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Abstract—We theoretically analyze outage probabilities of
the lossy-forward (LF), decode-and-forward (DF) and adaptive
decode-and-forward (ADF) relaying techniques, with the aim of
characterizing the impact of the spatial and temporal correlations
of the fading variations. First, the exact outage probability ex-
pressions are analytically obtained for LF, DF, and ADF relaying
assuming each link suffers from statistically independent Rayleigh
fading. Then, approximated, yet accurate closed-form expressions
of the outage probabilities for the relaying schemes are derived.
Based on the expressions, diversity and coding gains are found.
The mathematical methodology for the derivation of the explicit
outage probability is further extended to the case where the
account is taken of the spatial and temporal correlations of the
fading variations. The diversity gains with LF, DF, and ADF are
then derived in the presence of the correlations. It is found out
that the three techniques can achieve full diversity, as long as the
fading variations are not fully correlated. We then investigate the
optimal relay location and the optimal power allocation for the
three relaying techniques. It is shown that the optimal solutions
can be obtained under the framework of convex optimization. It
is reveal that in correlated fading, the relay should move close
to the destination or allocate more transmit power to the relay
for achieving lower outage probabilities, compared to the case in
independent fading.

Keywords—Cooperation techniques, relay channels, fading vari-
ation, outage probability, diversity and coding gains, spatial and
temporal correlations, source-channel separation theorem.

I. INTRODUCTION

A promising cooperative technique called lossy-forward
(LF) relaying [1] has gained a lot of attention recently,

since it improves throughput efficiency and reduces the outage
probability, compared to the conventional decode-and-forward
(DF) relaying [2]. Unlike the conventional DF strategy [3],
[4], the decoded information sequence at the relay (R) is
interleaved, re-encoded, and transmitted to destination (D),
even though errors may be detected in the information se-
quence after decoding at R. Iterative processing between

This research was supported in part by the European Unions FP7
project, ICT-619555 Links-on-the-fly Technology for Robust, Efficient and
Smart Communication in Unpredictable Environments (RESCUE), in part by
Academy of Finland project, No. 268209 the network compression based
wireless cooperative communication systems (NETCOBRA), in part by Nokia
Foundation and HPY Foundation, and also in part by the JAIST Doctoral
Research Fellow program.
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Fig. 1. The schematic scenario of one relay aided communication system.

two decoders at the destination, one for decoding the signal
received via the source (S)-D link and the other for that via
the R-D link, with log-likelihood ratio (LLR) exchange via
a LLR modification function improves decoding performance
[5]. The LF technique can be viewed as a distributed joint
source-channel coding system with side information [6]–[9].
It has been found that LF can achieve turbo-cliff-like bit error
rate (BER) performance over additive white Gaussian noise
(AWGN) channels [10].

In [11], the initial idea for LF is provided by utilizing
Slepian-Wolf type cooperation for wireless communications.
The coding algorithms are proposed for fading relay channel
in [12], [13] with the purpose of achieving the turbo processing
gain. The key concept of the coding technique for LF is
introduced in [1], where it assumes that the relay does not need
to necessarily recover the information sent from S perfectly. In
[14], a three-node LF relaying over Rayleigh fading channels
is studied by identifying the relationship between the DF
protocol and Slepian-Wolf coding [15]. However, a drawback
of [1], [14] is that the admissible rate region is determined
by the Slepian-Wolf theorem which does not perfectly match
the problem setup, since only the information of S needs
to be recovered at the destination. Zhou et al. [2] eliminate
the aforementioned drawback by utilizing the theorem of the
source coding with side information in the network information
theory. Based on [2], the technique is further extended to
multiple access relay channel (MARC) [16], where a pair of
correlated sources are transmitted to a destination with the aid
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of one relay. Furthermore, He et al. [17] and Qian et al. [18]
apply the LF technique to multi-source multi-relay systems.

Quite recently, a two-relay LF (TLF) transmission system
is proposed and a power allocation scheme for minimizing
the outage probability of the TLF system is presented in [20].
The technique is applied to wireless sensor networks (WSNs),
where a simple, yet efficient, power allocation scheme for
an arbitrary number of sensors is derived [21]. Brulatout et
al. present a medium access protocol in [22] specifically for
the LF-based network design framework. Kosek-Szott et al.
[23] propose a centralized medium access protocol specifi-
cally designed to operate with LF relaying for coordinated
wireless local area network (WLAN). It is shown that the
centralized approach provides considerable gains compared to
the distributed approach. The major contributions under the LF
relaying framework are summarized in Table I.

Even though the superiority in LF over Rayleigh fading
channels in terms of outage probability is shown in [2],
[16], [18], all the evaluations related to the LF technique are
based on the area integral over the admissible rate region
[2], [16], [20], [21], which needs to be evaluated numerically
with respect to the probability density functions (pdfs) of in-
stantaneous signal-to-noise power ratio (SNR). Therefore, the
diversity and coding gains [24] cannot be identified separately
from the numerically obtained outage probability and thereby
it is impossible to derive insightful expressions indicating
the performance gains due to diversity and coding in fading
channels.

Furthermore, in practice, it is often the case that the fading
conditions experienced by different links are correlated due
to the insufficient separations in the space or time domains
between the nodes or transmissions, respectively [25]–[27].
In fact, the channel capacity depends heavily on the fading
correlation [28], [29]. Therefore, examining the performance
of diversity techniques in correlated fading conditions is a long
lasting problem with great importance. Cheng et al. [14] has
analyzed the performance of LF relaying in correlated fading
channels. However, in [14], the S-R link is modeled by a
binary symmetric channel (BSC) model with fixed crossover
probability, which is not realistic in practical applications.

This paper aims at filling the gap between numerically
obtained results and the explicit expressions indicating the
diversity and coding gains, and investigating the impact of fad-
ing correlations on the system performance. We use adaptive
decode-and-forward (ADF) relaying [30] as a counterpart of
LF relaying since they require the same transmit phases. The
LF, DF, and ADF relaying strategies specify the second phase
operation performed by the relay node, upon the information
part obtained after decoding at R.

