recently, a categorical foundation for general topology, known as a functional approach
to general topology, was introduced by [6]. On this foundation, many topological notions,
such as closedness, openness, density or compactness, are captured in a pure categorical
way. However, generality of the categorical approach might allow us to capture other
notions such as computational notions as well.

Actually we try to describe “relativization to oracles” on a setting basically from [6] and
to reformulate a fundamental result from computable analysis, the equivalence between
oracle co-r.e. closedness and topological closedness, using the description.

What is important is that only a category equipped with an additional structure but
nothing else is supposed to be given in our approach. Thus a particular choice of an
effectivity concept nor of a special kind of space is no longer in need.

Summary of Main Works Let us explain, firstly, our settings. In the following, as a
typical but a simple example, the category Cp, whose objects are subsets of Cantor space
and whose morphisms are computable total functions, will be used on our explanation.

We work on a (large and well-powered) category E equipped with a proper factorization
system (., 7), a pair of two classes of morphisms. The class . is supposed to be stable
under pullback and our category E is supposed to have .7 -intersection (cf. Section 3.3.1).
One can think of E as a broad generalization of the category of topological spaces. A
subclass of .7 is called a fundamental class on E when it contains all isomorphisms, is
closed under composition and is stable under pullback (cf. Section 3.1). A fundamental
class can be thought of as defining a topology-like structure on our category E. This
notion is basically from [6]. On Cp, if .¥ and 7 are suitably defined for it, one can define
a fundamental class % ¢, which identify the notion of co-r.e. closedness.

Our primal work is a categorical abstraction of the notion of oracle. We call an object
with a certain property an imaginary. In the case of Cp, the set of all imaginaries coincides
with the set of all oracles. As the next work, we define two closure operators .# and .Z for
fundamental classes. On the one hand, the action of .# is an abstraction of “relativization
to oracles”. In the case of Cp, it turns out that .# % ¢, identifies the notion of oracle
co-r.e. closedness. On the other hand, the action of .Z is an abstraction of “generation of
topology”. In the case of Cp, it turns out that £ % ¢, identifies the notion of topological
closedness.



Two theorems will be shown in this thesis as our main works. Both of them are on a
comparison of .. % and .#.% where .# is a given fundamental class on E.

The first main theorem, Theorem 3.70 from Section 3.3.4, is stated as follows. For
a given fundamental class .% on E, the inclusion .. % C Z.% holds if and only if all
imaginaries of E are .Z.%-compact. Therefore this is a complete characterization of the
concerned inclusion. If E and .# are interpreted respectively as Cp and % ¢p, the con-
cerned inclusion corresponds to the fact that oracle co-r.e. closedness implies topological
closedness.

The second main theorem is concerned with a slightly complicated situation. We have to
prepare another category E* with a certain structure and its equipped factorization system
(.7*, 7*). Suppose that we are given two fundamental classes .# and .%* respectively on
E and E*. Assume also E is suitably related to E* with respect to .%,.%#* and a functor
G : E — E*. In this situation, we define another class of morphisms *#.%. If E and .%
are interpreted respectively as Cp and % cp, the class ©&7. % identifies what is called r.e.
closedness.

The second main theorem, Theorem 5.24 from Section 5.2.2, is stated as follows. The
equality & F = Z.7 holds if the following three conditions are fulfilled: (i) all imaginaries
of E are .£.%-compact; (ii) all objects of E are .#.%-full; (iii) ©¥/.# is included in .#.%. If
E and .# are interpreted as Cp and % ¢y, respectively, the concerned equality, of course,
corresponds to the fact that oracle co-r.e. closedness coincides with topological closedness.
Actually the three conditions (i)-(iii) are certainly fulfilled in Cp.

The category Cp is, as we have already mentioned, a typical and a simple example.
However, it is quite narrow in a sense. As a broader category, the category Rep,,, whose
objects are represented topological spaces with an open representation and whose mor-
phisms are relatively computable functions, will be constructed. All effective topological
spaces can be regarded as objects of this category Rep,, with respect to standard rep-
resentation, and similarly, all effective metric spaces can be regarded as objects of this
category Rep,, with respect to Cauchy representation.

At the end of this thesis, Rep,, will also be applied to Theorem 5.24, and as a result,
it turns out that oracle co-r.e. closedness coincides with topological closedness on each
object of Rep,,, a represented topological space with open representation.



2 Preliminairies

In this section, we introduce some basic notions and give a quick review on basics of
category theory.

Firstly, we work on a fixed sufficiently strong set theoretical foundation e.g. ZF=Zermelo-
Fraenkel’s set theory. So our language has equality = and membership relation €. We
don’t enumerate our axioms, but, at least, guarantee that all notions and notations which
will be introduced below are certainly well-defined. In what follows, we use the term “set”
in the same sense with “variable”.

2.1 Set Theoretic Notations

On a sufficiently strong set theoretical foundation, one can perform most of our usual
mathematical implementations. We introduce some elemental notions and notations be-
low.

Set theoretic operations If a € x, as usual, a is called an element of x. Assume that
for every two sets x and y, one has x = y if and only if x C y and y C = where x C y is
an abbreviation of Ya € x, a € x. This property is called extensionality of sets.

Now we introduce some notations. Let a,b, z,y and o be sets and let P be an arbitrary
formula. All terms defined as the left side of each of the following equations is supposed
to be well-defined as new sets.

{a,b} = {c:c=aVe=0}, {a} = {a,a}

(a,0) = {{a},{a,b}}

T Xy {c:7acz, Fbcyst. c=(a,b)}
Pow(z) = {u:uCx}

Ua = {a:7r€ost. acua} , xUy = U{:c,y}
ﬂa = {a:"v€o, aca}ifc£0, xny = ﬂ{x,y}
{a€x:Pla)} = {a:a€xAP(a)}
r—y = {a€zx:ady}

Here () is the empty set what is unique existence identified by the property “a, a & 0. We
call any set of the form:



{a,b} , pair set of a and b;

{a} , singleton of a;
(a,b) , ordered pair of a and b;
x Xy , Cartesian product of x and y;
Pow(z) , power set of y;
Jo , union of o;
xUy , binary union of x and y;
(Jo , intersection of o;
xNy , binary intersection of x and y;
{a€x:Pa)} , asubsetof z;
xr—1y , relative complement of y in z:

For two ordered pairs (a,b) and (a/,b), it can be easily checked that (a,b) = (a/, ) if and
only if a = @’ and b = b'. We abbreviate as (a, b, ¢) = ((a,b), ), (a,b,¢,d) = (((a,b),¢),d),
...etc. A set u is a subset of x if and only if u C z.

Function Now we define the notion of function and give some related definitions.

Definition 2.1. For each F' € Pow(z X y), the triple f = ((z,y), F) is said to be a
function from x to y, written as f : x — y, if the following condition holds:

Yacx, *becyst. (a,b) €F

If f is a function, x is called domain of f and y is called codomain of f.

Let f be a function from z to y and P be an arbitrary formula. For each a € =,
intending the situation that corresponding unique element of y satisfies the property P,
we abbreviate as follows.

P(f(a)) < “bey [(a,b) € F = P(b)]

Each f(a) is called the value of f at a, or f of a. For every two functions f and g, both
from z to y, one can see that f = g if and only if f(a) = g(a) for every a € x. This
property is called extensionality of functions.

We also abbreviate as {f(a) : P(a)} = {b € y:7a € xst. Pla)Ab= f(a)}. Using this

abbreviation, we introduce some notations as follows.

f[u} = {f(a):a€u}
range(f) = f[:c}
fv] = {acz: f(a) ev}

where u C z and v C y. We denote by y* the set of all functions from x to y. Explicitly,
one may define:

Yyt = {(x:yaF):FGPOW(ny)a ($,y>F)lfli—>y}



When defining a new function, “maps to” denotation is frequently used. For example,
projection functions my, my for a Cartesian product x x y can be defined as follows.

T T XYy —
(a,b) —
To:T XYy —

(a,b)

SR 2 8

Of course this is meant to be m(a,b) = a,m(a,b) = b at each (a,b) € x X y. As another
example, if u C x, we usually denote by ¢ identical embedding of u into x which is defined
as follows.

LU — T
a = a

Of course this is meant to be ¢(a) = a at each a € x.
Next we define some properties for functions.

Definition 2.2. A function f : x — vy is said to be:

injective  if Va,a’ € x [f(a) =f(d)=a= a’];
surjective if y = range(f);
bijective  if f is injective and surjective.

An injective (resp. surjective, bijective) function is called an injection (resp. surjection,
bijection).

Let f:x — y and g : y — 2z be two functions. We define composition g o f of them as
follows:

gof = (z.2,{(a,c) exxz:c=g(f(a)})

One can easily see that g o f is a function from z to z and g o f(a) = g(f(a)) for each
a € x. It is also easy to show that composition preserves injectivity, surjectivity and
bijectivity i.e. g o f is injective (resp. surjective, bijective) whenever both f and g are
injective (resp. surjective, bijective).

Classes and Families Let P be a formula. We occasionally write a € P, or a € {a :
P(a)}, instead of P(a). In that case, P, also {a : P(a)}, is called a class. A class P is
said to be a set if the following condition holds.

Irst.x=P

Here z = P is an abbreviation of "a [a €Ex << ac P]. Of course such z is at most
unique. One can introduce similar notions and notations for classes just as we’ve done
for sets. For example, if P is a class, we define:

ﬂP = {a:"r€P aca}

7



Note that [P is always a set whenever there is a set o € P. Namely, one has the
following equality.

{a€zg:"z€P aca} = mP
As another example, if P and ) are two classes, we define:

PCQ < Ya€P acQ
(a,D) ePxQ < a€PANbEQ

Also one can call a class FF C P x @ a correspondence (the corresponding notion of
function) if the following condition holds.

Yae P, b e Qst. (a,b) € F

If F'is a correspondence, we use the notation F'(a) defined in a same habit to the case
of function. A correspondence F' is, occasionally, called a family. In that case, it will be
denoted by {F;}icp, and its value at i € P will be denoted by F; instead of F(i).

Natural Number There are several alternative ways to define what is natural numbers.
Peano system is one of them.

Definition 2.3. Let N be a set with an element 0 € N and let s : N — N be a function.
The triple (0, s, V) is said to be a Peano system if the following three conditions hold:

(Pi) for each i € N, s(i) # 0;
(Pii) s is injective;
(Piii) for each u C N, if 0 € v and s(i) € u (Vi € u), then u = N.

On a sufficiently strong set theoretical foundation, it can be assumed that there is a set
x with the following property (x):

OcxAVicai+lex

where 0 is an alternative denotation of () and i+ 1 is an abbreviation of U {i}. Then one
can define:

w= ﬂ{x . x satisfies (x)}

This w is the smallest set with property (x). It is easy to see that (0,41, w) forms a Peano
system.

On a Peano system, one can define order <, addition +, multiplication x, ...etc, and
imitate our usual settings in the theory of natural numbers. But we don’t refer to the
detail of implementations. Note that each k € w is being of the form {0,--- &k —1}.



Sequence For each function f : k£ — y (k € w), we occasionally write {f;};<x, or
fo,+ -+, fr_1, and call it a finite sequence of length k on y. Each value at ¢ < k will be
denoted by f; instead of f(i) in that case. We define {fo, -, fr_1} = {fi : i < k}.

For each function f : w — y, again, we occasionally write { f; };c, and call it a sequence
on y. Each value at i € w will be denoted by f; instead of f(i) in that case.

Finite and Countable Sets For two sets rand y, we write x ~ y if and only if there is
a bijection from z to y. A set x is said to be finite if there exists & € w such that = =~ k.
Also it is said to be countably infinite if x &~ w. A set is said to be countable if it is finite
or countably infinite.

2.2 Category

In the following, we give a definition of category and some related notions. Particularly,
several simple examples of universal construction (e.g. product, equalizer, ...etc) and some
kinds of morphism will be introduced.

Definition of Category This paragraph is devoted to the definition of category and
introduction of abbreviations or expressions.

Definition 2.4. Let ob(E) and mor(E) be two sets and let:
dom : mor(E) — ob(E)
cod : mor(E) — ob(E)
id : ob(E) — mor(E)
—o— : mor(E)|qomcoa — mor(E)

where mor(E)|qom coda = {(f,9) € mor(E) xmor(E) : dom(f) = cod(g)}. Suppose that x =
dom(id(z)) = cod(id(z)) for every x € ob(E). We say that E = (ob(E), mor(E), dom, cod, id, —o
—) is a category if the follwing two conditions hold:

(C0) "f,g9.h € mor(E), fo(goh)=(fog)oh
(C1) “f € mor(E), f = foid(dom(f)) = id(cod(f))o f.

Let E be also a category. We usually assume that E is being of the form:
E = (ob(E), mor(E), dom, cod, id, — o —)

And we write:

reE instead of x € ob(E);
finE instead of f € mor(E);
id, instead of id(z);

dom f instead of dom(f);
codf instead of cod(f);

fg instead of fog;

{frmﬁy . _ _
f instead of x = dom(f) Ay = cod(f).

r—1Y



Obvious combinations of above notations will be used. For example, x EN y in E means

v,y € EAfinEAx EN y. If x EX y in E, then f is said to be a morphism from z to y,
x is called domain of f and y is called codomain of f. Each element of ob(E) is called an
object of E. For two objects z,y € E, we denote by E(z,y) the set of all morphisms from
x to y and call it hom-set between them. Explicitly, one may define:

E(r,y) = {finE:zLy}

Example 2.5. Let x be a set and <C x x z. The pair (z, <) is said to be a pre-ordered
system if < is reflective and transitive, namely if: a < a; a < band b < cimplies a < ¢: for
each a,b,c € x. Each pre-ordered system can be regarded as a category in the following
sense. First, its objects are elements of . And for every two objects a,b € (x, <), the
hom-set (z, <)(a,b) is a singleton if @ < b and the empty set otherwise. It can easily be
checked that (z, <) certainly forms a category.

Example 2.6. We call 2¢, the set of all functions from w to 2 = {0, 1}, Cantor set.
Each function f : v — v with u,v C w is said to be computable if there is a type-2
Turing machine which always outputs f(p) with input p € u. See [9] for detail on type-2
computability. We define a new category as follows:

Cp
object . subsets of 2¢
morphism : computable functions

Explicitly:

ob(Cp) = Pow(2)
Cp(u,v) = {f €v": fis computable} (“u,v € Cp)

Composition of morphisms is supposed to be given by usual composition of functions.

Small Sets and Large Sets We assume that there is a set V* with the following
properties:

o 'z cV* Yyecux, yeVy

o Yz,ye V* {x,y} e V¥

e "z e V* Pow(z), Jr € V*;

o we V"

e for each surjective function f: oz — y withz € V* and y CV* y € V*.

We fix such a set V* and call it universe. Each set is said to be small if it belongs to V*,
and to be large if it is a subset of V*. A category E is said to be large if both ob(E) and
mor(E) are large. We show some examples of large categories below.

10



Example 2.7. Cp is a large category.

Example 2.8. We define a new category as follows:

Set
object : small sets

morphism : functions
Explicitly:
ob(Set) = V*
Set(z,y) = y° ("z,y € Set)

Composition of morphisms is given by usual composition of functions. Of course Set is a
large category.

Example 2.9. Let x be a set and let 7 C Pow(z). We say that 7 is a topology on z if
the following three conditions hold:

(0i) 0,z e
(Oii) "w,v €T, uNv e T;
(Oiii) "o C 1, Yo e,

If 7 is a topology on xz, the pair (x,7) is called a topological space and z is called its
underlying set. In that case, each u C x is said to be open (resp. closed) if u € 7 (resp.
x —u € 7). For instance, we define as follows.

lw] = {pe2’:wCp}
Tow = {U[w]:WQQ*}

Here w C p is an abbreviation of Vi < |w|, p(i) = w(i) and |w| is the unique k € w such
that w € 2¥. Then this 7. is a topology on Cantor space. It’s called Cantor topology.
We abbreviate as 2¥ = (2, 75« ) and call it Cantor space.

A topological space is said to be small if it is a small set, or equivalently, if its underlying
set is small. Let x = (z,7,) and y = (y,7,) be two topological spaces. Each function
f @ — yis said to be continuous with respect to 7, and 7,, or to be a (7, 7, )-continuous
function, if f~! [u] € 7, for every u € 7,. We define a new category as follows:

Top

object :small topological spaces
morphism : continuous functions

11



Precisely, each morphism of Top is supposed to being of the form ((z,7,), (y,7,), f) where
both (z,7,) and (y, 7,) are topological spaces and f is a (7, 7,)-continuous function from
x to y. Composition of morphisms in Top can be defined using composition of functions
in an obvious way 3 . Of course Top is a large category.

Simple Examples of Universal Construction In the following, we give some sim-
ple examples of what is called universal construction, such as terminal object, product,
equalizer and pullback. As a preparation, we define a kind of morphism, isomorphism,
below.

Let E be an arbitrarily fixed category. A morphism f in [E is said to be an isomorphism
if it has a left-right inverse i.e. there exists a morphism ¢ in E such that fg = id and
gf =id * . It is easy to see that left-right inverse of a morphism is at most unique, and
we denote it by f~! for an isomorphism f. We denote by Iso the class of all isomorphisms
in E. Each two objects z,y € E are said to be isomorphic to each other, written as = = y,
if there is an isomorphism from x to y. Note that Iso is closed under composition.

As the first example, we give a definition of terminal object below.

Definition 2.10. Each z € E is said to be a terminal object if for each y € E, there is
exactly one morphism from y to x.

One can see that terminal objects are essentially unique. Namely, if both x and y are
terminal objects of [, there exists unique morphism from x to y and it is an isomorphism.
We usually denote by 1 an arbitrarily fixed terminal object, of course, if it exists. For
each x € E, the unique morphism from z to 1 will be written by !..

Example 2.11. In Set, each singleton {*} is a terminal object.

Example 2.12. In Top, each topological space of the form ({*}, Pow({*})) is a terminal
object.

