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Quantum computer is a new-type computer based on quantum mechanics. As
models of quantum computer, D. Deutsch proposed Quantum Turing machines and
Quantum circuits. The former model is proposed as a model of sequential quan-
tum computation, and the later model is proposed as a model of parallel quantum
computation. It has been proven that the computational power of quantum Turing
machines and quantum circuits are polynomially equivalent.

In this thesis, we concerned with quantum circuits. As a model of parallel quan-
tum computation, depth of quantum circuits corresponds to the computing time. It
is natural to consider whether we can construct quantum circuits with small depth.
The objective of this thesis is to reconstruct quantum circuits for reducing depth, i.e.,
to parallelize quantum circuits, by effectively using available computational resources.
Here, the parallelization of quantum circuits is realized by using the computational
resources, called ancillae. Intuitively, ancillae are additional input bits of quantum
circuits in the sense that the outputs of quantum circuits do not depend on the
states of ancillae. As results of using ancillae, essentially, it allows us not only to
store information in it, but also to put more quantum gates in parallel.

We proposed several techniques for parallelizing quantum circuits. Our paral-

lelization techniques are proposed for three types of quantum circuits: 1) quantum
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circuits consist of controlled-not gates, 2) quantum circuits consist of controlled-not
gates and phase-shift gates, 3) quantum circuits consist of controlled-not gates and
Walsh-Hadamard gates. The controlled-not gates are quantum gates with two inputs,
and the Walsh-Hadamard gates are quantum gates with one input. All the phase-
shift gates used in the second type are restricted to have the same number of inputs.
Nonetheless, the number of inputs of those gates is allow to be fixed arbitrarily.

As previous results, C. Moore and M. Nilsson showed that for any quantum circuit
of the first and third type with n inputs, the depth can be reduced to O(logn) by
using O(n?) ancillae, and for any quantum circuit of the second type with n inputs,
the depth can be reduced to O(logn + logs) by using O(lsn 4+ n?) ancillae, if the
quantum circuit contains s phase-shift gates and each of which has [ inputs.

Our main results are proposing efficient parallelization techniques for the three
types of quantum circuits for the case that the number of available ancillae is arbi-
trarily fixed. As special cases of our results, we have shown that for any quantum
circuit of the three types with n inputs, the depth still can be reduced as in the
previous results, even if the numbers of used ancillae are reduced from the previous
results by 1/logn. Furthermore, our result for quantum circuits of the second type
can be extended to the case when the above restriction (i.e., all the phase-shift gates
have the same number of inputs) does not exist.

Finally, for the three types of quantum circuits, no technique for proving nontrivial
lower bounds of the number of ancillae for parallelizing quantum circuits to have
desired depths is known. To find such technique is one of the most interesting open
problems of quantum circuits. In our results, we have shown that if the number
of available ancillae is arbitrarily fixed, say m, any quantum circuits of the first
type with n inputs can be parallelized to have depth at most O(n?/(n +m)). We
conjecture that this upper bound is tight, i.e., we conjecture that there exists some
computation U which can be realized by quantum circuits of the first type, and such

that the minimum depth of quantum circuits of the first type which realize U is

Qn?/(n+m)).