For fading correlations, we consider the following two
cases: (1) fading variations in S-D and R-D links are spatially
correlated for LF, DF, and ADF; (2) fading variations on the
two slots in S-D link are temporally correlated for ADF. The
outage probability is derived by assuming the S-R link is
also suffering from fading variation and hence the bit error
probability of the information part after decoding at R is also a
random variable. Block fading assumption is used throughout
the paper, and, hence the relationship between the S-R link

error probability and the S-R link instantaneous SNR can
be expressed by using the theorem of lossy source-channel
separation.

The discussions are conducted from four aspects: 1) outage
probability derivations for LF, DF, and ADF relaying in inde-
pendent and correlated fading; 2) diversity and coding gains
analyses based on approximated, yet accurate closed-form
outage expressions; 3) optimal relay location identification by
taking into account the geometric gains; 4) optimal power
allocation between S and R, under the total transmit power
constraint.

The main contributions of this paper are summarized as
follows:

* The exact outage probabilities for LF, DF, and ADF re-
laying over independent and correlated Rayleigh fading
channels are derived. Approximated, yet accurate closed-
form outage expressions for each relaying techniques are
then obtained.

* Explicit diversity order and coding gains are derived
for LF, DF, and ADF over the links suffering from
statistically independent fading. It is proven that all the
three relaying techniques can achieve full diversity, and
the coding gain with LF is larger than that of DF, and
smaller than that of ADF.

* Diversity orders of LF, DF, and ADF relaying over the
links suffering from correlated fading are obtained. It is
found that, full diversity order can be achieved unless
fading is fully correlated.

* Optimal relay locations for achieving the lowest outage
probability are investigated in independent and corre-
lated fading. It is shown that with high fading correlation
values, the relay should move closer to the destination
for obtaining better outage performance. However, for
specific relaying technique, the optimal relay location
keeps the same (e.g., at midpoint for LF), regardless the
value of the S-D link average SNRs.

* Optimal power allocations between S and R for achiev-
ing the lowest outage probability are also analyzed for
LF, DF, and ADF relaying in independent and correlated
fading. It is found that the higher the channel correlation,
the more power should be allocated to R commonly to
the relaying techniques considered.

The outline of the rest of the paper is as follows. Sec-
tion II presents the system and channel models, and the
assumptions used throughout this paper. Section III derives
the outage probabilities of DF, LF, and ADF relaying in
statistically independent fading. The diversity and coding gains
are also discussed in Section III. Section IV derives the outage
probabilities in correlated fading. Optimal relay locations are
investigated in Section V. Optimal power allocation analysis is
provided in SectionVI. Section VII concludes the paper.

II. SYSTEM AND CHANNELS MODELS

The wireless relay network model used in this paper is
shown in Fig. 1. A source S communicates with a destination
D with help of a relay R. Each terminal is equipped with
single antenna. Transmission phases are orthogonal and no
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TABLE I. SUMMARY OF MAJOR CONTRIBUTIONS ON LF RELAYING.

Year Authors Contributions

2005 Hu and Li [11] Proposed Slepian-Wolf cooperation, which exploits distributed source coding technologies in wireless cooperative communications.

2007 Woldegebreal and Karl [19] Considered a network-coding-based MARC in the presence of non-ideal source-relay links, and analyzed the outage performance and
coverage.

2007 Sneessens et al. [13] Derived a decoding algorithm which enables the use of turbo-coded DF relaying by taking into account the probability of error between
the source and the relay.

2012 Anwar and Matsumoto [1] Proposed a iterative decoding technique, accumulator-assisted distributed turbo code, where the correlation knowledge between the source
and the relay is estimated and exploited.

2013 Cheng et al. [14] Proposed a scheme for exploiting the source-relay correlation in joint decoding process at the destination, based on the Slepian-Wolf
theorem.

2014 Zhou et al. [2] Derived the exact outage probabilities by utilizing the theorems of lossy source-channel separation and source coding with side information.

2015 Wolf et al. [20] Proposed an optimal power allocation strategy for a two-relay system based on convex optimization to minimize outage probability.

2015 Lu et al. [16] Derived the outage probability for orthogonal MARC for correlated source transmission where erroneous source information estimates at
the relay are forwarded.

2016 Wolf et al. [21] Proposed asymptotically optimal power allocation scheme for WSNs with correlated data from an arbitrary amount of sensors.

2016 Brulatout et al. [22] Proposed a medium access control (MAC) layer protocol for LF relaying and introduced testbed implementation based on USRP and GNU
radio frameworks.

multiple access channel is involved. The cooperation protocols
considered in this paper are LF, DF, and ADF relaying.

A. Relaying

In LF relaying, S broadcasts the coded information sequence
to D and R at the first time slot. The information sequence,
obtained as the result of decoding at R, is interleaved, re-
encoded and transmitted to D at the second time slot, even
if decoder detects errors. The bit level correlation between the
information sequences transmitted from S and R is estimated
and utilized in an iterative joint decoding process at D to
retrieve the original message of S. In this paper, we assumes
that the correlation is known to the receiver. For more details
about the correlation estimation at D, readers may refer to [1],
[5].

In the conventional DF relaying, S broadcasts the coded
information sequence to D and R at the first time slot. R
tries to fully recover the received information sequence. If it is
successfully recovered, the information sequence is forwarded
to D at the second time slot. R keeps silent if error is detected
after decoding at R.

In ADF relaying, S broadcasts the coded information se-
quence to D and R at the first time slot. If the transmitted
information is successfully recovered at R, the recovered
information sequence is interleaved, re-encoded and transmit-
ted to D at the second time slot. Then, D performs joint
decoding by exchanging LLRs between the two decoders, one
corresponds to the S-D link, and the other to the R-D link. If R
detects error in the information part after decoding, R notifies
S of the information recovery failure via a feedback link,
and S interleaves the information sequence, re-encodes, and
retransmits the information sequence to D again. D performs
joint decoding by exchanging LLRs between two decoders,
one for the sequence transmitted at the first time slot and the
other for that at the second time slot.