Example 2.13. Each x € 2¥ is said to be computable if the constant function ¢, : 2* — 2¢
defined by p — x ("p € 2¢) is computable. In Cp, each singleton {*} C 2¥ with being
computable of its unique element * is a terminal object.

Next, we introduce product.
Definition 2.14. Let z,y € E. A pair of morphisms £ <—-2 X y =¥ in E is called
a (binary) product of x and y if the following condition holds:
f f2

e for each pair of morphisms z <= —2>¥  there exists unique morphism j which
makes the following diagram commute:

3We usually omit these detailed constructions as long as it can be guessed from the context.
40f course these are abbreviations and should be written as “fg = idgomg and gf = idgoms” precisely.
We usually abbreviate likewise whenever there seems to be no confusion.

12



Such unique j is usually denoted by (f1, f2).

In that case, x X y is called vertex, 7 is called first projection and 75 is called second
projection.

For emphasis, we occasionally use the term “categorical product” instead of “product”.
We say that E has binary product if there is a product for every two objects.

If we denote as x x y without a special notice, it is meant to be the vertex of a product
of x and y with implicitly equipped first and second projections 7y, m5. Our categorical
discussions may not be changed by the choice of a product x x y since the following

! /
. 1 T2 ™ T
statement hold: if x<—2—¥ and r<— ' ——=¥ are two products of x and y,
can = (7}, 75) is an isomorphism.

Z—=>Y

T
can ,
Ty
/
B -
X ; z
1

The above can is occasionally called canonical isomorphism. This is so called essential
uniqueness of binary product. If E has binary product, for every two morphisms f, g in E,
we define a new morphism f X g in the following commutative diagram.

'%XH'
e X —— .

Example 2.15. Set has binary product. Let z,y € Set. The Cartesian product x x y
is a categorical product of x and y in Set. One can suppose the usual first projection
function m; and the second projection function my as implicitly equipped projections.

Example 2.16. Top has binary product. Let x be a set and let ¢ C Pow(z). We say
that o is a base on x if the following two conditions hold:

(Bi) z=Uo;
(Bii) "u,v €0, Sweost. wCunu.

For each base ¢ on x, the following set is a topology on .
(o) = {UU' 0’ Co}
For instance, if we define:
o = {[w] :we2}

13



then this o9w is a base on Cantor space, and the equality oo = 7(09v) can easily be
checked.
Now let = = (z,7,),y = (y,7,) € Top. We define:

[Ty = {uxv:iuemn, ver}

This [r,, 7,] is a base on the Cartesian product x x y. We call 7, x 7, = 7([7, 7,]) product
topology of 7, and 7,. Then z x y = (z X y, 7, X 7,) is a categorical product of x and
y in Top. One can suppose the usual first projection function m; and second projection
function 7y as implicitly equipped projections. It is easy to see that both m; and my are
continuous.

Example 2.17. Cp has binary product. For each p,q € 2¥, we define:

(p,q)  w — 2

2t p(i)
2i+1 — q(4)
And for each u,v € Cp, we define:
[u,0] = {{p,¢):peu, geuv}

This [u, v] is a categorical product of v and v in Cp. We can define its projections as
follows:

ﬂlz[u,v] — U
(,q) — p
WQ:[u,U] — v
(p,q) — q

Both m; and my are computable, and thus, are morphisms in Cp.

A definition of equalizer can be given as follows.

f
Definition 2.18. Let = ? Y be a pair of parallel morphisms in E. A morphism - Ly

is said to be an equalizer of f, g if the following two conditions hold:

o ft=gt;

e if fh = gh, there exists unique morphism j which makes the following diagram

commute.
7 T /

14



We say that E has equalizer if there is an equalizer for every pair of parallel morphisms.
Similar to the case of binary product, an equalizer has essential uniqueness.

f
Example 2.19. Set has equalizer. Let = :g; Y be a pair of parallel morphisms in Set.
Define:
zlpy = facwz: fla)=yg(a)} (€ z)
Let us denote by ¢ the identical embedding of z|;, into . This ¢ is an equalizer of f and
g.
Example 2.20. Top has equalizer. Let z = (x,7) € Top. For each m C x, we define:
Tl = {unm:uer}
This 7|,, is a topology on m. We call z|,, = (m, 7|,,) restriction of = to m, or a subspace

f
of x. Let x :g; Y be a pair of parallel morphisms in Top. Let us denote by ¢ the identical

embedding of (s, into z. This ¢ is continuous with respect to 7|,,  and 7, and is an
equalizer of f and ¢ in Top.

Example 2.21. Cp has equalizer. One can construct an equalizer of a pair of parallel
morphisms in a same habit to the case of Set.

Finally, we give a definition of pullback.

Definition 2.22. Let 7 ——> z </ Y be a pair of morphisms in E with shared codomain.

A pair of morphisms S iﬂ/ is said to be a pullback of f and g if the following
two conditions hold:

e the following diagram commutes i.e. fg' = gf’;

f/

—

Y
lg
z

e for any commutative diagram shown as the left one below, there exists unique mor-
phism 7 which makes the right one below commute.

_— >

f

ey - —
r—>2Z r————>2Z
7 !
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We say that E has pullback if there is a pullback for every pair of morphisms with shared
codomain. Similar to the case of binary product, a pullback has essential uniqueness. We
can construct a pullback in a uniform way when we already have binary product and
equalizer.

Fact 2.23. If E has binary product and equalizer, it also has pullback.

Proof. Let o1 »>z<9 Y be a pair of morphisms in E with shared codomain. Sup-

pose that ¥ <—-x X y =¥ is a product and that ¢ is an equalizer of fr; and gms.

it ot

It is easy to see that © <—— - ——¥ is a pullback of f and g. O

Not only in the above case, but we can construct many kinds of “limit” from a terminal
object, binary product and equalizer. We introduce an additional expression.

Definition 2.24. E is said to be finitely complete if it has a terminal object, binary
product and equalizer.

Example 2.25. Set, Top and Cp is finitely complete.

Mono and Epi We define two kinds of morphism below. Let E be an arbitrarily fixed
category.

Definition 2.26. Each m in E is said to be a monomorphism if it is left-cancellable i.e.
mf = mg implies f = ¢g. Each e in E is said to be an epimorphism if it is right-cancellable
i.e. fe =ge implies f =g.

For example, each equalizer is monic.
For a given category [E, we denote by E°P its dual category which is defined as follows.

ob(EOp) = Ob(]E)
mor(E°®?) = mor(E)
EP(z,y) = E(y,z) ("x,y € EP)

One may see that a morphism in E is monic if and only if it is epic in E°P. And, “dually”,
a morphism in E is epic if and only if it is monic in E°P. In this sense, epicity is called
dual of monicity.

We denote by Mono (resp. Epi) the class of all monomorphisms (resp. epimorphisms).
It is easy to see that Mono contains all isomorphisms, is closed under composition and
is stable under pullback. Here we mean by “stable under pullback” a stability property
stated as follows: for any pullback diagram shown below, we have m’ € Mono whenever
m € Mono.



Dually, Epi contains all isomorphisms and is closed under composition. Furthermore, Epi
has a stability property which is dual of “stable under pullback”, but we don’t indicate
precise statement.

Example 2.27. In Set, monicity coincides with injectivity, and similarly, epicity coincides
with surjectivity. Same statement also holds in Top.

Example 2.28. In Cp, monicity coincides with injectivity, but epicity does not coincide
with surjectivity (cf. Example 3.47).

In any category, an isomorphism is monic and epic. However the converse direction
doesn’t holds in general.

Definition 2.29. A category is said to be balanced if every morphism is an isomorphism
whenever it is monic and epic.

Example 2.30. Set is balanced, but neither of Top or Cp is.

We give a definition of intersection. A sink to x € E is a family of morphisms {f;}icr
with © = codf; (Yi € I). Suppose that M C Mono contains all isomorphisms and is
closed under composition. A M-sink to z is a sink {m; };c; with m; € M (Vi € I).

Definition 2.31. Let {m;};c; be a M-sink to = € E. A M-intersection of {m;};c; is a
morphism (- > x) € M with the following property:

e there exists (necessarily unique) morphism j; such that m = m,j; for every i € I;

. po. :E

e for a morphism - L rin E, if there exists (necessarily unique) morphism j. such
that f = m;j! for every ¢ € I, then there exists (necessarily unique) morphism j

such that f = mj.
i
NP

We say that E has M-intersection if there is a M-intersection for every M-sink.

xz

Example 2.32. Let {m,};c; be a Mono-sink to x € Set. If we define:

u= ﬂrange(mi) (Cx)

el

then the identical embedding of u into x is a Mono-intersection of {m; }ie;.

17



2.3 Functor

In most of, or possibly all, theories on a kind of algebraic structure (e.g. monoid, group,
vector space, ...etc), the notion of homomorphism plays an important roll. A homomor-
phism is often described as a correspondence which preserves the concerned structure. In
category theory, such a homomorphism is called a functor.

Functor The notion of functor can be introduced as follows.

Definition 2.33. Let D and E be two categories and F' : mor(D) — mor(E) be a function.
We say that F'is a functor from D to E, written as F' : D — [, if the following conditions
hold:

e for every f, g in D at being compositionable as fg, one has F'(fg) = F(f) o F(g);
o for every x € D, there exists y € E such that F(id,) = id,.

For each functor F' : D — E, usually, F'(f) will be abbreviated as F'f where f in D.
And we extends its correspondence by defining Fx = domF'(id,) where = € . It is easy

to see that Fa L Fy for each ER yinD. We call D (resp. E) domain (resp. codomain)
of F.

Example 2.34. Let z = (2,<) and y = (y, <) be two pre-ordered system and let us
regard them as two categories in the usual way (cf. Example 2.5). A function f:z —y
is said to be monotonically increasing if a < b implies f(a) < f(b) for every a,b € x. One
can see that the notion of monotonically increasing function coincides with the notion of
functor in this case.

We give definitions of various kinds of functor.
Definition 2.35. Let F': D — E be a functor. F is said to be:
o faithful if it is injective on each hom-set
i.e. for each pair of parallel morphisms - % - in D, F'f = Fg implies f = g;
o full if it is surjective on each hom-set
i.e. for each z,y € D and Fx EX Fy in E, there exists # 2 y in I such that f = Fg;
e injective on objects if it is injective as a function F': ob(D) — ob(E);
e surjective on objects if it is surjective as a function F : ob(D) — ob(E);
e an embedding if it is faithful and is injective on objects.
And D is said to be embeddable into E if there is an embedding from D into E.

As a related notion, we define the notion of subcategory.

18



Definition 2.36. Let D and E be two categories with ob(ID) C ob(E) and with mor(D) C
mor(E). We say that D is a subcategory of E if the identical embedding of mor(D) into
mor(E) forms a functor.

We give some examples of functors.

Example 2.37. We define a new functor as follows:

U :Top — Set
object Dor=(2,T) e
morphism : f = ((z,7,), (yaTy)a e f

This U is well-defined and is faithful.

Example 2.38. We define a new functor as follows:

U:Cp— Set
object DU u
morphism : f— f

This U is well-defined. So Cp is a subcategory of Set.

Example 2.39. We define a new functor as follows:

U :Cp — Top
object Dou (U, Towly)
morphism : f~— f

This U is well-defined ® and is an embedding. So Cp is embeddable into Top.

Definition 2.40. Let F': D — E be a functor. We say that F' preserves binary product
if for every x,y € D with a product x x y, F(x X y) is a product of Fxr and Fy. We also
say that, in according situations, F' preserves terminal object, equalizer, pullback, ...etc.

Being careful on our proof of Fact 2.23, one may see that if D is finitely complete, F'
preserves pullback whenever it preserves binary product and equalizer. Let us say that F'
preserves finite limit if it preserves terminal object, binary product and equalizer.

Example 2.41. All of U : Top — Set, U : Cp — Set and U : Cp — Top from Example
2.37, Example 2.38 and Example 2.39, respectively, preserves finite limit.

5This is equivalent to say that every computable functions are continuous. To see this, we have to
pick up one of alternative but formal definitions of type-2 computability. See [9] or [7] for instance.
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3 Fundamental Class

In this section, we introduce the notion of fundamental class. A fundamental class can be
thought as defining a topology-like structure on a given category. This notion has various
examples, but we postpone constructing them to the next section and focus on only few
examples here. Instead, we develop general methods to analyze a given fundamental class.
Our main theorem in this section is Theorem 3.70.

In section 3.1, we introduce some basic notions in need and define our first main struc-
ture, pre-effectiveness. This is a general abstraction of the category of topological spaces.
In section 3.2, we define a closure operater © | denoted by .#, for fundamental classes. The
action of that closure operator . abstract what is called “relativization” in computability
theory. For example, the relativization of the notion of co-r.e. closedness can be obtained
as oracle co-r.e. closedness (cf. Example 3.34). We describe such relativization in a pure
categorical way. In section 3.3, our second main structure, effectiveness, will be intro-
duced. And, again, we define a closure operater, denoted by £, for fundamental classes.
The action of that closure operator .Z is an abstraction of “generation of topology”. For
example, the limit completion of the notion of co-r.e. closedness can be obtained as usual
topological closedness (cf. Example 3.53). We characterize the situation, as Proposition
3.56, that the action of .Z dominates the action of .# for a given fundamental class. In
Section 3.3.2 and Section 3.3.4, a proper assumption of Proposition 3.56 will be sharpen
by a pure categorical discussion and by a set theoretical discussion, respectively. Particu-
lary in Section 3.3.4, our main theorem in this section, Theorem 3.70, will be shown with
a wide scope of application.

In what follows, we restrict our considerations to large categories. Without a special
notice, the term “category“ means “large category”.

3.1 Bottom Fundamental Class

The most of this subsection is devoted to preparations. In section 3.1.1, we introduce some
classes of morphisms. In section 3.1.2, we give a definition of factorization system and
prove some useful statements. In section 3.1.1, our first main structure, pre-effectiveness,
and the notion of fundamental class will be defined.

3.1.1 Classes of Morphisms

In Section 2.2, we defined three kinds of morphism, isomorphism, monomorphism and
epimorphism. We introduce further notions for morphism below. In the following, let us
denote by E an arbitrarily fixed category.

Definition 3.1. Each t in E is said to be:

6 A pre-ordered system (z, <) is called a partially ordered system if < is anti-symmetrici.e. a < bAb < a
implies a = b for every a,b € x. A function ¢ on a partially ordered system (z, <) is said to be a closure
operator provided that it is extensive, monotone (monotonically increasing) and idempotent. Namely, ¢
is a closure operator if and only if: a < ca; a < o’ implies ca < ca’; cca < ca: for every a,a’ € X. Each
a € z is said to be c-closed if a = ca holds.
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e an element if its domain is a terminal object;

a split monomorphism if it has a left-inverse i.e. g in E s.t. gt = id;

e a regular monomorphism if it is an equalizer of a pair of parallel morphisms;

e an extremal monomorphism if in any factorization t = gh with h € Epi, one has
h € Iso.

We denote by Elm (resp. SplitMono, RegMono, ExtMono) the class of all elements
(resp. split monomorphisms, regular monomorphisms, extremal monomorphisms). It is
almost trivial that: each element is a split monomorphism; each split monomorphism is
a monomorphism; each regular monomorphism is a monomorphism.

We establish some points.

Lemma 3.2. The following statements hold:

(i) Iso C SplitMono;

(ii) Iso = SplitMono N Epi;

(iii) Elm C SplitMono C RegMono C ExtMono;

(iv) Iso = ExtMono N Epi;

(v) RegMono is stable under pullback i.e. in any pullback diagram:
p

t/i lt

f

one has t' € RegMono whenever ¢ € RegMono.

Proof. (i): Trivial.

(ii): Iso C SplitMonoNEpi follows from (i). Let ¢ € SplitMonoNEpi. By the definition
of split monomorphism, there is a left-inverse g of t. Then tgt = t and this implies
tg = id since t € Epi. Hence t € Iso. We conclude the desired equality.

(iii): The first inclusion is trivial. Note that if ¢ € SplitMono and g is one of its
left-inverse, then ¢ is an equalizer of id and tg. Now the second inclusion follows.
Finally, let ¢t € RegMono and let t = gh with h € Epi. By the definition of regular
monomorphism, there is a pair of parallel morphisms f7, fo such that t is an equalizer
of them. Since h is epic, we have fig = fog. So, by universality of equalizer, we obtain
unique morphism j which makes the following diagram commute.
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Hence t = gh = tjh and this implies id = jh since each regular monomorphism is
monic. Then h € SplitMono N Epi = Iso by (ii). Thus ¢ € ExtMono. The third
inclusion holds.

(iv): Iso € ExtMono N Epi follows from (i) and (iii). The other inclusion is trivial.
(v): Trivial. O

We can, for instance, introduce dual notion for split monomorphism. We say that a
morphism is a split epimorphism if it has a right-inverse, and denote by SplitEpi the class
of all split epimorphisms. Then one has dual statement of (i) of Lemma 3.2. Namely,
Iso = SplitEpi N Mono. Introductions of other dual notions, regular epimorphism and
extremal epimorphism, will also be given when they are in need.

3.1.2 Factorization System

In what follows, we give a quick review on the theory of factorization system. As we shall
see, factorization systems are quite useful and play an important roll in the rest of this
section.

The Definition and Basic Properties Let [E be an arbitrarily fixed category. For
each f, g in [E, we say that f is orthogonal to g, written as f_Lg, if the following condition
holds: for any commutative diagram shown as the left one below, there exists unique
morphism j which makes the right one below commutes.

T

The definition of factorization system is given as follows.

Definition 3.3. Let . and .7 be two classes of morphisms in E. We say that (., 7)
is a factorization system on E if the following three conditions hold:

(FO) both . and .7 are closed under composition with isomorphisms
i.e. for every s € . and h € Iso, one has sh, hs € ., and similar with .7;

(F1) each f in E has (., 9 )-factorization
i.e. there is a pair of morphisms s € .% and t € 7 such that f = ts;

(F2) every s € . is orthogonal to every t € 7.
A factorization system (., .7) is said to be proper if . C Epi and .7 C Mono.

We check some famous statements for a factorization system. All proofs which we give
below can be found in [4]. Assume that (.7, .7) is a factorization system on E.

Lemma 3.4. The following statements hold:
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(i) (&, .9)-factorization of each morphism is essentially unique
i.e. foreach fin E, if f =ts =1t's" are two (¥, F)-factorization of f, there exists
unique isomorphism can which makes the following diagram commutes;

]
can
t
S
(ii) in any commutative diagram shown below with s € . and ¢t € 7, one has t € Iso
and [ € .7,
S
fl / lt
) — )

(iii) S ={finE:"te 7, flt}, T={finE:"se., sLf};
(iv) Iso =N 7,
(v) both . and .7 are closed under composition.

Proof. (i): Let f in E and f = ts = t's’ be two (¥, .7)-factorizations of f. Since
s’ Lt and sLt', we have the following two commutative diagrams.

. s > . . SH
s’lylt Si ok it’
. — . oo
And then we have:
g / I /| / Jo
T -

By the uniqueness stated in (F2), we obtain jk = id, kj = id. Thus j, k € Iso. This is
the essential uniqueness of (., 7 )-factorization.
(ii): If the left one below commutes, then the right one below also commutes since

(jt)s = j(ts) = jf = s and t(jt) = (tj)t = t.

i
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By the uniqueness stated in (F2), we obtain jt = id and thus t € Iso. f € .7 is follows
from (FO0).

(iii): Let f in E be satisfying: for any ¢t € 7, f1lt: and let f = ts be a (., .7)-
factorization. Since f_1t, there exists unique morphism j which makes the following
diagram commute.

Then f € .7 follows from (ii). Hence, the first equality holds and so .# is characterized
by .7 via orthogonality. Dually one may obtain the second equality.

(iv): Let f € NI and f = ts be a (,.7)-factorization. Since f_Lt, there exists
unique morphism j which makes the following diagram commute.

Then ¢ € Iso follows from (ii). Dually, one can see s € Iso. Therefore, f € Iso and thus
N ClIso. The other inclusion follows from (iii).

(v): Let sg,s1 € & at being compositionable as sgs;. For any commutative diagram
shown below with t € .7:

u
- - .

S
v

we have first the left one below, and then the right one below.

t . t

E!ko

v v

That kg is the desired morphism. The expected uniqueness of kg can easily be obtained.
Hence .¥ is closed under composition. Similar for .7 . n

As dual notion for extremal monomorphism, we can introduce the notion of extremal
epimorphism as follows. Each f in E is said to be an extremal epimorphism if in any
factorization f = gh with g € Mono, one has g € Iso. We denote by ExtEpi the class of
all extremal epimorphisms in E.
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Lemma 3.5. If (., .7) is proper, the following three statements and their duals hold:
(i) ExtMono C 7
(ii) 7 is stable under pullback;
(iii) 7 is stable under arbitrary intersection;
(iv) fg € 7 implies g € 7.
Proof. (i): Let f € ExtMono and f = ts be a (, .7 )-factorization. If . C Epi,
then by the definition of extremal epimorphism, we have s € Iso and thus f € 7.

(ii): Let the left one below be pullback with ¢ € .7 and let the right one below be
commutative with s € ..

I l:i

We obtain first the left one below by s_L¢, and then the right one below by universality
of pullback.

i I . U I
Ellk.
sl Fj ‘ it Si i lt
v f ’ v f

That k is the desired unique morphism. This shows that ¢ € .7 and thus .7 is stable
under pullback.

(iii): Similar with (ii).
(iv): Suppose that fg € 7 and g = ts be a (¥, T )-factorization. Since sl fg, there
exists unique morphism which makes the following diagram commute.

|l

ft

By properness of (.,.7), we obtain s € SplitMono N Epi = Iso. Hence g €
follows. u

Image and Inverse Image Using the notion of factorization system, we introduce
image and inverse image of subobjects. Particularly, the two correspondences among sub-
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objects given by image and inverse image, respectively, form two functors (monotonically
increasing functions, see Example 2.34).

First we give a formulation of subobjects. Let E be an arbitrary category. Suppose
that a set M C Mono contains all isomorphisms and is closed under composition. For
each z € E and (- 5 z),(- 5 z) € M, we write t < u (resp. ¢ = u) if and only if there
is a (necessarily unique) morphism j such that ¢t = uj (resp. t < w and u < t). This
“>" forms an equivalence relation on Mono 7 Each equivalence class [t] = [t]~ is called a
M-subobject of z and we denote by M(x) the set of all M-subobjects of x. We think
M(z) is ordered by the partial order induced from < ® | and occasionally, regard it as a
category in a usual way (cf. Example 2.5).

Now we give the definition of image and inverse image. Let E be a category having
pullback and let (., .7) be its proper factorization system.

Definition 3.6. Let f : z — y in E. For each (- AN x) € 7, we call f[t] an image of ¢ in
a (7, 7 )-factorization ft = f[t] os of ft.

T

Lemma 3.7. For any f : x — y in E, (- 4 x), (- , y) € 7, one has the following

equivalence.
flt] <t = t< Y]

Corollary 1. For each f : z — y in E, we can regard: f[—] as a functor from 7 (z) to

T (y); f7'[~] as a functor from 7 (y) to 7 ().

Corollary 2. Let f: 2 — yin E. If f € 7, then t = f~'[f[t]] for each ¢t € 7 and
so f1 [—} of [—] gives identical correspondence. Also, if . is stable under pullback
and f € .7, then t = f[f~*[t]] for each t € F and so f[—] o f~'[—] gives identical

correspondence.

"Let x be a set. Each =C z x z is called an equivalence relation if it is reflective, symmetric and
transitive, namely, if for every a,b,c € x, one has a = a; a = b implies b =a; a = bA b = c implies a = c.
If = is an equivalence relation, for each a € z, we define [a]= = {b € z : a = b} and call it equivalence
class of a.

8Explicitly, we define [t] < [t'] by t < t'.
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Corollary 3. Each f in E belongs to .7 if and only if f [h] € Iso for every h € Iso.

Note that for each .7 -sink {t;};c; to =, a morphism (- — x) € .7 is an intersection of

{t;}ics if and only if for every (- LN r) € 7, t <t coinsides with ¢’ < t; (Vi € I). Hence
by Lemma 3.7, the following lemma also holds.

Lemma 3.8. Let = L y in E and let {¢;};c; be a 7-sink to y. The following holds if
there is an intersection A\, t; of {t;}icr.

A = A

icl icl
3.1.3 Pre-Effectiveness

We define the notion of pre-effectiveness below what is our first main structure.

Definition 3.9. Let E be a finitely complete category and let (-, .7) be a proper fac-
torization system on E. We say that E = (E, ., .7) is a pre-effectiveness if the following
condition holds:

(E0) .7 is stable under pullback.

Example 3.10. Set = (Set, Epi, Mono) is a pre-effectiveness. More generally, for a topos
E, one can prove that E = (E, Epi, Mono) is a pre-effectiveness. This is a consequence of
topos theory. See [5] for detail.

Example 3.11. Let us denote by RefEpir,, the class of all surjective morphisms in Top
and by RefMonor,, the class of all injective morphisms in Top. We also define a subclass
Embrep of RefMonore, as follows.

t € Embr,, <= in any commutative diagram in Set shown below with f in Top

g must be a morphism in Top
Then Top = (Top, RefEpir,,, Embre) is a pre-effectiveness.

Example 3.12. In a similar habit with the case of Top, let us define RefEpi,,, RefMonoc,
and Embc,. Then Cp = (Cp, RefEpig,, Embcy) is, again, a pre-effectiveness. Actually,
we can generalize these constructions. See Proposition 4.11.

Assume that E = (E,.”, .7) is a pre-effectiveness. A subclass % C .7 is said to be a
fundamental class on E if .%# contains all isomorphisms, is closed under composition and
is stable under pullback.
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Example 3.13. We define a subclass ClsEmbro, of Embr, as follows:
t € ClsEmbr,, <= range(t) is closed in

where (- 4 z) € Embry,. This ClsEmby,, is a fundamental class on Top.

Example 3.14. Similar with the case of Top, we define a subclass ClsEmbc, of Embc;
as follows:
t € ClsEmbg, <= range(t) is closed with respect to 7ow|,

where (- 4 u) € Embg,. This ClsEmbc,, is well-defined as a fundamental class on Cp.

Let us denote by [9 ] the class of all fundamental classes on E ? . This [f } is partially
ordered by inclusion C and is closed under (). For a given subset ¥ C .7, we denote by
AT the smallest fundamental class containing T. Explicitly, one may define:

#T = ((Ze|T]:TCF}
or equivalently:

T = T UIso
T = {te T fmENeT st t= ]}
BT = {ty-- -t kEN, to, - 1, €T}
Particulary, we abbreviate as %y = #RegMono and call this 4, bottom fundamental class
on E. This is well-defined since RegMono C ExtMono C .7 by (iii) of Lemma 3.2 and
(i) of Lemma 3.5. Recall the fact that RegMono contains all isomorphisms and is stable
under pullback (cf. Lemma 3.2). Hence RegMono = RegMono’ in the above notation. So

each t € . belongs to %, if and only if it can be represented as the composition of some
regular monomorphisms i.e. there exists tg, - - -, € RegMono such that t =t - - - ;.

Fact 3.15. For a fundamental class .%# on E, we define:
feFZCs«"te 7 flt|eF

where f in [E. The following statements hold:

(i) ¥ =FClsnT,

(ii) for any fg € #-Cls with g € .7, we have f € .#-Cls:

Fact 3.15 shows a relationship between our terminologies and that of [6]. Particularly,
it shows that .#-Cls is a “(., .7 )-closed” class of morphisms. By this fact, we can borrow
many useful results and terminologies from [6].

Example 3.16. %) set = Monoget.

9As we promised at the beginning of this section, our observations are restricted to large categories.
So each fundamental class on E is actually a set, and so is [9 ]
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Example 3.17. %y 1o, = Embrep.

Example 3.18. For any v C u C 2¥, v is said to be co-r.e. closed in u provided that:
there is a type-2 Turing machine which halts with input p € w if and only if p &€ v: or
equivalently: there is a computable function x : u© — 2“ in Cp with the following property.

v=x""[{0°}] ={p € u: x(p) =0}

Here 0¥ € 2¢ is defined by i — 0 (Yi € w). This 0¥ is, of course, computable. In Cp,
regarded as a pre-effectiveness, one can see that:

Bocp = {(- L) e Embcy, : 7x :u—2Yin Cps.t. t = x ' [T]}
= {(-Lue Embg, : range(t) is co-r.e. closed in u}

where T : {0¥} — X defined by 0¥ — 0“.

3.2 Imaginary Fundamental Class

In this subsection, we develop a method for extending fundamental classes. Particularly, a
closure operator for fundamental classes will be constructed. We give our first observation
below.

Suppose that E = (E, ., 7) is a pre-effectiveness and .# is a fundamental class on E.
Recall Corollary 2 of Lemma 3.7. Let o and x be two objects of E. If (a x # = z) € .7,
then o [—} omy ! [—} gives identical correspondence and thus 71 [—] is injective. Since a
fundamental class is stable under pullback, one can say that 7, " [—] embeds % (x) into
F(a x z). So it could be expected that o x x has more .#-subobjects than x.

Based on the above idea, we introduce some notions in Section 3.2.1. In Section 3.2.2,
our closure operator is formulated and its several desirable properties will be observed.
Section 3.2.3 is devoted to an additional consideration.

3.2.1 Extending Fundamental classes
Let E = (E, ., .7) be a pre-effectiveness.

Definition 3.19. Each « € E is said to be non-empty if (« ER 1) e ..

Of course, a terminal object is non-empty. If @ € E is non-empty, then for any = € E,
(v x x 2, 1) € .7 always holds since the following diagram is pullback and since .7 is
stable under pullback.

2
oa X —————

1
«

—_——_~ 8
g

la

So each second projection a x x = x satisfies the assumption of our first observation
which we gave at the begging of this subsection. We denote by Ne(E) the class of all non-
empty objects of E. Then Ne(E) contains terminal objects and is closed under binary
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product since lyxs = (a x 3 = 3 2, 1) € & for each «, 5 € Ne(E). Occasionally, this
Ne(E) will be regarded as a pre-ordered system defining o < 8 by E(«, 3) # 0 for each
a, 5 € Ne(E).

Example 3.20. Let us consider on Cp as a pre-effectiveness. One may see that ob(Cp) —
Ne(Cp) = {0}. So each object of Cp is non-empty if and only if it is non-empty in the
usual sense. Same statement also holds in Set and Top. Actually, we can generalizes this
observation as Proposition 3.42.

We define a new function as follows:
S Ne(E)* x [7] — [7]
(0, F) — {te T :axte F}

where o x t = id, x t. Note that a x t = 7, ! [t] if we denote by 7y the second projection
from a x codt to codt. As an abbreviation, we write ., % instead of . («a, #). Some
points can easily be checked.

Lemma 3.21. Suppose that we are given a concatenation of two squares as shown below.

)

L

- - .

L

If both the whole square and the lower square are pullback, so is the upper square.
Lemma 3.22. The following statements hold:
(i) 7 is well-defined as a function. Particularly, it is extensive;

(ii) # is monotone (monotonically increasing);

(iii) . behaves identically (i.e. #.% = .F) for each fundamental class .%.

Proof. (i): Trivial.
(ii): Let a, 8 € Ne(E) with o < 3 i.e. E(,3) # () and let .# be a fundamental class

on E. We show that 3.7 < .7,.%#. Suppose that t € #3.% and « EX (. We have the
following commutative diagram.

ax. .
axXt 5><- t

Bxt

o X -

gx-
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All unnamed morphisms are second projections. Hence by Lemma 3.21, we obtain
axteF from [ xte.F. This implies t € S, F.
(iii): Trivial. m

Definition 3.23. Each non-empty class R C Ne(E) is said to be a rule if for every two
elements of R, any product of them belongs to R again.

For instance, Ne(E) itself is a rule. We define a technical notion below.

Definition 3.24. Let .% be a fundamental class on E. Each z € E is said to be %#-
compact if (z x y = y) € .#-Cls for each y € E (cf. Fact 3.15).

Example 3.25. Let © = (z,7) be a topological space. Each o C 7 is called a cover if
x =|Jo. A subcover of a cover o is a subset ¢’ C ¢ which is a cover again. Then z is said
to be Heine-Borel compact if for every cover o, there exists a finite subcover, a subcover
at being a finite set, of it. It is a well-known fact that Heine-Borel compactness coincides
with ClsEmbrep-compactness. See [6] for detail.

For each rule R, we define S : F — |J,cp IaF (“F € [T]). As an abbreviation,
we usually write .#z¥ instead of FrAT for each T C 7.

Proposition 3.26. Let R be a rule. The following statements hold:
(i) #g is a closure operator on [9],

(ii) Each fundamental class .# on E is Sx-closed (i.e. .# = IpF) if every a € R is
F-compact.

Proof. (i): First we show that %y is well-defined as a function from [7] to [7]. Let
F e |T].

Iso C Ir7:
One has Iso C . C .4, .% C |,
o 1s an element of R.

SIrZ is closed under composition:
Let t,t' € FrF at being compositionable as tt’. There exists a, 5 € R  s.t.
t e J,7 and t' € F3.7, respectively. Since R is closed under binary products,
we obtain t € S,.% C Z,.3.% by (ii) of Lemma 3.22, and similarly ¢’ € .#3.# C
FaxpF. Hence tt' € I3 F C IpF.

SIrF is stable under pullback:
Trivial.

cr Fa¥ = IrF by (i) of Lemma 3.22 where

Next we show that #z.% is a closure operator. But extensivity and monotonicity
is trivial since each of .,.% is extensive and monotone where o« € R. To see its
idempotency, let t € S IgF. There exists «, § € R such that (ax ) xt =2 ax(Gxt) €
F. Hence t € I, 3F C IpF.
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(ii): Let @ € R and (- L 2) € 4, F. We denote by T the second projection from
a X z to x. Since 7, ' [t] ¥ a x t € F and m € .7, we obtain:

t%’ﬂg[ﬂgl[t“ gﬂ'g[O&Xﬂ c7

by the definition of .%#-compactness and by «a x t € .%#. Therefore .% = Ir.F. ]

3.2.2 Imaginary Operator

We introduce the notion of imaginary and define a closure operator, denoted by .#, for
fundamental classes. One may see that the action of .# abstract what is called “rela-
tivization” in computability theory.

Definition 3.27. Let E be an arbitrary category. Each a € E is said to be a habobject
if E(x, «) has at most one element for any x € E.

Of course a terminal object is a habobject. For a habobject @ € E and an arbitrary
x € E, we denote by = L & the unique morphism from x to « if it exists. If [E has a

terminal object 1, each a € E is a habobject if and only if « 2, 1 is monic. Assume
that E is finitely complete. In that case, for a habobject o € [E and an arbitrary x € E,
(axx =2 ) € Mono always holds since the following diagram is pullback and since Mono
is stable under pullback.

2
OXL—

1
o —
la

e ——]
)

So the class of all habobjects is closed under binary product since lox5 = (a x 8 = 3 LN
1) € Mono for each two habobjects a, 3. These observations are analogous to the case of
non-empty objects.

Let E = (E, ., .7) be a pre-effectiveness.

Definition 3.28. Each o € E is said to be an imaginary if it is a non-empty habobject.

We denote by Jm the class of all imaginaries of E. Of course Jm is a rule. As an
abbreviation, Deg will be used to denote the class of all equivalence classes of imaginaries
by =. This Deg is called degree structure of imaginaries. Occasionally, we regard Deg as

a partially ordered system where [a] < [f] is defined by “3 L o exists”.

Example 3.29. In Set, the degree structure of imaginaries Degg., has exactly one object,
so equivalence class of terminal objects. Same with Top.

Example 3.30. Let us consider on Cp. One may see that Jmc,, is the class of all singleton
objects of Cp (see also Proposition 3.42). So each imaginary {*} € Cp can be thought as
corresponding to an “oracle” x € 2¥. Furthermore, Degc,, is exactly same structure with
what is called Turing degree structure.
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Lemma 3.31. Let a« € E be a habobject. For each x € [E, the second projection

o a X ¥ — x is isomorphic if and only if x — « exists.