B. Channel Model

The S-D and R-D links are considered to be spatially
correlated with ρs = 〈hSDh

∗
RD〉 (0 ≤ ρs ≤ 1) representing the

spatial correlation between hSD and hRD. hij (i ∈ {S,R}, j ∈
{R,D}, i 6= j) denotes the complex channel gain of i-j link.
The fading gains with the two transmissions over the S-D
links are also correlated with ρt = 〈hSDh

∗
S’D〉 (0 ≤ ρt ≤ 1)

representing the temporal correlation between hSD and hS’D,
where hS’D denotes the complex fading gain of the S-D link at
the second time slot. The variation model can be represented
by the first-order Gauss-Markov random process [31].

Let k ∈ {1, 2, · · · ,K} represent symbol index. The received
symbol ykSD via the S-D link and ykRD via the R-D link both at
D, and ykSR via the S-R link at R are expressed as

ykSD =
√
GSDhSDx

k
S + nkSD, (1)

ykRD =
√
GRDhRDx

k
R + nkRD, (2)

ykSR =
√
GSRhSRx

k
S + nkSR, (3)

respectively, where nkij (i ∈ {S,R}, j ∈ {R,D}, i 6= j) denotes
the zero-mean white additive Gaussian noise (AWGN) with
variance of N0/2 per dimension. xkS and xkR are the coded and
modulated symbols transmitted from S and R with E{|xkS |2} =
E{|xkR|2} = Es, with Es representing the transmit symbol
energy. It is assumed that the complex Gaussian link gain has
zero mean and unit variance E[|hij |2] = 1. hij is kept constant
over one block duration due to the block fading assumption.
Let Gij represents the geometric gains of the i-j link. The
average and instantaneous SNRs can be expressed as γij =
Gij(Es/N0) and γij = |hij |2γij , respectively. We assume that
the channel state information (CSI) is only available at the
receiver sides.

Each link is assumed to suffer from frequency non-selective
Rayleigh fading. The pdf of instantaneous SNR γij is given



4

�

Admissible Region

H(bS) RS

RR

H(bR) �
Admissible Region

H(bS) RS

RR

H(bR)

H(pf)

H(pf)

�

(a) Rate region for S and R when
pf = 0.

�

Admissible Region

H(bS) RS

RR

H(bR) �
Admissible Region

H(bS) RS

RR

H(bR)

H(pf)

H(pf)

�

(b) Rate region for S and R when
pf 6= 0.

Fig. 2. Rate region for LF relaying.

by

p(γij) =
1

γij
exp(−γij

γij
), (i ∈ {S,R}, j ∈ {R,D}, i 6= j),

(4)
For the sake of simplicity, the effect due to shadowing is not
taken into account.

III. OUTAGE ANALYSIS IN INDEPENDENT FADING

A. Outage Behavior of LF in Independent Fading

Let bS and bR be the binary information sequence of S and
decoding result at R, respectively. According to the theorem
of source coding with side information [32], bS can be recon-
structed error-freely at D if the source coding rates of bS and
bR, RS and RR, satisfy the following inequalities:{

RS ≥ H(bS|b̂R),

RR ≥ I(bR; b̂R),
(5)

where b̂R is the estimate of bR at D, and H(·|·) and I(·; ·)
denote the conditional entropy and the mutual information
between the arguments, respectively.

Let pf be a crossover probability of a BSC virtually model-
ing the S-R link. pf stays the same within one block but varies
block by block. Based on the Shannon’s lossy source channel
separation theorem [33], [34], the relationship between pf and
the instantaneous channel SNR γSR is given as [2]

pf = H−1
2 (1− log2 (1 + γSR)) , (6)

with H−1
2 (·) denoting the inverse function of the binary

entropy. The minimum distortion is equivalent to pf [35] under
the Hamming distortion assumption.

With pf = 0 indicating perfect decoding at R, we have
H(bS|bR) = H(bR|bS) = 0. Hence, the inadmissible rate
region becomes the triangle area A as shown in Fig. 2(a).
When 0 < pf ≤ 0.5, the inadmissible region is shown in
Fig. 2(b) which can be divided into two areas, B and C.

The rate region defined in (5) indicates that, although bR
contains error, with 0 ≤ RR ≤ H(bR), it can serve as the side
information for losslessly recovering bS. In the case RR >
H(bR), the condition becomes to RS ≥ H(pf ).

If the rate pair (RS, RR) falls into the inadmissible region,
the outage event occurs, and D cannot reconstruct bS with an
arbitrarily small error probability. Since pf = 0 and 0 < pf ≤
0.5 are distinctive, the outage probability of LF relaying can
be expressed as

P LF
out = PA + PB + PC, (7)

where PA, PB, and PC denote the probabilities that the rate
pair (RS, RR) falls into the inadmissible areas A, B, and C,
respectively. Taking into account the impact of pf , PA, PB,
and PC can be expressed as

PA = Pr[pf = 0, 0 ≤ RS < 1, 0 ≤ RR < H(pf ∗ p′f )], (8)
PB = Pr[0 < pf ≤ 0.5, 0 ≤ RS < H(pf ), RR ≥ 0], (9)
PC = Pr[0 < pf ≤ 0.5, H(pf ) ≤ RS < 1,

0 ≤ RR < H(pf ∗ p′f )], (10)

where a per-block BSC model is again used to represent the
R-D link with crossover probability p′f . pf ∗p′f = (1−pf )p′f +
(1− p′f )pf with ∗ representing convolution operation.