Proof. “only if” is trivial. Assume that x %, & exists. Then m, o (1,id) = id and thus
o € SplitEpi N Mono = Iso. This is the assertion of “if”. n

Lemma 3.32. Let a € E be an imaginary. The following statements hold:
(i) m'[~]: T(x) = T (a x x) gives a bijective correspondence
and o [—} is its inverse for each x € E;

(il)) «is S,.Z-compact for each fundamental class .# on E.

Proof. (i): Since « is an imaginary, m € . and thus 7" [—} gives an injective

correspondence on .7 -subobjects. So now we have to show its surjectivity. Let (- LN
axz) €. and mt’ = ts be a (., T )-factorization. By the universality of pullback,
there exists unique morphism j which makes the following diagram commute.

id
J s
t mot’
. - .
At] /
o X T a

2

/

Note that j € .7 by (iv) of Lemma 3.5. Since  is monic, - <-— - —%>. is a pullback

of axeP e . Hence by Lemma 3.21, the following square is also pullback.

id
R
ax . ; .
o

So we obtain j € . N .7 = Iso since . is stable under pullback. Therefore, ¢’ =
iyt [t} >~ gt [7r2 [t’ H We proved that m, * [—] is bijective, and particularly, ms [—} is
its inverse.

(ii): Note that if we denote by 75, the second projection from a X (a X z) to a X z, this
74 is isomorphic by Lemma 3.31. Suppose that (- Loax x) € 7. Then one observes
axte.Z if and only if t € %, and thus, t € .£,.% if and only if t € .%. Note that
t oyt [7?2 [tﬂ > o X T m by (i) where a x 2 > 2. So we obtain [t] c I, F
whenever ¢t € .Z,.%. This shows that « is .#,.%-compact. n
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As an abbreviation, we write .# instead of 5.
Proposition 3.33. The following statements hold:
(i) . is a closure operator on [.7];

(ii) afundamental class.Z on E is .#-closed (i.e. % = #.F) if and only if all imaginaries
are .%-compact.

Proof. (i): Follows from (i) of Proposition 3.26.

(i)): “if” has been already shown as (ii) of Proposition 3.26. Suppose that % is .#-
closed and let a be an imaginary. Then % = Z,.% and « is %#-compact by (ii) of
Lemma 3.32. This is the assertion of “only if ”. O]

We usually write % instead of £ %, and call this .%, imaginary fundamental class on
E.

Example 3.34. Let us consider on Cp. Let a € 2¥. For any v C v C 2 v is said to
be a-co-r.e. closed in u provided that: there exists a type-2 Turing machine (having two
input tapes) which halts with input a and p € w if and only if p € v. One can see that:

t € Iy HBocp <= range(t) is a-co-r.e. closed in u

where (- 5 u) € Embg,. Also v is said to be oracle co-r.e. closed in u if there is an o € 2¢
such that v is a-co-r.e. closed in u. Oracle co-r.e. closedness is said to be “relativization”
of co-r.e. closedness. One can see that:

te Sycp <= range(t) is oracle co-r.e. closed in u

where (- iR u) € Embc,. Now one can say that the action of .# abstract the notion of
relativization.

3.2.3 The Strongest Extension Ability

In the following, we discuss about extension ability of rules. Particularly, one may see that
the class of all imaginaries has the strongest extension ability under a certain condition.

Definition 3.35. Let E be an arbitrary category. A class D C ob(E) is called a generating

J
class of E if for each pair of parallel morphisms :C*)TO>Z/ in E at being distinct (i.e.
1

fo # f1), there exists a %, 2 such that o € D and fok # fik.
Definition 3.36. A pre-effectiveness E is said to be:

e imaginary extensional if Jm, the class of all imaginaries, is a generating class of E;
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e extensional if {1} is a generating class of E.

Definition 3.37. A pre-effectiveness E = (E,.”,.7) is said to be strictly (imaginary)
extensional if E is (imaginary) extensional and the following condition holds:

e if fg € Mono, then f € Mono whenever g € ..

Note that a stability condition for Mono appears in the above definition is trivially
holds when our category E is balanced (cf. Definition 2.29).

Example 3.38. Set is strictly extensional.

Example 3.39. Both of Top and Cp is strictly imaginary extensional (see also (iii) of
Lemma 4.12).

Let (- 5 z) € 7 where E = (E,., 7) is a pre-effectiveness. We call ¢ an imaginary
element of z if its domain is an imaginary.

Lemma 3.40. Let E = (E, ., 7) be a strictly imaginary extensional pre-effectiveness.
For every (z = y) € .7, if x is an imaginary, so is ¥.

Proof. The following diagram commutes.

Suppose that z is an imaginary. Then !, € . N Mono. Hence !, € . N Mono holds
by dual of (iv) of Lemma 3.5 and by the definition of strict imaginary extensionality.
This shows that y is an imaginary. O]

Lemma 3.41. Let E = (E, ., 7)) be a strictly imaginary extensional pre-effectiveness.

!
Assume that we are given a pair of parallel morphisms o —= z with being an imaginary
9

of the shared domain «, and also (., 7 )-factorizations as f = ts and g = t's’. Then one
has f = g if and only if ¢t = ¢'.

Proof. Firstly, “only if” follows immediately from essential uniqueness of (., .7)-
factorization. Suppose that ¢ = t’. There exists unique morphism can which makes
the following diagram commute and is an isomorphism.



Note that both domt¢ and domt’ are imaginaries by Lemma 3.40. Hence whole of the
following diagram commutes.

This implies f = ts = t(canocan !)s = t's' = g. O

Proposition 3.42. In a strictly imaginary extensional pre-effectiveness, each object is
non-empty if and only if it has an imaginary element. Furthermore, each non-empty
object is an imaginary if and only if it has essentially unique imaginary element.

Proof. Let E be a strictly imaginary extensional pre-effectiveness.
For the first assertion: Let a € E be a non-empty object. If o is not an imaginary, of

f
course it is not a habobject, and hence there is a pair of parallel morphisms =z :g; Q@

with being distinct i.e. f # g. Since the class of all imaginaries forms a generating

class of [E, there exists 3 %, r with being imaginary of its domain 3 such that fk # gk.
Let fk = ts be a (¥, 7 )-factorization. By Lemma 3.40, domt is an imaginary and
thus t is an imaginary element of o. This shows “only if” of the first assertion. Next,
suppose that o has an imaginary element (3 s a. The following diagram commutes.

la
o ——1

=7

g

Hence by dual of (iv) of Lemma 3.5, we obtain !, € . and this implies that « is
non-empty. This is “if” of the first assertion.

For the second assertion: Let o € [E be non-empty. If v is not an imaginary, we can set
up f,g and k just as same with the above discussion. Now let fk = ts and gk = t's’
be two (7, .7 )-factorizations of fk and gk, respectively. By Lemma 3.41, we obtain
t 2 t'. This means a € Ne(E) — Jm has at least two essentially distinct imaginary
elements. Hence “if” of the second assertion follows. Finally, suppose that « is an

imaginary and let (3 L o and v ", & be its two imaginary elements. The following
diagram is pullback.

fxy——"—7

mi Lt,
1] - «

Commutativity follows from the fact that o is a habobject, and universality follows
from that of a product # x 7. Since t,t' € .7, one has 7, m € . N7 = Iso. This
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implies t 2 ¢'. Hence « has essentially unique imaginary element. This is “only if” of
the second assertion. O

Proposition 3.43. Suppose that E is an imaginary extensional pre-effectiveness. Then
Jm has the strongest extension ability over all rules. Namely, for any rule R, one has
Ir < I (ie. IpF < F.F for every fundamental class .# on E).

Proof. Follows from (ii) of Lemma 3.22. O

3.2.4 Dense morphisms

We define a technical notion which plays an important roll in Section 3.3. Let E =
(E,.~,.7) be a pre-effectiveness.

Definition 3.44. Let .# be a fundamental class on E. Each f in E is said to be .%#-dense
if in any factorization f = th, one has t € Iso whenever t € .Z#.

We denote by .% -Dense the class of all .#-dense morphisms. One may see easily that
& C Z-Dense. The following characterization of .#-Dense is quite useful.

Lemma 3.45. Let .# be a fundamental class. Then .#-Dense = {f inE: "t € #, fLt}.

Example 3.46. Let = = (x,7) be a topological space. Each u C x is said to be dense in
x if uNwv # B for every non-empty v € 7. For instance, the set of all computable elements
is dense in 2¥. It is easy to see that:

[ € ClsEmbryp-Dense <= range(f) is dense in :

where - L 2 in Top.
Example 3.47. Similar characterization with the case of Top can be obtained even in

Cp. For each - Lowin Cp:

f € ClsEmbg,-Dense <= range(f) is dense in u = (u, 790 |y,).
Furthermore, one can see that % c,-density coincides with ClsEmbc,-density. At first
sight, it may looks slightly strange that although % ¢, is characterized by a computa-
tional notion, co-r.e. closedness, % cp-Dense is characterized by a topological notion,
topological density. However this phenomenon will be observed again in a greatly gener-
alized situation (cf. Lemma 3.58, Proposition 3.69).

Proposition 3.48. The following identification holds: Z;-Dense = Epi.

Proof. %,-Dense C Epi: Let f € %y-Dense and let gof = g1 f. We have an equalizer
t of go,g1 and there exists unique morphism j which makes the following diagram

commute.
; T /
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Since t € RegMono C %, we obtain t € Iso. This implies gy = ¢; and hence f € Epi.
Epi C %y-Dense: Let f € Epi and f = th with t € %,. Then there exists to, - , i €
RegMono such that t = ¢y - - - t;. In the following, we use mathematical induction for
k. As the base case, suppose that k = 0. Namely, ¢ is an equalizer of a pair of parallel
morphisms gg, g;. Then commutativity of the following diagram implies gy = ¢;.

i

So we obtain ¢ € Iso. Next, suppose that & = k' + 1 and ¢; € Iso for each ¢ < k’. Then
defining [’ = t,;,l -ty f € Epi, we can resolve this as a base case and t; € Iso will be
obtained. Therefore, ¢t € Iso follows. This shows that f € %,-Dense. m

Example 3.49. We have already mentioned to the point that epicity does not coincide
with surjectivity in Cp (cf. Example 2.28). By Proposition 3.48 and by Example 3.47,

each - L u in Cp is epic if and only if range(f) is dense in u = (u, 79 |,).
We show a technical lemma.

Lemma 3.50. Let .%# be a fundamental class on E. Then .#,.%-Dense is closed under
a X — where « is an imaginary.

Proof. Let (x EX y) € S0 F-Dense and a X f = th with t € Z,.%. By whLlm, [t],
there exists unique morphism j which makes the following diagram commute:

axf
a X xT Oéxy
\ /
mh . o

S

!
T
\ l o t]

Note that m, [t} € £, holds by (ii) of Lemma 3.32. Since [ € .#,.% -Dense, we obtain
T2 [t] € Iso and thus ¢ = ;' [m2[t]] € Iso follows from (i) of Lemma 3.32. O

Y

3.3 Limit Fundamental Class

Here we define another closure operator . for fundamental classes. Its action abstract
“generation of topology”. To do that, we also define our second main structure, effective-
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ness.

In Section 3.3.1, as a central statement, Proposition 3.56 will be proved. Section 3.3.2
is devoted to a consideration on a proper assumption of Proposition 3.56. It will be
done by a pure categorical discussion, and as a result, Proposition 3.59 will be obtained.
Section 3.3.2 is also devoted to a consideration on the same assumption of Proposition
3.56. It will be done by a set theoretical discussion, and as a result, Theorem 3.70, our
first main theorem in this thesis, will be obtained. Theorem 3.70 provides us a complete
characterization of the following situation: the action of . dominates that of .# for a
given fundamental class % ie. ¥ < L.F.

3.3.1 Effectiveness

Definition 3.51. A pre-effectiveness E = (E,.”,.7) is said to be an effectiveness if the
following condition holds:

(E1) E has .7 -intersection.
Example 3.52. Cp is an effectiveness.

In an effectiveness E = (E,.7,.7), we denote by .£.% the smallest intersection closed
fundamental class containing a given fundamental class .%, and call it limit completion
of .#. Explicitly, one may define:

LF = ﬂ{f’ € [7]:# CF', F'is closed under .7 -intersection}

Particularly, we abbreviate as %) = £ %, and call this % limit fundamental class on E.
Obviously, we can regard .Z as a closure operator on [9 } We usually write .Z% instead
of L%BT for each T C 7.

Example 3.53. Let us consider on Cp. We remark to the point that for each u € Cp
and w € 2*, u N [w] is always co-r.e. closed in u and that each co-r.e. closed set in w is

closed in u = (u, 73+ ). Recall Example 3.18. Now one can see that each (- = u) € Embc,
belongs to % ¢y if and only if range(t) is closed in u = (u, 79« |,) (see also Example 3.72
and Lemma 3.73).

Let .Z be a Z-closed fundamental class on E. For each t € .7, we define:
dz(t) = N\{teZF:t<t}
Of course clz(t) € .F always holds.

Lemma 3.54. Let E = (E,.,.7) be an effectiveness and let .# be a Z-closed funda-
mental class on E. Then (.%-Dense,.#) is a (possibly non-proper) factorization system
on E.
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Proof. (F0): Trivial.

(F1): Let f in E and f = ts be a (¥, 9 )-factorization. We can find a (necessarily
unique) morphism h such that f = clz(t) o h. It is sufficient to see that h € #-Dense.
Suppose that h = t'h' with ¢/ € #. Then t < clgz(t) ot/ € F and thus, by the
definition of intersection, there exists unique morphism j which makes the following

diagram commute.
clg (t)ot’
J
. ) .

clg(t

We obtain:

cdg(t)otj=clgz(lt) = tj=id
= t'c SplitEpi N Mono = Iso

Hence h € .% -Dense.
(F2): Follows from Lemma 3.45. O

Lemma 3.55. Let E = (E,.”,.7) be a pre-effectiveness and let .% be a fundamental
class on E. If tt' € %, one has ' € .% whenever t € .%.

Proof. Lett, tt’ € .#. Notethat t’ € .7 follows from (iv) of Lemma 3.5. By Corollary 2
of Lemma 3.7, we have ¢/ = ¢! [t [t’” >~ ¢t [tt’}. Hence t' € .7 since %, a fundamental
class, is stable under pullback. O

Proposition 3.56. Let E = (E,.””,.7) be an effectiveness and let .%# be a fundamental
class on E. If % -Dense = .Z.% -Dense, the following statements are equivalent:

(i) S <27,
(ii) all imaginaries are .Z.% -compact;

(iii) % -Dense is closed under a x — for every imaginary «.

Proof. (iii)=(ii): Assume (iii). Let o be an imaginary and (- - o x z) € L.Z.
Suppose that o M = ghis a (Z.Z -Dense, £.F )-factorization where a x = x. Note
that the following diagram commutes.

axma[t]
o X - a X T




By (i) of Lemma 3.32, a x m[t] & ' [m[t]] 2t € LF. Andaxg = m;'[g] € ZF.
So we obtain o X h € Z.% by Lemma 3.55. Hence, by Lemma 3.54, one can see that:

h € X% -Dense = % -Dense =—> a X h € % -Dense = .Z.% -Dense
= axXh€& LF-DenseN L.F = Iso

Since 75,75 € & and h € 7 by (iv) of Lemma 3.5, h = 7h[a x h] € Iso follows
from Corollary 3 of Lemma 3.7. Hence m [t] > g € Z%. This shows that « is
L .¥-compact.

(ii)=-(i): Assume (ii). Let (z, <) be a partially ordered system and let ¢ ¢ be two
closure operators on it. It is easy to see that for every a € =z, one has ca < ca
whenever c'a is c-closed. So now we should show that .Z.% is .#-closed since both of
& and .Z is closure operator on [f } But this is an immediate consequence of (ii) of
Proposition 3.33.

(i)=(iii): Assume (i). One has:

S ¥ -Dense
2, % -Dense C % -Dense

Z -Dense = ¥.% -Dense C
C

where « is an arbitrary imaginary. Here .% -Dense = .#,.% -Dense is closed under av x —
by Lemma 3.50. So the desired statement holds.
O

3.3.2 A Sharpen by A Pure Categorical Discussion

Here we scrutinize the proper assumption of Proposition 3.56, .% -Dense = .Z.% -Dense,
by a pure categorical discussion. Let E = (E, ., ) be an effectiveness.

Lemma 3.57. The following statements hold on E:
(i) for each h € Epi and each ¢t € ExtMono, h_lt;

(ii) ExtMono is closed under composition;
(iii) E has ExtMono-intersections;

(iv) (Epi, ExtMono) is a proper factorization system on [E;

(v) ExtMono = ZExtMono:

Proof. (i): Let the following square be commutative with A € Epi and ¢ € ExtMono.
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Let us enumerate as {t; };c; all morphisms in .ZExtMono such that g = t;k; and t = t,l;
with existing (necessarily unique) morphisms k;, ;.

g/

e

7
N

g

h

By the universality of intersection, we have g = (\,c,;t:) o k and t = (A, t;) o | with
the existing unique morphisms k, [. Since A, t; € ZExtMono, there is an index j € [

with ¢; = A,c;ti, kj = k and [; = [. We show that [; € Epi. For any commutative
lj fo
-——>-—=- we have:
f1

folj = fily, = folj¢' = fil;d
< fokjh - flkjh
<~  fok; = fik;

since t; € Mono and h € Epi. Hence for an equalizer u of f; and f1, there exists unique
morphisms k,, [, such that k; = uk, and l; = ul,. Since u is regular monic, and thus is
extremal monic, t;u € ZExtMono. So there is an index j' € I with t;; = tju, kjy =k,
and lj; = [,. Then by the definition of intersection, the unique morphism p exists with
t; = typ = tjup. This implies u € SplitEpiNMono = Iso. So fy = fi and then [; € Epi
follows. Furthermore, one can obtain [; € Epi N ExtMono = Iso. Therefore, d = l;lkj
is the desired unique morphism for hl¢ what makes the following diagram commute.