Based on the Shannon’s lossless source channel separation
theorem, the relationship between the instantaneous channel
SNR γij and its corresponding rate Ri is given by1

Ri ≤ Θ(γij) = log2 (1 + γij) , (i ∈ {S,R}, j = D) (11)

with its inverse function

γij ≥ Θ−1(Ri) =
(
2Ri − 1

)
. (12)

Solving (8), (9) and (10) based on the pdfs of the instanta-
neous SNRs of the corresponding channels, the outage prob-
abilities of LF relaying over independent Rayleigh channels
can be expressed as

P LF, Ind
out =

1

γSD

exp

(
− 1

γSR

)∫ Θ−1(1)

γSD=Θ−1(0)

exp

(
−γSD

γSD

)
(

1− exp

(
−Θ−1(1−Θ(γSD))

γRD

))
dγSD

+
1

γSR

∫ Θ−1(1)

γSR=Θ−1(0)

[
1− exp

(
−Θ−1(1−Θ(γSR))

γSD

)]
· exp

(
−γSR

γSR

)
dγSR +

1

γSDγSR

∫ Θ−1(1)

γSR=Θ−1(0)∫ Θ−1(1)

γSD=Θ−1(1−Θ(γSR))

exp

(
−γSD

γSD

)
exp

(
−γSR

γSR

)
·
(

1− exp

(
−ξ(γSD, γSR)

γRD

))
dγSDdγSR, (13)

where ξ(γSD, γSR) = H2{H−1
2 [1−Θ(γSD)]∗H−1

2 [1−Θ(γSR)]}.
1Gaussian codebook is assumed. Without loss of generality, the signaling

dimensionality is equal to two and the spectrum efficiency of the transmission
chain, including the channel coding scheme and modulation multiplicity in
each link is set to the unity. For more generic representation, readers may
refer to [2].
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B. Outage Behavior of DF in Independent Fading

In DF relaying, relay keeps silent if error is detected after
decoding. When pf = 0, the outage analysis for DF is the same
as that for LF. When pf 6= 0, it is equivalent to that of point-
to-point S-D transmission. Therefore the outage probability of
DF relaying can be expressed as

PDF, Ind
out =Pr[pf = 0, 0 ≤ RS < 1, 0 ≤ RR < H(p′f )]

+Pr[0 < pf ≤ 0.5, RS < 1]

=
1

γSD

exp

(
− 1

γSR

)∫ Θ−1(1)

γSD=Θ−1(0)

exp

(
−γSD

γSD

)
(

1− exp

(
−Θ−1(1−Θ(γSD))

γRD

))
dγSD

+

(
1− exp

(
−Θ−1(1)

γSR

))(
1− exp

(
−Θ−1(1)

γSD

))
.

(14)

C. Outage Behavior of ADF in Independent Fading

With ADF, S retransmits an interleaved and re-encoded
version of the information, if it is notified of the decoding
failure via a feedback link from R. The rate regions of ADF
with pf = 0 and pf 6= 0 are shown in Fig. 3(a) and Fig. 3(b),
respectively. Similarly to the case of LF, the outage probability
is defined as the probability that the source rate pairs of S and
R, (RS, RR) and (RS, RS’), fall into the inadmissible area D
or E shown in Fig. 3(a) and Fig. 3(b), respectively. RS’ is the
rate of retransmitted information sequence from S. Let PD and
PE denote the probabilities that (RS, RR) and (RS, RS’) fall
into the inadmissible areas D and E, respectively. The outage

probability of ADF relaying is then given by

PADF, Ind
out =PD + PE

=Pr[pf = 0, 0 ≤ RS < 1, 0 ≤ RR < H(pf )]

+Pr[0 < pf ≤ 0.5, 0 ≤ RS < 1, 0 ≤ RS’ < H(pf )]

=
1

γSD
exp

(
− 1

γSR

)∫ Θ−1(1)

γSD=Θ−1(0)

exp

(
−γSD

γSD

)
(

1− exp

(
−Θ−1(1−Θ(γSD))

γRD

))
dγSD

+
1

γS’D

(
1− exp

(
− 1

γSR

))∫ Θ−1(1)

γSD=Θ−1(0)

exp

(
− γSD

γS’D

)
(

1− exp

(
−Θ−1(1−Θ(γSD))

γSD

))
dγSD.

(15)

The derivations for the explicit expressions of (13), (14), and
(15) may not be possible. We use a numerical method [36] to
evaluate P LF, Ind

out , PDF, Ind
out , and PADF, Ind

out .

D. Approximations
By invoking the property of exponential function e−x ≈

1 − x for small x, corresponding to high SNR regime, the
outage probabilities of LF, DF, and ADF relaying, respectively,
can be approximated by the closed-form expressions, as,

P LF, Ind
out ≈ 1

γSDγRD

(
1− 1

γSR

)(
ln(4)− 1 +

4 ln(2)− 3

2γSD

)
+

1

γSDγSR

(
ln(4)− 1 +

4 ln(2)− 3

2γSR

)
, (16)

PDF, Ind
out ≈ 1

γSDγRD

(
1− 1

γSR

)(
ln(4)− 1 +

4 ln(2)− 3

2γSD

)
+

1

γSDγSR
, (17)

and

PADF, Ind
out ≈ 1

γSDγRD

(
1− 1

γSR

)(
ln(4)− 1 +

4 ln(2)− 3

2γSD

)
+

1

γ2
SDγSR

(
ln(4)− 1 +

4 ln(2)− 3

2γSD

)
. (18)

It is found from Fig. 4 that in independent fading (i.e., ρs =
0 for LF and DF, and ρs = ρt = 0 for ADF) the approximated
outage curves obtained from (16), (17), and (18) well match the
numerically calculated outage curves from (13), (14), and (15).

E. Diversity Order and Coding Gains
By setting the geometric gain of each link to identical and

replacing γij with a generic γ, corresponding to equilateral
triangle node locations (i.e., S, R, and D are located to the
vertex of an equilateral triangle), (16), (17), and (18) reduce to
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P LF, Ind
out =

2 ln(4)− 2

(γ)
2 +

8 ln(2)− 2 ln(4)− 4

2 (γ)
3 − 4 ln(2)− 3

2 (γ)
4 ,

(19)

PDF, Ind
out =

ln(4)

(γ)
2 +

4 ln(2)− 2 ln(4)− 2

2 (γ)
3 − 4 ln(2)− 3

2 (γ)
4 ,

(20)

and

PADF, Ind
out =

ln(4)− 1

(γ)
2 +

4 ln(2)− 3

2 (γ)
3 , (21)

respectively.
Then, in high average SNR regime, (19), (20), and (21) can

further be approximated as

P LF, Ind
out =

(
GLF
c · γ

)−GLF
d , (22)

PDF, Ind
out =

(
GDF
c · γ

)−GDF
d , (23)

and

PADF, Ind
out =

(
GADF
c · γ

)−GADF
d , (24)

where GLF
d = GDF

d = GADF
d = 2 are the diversity order of LF,

DF, and ADF relaying. This is consistent to the decays of the
cooperation protocols shown in the outage curves in Fig. 4 (i.e.,
those with ρs = 0). GLF

c = 1√
2 ln(4)−2)

, GDF
c = 1√

ln(4))
, and

GADF
c = 1√

ln(4)−1)
are the coding gains of LF, DF, and ADF

relaying, respectively [24]. Since the coding gain expression
does not include the term Es/N0, the gain appears in the form
of the parallel shift of the outage curves. It is easy to find

out that GADF
c > GLF

c > GDF
c , which verifies the relationship

between the outage probabilities shown in Fig. 4, i.e., with the
independent channels (ρs = 0, ρt = 0), PDF, Ind

out > P LF, Ind
out >

PADF, Ind
out .
Theorem 1: The outage probability of LF is smaller than

that of DF, i.e., P LF, Ind
out < PDF, Ind

out .
Proof: The difference between PDF, Ind

out in (16) and P LF, Ind
out

in (17), is

P LF, Ind
out − PDF, Ind

out =
1

γSDγSR

(
ln(4)− 2 +

4 ln(2)− 3

2γSR

)
.

(25)

Let ∆ =
(

ln(4)− 2 + 4 ln(2)−3
2γSR

)
. Since

lim
γSR→∞

∆ = −1.3069 < 0 (26)

and

d∆

dγSR
=

3− 4 ln(2)

γ2
SR

> 0, (27)

∆ increases monotonically as γSR increases and limited
to -1.3069. Therefore, it proves that (25) always has negative
value for any given SNR, which indicates that the P LF, Ind

out is
smaller than PDF, Ind

out .
Theorem 2: The outage probability of LF is larger than that

of ADF, i.e., P LF, Ind
out > PADF, Ind

out .
Proof: The difference between P LF, Ind

out in (16) and
PADF, Ind

out in (18) is

P LF, Ind
out − PADF, Ind

out =
1

γSDγSR

(
ln(4)− 1 +

4 ln(2)− 3

2γSR

)
− 1

γ2
SDγSR

(
ln(4)− 1 +

4 ln(2)− 3

2γSD

)
.

(28)

We assume 4 ln(2)−3
2γSD

≤ 4 ln(2)−3
2γSR

with γSD > 12. Since(
ln(4)− 1 + 4 ln(2)−3

2γSD

)
> 0, we have

1

γ2
SDγSR

(
ln(4)− 1 +

4 ln(2)− 3

2γSD

)
<

1

γSDγSR

(
ln(4)− 1 +

4 ln(2)− 3

2γSD

)
≤ 1

γSDγSR

(
ln(4)− 1 +

4 ln(2)− 3

2γSR

)
, (29)

indicating the right hand side of (28) is greater than 0. This
proves P LF, Ind

out > PADF, Ind
out .

2Note that the approximated outage expressions (16), (17), and (18) are
obtained at high SNR regime, therefore it is reasonable to give proof for
γSD > 1 and γSR > 1.
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IV. OUTAGE ANALYSIS IN CORRELATED FADING

Let the correlation of two complex fading gains be defined
as ρ = 〈h1h

∗
2〉. The joint pdf of two signal amplitudes of

correlated Rayleigh fading channels is given by [37]. It is not
difficult to convert the amplitude joint pdf into that of the
SNRs, γ1 and γ2, as

p(γ1, γ2) =
1

γ1γ2(1− ρ2)
I0

(
2|ρ|γ1γ2√

γ1γ2(1− |ρ|2)

)
· exp

[
−
γ1
γ1

+ γ2
γ2

1− |ρ|2

]
, (30)

where I0(·) is the zero-th order modified Bessel’s function of
the first kind.

A. Outage Behavior of LF in Correlated Fading

We follow the same technique as that used for analyzing
the outage in independent fading. The multiple integral with
the constraint (8), (9) and (10) over the joint pdf (30) leads to
the outage probability expressions of LF relaying in spatially
correlated S-D and R-D links, as

P LF, Cor
out = exp

(
− 1

γSR

)∫ Θ−1(1)

γSD=Θ−1(0)

∫ Θ−1(1−Θ(γSD))

γRD=Θ−1(0)

1

γSDγRD(1− ρ2
s)
I0

(
2|ρs|γSDγRD√

γSDγRD(1− |ρs|2)

)
· exp

[
−

γSD
γRD

+ γRD
γRD

1− |ρs|2

]
dγSDdγRD,

+

∫ Θ−1(1)

γSR=Θ−1(0)

∫ Θ−1(1−Θ(γSR))

γSD=Θ−1(0)

∫ Θ−1(∞)

γRD=Θ−1(0)

1

γSR

exp

(
−γSR

γSR

)
I0

(
2|ρs|γSDγRD√

γSDγRD(1− |ρs|2)

)
1

γSDγRD(1− ρ2
s)

exp

[
−

γSD
γRD

+ γRD
γRD

1− |ρs|2

]
dγSDdγRDdγSR,

+

∫ Θ−1(1)

γSR=Θ−1(0)

∫ Θ−1(1)

γSD=Θ−1(1−Θ(γSR))

∫ Θ−1[ξ(γSD,γSR)]

γRD=Θ−1(0)

1

γSR

exp

(
−γSR

γSR

)
I0

(
2|ρs|γSDγRD√

γSDγRD(1− |ρs|2)

)
1

γSDγRD(1− ρ2
s)

exp

[
−

γSD
γRD

+ γRD
γRD

1− |ρs|2

]
dγSDdγRDdγSR.