(ii): Let (- LALN -) € ExtMono and tt' = gh with h € Epi. Then we obtain first the
left one below by h_Lt and then the right one below by h_Lt'| respectively from (i).

. id . id
- I
W ! . Ellk !
/ lt / lt
g T

Hence kh = id and this implies h € SplitMono N Epi = Iso. This shows that ¢t €
ExtMono.
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(iii): Let {t;}ic; be a family of extremal monomorphisms with shared codomain and
t = Nieyti = gh with h € Epi. By the definition of intersection, there exists unique
morphism p; such that ¢ = ¢;p;. Using (i), we obtain the unique morphism d; which
makes the following diagram commute.

Hence by the universality of intersection, there exists unique morphism k such that
g = tk. Then we have:

g=tk = t=gh=1tkh
<= id = kh <= h € SplitMono N Epi = Iso

This shows that ¢t = A\, t; € ExtMono.

(iv): It is sufficient to see that each f in E has an (Epi, ExtMono)-factorization. Let
us enumerate as {t; };c; all extremal monomorphisms such that f = t;h; with existing
(necessarily unique) morphism h;. By (iii), A;c;t € ExtMono and thus there is an
index j with ¢; = A,.;t;. We have to show h; € Epi, but we can solve this with just
similar process when we showed “/; € Epi” in the proof of (i).

(v): Obvious. O

Lemma 3.58. One has the following two identifications of classes of morphisms: ExtMono
Zy; Epi = By-Dense = Z,-Dense.

Proof. First identification. Note that %, < ExtMono and ExtMono is a .Z-closed
fundamental class (see (v) of Lemma 3.57). Hence .2, < ExtMono. Let ¢t € ExtMono.
Let us denote by j the unique morphism with ¢t = clg, (¢) o j. It is easy to see that
J € PBy-Dense. Hence j € Epi N ExtMono = Iso by Proposition 3.48 and thus ¢ =
cl “ (t) € go.

Second identification. The first equality follows from (iv) of Lemma 3.57 and (iii) of
Lemma 3.4. The second equality follows from Proposition 3.48. O]

Proposition 3.59. The following statements are equivalent:
(i) A < L;
(ii) all imaginaries are %-compact;

(iii) Ap-Dense is closed under a x — for every imaginary a.
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3.3.3 Ordinals and Cardinals

Ordinal numbers and cardinal numbers are elemental tools in set theories. In the following,
we give some definitions and introduce some notations.

A partially ordered system (x, <) is said to be a well-ordered system if for an arbitrary
formula P:

“a €z [['b€ z(a), P(b)] = P(a)] = "a € z, P(a)

where z(a) = {b € x : b < a}. This is equivalent to say (z, <) is a well-ordered system if
every non-empty subset of x has minimum. Here minimum of v C z is an element ag € u
with the property: Ya € u, ay < a.

For given two sets x and y, we define x <y by x € y Vo = y. When we concern with
ordinal numbers, without a special notice, < will be used in this sense.

Definition 3.60. A set n is said to be an ordinal, or an ordinal number, if the following
three conditions hold:

(ONi) Y9en, Y0 eb, 0 en;
(ONii) 0,0/ cn, b VI—0 V0 co;
(ONiii) "uenlu# 0= 3 cust. "0 cu, =[0 < b]];

For example, both 0 (= ()) and w are ordinals. Particularly, 0 is the smallest one. If 7
is an ordinal, (n, <) forms a well-ordered system. In ZF set theory, condition (ONiii) is
always fulfilled. Let us denote by Ord the class of all ordinals. Each subclass A C Ord is
said to be bounded if there is an ordinal 1 such that A C n. And, in that case, A is said
to be bounded in 7. Of course a bounded subclass of Ord forms a set. One can see the
following lemma.

Lemma 3.61. Let n be an ordinal. The following statements hold:

(i) every 6 € n is an ordinal again;

(ii) if # is another ordinal, n < 7' or 1/ <m;

(iii) n+1 (=nU{n}) is an ordinal again;

(iv) for a bounded subclass A C Ord, the union [ J A is an ordinal again;

(v) for a non-empty subclass A C Ord, the intersection () A is an ordinal again;

(vi) Ord is well-ordered by < in an extended sense, namely, for an arbitrary formula, the
following holds.

"ne Ord [[Y0 <n, P(O)] = P(n)] = "n € Ord, P(n)
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For a non-empty subclass {n : n € Ord, P(n)} C Ord, we write un[P(n)] instead of
({n : n € Ord, P(n)}. The scheme of formulae appeared in (v) of the above lemma is
called induction scheme on ordinals.

We call any ordinal of the form 1 + 1 a successor ordinal. An ordinal which is not
a successor is called a limit ordinal. By induction on ordinals, we obtain the following
theorem.

Theorem 3.62. Let F' : V. — V be a correspondence where V = {x : © = x}. There
exists unique correspondence G : Ord — V such that for every ordinal n, F(G(n)) = G(n)
where G(n) = {(0,G(9)) : 0 < n} 9.

Example 3.63. For ecach set z, we define as follows L.
fr =y~ a]
vt =tz <)
For the definition of ~, see Section 2.1. Using the above Theorem 3.62, we define a new
correspondence w : Ord — V as follows.
w n=20
wy =S wy n=0+1

Upeywe n : limit
We give a definition of cardinal number.

Definition 3.64. Any ordinal of the form %z is called a cardinal number, or cardinality
of x.

The cardinality of our universe V* (cf. Section 2.2) will, usually, be denoted by . A
set x is said to be have small cardinality if #z < k. In ZF set theory, it can be seen that
each small set has small cardinality.

We define a technical notion.

Definition 3.65. An ordinal 7 is said to be regular if for every 6 < n and f : § — 7, the
set {f(¢') : ¢ < 0} is bounded in 7.

Obviously, each regular ordinal is a cardinal.
The following lemma plays an important roll in Section 3.3.4.

Lemma 3.66. Each cardinal of the form x™ is regular.

107t is not trivial that G(n) forms a set. We need the axiom of collection which is an axiom of ZF set
theory. But we, here, merely assume that G(n) is certainly a set.

HTn ZF set theory, these notations are well-defined for every set  when we admit the axiom of choice.
But we, here, merely assume that they are certainly well-defined.
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3.3.4 A Sharpen by A Set Theoretical Discussion

Here we scrutinize the proper assumption of Proposition 3.56, .% -Dense = .Z.% -Dense,
by a set theoretical discussion. Let E = (E,.”,.7) be an effectiveness. For each ¥ C .7
which contains all isomorphisms and is closed under composition, we define:

T = {t€ .7 :thereis a T-sink {t;}ic; such that ¢ = /\t,}
iel

T = {to- -ty kEN, to,-- ty €T}
Also, for each fundamental class .# on E, we define:

ANF = F

LG = DT

LNF = Uofeﬁ if 1 is a limit ordinal
0<n

where 7 is an arbitrary ordinal.
We define a technical notion.

Definition 3.67. We say that a pre-effectiveness E = (E,.”,.7) is well-powered if .7 (x)
is a set with small cardinality for every = € E.

We establish some points.
Lemma 3.68. Let .% be a fundamental class on E. The following statements hold:
(i) LF C L".ZF for every two ordinals n and ' with n < 7/;
(ii) "7 is a fundamental class on E for every ordinal n;
(iii) "7 < ZL.F for every ordinal 7;
(iv) if E is well-powered, then there is an ordinal 1 such that L% = £".%.
Proof. (i): Trivial.

(ii): Let n be an ordinal. Firstly, £°.# = % is a fundamental class. Next, suppose
that n = o' + 1 and that Z".% is a fundamental class. We have £7.F C £".Z by

(i) and hence Iso C £".Z follows. For each (- — z) € Z7.Z, there is a £ . F-sink
{ti}ier such that t = A, t;. If (- =N z) in E, by Lemma 3.8, one has:

F = A = AT

i€l i€l

Since " .Z is a fundamental class, each f‘l[ti] belongs to L".%. Thus f~ [t] €
L. F and this shows that £7.F is stable under pullback. It is easy to see that
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T = LT F is also stable under pullback and is closed under composition. There-
fore £".% is a fundamental class in this case. Finally, suppose that 7 is a limit
ordinal and that #%.Z is a fundamental class for every # < n. It is almost trivial
that Iso C "% and that Z".% is stable under pullback. Let t,t' € Z".% with
being compositionable as t¢’. There are two ordinal 6 and ¢’ such that ¢t € £°.# and
t' € LY.F, respectively. If 0* = max{0,0'} < n, then t,t' € £%.Z by (i) and this
implies tt' € L. F C ¥, again, by (i). Therefore £".F is a fundamental class
even in this case.

(iii): Trivial.

(iv): Suppose that E is well-powered. Note that *.7 (z) < k < k* where we denote by
 the cardinality of our universe. We show that & " Fis P-closed. Let {ti}icr be a
LR F-sink to x and let ¢t = Nicy ti- Without loss of generality, we can assume that the
correspondence i — [t;] (Vi € I) is injective and then [ is a set with *I <*.7(x) < k™.
Note that £~ . # = Upers Z°F since k7, an infinite cardinal, is a limit ordinal. By
Lemma 3.66, x* is regular and hence the following set is bounded in x*.

{poft; e L°F] :iel}

So if n < kT is sufficiently large, we can regard {t;};,c; as a family on £".%. Hence
we can conclude t € Z"1.F < ¥+ F. This shows that Z*".F is Z-closed. Since
LT < LT by (i), LF = L% F follows by the minimality of £.%. ]

Proposition 3.69. Suppose that E is a well-powered effectiveness and let .% be a fun-
damental class on E. Then % -Dense = .Z.% -Dense.

Proof. By (ii) and (iv) of Lemma 3.68, it is sufficient to see that .#-Dense C
"% -Dense where n is an arbitrary ordinal. First, suppose that n = 7' + 1 and
F -Dense C L7 .F -Dense. Let f € .Z-Dense and f = th with t € Z".%. Then, there
exists L7 .F-sinks {to;}iery, - {tk: }ier, such that:

P gty
ti = N\t (J<k)

i€l

We use a mathematical induction for k. In the case of £k = 0, each ty; must be
isomorphic and thus ¢ = ¢ is also isomorphic. If £ = k£’ + 1 and ¢, is isomorphic for
each j < k, we can apply a same discussion with the base case to f’ = t; o h where
=ttt oty f € F-Dense. So t; is again isomorphic even in this case. We
conclude that ¢ is isomorphic and consequently f € £7.% -Dense. Next, we should
discuss about the case of 1 is a limit ordinal. But this case is trivial. O

Theorem 3.70. Suppose that E is a well-powered effectiveness and let .% be a funda-
mental class on [E. The following statements are equivalent:
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(i) SF<LZF;
ii) all imaginaries are .Z.% -compact;
(ii) g p

(iii) Z -Dense is closed under o x — for every imaginary a.

Proof. Recall Proposition 3.56. We should check its proper assumption, .% -Dense =
L% -Dense. But it has already shown as Proposition 3.69. H

The following is devoted to an additional consideration which is useful to analyze con-
crete examples of fundamental classes.

Definition 3.71. Each fundamental class .# on E is said to be initial if the following
condition holds.

e for every t,t' € 7 at being compositionable as tt’, if t' € .Z, then t' has a represen-
tation in the form ¢’ = ¢! [t*} where t* € Z#.

Example 3.72. % ¢, is initial.

Lemma 3.73. Let .% be an initial fundamental class on E. One has the following equality.

LI =L'TF

Proof. By (ii) and (iii) of Lemma 3.68, it is sufficient to see that 7 is closed under
composition. Let t,t' € % at being compositionable as tt’. One can find two .%-sinks
{ti}ier and {t{}icp such that ¢t = A._,¢; and that ¢ = A, . ¢;. Also there exists a

F-sink {t7};ep such that ¢ = ¢7[t;] for each i € I'. Note that t At; = A{t,t;} =
to (t7'[t;]). We obtain:

t = to Nt; = to \t7'[t]]

i€l i€l
>~ tot ' [\ t]
iel
=~ tA (A1)
il
= (/\ti) A (/\ ) = /\ (ti A t3)
iel iel’ iel jer
Since t; N tj = t;0t; ! [t;‘] belongs to .#, this shows that tt' belongs to .Z. O
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4 Concrete System

In category theory, concrete categories are quite useful. A concrete category is a category
equipped with a faithful functor to the base category which is usually called forgetful
functor. Using this mechanical system, the structure of the base category can be “re-
flected” to the concerned category. As a result, compare to when we regard the concerned
category as a mere plain category, one may obtain more rich structure.

Our two main structures, pre-effectiveness and effectiveness, were introduced in the pre-
vious section. In this section, we define concrete versions of them, regular pre-effectiveness
and regular effectiveness, respectively. Basically, these are intended to provides a gener-
alized construction of which we did in Example 3.11 and Example 3.12.

Those structures may have some additional properties. For example, a regular effective-
ness over the category of sets always have imaginary extensionality, the property about
which we discussed in Section 3.2.3.

It turns out that all topological categories over the category of sets, in the sense of [4],
are regular effectiveness. Since topological categories over the category of sets have many
desirable properties, this fact come out important in a situation.

In Section 4.2.2, a proper assumption of Proposition 3.56 will again be considered. As
a result, Theorem 4.24 will be proved, and as an its application, we show that “oracle
co-r.e. closedness implies topological closedness” on each object of Cp, a subset of Cantor
space.

4.1 Relativization

In this section, we define concrete versions of our main structures, pre-effectiveness and
effectiveness.

4.1.1 Concrete Category and Concrete Functor

Concrete category We give a definition of concrete category.

Definition 4.1. Let B and E be two categories and U : E — B be a faithful functor. The
pair E = (E, U) is called a concrete category over B.

Let E be a concrete category over B. We usually assume that E is being of the form
E = (E,| —|). This | — | is occasionally called as equipped forgetful functor of E. For
each z y in E, we write |z ER ly| instead of |f| and call it underlying morphism of
f. And for each z,y € E and |z| & |y| in B, ¢ is said to be a morphism in E, written
as ¢ 5 y in E, if there exists (necessarily unique) morphism from z to y in E whose
underlying morphism is g.

We define two kinds of morphism.

Definition 4.2. Let E be a concrete category over B. A morphism in E is said to
be reflected monomorphism (resp. reflected epimorphism) if its underlying morphism is
monic (resp. epic) in B.
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We denote by RefMonog (resp. RefEpiy) the class of all reflected monomorphisms (resp.
reflected epimorphisms) in E. Obviously RefMonog C Monog and RefEpiy C Epi.

Example 4.3. Recall U : Top — Set from Example 2.37. We can regard Top as a
concrete category over Set with respect to that U.

Example 4.4. Recall U : Cp — Set from Example 2.38. We can regard Cp as a concrete
category over Set with respect to that U.

Concrete Limit We introduce the concrete version of the notion of limit.

Definition 4.5. Let E be a concrete category over B. We say that E has a concrete
binary product if E has binary product and the equipped forgetful functor | — | : E — B
preserves binary product.

We also use the prefix “concrete” for each other kind of “limit” e.g. terminal object,
equalizer, pullback,...etc. Also we will say as [E is finitely concretely complete, or E has
finite concrete product, in according situations.

Example 4.6. Top as a concrete category over Set is finitely concretely complete. This
can easily be checked (cf. Example 2.41). Similar with Cp. See also (i) of Lemma 4.14.

Concrete Functor We define the notion of concrete functor.

Definition 4.7. Let E and E’ be two concrete category over B. A functor F': E — E' is
said to be concrete if the following triangle commutes.

N

A concrete functor must be faithful.

E
\

Example 4.8. Recall U : Cp — Top from 2.39. That U is concrete since it doesn’t
change the underlying set. So U is faithful.

4.1.2 Regular Effectiveness

We define a new category as follows:

Cat
object : large categories

morphism : functors

The category 1 who has only one object * € V* and has only one morphism, so id,, is
a terminal object of Cat. Let E be a category. Suppose that M C Monog contains all
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isomorphisms and is closed under composition. We define a new category as follows:

object . [m] where m € M
morphism : Let [(- = )], [(- i/>)y] e M.
A morphism z EN y will be regarded as a morphism
from [m] to [m/] if there exists (necessarily unique) morphism j
which makes the following diagram commute

J
—_ ..

mi lw

r——Y

We also define a new functor as follows:

U:M(E)—E
object : [m] — codm
morphism : f+— f

Note that for every x € E, the following diagram is pullback.

Cx

where ¢ is a trivial embedding, 1 is a terminal object of Cat with unique object * and ¢,
is defined by * — .
Let E be a concrete category over B. A morphism f in E is said to be initial if the
following condition hold:
in any commutative diagram in B shown below with ¢ in E

h must be a morphism of E.
We denote by Init the class of all initial morphisms. Now let B = (B,.”,.7) be a pre-
effectiveness. We define two classes of morphisms as follows.

YinE:|[-| L] ey
YinE:|[-|L|-|ea

Ext” = {(-
Ext” = {(-

f
-
!
-

o1



As an abbreviation, let us denote Emb” instead of Ext” N Init. We define the following
functor:

| — | : Emb”(E) — 7 (E)
object O N (RN R)]
morphism (-5 ) = (|| 5 |-
Now we introduce the notion of regular pre-effectiveness.

Definition 4.9. E is said to be a regular pre-effectiveness over B if the following two
conditions hold:

(Ri) E has finite concrete products;
(Rii) E extends .Z-subobjects i.e. for each z € E and (- — |z|) € 7, there exists
(- % x) € Emb” such that t = u in B.

A regular pre-effectiveness is called a regular effectiveness if its base category is an effec-
tiveness.

Concerning with (Rii), the following lemma is important.
Lemma 4.10. The following conditions are equivalent:

(i) E extends .7-subobjects;
(ii) Yz €E, "[t] € Z(|z|), *[u] € Emb” s.t. [t] = |[u]|;
(iii) the following square is pullback in Cat.