(31)

B. Outage Behavior of DF in Correlated Fading

Similarly, the outage probability expression of DF relay-
ing in the correlated S-D and R-D link variation can be

expressed as,

PDF, Cor
out = exp

(
− 1

γSR

)∫ Θ−1(1)

γSD=Θ−1(0)

∫ Θ−1(1−Θ(γSD))

γRD=Θ−1(0)

1

γSDγRD(1− ρ2
s)
I0

(
2|ρs|γSDγRD√

γSDγRD(1− |ρs|2)

)
· exp

[
−

γSD
γRD

+ γRD
γRD

1− |ρs|2

]
dγSDdγRD,

+

(
1− exp

(
−Θ−1(1)

γSR

))(
1− exp

(
−Θ−1(1)

γSD

))
. (32)

C. Outage Behavior of ADF in Correlated Fading
When analyzing the ADF outage probability, two correlation

terms, ρs and ρt, correlations of the complex fading gains
of the S-D and R-D links, and those of the two adjacent S-
D transmissions, respectively, have to be taken into account.
After several mathematical manipulations, we have the outage
probability expression of ADF relaying over the links with
correlated fading, as

PADF, Cor
out = exp

(
− 1

γSR

)∫ Θ−1(1)

γSD=Θ−1(0)

∫ Θ−1(1−Θ(γSD))

γRD=Θ−1(0)

1

γSDγRD(1− ρ2
s)
I0

(
2|ρs|γSDγRD√

γSDγRD(1− |ρs|2)

)
exp

[
−

γSD
γRD

+ γRD
γRD

1− |ρs|2

]
dγSDdγRD,

+

(
1− exp

(
1

γSR

))∫ Θ−1(1)

γSD=Θ−1(0)

∫ Θ−1(1−Θ(γSD))

γS’D=Θ−1(0)

1

γSDγS’D(1− ρ2
t )
I0

(
2|ρt|γSDγS’D√

γSDγS’D(1− |ρt|2)

)
exp

[
−
γSD
γSD

+ γS’D
γS’D

1− |ρt|2

]
dγSDdγS’D. (33)

Note that, the outage expressions (31), (32), and (33) in
correlated fading reduce to those over independent links (13),
(14), and (15) by setting ρs = 0 and ρt = 0. In Fig. 4, we
can observe that with the high spatial fading correlation, the
outage performance difference among the LF, DF, and ADF
relaying schemes vanishes.

The impact of spatial correlation ρs on the outage proba-
bilities of the LF, DF and ADF systems are demonstrated in
Fig. 5. As can be seen from the figure, over the entire ρs value
region, LF exhibits superior outage performance to DF. This is
because with LF, the relay system can be seen as a distributed
turbo code3. It is also found that ADF achieves lower outage
probability than LF. This is because the inadmissible rate
region with ADF is made smaller by the feedback information
than LF, as shown in Fig. 2 and Fig. 3. It is observed that for
all the three relaying schemes, the outage probabilities increase

3Note that the iterative processing for LF may cause transmit delay and/or
excessive power computation than DF. However, the increase in transmit delay
or energy consumption is negligible, especially when the SNR is high.
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Fig. 5. Outage probability versus the spatial correlation ρs, where ρt = 0.
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Fig. 6. Impacts of time correlation ρt and spatial correlation ρs on outage
probability of ADF.

as the spatial correlation ρs between the S-D and R-D links
becomes larger.

Fig. 6 shows the outage performance of ADF relaying with
the time correlation ρt and spatial correlation ρs as parameters.
As can be seen from the figure, the effect of ρt is not as
significant as ρs. The larger the ρt value, the bigger the outage
probability of ADF but slightly.

D. Approximations

The Bessel function of the first kind can be expressed with
its series expansion by Frobenius method [38, 9.1.10], as:

I0(x) =

∞∑
m=0

(−1)m

m!Γ(m+ 1)

(x
2

)2m

. (34)

Then, (31), (32), and (33) can be, respectively, approximated
as

P LF, Cor
out ≈

(
1− 1

γSR

)(
ln(4)− 1

γSDγRD(1− ρ2
s)

+
2 ln(2)− 3

2γ2
SDγRD(1− ρ2

s)

+
ln(4)− 3

2

γSDγ
2
RD(1− ρ2

s)

)
+

2 ln(4)− 3

2γSDγ
2
SR

+
2 ln(4)− 3

2γ2
SDγSR

+
ln(4)− 1

2γSDγSR
+

4 ln(16)− 11

4γ2
SDγ

2
SR

, (35)

PDF, Cor
out ≈

(
1− 1

γSR

)(
ln(4)− 1

γSDγRD(1− ρ2
s)

+
2 ln(2)− 3

2γ2
SDγRD(1− ρ2

s)

+
ln(4)− 3

2

γSDγ
2
RD(1− ρ2

s)

)
+

1

γSDγSR
, (36)

and

PADF, Cor
out ≈

(
1− 1

γSR

)(
ln(4)− 1

γSDγRD(1− ρ2
s)

+
2 ln(2)− 3

2γSDγS’DγRD(1− ρ2
s)

+
ln(4)− 3

2

γSDγ
2
RD(1− ρ2

s)

)
+

ln(4)− 1

γSDγRDγSR(1− ρ2
t )

+
4 ln(2)− 3

2γSDγS’DγRDγSR(1− ρ2
t )

+
ln(4)− 3

2

γSDγ
2
RDγSR(1− ρ2

t )
.