Emb” (E) —2

lll i

7 (B)

Proof. (i) = (ii): Assume (i). Let € E and [t] € 7 (|z|). We can find (- = z), (- LR
z) € Emb” such that v 2t = v/ in B. So there exist two isomorphisms h in B which
makes the following diagram commute in B.

h
h—l
|z|

By the definition of Emb” and by the fact that the equipped forgetful functor | —1:
E — B is faithful, the following diagram also commutes in E.




Hence h is isomorphic, also ,in E. This shows that v = «/, and thus [u] = [«/].
(ii) = (iii): Assume (ii). Let the following diagram be commutative:

D

G
Emb” (E) —2 E
F |—l l—|
7T(B) — B

and let x € D. Ofcourse |G| = UFz. Then there exists unique [u] € Emb” (y) such
that F'x = |[u]|. We denote by K this unique correspondence z +— [u]. We show that

this correspondence can be extended as a functor. Let zq ER 1 in D and Kx; = [u)
where ¢ = 0, 1. Then the underlying morphism of G f is UF f, and there exists unique
morphism j which makes the following diagram commute in B.

|| |Gy
jl iGhUFf
|GZE1|

| ’ | up
By the definition of embedding, this j is a morphism in [E. Since the equipped forgetful
functor is faithful, the following diagram commutes in E.

GSC(]

Gl’l

uo

u1

This shows that [ug] <h, [u1] in Emb(C). Define Kh = Gh. Now K is a functor which
makes the following diagram commute.

D\\

Emb” (E) E
F |—l i—|
7 (B) — B

The expected uniqueness of K immediately follows from its construction.

(iii) = (i): Let € E and (- = |z|) € Z. Then there exists unique fuctor K which
makes the following diagram commute.

1

Cg

i

Emb” (R)

et 5& lu

7 (B)




where 1 is a terminal object of Cat with unique object * and z, [t] are defined by
% — x, % — [t], respectivly. One can see that (- = z) € Emb” and u = t in B if we
define K = [u]. O

Corollary 1. If E extends .7-subobjects, one has Emb” (z) = .7 (|z|) for every z € E.
Corollary 2. If E extends .7-subobjects, E is well-powered whenever B is well-powered.

Proposition 4.11. If E is a regular (pre-)effectiveness over B, then E = (E, Ext”, Emb’y)
is a (pre-)effectiveness. Particulary, E is finitely concretely complete.

Proof. Assume that E be a regular pre-effectiveness over B.
E is finitely (concretely) complete: It is sufficient to see that E has concrete equalizer.

f
Let *? Y be a pair of parallel morphisms in [E. One can find an equalizer ¢ of f

and g in B.
t .
[z ==y
Since t € RegMono C .7, there exists a morphism (- - z) € Emb” such that ¢ = u in
B. Obviously u is, again, an equalizer of f and g in B. We show that u is an equalizer
of f and g also in E. Let fh = gh. There exists unique morphism j in B which makes
the following diagram commute.

|| = I

1<

By the definition of Emb” and by the fact that the equipped forgetful functor | — | :
E — B is faithful, the following diagram also commutes in E.

The expected uniqueness of j in E follows, again, from the fact that the equipped
forgetful functor | — | : E — B is faithful.
(Ext”, Emb”) forms a proper factorization system: Firstly, (F0) is trivial. Next we

check (F1). Let (x =N y) in E. We obtain a (., 7 )-factorization of |z| =N ly| as f = ts.
There exists a morphism (- — y) € Emb” such that ¢ = u in B. Suppose taht can is
the unique isomorphism in B which makes the following diagram commute.

can | |

NA

|y

o4



Note that cano s € .. So the left one below forms a (., .7 )-factorization of f in B.
Also, by the definition of Emb” and by the fact that the equipped forgetful functor
| — | : E — B is faithful, the right one below forms an (Ext”, Emb”)-factorization of

fin E.
f
7] ————1y| \ /
- | '

Finally, we check (F2). Let the following diagram in E be commutative, and suppose
that s € Ext” and u € Emb”.

9

There exists unique morphism j in B which makes the left one below commutes. By
the definition of Emb” and by the fact that the equipped forgetful functor |—| : E — B
is faithful, the right one below also commutes.

||| s
U

This shows that s_Lu and thus (F2) holds.

Ext” is stable under pullback: Note that any pullback diagram in E is concrete. Now
it’s trivial.

Finally, suppose that [E is a regular effectiveness over B. So B is an effectiveness. By
Corollary 1 of Lemma 4.10, E has Emb” -intersection. Hence E = (E, Ext”, Emby) is
an effectiveness in this case. ]

Lemma 4.12. Let E be a regular pre-effectiveness over B. If B is strictly imaginary
extensional, the following statements hold:

(i)

the equipped forgetful functor | — | : E — B preserves monomorphism, and hence
Monog = RefMonog;

(ii) each a € E is an imaginary (resp. habobject) if and only if |a| is an imaginary (resp.

habobject) of B;

(iii) E is strictly imaginary extensional.
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Proof. (i): Let (x % y) € Monog. Suppose that mg = mgs where
9

P —— || == |y| in B and that g; # g». There is a morphism « % @ in B with
92

being an imaginary of its domain « such that gk # g.k. Now let g1k = t1s; and
g2k = t389 be two (&, T )-factorizations of g1k and gok, respectively. By the definition

of regular pre-effectiveness, one can find two morphisms (/3; LN x), (B2 LN x) € Emb”
such that t; = [, ts = I in B. Let the following two diagrams be commutative.

.$|51| .&ﬂﬁﬂ
|| ||

Note that both |5;| and |5;| are imaginaries by Lemma 3.40 and that |5 x (2] is a
product of |3;| and |By]. Thus |31 x B2] = |B2] € Monog. Let us denote the unique
morphism by 7 which makes the following diagram commute.

«
y J{m
J

3] ~ 181 X B rEEES |52

It is easy to see that the following diagram is pullback.

id

(6] (6]
jl lcang@
|81 X Ba| Y |32

Hence j € . C Epip. Now we obtain:

mg; =mgs in B < mgk =mgyk in B
mtiS; = miqsy in B
mlican;s; = mlscanss, in B

mllmj = mlgﬂ'gj inB

1111

ml17T1 = mlg7r2 inB

Since the equipped forgetful functor | — | : E — B is faithful, one has miym =
mlymsy in [E. Therefore [y = lam in E. This implies:

lhim=lamyin E — llﬂ'lj = lgﬂ'gj in B
= g1k = g2k

Contradiction. We conclude g; = ¢g» and thus m € Monog.
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(ii): Let o € E be a habobject. Then (« AN 1) € Monog = RefMonog. So we obtain
(|e] AN |1|) € Monog by (i). Conversely, for every a € E, if |a] is a habobject, then
(|| EN |1]) € Monog and thus (« 5 1) € RefMonog = Monog. Hence « is a habobject
if and only if |a| is a habobject. Similary, one may see that « is an imaginary if and
only if |a is an imaginary.
f

(iii): Let x ? Y be a pair of parallel morphisms in E with being distinct i.e. f # g.
Since the equipped forgetful functor | — | : E — B is faithful, f # ¢g in B. Thus there is

a morphism « LR |z| with being an imaginary of its domain « such that fk # gk in B.
Let k = ts be a (., 7 )-factorization of k. Then ft # gt follows. One can find

(0 AR z) € Emb” such that ¢t = [. Note that £ is an imaginary by Lemma 3.40 and
by (ii). One may obtain fl # gl in E. This shows that E is imaginary extensional.
Finally, we check its strictness. Let fg € Monog with g € Ext”. By (i), if we consider
on the underlying morphisms of them, fg € Monog and g € .. Since B is strictly
imaginaly extensional, one has f € Monog and this implies f € Monog. Hence E is
strictly imaginary extensional. O

Corollary 1. Let D and E be two regular pre-effectiveness over B. If F' : D — E is a
concrete functor, each a € D is an imaginary if and only if Fa is an imaginary.

Let E be a cateogry. As dual notion of sink, we define sourse. So a sourse from x € E
is a family {f;}ic; of morphisms in E with being the shared domain of z i.e. = domf;
for every i € I. Next let E be a concrete category over the base category B. Suppose
that we are given a family {f;}ic; and a family {z;};c; such that {f;}ic; is a sourse from

a €B and a L |z, for every i € I. We call the pair {(a 25 |zi)Vier = ({fi}ier, {2 }ier)
an [E-structured sourse from a. Furthermore, each sourse {g;}{i € I} from = € E is said

to be an initial lifting of {(a LN |z;|) }ier if @ = |x| and each g; is initial.

Definition 4.13. Let E be a concrete category over B. We say that E is a topological
category over B if every E-structured sourse has unique initial lifting.

Topological categories have many desirable properties. We list some of them.
Lemma 4.14. Let E be a topological category over Set. The following statements hold:
(i) E is a regular effectiveness over Set;

(ii) Emby "% = ExtMonog = RegMonog.
Example 4.15. Top is topological categories.

Example 4.16. We construct a topological category. Let = be a set. Each o C Pow(x)
is said to be a semi-topology on z if the following two conditions hold:

(STi) 0,z € o;

27



(STii) "o’ C o, o' €o0.

In that case the pair (z,0) will be called a semi-topological space. A topological space
(x,7), obviously, is a semi-topological space. In a same habit with the case of topological
space, we can define smallness for a semi-topological space and continuity for a function
between two semi-topological spaces. We define a new category as follows:

STop
object : small semi-topological spaces
morphism : continuous functions

We also define a new functor as follows:

| — | : STop — Set
object . (r,0)—x
morphism : f+— f

STop is a topological category over Set with respect to the above forgetful functor. A
proof can be given in a similar way with the case of Top. We omit here. This STop
will play an important roll in Section 4.2.2. Note that, similar to the case of Top, each
terminal object of STop is being of the form ({x}, Pow({*})). It is easy to see that each
imaginary is a terminal object in STop (see (ii) of Lemma 4.12).

We also define the following functor:

U* : Top — STop
object Lore T
morphism : f— f

4.1.3 Representation Operator
Let B = (B,., 7)) be a pre-effectiveness. We define a new category as follows:

Regp
object : regular pre-effectivenesses
morphism : D L, E with the following property:
(i) F is concrete;
(ii) F preserves binary products;
(iii) F preserves embeddings i.e. F [Embg | C Emb;] .

Recall here that as we promised at the beggining of this section, our observations are
restricted to large categories. Hence ob(Regy) forms certainly a set, and thus Regy is
well-defined as a category.

Lemma 4.17. Let F € Regy(D,E). For each (- - y) € Emby, there exists (- = z) €
Emb; such that y = Fz and v = Fu.
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We also define a new function as follows:

KX = Ky : mor(Regy) — mor(Regg)
D L E)— %F = (#F % E)

where:
RF
object . (z,y,0) where x € D and (Fzx 2 y) € Exty
morphism : Let § = (z,y,9), 0’ = (2/,y/,0') € ZF.
Each y EN vy in E will be regarded as a morphism
from ¢ to ' if there exists a morphism (z < ') in D
such that the following diagram commutes:
Fz Y
| f
Fa' — Y
U:ZF — E
object o (z,y,0) — 0
morphism : f— f

As equipped forgetful functor of ZF', we use | — | o U where | — | is the equipped forgetful
functor of E. Let us denote as (Fx LN y) instead of (x,y,d) for each object of ZF.

We establish a point.
Fact 4.18. Z is well-defined.

U

Proof. Let F' € Regy(D,E) and ZF = (ZF — E). We first show that ZF is a

regular pre-effectiveness over B.

ZF has a terminal object: (1p 4 1g) is a terminal object of ZF.

ZF has binary product: Let §; = (Fzy LN Y1), 09 = (Fxq %, y2) € ZF. There exists
unique morphism d; X d in [E which makes the following diagram commute.

FI‘l d n

Fﬂ'iT Tﬂ'l

F(x; X x9) R

Fﬂ'él lﬂ'z

Fxo 5 Y2
Let us define §; x 0y = (F(z1 X x3) LR Y1 X Ya).

81 <281 X 09 2§, is a product of ¢; and &, in ZF.

29

One can easily see that



RAF extends 7 -subobject: Let § = (Fz 2 y) € ZF and let (- 5 |6]) € 7. Note that
16| = |y|. One can find a morphism (y* — y) € Emb; such that ¢ = in B. Let the
following diagram be pullback.

H\
<

:\
S<—mo

_
1

Since (Exty,Emb?) is a factorization system of E, ofcourse Embi is stable under
pullback and thus u € Embg . By the definition of Regg, one can find again a morphism
(z* % ) € Emby such that u/ 2 Fv. Let the following diagram be commutative.

can
I
Fv %
xT

We define §* = §’can and denote §* = (Fz* z, y*). One can easily see that §* % § €
Emb,.. This shows that ZF extends .7-subobjects.

Finally, we have to show that U in Regy. But this is trivial from the above construc-
tions. O]

Fx*

Example 4.19. Regard Set as a regular effectiveness over Set itself. Recall U : Cp — Set

from Example 2.38. Let us define Z(U) = (Rep R Set).
We give a fundamental class on Rep. Define 2 = (2%, 2, §q) where dq, is defined as:

0g:2¥ — 2

0 ifp=0~
b = .
1 otherwise

Define also T : 1g — €, where 1 = ({0}, {*},!), by * — 0. Let us define a subclass IT¢

of Embfgnoset as follows: for every (- — &) € Emb%\{/[e;ms“, t belongs to IT9 4, if and only if

there exists a (necessaliry unique) morphism ¢ -  such that ¢ 2 ! [T]. One can easily
see that ¢ € I1} ., if and only if 6~ [range(t)] is co-r.e. closed in u where § = (u,z,9).
This T1{ 5, turns out immediately to be initial (cf. Section 4.2.2).

Let D5 Ein Regp and suppose that we have a subclass & C Ext” which contains all
isomorphisms, is closed under composition and is stable under pullback. Being careful on
our proof of Fact 4.18, one can see that the following category is well-defined as a regular
pre-effectiveness over B:
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HAF|s
object o (x,y,0) € ZF with 6 € S
morphism : same with ZF

We use this additional construction in the next Section 4.2.

Example 4.20. Each (z,7,) ER (y,7y) € Top is said to be open if f[u] € 7, for every

u € 7,. We denote by Opn the class of all open maps. Opn is a subclass of Quoty,, and

thus of Extgfpis“. Also it contains all isomorphisms, is closed under composition and is
stable under pullback (see [6] for details). Let us denote Rep,, instead of ZU|opn where
U : Cp — Top from Example 2.39.

We give a fundamental class on Rep,,. Define = (2%, 2q, da) where 2o = (2,{0, {1},2}).
And dq, T and H%Repop is supposed to be similary defined with the case of Rep. One
can easily see that ¢ € H%Repop if and only if 57! [range(t)] is co-r.e. closed in u where

d = (u,z,9). This H?’Repop turns out immediately to be initial (cf. Section 4.2.2).

4.2 Regular Effectivenesses Over The Category of Sets

In Section 4.1, we introduced the notion of regular effectiveness. Particulary, one can find
some addisional properties and structures in a regular effectiveness over the category of
sets.

4.2.1 Simultaneous Functor and Compactness

We define a new category as follows:

PreEff
object . pre-effectivenesses

morphism : Let D= (D, ., %) and E = (E, %%, &) be two pre-effectivenesses.
A functor F': D — E will be regarded as a morphism of PreEff
if it preserves finite limits, F’ [%D] C %% and F [%} C %

Let B = (B,.”,.7) be a pre-effectiveness. One can see that the following functor is
well-defined.
U : Regy — PreEff
object . E~ E = (E,Ext”, Emb”)
morphism : F— F

We define a technical notion as follows.

Definition 4.21. Let D = (D, %, %) and E = (E, &, &) be two pre-effectivenesses.
And let .Z, %’ be two fundamental classes on D and E, respectively. Each F' € PreEff (D, E)
is said to be (F#,.%')-simultaneous if for every f in D, f € .Z coincides with F'f € .Z'.

Proposition 4.22. A simultaneous functor reflects compactness i.e. if F : D — E is
(#, F')-simultaneous, each = € D is #-compact whenever Fx is #'-compact.
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Proof. Let x € D and suppose that Fz is .#’-compact. Let y € ID. We denote by
7y the second projection from x x y to y. For each (- = x x y) € .Z, if mu = u's’
is an (Ext , Emby )-factorization of mou, then FmyFu = Fu/'Fs' is an (Exty , Emby )-
factorization of F'meF'u by the definition of PreEff. Since F'is (F,.#')-simultaneous,
one has Fu € .#’'. Then Fu' € %' follows from the fact that Fx is .%#'-compact. Since,
again, I is (%, #')-simultaneous, this implies v’ € .%. Therefore x is .%-compact. [

4.2.2 A Sharpen by Concrete Systems

Note that for every = € Set, there exists unique morphism ! : ) — z, and furthermore, !
is monic.

Let E be a regular effectiveness over Set and suppose that .7 is a .Z-closed fundamental
class on E. We say that .# is semi-topological if the following condition holds:

o for every z € E and (- % z) € Emb™°™s* if | .| is the empty set, u € .Z.

Let .%# be semi-topological. For each = € E, we define a semi-topology oz, on |z| as
follows: for every u C x, u € o7, if and only if each (- — x) € Emb™°™*** belongs to .7
whenever range(v) = x — u. We define a new functor as follows:

—=STop

F :E — STop
object c x e (|z],05.)
morphism : f— f

This is obviously well-defined as a concrete functor.

Example 4.23. Recall U* : Top — STop from Example 4.16. Obviously U* = CISEmbToPSTOp

Theorem 4.24. Let E be a regular effectiveness over Set and let .% be a semi-topological
fundamental class on E. One has .#.% < Z.% whenever .£.% Stop preserves embeddings
and finite product.

Proof. If Z2Z° ' preserves embeddings and finite product, it forms a
(#, ClsEmbgrop)-simultaneous functor. Hence by Corollary 1 of Lemma 4.12 and by
Proposition 4.22, it follows that every imaginary o € E is .%#-compact. ]

Example 4.25. One can apply Theorem 4.24 to %y . Since % ¢ identify topological
closedness (cf. Example 3.53), we can factorize %STOP as U*U where U* : Top — STop
is from Example 4.16 and where U : Cp — Top is from Example 2.39. Therefore, oracle
co-r.e. closedness implies topological closedness on each object of Cp.

Example 4.26. One can apply Theorem 4.24 to STI{ ., . Since ST 4., < LI,
is trivial, this provides us no new information, but it is valuable from another perspective.

Let (- 2 §) € BmbMost § = (4, z,6) and = = (z, 7,). We show the following equivalence.
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(%) t belongs to .Z.¥ H%Repop if and only if range(t) is closed in z.
Proof for “if” of (x). Note that the following set is a base on z and it generate 7.
o5 = {o[w]Nu]:we27}

Since & H%Repop is initial (cf. Example 4.20), to see “if” of (x), we should show that ¢
belongs to % H%Repop whenever x —range(t) belongs to os. Suppose that  —range(t) € os.

Let us enumerate as {(w;, w})}ic, all pairs of finite binary sequences w, w’ € 2* such that
§[[w] Nu] = 6[[w]Nu]. Define an imaginary {p} of Cp as follows.

p = L(wo)L(wé)b(wl)L(w;)L(u@)L<wé> R

0

where ((w) = 0ag0a10 - - - 0ax0 for every w = agay - - - a5, € 2*. It follows that axt € Hl,Repop

where a = ({p}, l1op,!). Thus t € fH?jRepop.

Proof for “only if” of (x). Since, again, .# H(l],Repr is initial, it is sufficient to see that
range(t) is closed in x whenever ¢t € . H%Repop. Suppose particulary that ¢ € ja*H(l),Repop
and let o = (¢, 11qp,!). Without loss of generality, o’ can be assumed to be an imaginary
of Cp. So then §~![range(t)] is oracle co-r.e. closed in u. This implies that 6! [range(?)]
is topologically closed in u (cf. Example 4.25). As § is an open map, it follows that
range(t) is closed in z.

Now (*) holds. So we have shown that topological closedness is captured by £ . H%Repop.
STop

Finally, we notice that .£.% H?,Repop = U*U where U* : Top — STop is from Example

4.16 and where U : Rep,, — Top. Hence £.¥ H?VREPOPSTOP fulfills the condition appear in
Theorem 4.24.
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5 Internalization

Internalizability is an important concept in category theory. Existences of exponentials
coincides with the internalizability of hom-classes (see Section 5.1.1). Existence of a
classifier coincides with the internalizability of classes of subobjects (see Section 5.1.2).

We discuss about such internalizabilities of “imaginary structures” in this section. In
Section 5.1.1, one may see that the usual exponentials is sufficient to internalize imaginary
morphisms, what correspond to oracle computable functions in computable analysis. In
Section 5.1.2, it turns out that the usual classifier is not sufficient to internalize imaginary
subobjects, and we define the notion of strong classifier with an additional requirements.

Using those developed methods, we analyze the situation that the action of .# is equiva-
lent to that of .Z for a given fundamental class .%, so the desired inequality ¥ % = £.%.
Our second main theorem, Theorem 5.24, will be shown at the end of this section, Section
5.2.2.

As an application of Theorem 5.24, finally, we show that “oracle co-r.e. closedness
coincides with topological closedness” on each object of Rep,,, a represented topological
space with an open representation.

5.1 Coding

Here we define exponential and classifier. Their existences guarantee that our category has
sufficiently rich structure so that hom-classes and classes of subobjects can be internalized.
We also discuss about internalizability of “imaginary structures”.

5.1.1 Exponential

First we introduce the notion of imaginary morphism. Let E = (E,.”,.7) be a strictly
imaginary extensional pre-effectiveness. Let x,y € E and let a be an imaginary. Suppose
that <" 12 x o — « is a product. For each z x a ER yin E, let us call f = (f,a,m)
an imaginary morphism from x to y, written as f : - y 2. We occasionally write

f = (f,a) when 7 is regarded as an implicit argument. For each (- LN x) € I, we write
f [t] instead of f [7r1_ ! [tﬂ Particularly, if a is an imaginary element of x, we write f(a)

instead of f[a]. Also, for each (- N y) € 7, we write f~![t/] instead of m; [f~[t']]. We
can see the following result what is an extended result of Lemma 3.7.

Lemma 5.1. Let f = (f,«a) : x Iy and let (-5 @), (- N y) € 7. One has the
following equivalence.

flt] <t = t< [

12Fach morphism z ER y in E can be regarded as an imaginary morphism of the form f = (f,1,id).
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Proof. Note that x x a ™% x gives a bijective correspondence by (i) of Lemma 3.32.
Hence, we obtain:

flt] < ¢ = rlr'[t]] < t
= m't] <
— t <m[ft]]
— t <
This shows the desired equivalence. O

One can also see the following lemma.
Lemma 5.2. Every .#-closed fundamental class .# on E is stable under pullback by
imaginary morphisms.

Proof. Immediately. [

We give a definition of exponential.

Definition 5.3. Let E be an arbitrary category which has finite product. For two objects

x,y € E, the pair (y*, ev) where xxy” 2, yin E is said to be an exponential if the following
condition holds:

e for a given morphism of the form z x z EX y, there exists unique morphism z EX y*
which makes the following diagram commute.

idzxfT /

r Xz

Such unique morphism f is called transpose of f.
In that case, y* is called an exponential object of x and y, and ev is called its evaluation.

We can also introduce the notion of weal exponential which is similar with exponential,
but is defined without uniqueness condition for transpose. We say that E has (weak)
exponential if there is an (weak) exponential for every two objects.

Example 5.4. Set has exponential. For each two sets x,y € Set, their exponential
object can be given by usual function space y*. As evaluation, we define:

ev:r Xy — y
(a.f) — [f(a)

It is easy to see that (y*,ev) is certainly an exponential.
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Example 5.5. Cp has weak exponential. This is a consequence of the existence of a
universal computable function, a function with utm-property and smn-property. See [9]
for the detail.

In what follows, assume that E = (E,.,.7) is a strictly imaginary extensional pre-

effectiveness which has exponential. Let f = (f,«a) : x m, y. We write [f],—, in a
(.7, T )-factorization shown as the right one below.

Xy —F sy o — 31 Yy
idxfT / \ A’Hy

T X«
This [ f],—, is called code of f. Conversely, suppose that we have an imaginary element
(o) 5 y*) € 7. We define a morphism |e],_, in the following commutative diagram.

Xy — sy

idXeT /
Lerﬁy

T X o

The imaginary morphism (|e|,_.,, @) will be abbreviated, merely, as |e|,—,. This |e],_,
is called decode of e.

For each two imaginary morphisms f = (f,«a),g = (¢9,0) : x Jm, y, we write f ~ g if
and only if for every imaginary element a of x, one has f(a) = g(a). We establish a point.
Lemma 5.6. Let f = (f, a,m) be an imaginary morphism and ' be an imaginary with
existence of &/ — a. Suppose that the following diagram commutes.

Uy
TXOU—=T

Tid X/
1

T X o

If we define f' = f o (idx!) and abbreviate as f' = (f’, o/, 7]), then f ~ f’.

Proof. By Lemma 3.31, we have a concatenation of two pullback diagrams as shown
below.

) id
%o o o
idx!l !l J/!a/
e « 1

T2 |

Since !, belongs to ., so is ! x id. Hence, for every imaginary element a of z, we
obtain:

[
X
_
o

N—

L
3
i
A
8,
12
3
i
SN—
L
£,



And thus:

[
~~
Bl
~ L
£}

I

FIOxad)[(x}) " [a]]]
£ a]]

1%

This shows that f ~ f.

f'(a)

]

Proposition 5.7. Let f = (f,a,m) and g = (g, 3, 7}) be two imaginary morphisms both
from = to y. Then f ~ ¢ if and only if [ fl.—y = [g]s—y-

Proof. Assume that we have [f],—, = [g].—y. Let o and §’ be the domains of
[ flamy and [g]s—y, respectively. Firstly, [[flomylomy ~ [[9]o—y sy Is trivial. Next
by the definition of code, both of « 2 o and 164 ER (' is certainly exists. By Lemma
5.6, f ~ [[flamylzoy ~ | 19]2—y] ey ~ g follows. This is “if” of the desired assertion.
Assume now that f ~ g. We define f' = fo (idx!) where ! : @ x f — « and abbreviate
as f' = (f',axf,mo(idx!)). By Lemma 5.6, f ~ f’ follows. Similarly, if ¢ = go(idx!)

where | : a x f— fand ¢’ = (¢',a x (B, 7] o (idx!)), then g ~ ¢'.

f

rXoq——>Y

idx!T
f/

X (ax ) /=Y

g
idx!l

tX Y

Suppose that f’ # ¢’. Since E is strictly imaginary extensional, one can find a morphism
k with being an imaginary of its domain such that f'k # ¢'k. Let k =ts be a (¥, T )-
factorization and let us define a = (m; o (idx!))[¢]. Then:

f'(a)

= f'[(m o (idx!) ™ [a]]
> f[(m 0 (idx!)) M (m o (idx 1)) [f]]]

Note that the following diagram commutes.

Hence we also have:

g'(a)

l'x(axﬁ)vaxa

idxll T

X[ -

8
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This implies f(a) = f'(a) % ¢'(a) = g(a) since f [t} 2q M holds by Lemma 3.41.
Contradiction. Therefore f’ = ¢’. Now by Lemma 5.6, [fl.—y = [f'loey = 19 |amy =
[g]4—y holds. This is “only if” of the desired assertion. ]

Let f = (f,a) : z Jm, y and let g = (g,0) 1 y ™+ Let us abbreviate as gof =
go (f xidg) o can.

indB g

T X (ax )= (rxa)x yxpf———y

We define a new imaginary morphism by go f = (go f,a x §,7]) where 7 is implicitly
equipped first projection of z X (a x f3).

For every three objects z,y, z € E, we define a morphism (— - —) : z¥ X y* — 2% in the
following commutative diagram:

ev

T X z* z

id><(—~—)T ev

X (2Y X y*) —>

can

where can is the canonical isomorphism. If a and b is two imaginary elements of z¥ and
y”, respectively, then we abbreviate as a-b = (— - —)(a x b). Note, here, that a x b is an
imaginary element of z¥ x y®.

Lemma 5.8. Suppose that E = (E,.%,.7) is a strictly imaginary extensional pre-

effectiveness which has exponential. Let f = (f,a) : x Jm, yand let g = (g,0) : y RLNS
One has the following identification.

[g o f]x—»z = ’Vg-‘y—w ' Irf—ll"—ﬂl

Proof. By the definition of (— - —) and g o f, the following diagram commutes.

T X ——7=a X2 id z

idx(—-—)T

idx (gof) x X (29 X y%) 2 (z x y¥) x 2Y evxid yx ¥ sz
idx(gxf)T (idxf)x@T idng
x><(axﬁ)mxx(ﬁxa)w(xxa)xﬁTyxﬁg—»Z
gof

~

(—-—=)o (g x f)ocan. Now the

Thus universality of exponential implies (g o ff
desired identification:

[g © f-‘r—nz = ’Vg]y—nz : lrf—lx—%l

follows from essential uniqueness of (., .7)-factorization. O
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Corollary 1. Let f, f': x ELN y and let g,¢" 1y 2™, ». One has go f ~ g o f" whenever
f~fand g~g.

Proof. Suppose that f ~ " and g ~ ¢’. By Proposition 5.7, [ f].—y = [ f']s—, and

~

[g]y—> = [g'],—- holds. Hence by Lemma 5.8 and again by Proposition 5.7, we obtain:

[f—lx—w = [f,-|$—>y7 (g—ly—nz = [grly—w — [g—|y—>z : (f~|$—>y = (glily—nz : [f,—|z—>y
= [goflo—:z=0g 0 f o
> gof~gof

This is the desired assertion. O

Let z,y € E. We say that x is imaginary isomorphic to y if there is an imaginary 3 and
an imaginary morphism h = (h,«a) : m, y such that h x idg is an isomorphism. Such h
is called an imaginary isomorphism in that case.

Lemma 5.9. Let .%’ be a .#-closed fundamental class on E. For every two objects z,y €
E, if h = (h,«) is an imaginary isomorphism from z to y, then h[—] : #'(z) — F'(y)
gives a bijective correspondence.

Proof. One can find an imaginary # which makes h x idg to be an isomorphism. Since
a is F'-compact by (ii) of Proposition 3.33, m [—} gives a bijective correspondence
from ¥ X @ to  where ¥ x a =% x. Similar with 7} :  x (a x ) — 2 and with
7] 1y x f — y. And, of course, as h x idg is being an isomorphism, (h x idg) [—} is a
bijective correspondence from .Z'((x X a) x 3) to F'(y x ). Hence all correspondences
appear in the following commutative diagram are bijective.

hl-]

F'(x x ) F'(y)

ﬂi[]T Tﬂ/{[]

Z'(( x @) x ) F'(y % B)

(hxidg)[~]

Therefore h[—] = h[ﬂfl [—H : F'(x) — Z'(y) is again an bijective correspondence.
]

Exponentials in A Category of Represented Spaces

Lemma 5.10. Let E be a topological category over Set which has exponential. For every
two regular epimorphisms f and g, their product f X ¢ is again a regular epimorphism.
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Proof. Let f be a regular epimorphism and let x € E. First we show that id, x f is
regular epimorphic. Suppose that f is a coequalizer of gi, go and that h(id, X ¢1) =
h(id, X go) in the following situation.

ideg1 h
b —— A ]
idegg

The following diagram commutes where ¢ = 1, 2.

ldehT /

Tr X -
idz X g; T hgi1=hg2

T X -

Hence fAzgl = ing. There exists unique morphism j which makes the following diagram

commute.
T A
\ J/j
R
yac

We obtain h = ev o (id, x h) = ev o (id, x j) o (id, X f). So, finally, the following
diagram commutes.

idg X f .

r X —
\ \Levo(idz XJ)
Y

Since f € RegEpip C Ext™set and since Ext®Plset is stable under pullback, id, x f €
Ext®Plse C Epig. This implies the expected uniqueness of ev o (id, x j) immediately.
Therefore id, x f a coequalizer of id, x g; and id, X g5, and thus is regular epimorphic.
Now let f and g be two regular epimorphisms. Then both id x f and g x id are regular
epimorphic. Note that regular epicity coincides with quotientness in E (cf. (ii) of
Lemma 4.14). So f x g = (id x f) o (g x id) is regular epimorphic again. O

Proposition 5.11. Let D be a regular effectiveness over Set which has weak exponential
and let E be a topological category over Set which has exponential. Suppose that F' €

Regs..(D,E) and ZF = (ZF LN E). Every two objects 6 = (Fz 2 y),d = (F2' 7, y') €

ZF have an exponential whenever ¢ is regular epimorphic.
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Proof. Let ((2)*,ev*) be a weak exponential of x and 2’ in . Suppose that § is a

f
coequalizer of a pair of parallel morphisms z :f;l Fz . Let us define four morphisms
2

g1, g1 and gs, go in the following commutative diagram, respectively, where ¢ = 1, 2.

ev /

2x () y

1d><gAZ - &

zx F(x')* Fx x F(2')* — F(z x (2')") Fx'

fixid Fev*

Let w - F(2')" be an equalizer of ¢ and g,. Define h = Fev* o can o (id x u). The
following calculation is valid.

Oh(fr xid,) = & oFev®ocano (id x u) o (f; x id,)
= § oFeviocano (f; X id,) o (id, X u)
= g1o(id, x u)
= evo (id, x g1) o (id, X u)
= evo(id, X gy ou)

Similarly one may see that ’h(fy X id,) = ev o (id, X ¢ o u) and thus the following
identification holds.

Sh(fy xidy) = &h(fs x idy)

By Lemma 5.10, § x id,, is a coequalizer of f; x id,, and f5 x id,,. Hence one can find
unique morphisms j and j which makes the following diagram commute.

yx (y)y ————v

idx}'T

yxw ! Y
5><idwT Ta/
Fa xw - Fa

Note that we can find a morphism (w, - (2/)%) € Emby "> such that u = Fu.
Suppose that can is the canonical isomorphism which makes the following diagram

commute.
w* can w
k /
F (Z‘, ) x
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Now let j o can = td, be an (Extgpiset, Emby %= )_factorization of j o can and let us
denote by y. the codomain of d,. So 6. = (wy,ys,di) is an object of ZF. We also
define ev, = ev o (id, x t).

We show that (d,,ev,) is an exponential of 6 and 0" in ZF. Let § X 5 ER ¢ be a
morphism in ZF and suppose that ¢ is being of the form ¢ = (z, 7, 5) One can find a
morphism k in D which makes the following diagram commutes where we abbreviate
as d X 0 = & X 0 o can'.

~ /
yxy Y
56 T T
5% 5
F.Z'XFi'WF(l‘XQN]) T Fx
Let the following two diagrams be commutative.
ev ’ ev*

yx W) ——=y x X (¢) —————=a
idy xfT / idy, X;}T /
Yy Xy T XT
Note that the following diagram also commutes.

Fr x F(2')* —=—— F(x x (2/)*)

Fid, XFET TF(idz xk)

Fz x Fx F(z x )

Then we obtain:
g1(id, x Fk) = ¢ o Fev* ocano (f; xid) o (id, x Fk)

= ¢ o Fev*ocano (Fid, x Fk) o (f; x id)
= §oFevioF(id, x k)o (f; x id)
= §oFko(f; xid)
= fo(dxd)o(fy xid)
= fo(8f1x9)

Similarly one can obtain gs(id, x Fk) = f o (8fs x 8). Since 8f; = 0 f,, the following

diagram commutes where ¢ = 1, 2.

X () ———=v

.dz A’L
i ><g T /
z X F(z)*
idszch g1(ids x Fk)=g2(id» x F'k)
zx Fx

This implies g; F’ k= g F k. One can find unique morphism [ which makes the following
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diagram commute by universality of pullback.