(37)

The accuracy of the approximations is demonstrated in Fig. 7
in next section.

E. Diversity Order

The diversity order d is defined as [39]

d = − lim
γ→∞

log(Pout)

log(γ)
. (38)

According to (38), the diversity order of LF, DF, ADF over
correlated channels can be expressed as

dLF = − lim
γ→∞

ln(P LF, Cor
out )

ln(γ)

= − lim
γ→∞

{
ln

[
5 ln(4)− 7

2γ3 +
4 ln(16)− 11

4γ4 +

(
1− 1

γ

)
·
(

ln(4)− 1

γ2(1− ρ2
s)

+
2 ln(2)− 2 ln(4)− 6

2γ3(1− ρ2
s)

)]
/ ln(γ)

}
= 2,

ρs 6= 1, (39)
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dDF = − lim
γ→∞

ln(PDF, Cor
out )

ln(γ)

= − lim
γ→∞

{
ln

[
2 ln(4)− 3

γ3 +
ln(4)− 1

2γ2 +
4 ln(16)− 11

4γ4

+

(
1− 1

γ

)(
ln(4)− 1

γ2(1− ρ2
s)

+
2 ln(2) + 2 ln(4)− 6

2γ3(1− ρ2
s)

)]
/ ln(γ)} = 2, ρs 6= 1, (40)

and

dADF = − lim
γ→∞

ln(PADF, Cor
out )

ln(γ)

= − lim
γ→∞

{
ln

[
ln(4)− 1

γ3(1− ρ2
t )

+
4 ln(2) + 2 ln(4)− 6

2γ4(1− ρ2
t )

+

(
1− 1

γ

)(
ln(4)− 1

γ2(1− ρ2
s)

+
2 ln(2)− 3

2γ3(1− ρ2
s)

+
ln(4)− 3

2

γ3(1− ρ2
s)

)]
/ ln(γ)} = 2, ρs 6= 1, ρt 6= 1, (41)

where γSD, γRD, and γSR are represented by a generic symbol
γ under the equilateral triangle nodes location assumption. It
is shown that the full diversity gain can be achieved by LF,
DF, and ADF relaying as long as ρs 6= 1 for LF and DF, and
ρs 6= 1 and ρt 6= 1 for ADF. When ρs = 1 and ρt = 1, i.e., in
fully correlated fading, the diversity order reduces to one.

V. OPTIMAL RELAY LOCATIONS FOR MINIMIZING THE
OUTAGE PROBABILITY

In this section, we investigate the optimal relay locations
which minimize the outage probability of the LF, DF, and ADF
relaying schemes. The outage expressions can be rewritten so
that they are functions of position of relay node by taking
the geometric gain into consideration. It is shown that, the
relay location optimization can be formulated as a convex
optimization problem.

A. Optimal Relay Locations in Independent Fading

Let dSD, dRD, and dSR denote the distances between S
and D, R and D, and S and R respectively. With GSD

being normalized to unity, GSR and GRD can be defined as
GSR =

(
dSD

dSR

)α
and GRD =

(
dSD

dRD

)α
[40], respectively, where

α is the path loss exponent. Then, the average SNRs of the
S-R and R-D links can be given as

γSR = γSD + 10lg(GSR) (dB), (42)
γRD = γSD + 10lg(GRD) (dB). (43)

With the normalized S-D link length dSD = 1, substituting
(42) and (43) into (16), (17), and (18), yields the outage
probability expressions of LF, DF, and ADF relaying over the
links suffering from independent fading with respect to the

position of R as

P LF, Ind
out =

1

γSD

(
γSD + 10 lg( 1

1−d )α
) (1− 1

γSD + 10 lg( 1
d )α

)

·
(

ln(4)− 1 +
4 ln(2)− 3

2γSD

)
+

1

γSD

(
γSD + 10 lg( 1

d )α
)

·

(
ln(4)− 1 +

4 ln(2)− 3

2
(
γSD + 10 lg( 1

d )α
)) , (44)

PDF, Ind
out =

1

γSD

(
γSD + 10 lg( 1

1−d )α
) (1− 1

γSD + 10 lg( 1
d )α

)

·
(

ln(4)− 1 +
4 ln(2)− 3

2γSD

)
+

1

γSD

(
γSD + 10 lg( 1

d )α
) ,

(45)

and

PADF, Ind
out =

1

γSD

(
γSD + 10 lg( 1

1−d )α
) (1− 1

γSD + 10 lg( 1
d )α

)

·
(

ln(4)− 1 +
4 ln(2)− 3

2γSD

)
+

1

γSD

(
γ2

SD + 10 lg( 1
d )α
)

·
(

ln(4)− 1 +
4 ln(2)− 3

2γ2
SD

)
, (46)

under the assumption that R moves along the line between S
and D, with which dSR = d and dRD = 1− d.

The general optimization problem with regard to d can be
formulated as

d∗ = arg min
d

Pout(d)

subject to: d ∈ (0, 1).
(47)

Proposition 1: Outage probability expressions of LF, DF,
and ADF relaying in (44), (45), and (46), respectively, are
convex with respect to d ∈ (0, 1).

Proof: See Appendix A.