Wy v F(ZL’/)x
ZT /

k
Fz

Note that 0 x idpz € RegEpiy C Epip by Lemma 5.10. Using this fact and universality
of exponential, one can see that the following diagram commutes where b’ = F'(ev* o
(idy x v) ocan”) and can” : Fx x Fw, — F(x X w,).

yx(y') = Y
idy x (jocan) Yy X g
idy xé .
y X Fw, d Y
m Fo(idy x1)
Sxidpo,y y X Fx 5’
5><idp5¢
Fx x Fuw, x Fa’
\m %
Fxx Fx

By orthogonality oLt, there exists unique morphism f* which makes the following
diagram commute.

Yx

|

. idy x f
OX0x Yy Xy &
58
h/
Fx x Fx, Fa
Fr x Fz

73



Note that one can find a morphism {’ in ID which makes the following diagram commute
by the definition of Emb%bms“.

1"

Fx x Fr, —=2 F(x x z,)
iszXlT TF(idle/)
Fxx F1 F(z x 7)

can

This shows that the following diagram commutes in ZF.

5><§*L>5/

ingf*T
5%

f

The expected uniqueness of f* is trivial, and thus (d,ev,) is an exponential of § and

0 in ZF. O

5.1.2 Classifier

We give a definition of classifier.

Definition 5.12. Let E be a pre-effectiveness and let .# be a fundamental class on E. A
morphism (1 5 ) € .7 is said to be a classifier of .# if the following condition holds:

o for every t € %, there exists unique morphism ch(t¢) which makes the following
square pullback.

.

X

Such unique ch(t) will be called character of ¢.

Let E be a pre-effectiveness. Suppose that a fundamental class .% on E has a classifier

15 Q. Foreacht e S F, particularly if t € 7, % of course t x a belongs to %, and
we define ch,(f) = ch(t o o). We also abbreviate as ch(a x t) = (ch(a X t), v, 1) and call
it an imaginary character of ¢.

Definition 5.13. Let E be a pre-effectiveness and let .% be a fundamental class on E. A
classifier 1 - Q of .Z is said to be strong if the following condition holds:

e for every t € .Z.% has essentially unique imaginary character i.e. if both ch,(¢) and
chg(t) are imaginary characters of ¢, then ch,(t) ~ chg(t).
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It is easy to see that if E is strictly imaginary extensional, a classifier 1 L Qof 7 is
strong whenever €) has at most two imaginary elements.

Definition 5.14. Let E be a strictly imaginary extensional pre-effectiveness which has

exponential. Suppose that a fundamental class .%# on E has a strong classifier 1 L In
such a situation, we say that E is pseudo higher orderly (.%; €, T)-structured.

In what follows, let E be an arbitrarily fixed pseudo higher orderly (.%; 2, T )-structured
pre-effectiveness. For a given object x € E, as an abbreviation, we write Hz instead of
Q7. And for each (- 5 z) € .F, we write [t], instead of [chy(t)]sq where cha(t) is
an imaginary character of t. By the definition of strong classifier and by Proposition 5.7,
[t]. is essentially unique. So it doesn’t depend on a choice of ch,(t). Conversely, if we
given an imaginary element e of Hxz, we define |e|p, = (|e],—q) ™ [T] and call it decode
of e.

Example 5.15. Rep is pseudo higher orderly (19 rep; §2, T)-structured where (2 and T are
from Example 4.19 (see also Proposition 5.11 and Example 5.5).

Proposition 5.16. Let E be a strictly imaginary extensional pre-effectiveness which has
exponential. For every (- — ), (- = ) € #£.Z, one has t = ¢ if and only if [¢], = [t'],.

Proof. “if” is trivial. And “only if” follows from the definition of strong classifier and
Proposition 5.7. O

Let f = (f,a,m) be an imaginary morphism from z to y and let (- LN y) € IZF.
Define invf([t],) = [t]y - [flo—y. We also define a morphism invf(—) : Hy — Hx by
invf(—) = ([flamy X (= —)*) o can’ where o/ = dom[f]|,_,, can’ : Hy x o/ = o' x Hy

and (— - —)* is defined in the following commutative diagram.
y® x HxV" = Hax
id><(—~—)*T
y* X Hy ——= Hy x y* = Hzx

The imaginary morphism (invf(—), o/, 7}) will be abbreviated, merely, as inv f(—).

Lemma 5.17. Let f = (f,«,m) be an imaginary morphism from z to y and let (- SN
y) € Z.Z. One can see the following identification.

[f[t]e = invf([t],)
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Proof. Let chg(t) be an imaginary character of t. The following diagram commutes,
particularly both middle and right squares are pullback, by the definitions of f~! [t}
and chg(t) o f.

. ) 1
T [t] l((fXﬂ)Ocan)1 [txﬂ} ltxﬁ J/T
yxpg 9

T<~———1x X (aXxf) FBroom

chg(t)
Chg (t)of

By the uniqueness which we required in the definition of classifier, one has
chaxs(f1[t]) = chg(t) o f. Now the following holds.

[F7t]1e = [chaxs(f'[t])]eme
= [chg(t) o flama
= [ehg(t)ly—a - [flomy = invf([t]y)
This is the desired identification. O

5.2 The Other Direction
5.2.1 Opposite Class

In what follows, let E be an arbitrarily fixed pseudo higher orderly (.%;Q, T)-structured
effectiveness. For given (- 5 z) € £.F and (- 5 Hx) € 7, we say that r is a represen-
tation of ¢ (in Hzx) if the following condition holds:

e for every imaginary element e of Hx, one has e € r if and only if t < |e|y,.

It is easy to see that if E is a regular effectiveness over Set, then representation of each
morphism in Z.% is at most essentially unique i.e. if both r and r’ are representations
of t € L%, then r = /.

Lemma 5.18. For each object x, id, has essentially unique representation. Particularly,
[id, |, is a representation of it.

Proof. Let (- SN x) € S F, first, with id, < t. Then obviously id, = t and thus by
Proposition 5.16, we obtain [id, |, = [t],. Next suppose that [t], < [id,].. Since the
domains of [t], and [id, ]|, are imaginaries, the unique morphism j which makes the
following diagram commute belongs to both of . and 7.

J

Hzx

76



Hence [t], = [id,], and again by Proposition 5.16, ¢ = id, follows. So [id,], is a
representation of id,.

Assume that we are given a representation r of id,. Obviously [id,], < r. Let the
following diagram be commutative by a (necessarily unique) morphism j.

J
«

g
N

Hzx

If the domain § of r is an imaginary, j belongs to both . and 7. Then of course j is
isomorphic and thus [id, |, = r. Now suppose that [ is not an imaginary. Even in this
case, since « is an imaginary and since the following diagram commutes, § remains to

be non-empty.
]T /
o

Hence by Proposition 3.42, § has at least two essentially distinct imaginary elements
i.e. one can find its two imaginary elements p,q and p % ¢. Since «, an imaginary,
has essentially unique imaginary element again by Proposition 3.42, either p or ¢, we
temporarily suppose it’s p, satisfies rp £ [id,|,. This rp is an imaginary element of
Hzx, and hence id, < [rp|y. because rp < r and r is a representation of id,. This
contradicts to our result which has been already obtained. So r must to be isomorphic
to leajj Hax- ]

Suppose that a subclass € C Z.7 is closed under composition with isomorphisms i.e.

for every t € T and h € Iso, one has th, ht € T. We define a new subclass *T of £.% as

follows: for every morphism in .Z.%, it belongs to *¥ if and only if it has a representation

which belongs to €. This *¥ is called opposite class of .

Let f=(f,a):x My and let (- 5 z) € #.Z. We write f(t) instead of ez (f[t]).
This f(t) will be called closured image of ¢ by f.

Lemma 5.19. 7.7 is closed under closured image by an imaginary morphism f : z Jm, Yy

if F(y) € ZLF(y)

Proof. Let f = (f,a,m ) be an imaginary morphism from = to y. Assume .#.% (y) C
Z.Z (y). Suppose that r is a representation of (- 4 x) € ¥ .Z which belongs to . .Z.
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For every (- , y) € J.Z, we obtain the following observation by Lemma 5.1.

[ty <t < flt] <t = t< Y]

] <r

ian([t/i‘y) s

invfﬁﬂy] <r < [t], < (invf)™" [r]

(N

This shows that (invf)™[r] is a representation of f(t). Also (invf)~'[r] belongs to
S F since S.Z is stable under pullback by imaginary morphisms (cf. Lemma 5.2).
Hence f(t) again belongs to *¥.%. O

Let (- = x) € .Z and let r be a representation of ¢ which belongs to .#.%. We call
[7] me an opposite code of t. So an opposite code of ¢ is an imaginary element of HHzx.

5.2.2 Final Observation

Let E = (E,.”,7) and E* = (E*, .#*, .7*) be two strictly imaginary extensional effec-
tivenesses and let .% and .#* be two fundamental classes, respectively, on E and E*.

Definition 5.20. Each (%, .Z*)-simultaneous functor G : E — E* is said to be strict if
the following two conditions hold:

o ( reflects and preserves imaginaries
i.e. each a € E is an imaginary if and only if Ga is an imaginary;

|
e for every imaginary o* € [E, there is an imaginary o € E such that Ga — o exists;

e for each x € E, GG gives a bijective monotonically increasing correspondence from

T () to T*(Gz) when we define G : [t] — [Gt].

Lemma 5.21. Let G : E — E* be a strict (#,.%#*)-simultaneous functor. The following
four statements hold:

(i) Gis (S%ZF, I F*)-simultaneous;

(ii) for another given fundamental class .#’ on E*, all imaginaries of E* are .#’-compact
if Ga is F#'-compact for each imaginary « of E.

The following statement also hold if E* is well-powered:

(iii) G is (¥, LeF*)-simultaneous.
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Proof. (i): Let (- SN x) € . Suppose that t € S.F, and particularly that t € .7, %
where « is an imaginary. Note that G« is again an imaginary by the definition of strict
simultaneous functor. Then a x ¢t € .# and hence G(a x t) € .F* since G is (F,.F*)-
simultaneous. Hence Ga x Gt € .Z#* holds and thus Gt € Z;,F* < I F*. Next
suppose that Gt € S« #*, and particularly that Gt € .#,.%* where ( is an imaginary.
By the definition of strict simultaneous functor, there is an imaginary « € E such that
Ga - 0 exists. So Gt € 5,7 * follows. Then one may obtain Ga x Gt € .#* and,
at the same time, G(a x t) € Z#*. This implies o X t € % and thus we have t € ., %.
(ii): It is sufficient to see that for two imaginaries o, # € E*, one obtain .#’-compactness
of 3 from that of o whenever « 4 [ exists. Suppose that « is .#’-compact and that !
really exists. Let z € E*. The following diagram commutes.

T
X T 2 x
06X x

Note that ! x id belongs to .%. For each (- — 3 x z) € .Z', one has:

1]

14

W;[‘de['de 't]]]
= m[(xid)~ ]

Since (! x id)7'[t] € #’ and since a is .#'-compact, m}[t] € .#' follows. This shows
that (§ is .#’-compact.

(iii): E* is well-powered. It is sufficient to see that G is (£ .F, L. F*)-simultaneous
for every ordinal 7. The case of n = 0 follows from the assumption that G is
(F,.F*)-simultaneous. Suppose that n = ' + 1 and that G is (L".F, L7 .F*)-
simultaneous. Since G gives a bijective monotonically increasing correspondence from
T (x) to T*(Gx), one can see that for every ¢t € 7, t belongs to £7.% if and
only if Gt belongs to Z7.%*. Then, by a mathematical induction, we see that G
is (LNF, L".F*)-simultaneous. The case of 7 is a limit ordinal is left, but this case
is trivial. O

Corollary 1. Let G : E — E* be a strict (%, .#*)-simultaneous functor. For each z € E,
one has the following.

G: HF(x) =2 IpF(2)
Proof. Immediately. [

Suppose that we are given a functor G : E — E*. We say that E is pseudo higher
orderly (%, %*)-structured by G if the following two conditions hold:
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e [E* is pseudo higher orderly .% *-structured;
e G is a strict (.7, . *)-simultaneous functor.

If E is pseudo higher orderly (%, .7 *)-structured by G, we define a subclass ¥/ % of X%
as follows: for every t € Z.%, t belongs to 7 .% if and only if Gt belongs to *¥7.%*. Each
x € E is said to be .Z.%-full if its identity belongs to *7.% i.e. id, € ¥ .%.

Example 5.22. Let us think Rep,, is pseudo higher orderly (119 Rep, - 119 reps $1 T)-structured
ki op K
by U : Rep,, — Rep. We show the following statement:

(*) all objects of Rep,, is & H?’Repop-full.

Proof for (x): Let 6 = (u,x,d) € Rep,,. Since 7, is second countable, one can find a
sequence {p; }ic, on u such that the set {p; : i € w} is dense in u. We define an imaginary
B = ({p},{*},!) of Rep where p € 2 is defined by:

p((i,5)) = pi(j)

Here we denote by (—, —) the Cantor pairing function. Namely, (i,7) = j+ (i + j)(i +
Jj+1)/2.

Now let (Hd,ev) be an exponential of Ud and Q2. Suppose that HJ is being of the form
H§ = (Hu,Hx, H6). It follows that the function x : Hx x {*} — 2 defined as follows is
a morphism from Hd x 3 to .

0 Yiew, evie,d(p;)) =0
Xle.s) = Ve o)
1 otherwise
It is easy to see that x = (x, () is an imaginary character of idy,. Hence ¢ is .% H%Repop—full.

Example 5.23. Similar with the case of Example 5.22, if we think Cp is pseudo higher

orderly (%o,cp, 11V pep; 2, T)-structured by U : Cp — Rep, it turns out that all objects of

Cp is S cp-full.

Theorem 5.24. Assume that E is pseudo higher orderly (.%,.%*)-structured by G : E —
E* and that E* is well-powered. One has the identification &% = Z.Z if the following
three conditions hold:

(i) all imaginaries of E are .Z.%-compact;
(ii) all objects of E are .#.%-full;

(iii) 7.7 is included by #.Z.
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Proof. Assume (i), (ii) and (iii). First, we show Z.% C *#.%. Note that by Corollary
1 of Lemma 5.21, the followings hold for every y € E.

IFy) CLI(y) = IF(Gy) LT (Gy)

Let (z 4 y) € L.F. Since id, € Y F by (ii), Gid, = idg, € ¥.Z*. We obtain the
following from Lemma 5.19 and from (i).

idg, € V9" — Gt=Gt [idgx} = Gt(idgﬁ S
— teITF

Hence % C *¢.%. So we have . < Y% = *¢.%. What we need is now
¥ < ZF, but this exactly is the assertion of (iii). O

Example 5.25. Let us think Rep,, is pseudo higher orderly (H??Repop, 119 pep; ©, T)-structured

by U : Rep,, — Rep. By Theorem 5.24, we obtain the equality ST, = 27T, .
) op 7 op

So “oracle co-r.e. closedness is coinside with topological closedness” on each object of

Rep,,,, a represented topological space with an open representation. To see that, only the

condition (iii) have been left to be checked.

Proof for (iii): Let § = (u,,0) € Rep,,, and let (- Lo) e WH?,Repop = "gH(l),Rep(,p' We de-
fine an imaginary as v = ({p}, {*},!) where p is being of the form p = ¢(wg)c(wy)e(wy) - - -
and where the following equivalence holds: for every w € 2*, §[[w] Nu] Nrange(t) = 0 if
and only if w = w; for some i € w. It follows that t € ST, .

Actually there is no difference between the above proof and a direct proof & H?,Repop <
54 H?’Repop. However, condition (iii) provides us to measure the strength of non-effectivity
of the concerned inequality in a sense. Recall p from Example 4.26. It can be seen that
there is a function which translate an opposite code of a morphism (- — z) € WH%RepOP
to a code of it as a morphism in . H%Repop, and which is limit computable from p as an

oracle.

Example 5.26. Similar with the case of Example 5.25, if we think Cp is pseudo higher
orderly (%o.cp, H‘f,Rep; Q, T)-structured by U : Cp — Rep, the equality % cp = Zo.cp can
be obtained by Theorem 5.24. So “oracle co-r.e. closedness is coinside with topological
closedness” on each object of Cp, a subset of Cantor space.
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6 Concluding Remarks

In this thesis, we reformulated a fundamental result from computable analysis, the equiv-
alence of oracle co-r.e. closedness and topological closedness, as Theorem 5.24, in a pure
categorical way. And we showed that the equivalence is valid on every represented topo-
logical space with an open representation, by an application of Theorem 5.24.

Our setting did not require a particular choice of an effectivity concept nor of a special
kind of space. Therefore our approach and our results does not depend on a particular
effectivity concept.

Further Problems We refer to two further problems, labeled as I and II, in what
follows. Recall that in the setting of Theorem 5.24, our category E is supposed to be
suitably related to another category E* by a functor G : E — E*.

I: It concerns the optimality of the three conditions (i)-(iii) from Theorem 5.24. The
question is “Can we find a pair (E*, G) which is universal one?”. The term universality is
used here in the following sense: if another pair (E**, G') are given such that our category
[E is suitably related to E** by G’, then there exists unique functor H : E* — E** which
suitably relate E* to [E** and which makes the following diagram commute.

E ¢ g

\ lH
G/

E**

If such universal pair (E*, G) exists, it turns out that (i)-(iii) from Theorem 5.24 is keeped
with the weakest logical strength by (E*, G), i.e., (i)-(iii) with respect to (E*, G) is weaker
than (i)-(iii) with respect to any other pair (E**, G').

Furthermore, since such universal pair is unique, we can reconstruct it only from E if
it exists. Hence, in that case, all assumptions of Theorem 5.24, originally for £, E* and
G, can be collected up as only for E.

IT: It concerns the possibility of a further analysis for the condition (iii) of Theorem
5.24. The question is “Can we categorically describe extensions of effectivity concepts?”.

As we have already explained in Example 5.25, in the case of the category Rep,, of
represented topological spaces whose representation is an open map, proofs of satisfaction
of condition (iii), essentially, requires constructing a limit computable function. Thus a
categorical description of extensions of effectivity concepts, such as computability to limit
computability, might be needed to a further analysis for the condition (iii).
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