Taking the first-order derivative of P LF, Ind
out , PDF, Ind

out , and
PADF, Ind

out , respectively, in (44), (45), and (46) with respect
to d and setting the derivative equal to zero, we have

∂P LF, Ind
out

∂d
=
∂ 1

γSD(γSD+10 lg( 1
1−d )α)

(
1− 1

γSD+10 lg( 1
d )α

)
∂d(

ln(4)− 1 + 4 ln(2)−3
2γSD

)

+

∂ 1

γSD(γSD+10 lg( 1
d )α)

(
ln(4)− 1 + 4 ln(2)−3

2(γSD+10 lg( 1
d )α)

)
∂d

= 0,

(48)
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TABLE II. OPTIMAL RELAY LOCATION d∗

γSD(dB) 10 15 20 25 30

PDF
out , ρs = 0 0.3321 0.3322 0.3323 0.3324 0.3328

P LF
out , ρs = 0 0.5017 0.5018 0.5019 0.5020 0.5020

PADF
out , ρs = 0 0.9916 0.9937 0.9944 0.9957 0.9978

PDF
out , ρs = 0.99 0.6101 0.6147 0.6253 0.6177 0.6182

P LF
out , ρs = 0.99 0.7819 0.7822 0.7829 0.7839 0.7841

PADF
out , ρs = 0.99 0.9991 0.9993 0.9995 0.9998 0.9999

∂PDF, Ind
out

∂d
=
∂ 1

γSD(γSD+10 lg( 1
1−d )α)

(
1− 1

γSD+10 lg( 1
d )α

)
∂d(

ln(4)− 1 + 4 ln(2)−3
2γSD

)
+
∂ 1

γSD(γSD+10 lg( 1
d )α)

∂d
= 0,

(49)

and

∂PADF, Ind
out

∂d
=
∂ 1

γSD(γSD+10 lg( 1
1−d )α)

(
1− 1

γSD+10 lg( 1
d )α

)
∂d(

ln(4)− 1 + 4 ln(2)−3
2γSD

)

+
∂ 1

γSD(γ2
SD+10 lg( 1

d )α)

(
ln(4)− 1 + 4 ln(2)−3

2γ2
SD

)
∂d

= 0,

(50)

It may be excessively complex to derive the explicit ex-
pression for d∗ from (48), (49), and (50). Hence, the Newton-
Raphson method [41, Chapter 9] is used to numerically calcu-
late the solution of d∗.

B. Optimal Relay Locations in Correlated Fading
Similarly to the independent fading case, the outage prob-

ability expressions of LF, DF and ADF relaying in correlated
fading with respect to the position of R can be expressed as
(51), (52), and (53).

The optimization problem for the correlated fading chan-
nels’ case can also be formulated by (47) for the LF, DF, and
ADF relaying techniques.

Proposition 2: Outage probability expressions of LF, DF,
and ADF relaying, respectively, given by (51), (52), and (53)
respectively, are convex with respect to d ∈ (0, 1).

Proof: The convexity of (51), (52), and (53) can be proven
by taking second-order partial derivative of P LF, Ind

out , PDF, Ind
out ,

and PADF, Ind
out in (51), (52), and (53) with respect to d, and

showing that the derivative results are positive in the range
d ∈ (0, 1)4.

Take the first-order derivative of P LF, Cor
out , PDF, Cor

out , and
PADF, Cor

out , respectively, in (51), (52), and (53) with respect
to d and set the derivative result equal to zero, ∂P LF, Cor

out
∂d = 0,

4The details of the proof are straightforward but lengthy, and therefore are
omitted here for brevity.
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Fig. 7. Outage probabilities versus relay locations for different relaying
schemes over independent and correlated channels, where γSD = 15 (dB)
and ρt = 0.

∂PDF, Cor
out
∂d = 0, and ∂PADF, Cor

out
∂d = 0. As in the independent

fading case, the optimal relay location d∗ for each relaying
schemes over correlated fading channels can also be obtained
by utilizing the Newton-Raphson method [41, Chapter 9].

The optimal relay location d∗ for different relaying schemes
over spatially independent (ρs = 0) as well as spatially
correlated (ρs = 0.99) channels are shown in Table II5.
Obviously, with the correlated S-D and R-D links, the optimal
relay positions for achieving the smallest outage probability
shift closer to D than the independent fading case. However,
for specific relay scheme the optimal relay positions stay the
same (e.g., for LF in spatially independent fading (ρs = 0) the
optimal relay position is at the midpoint, d∗ = 0.5) regardless
of the average SNR values. The deviations of d∗ are due to
the numerical calculation errors

Fig. 7 depicts the impact of the relay location on out-
age performances of LF, DF and ADF relaying in spatially
independent (ρs = 0) and correlated (ρs = 0.99) cases.
The relay is assumed to move along the line between S
(x = 0) and D (x = 1). Both the numerically calculated
outage probabilities and approximated outage probabilities are
plotted. It is found from the figure that the approximated and
numerically calculated outage probability curves are consistent
with each other. This observation indicates the accuracy of
the approximations. It is found from Fig. 7 that in statistically
independent fading the optimal relay locations for LF, DF, and
ADF that achieve the lowest probabilities are d = 0.5, d < 0.5
and, d > 0.5, respectively. On the contrary, in correlated
fading, the optimal relay location for all the relaying schemes
are closer to D. This is because the fading correlation reduces
the coding gain achieved by the transmission over the S-D and
R-D links.

5We only focus on the spatial correlation ρs which have impact on outage
of DF, LF, and ADF relaying.
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P LF, Cor
out =

(
1− 1(

γSD + 10 lg( 1
d
)α
))
 ln(4)− 1

γSD

(
γSD + 10 lg( 1

1−d )
α
)
(1− ρ2s)

+
2 ln(2)− 3

2γ2
SD

(
γSD + 10 lg( 1

1−d )
α
)
(1− ρ2s)

+
ln(4)− 3

2

γSD

(
γSD + 10 lg( 1

1−d )
α
)2

(1− ρ2s)


+

2 ln(4)− 3

2γSD

(
γSD + 10 lg( 1

d
)α
)2 +

2 ln(4)− 3

2γ2
SD

(
γSD + 10 lg( 1

d
)α
) +

ln(4)− 1

2γSD

(
γSD + 10 lg( 1

d
)α
) +

4 ln(16)− 11

4γ2
SD

(
γSD + 10 lg( 1

d
)α
)2 , (51)

PDF, Cor
out =

(
1− 1(

γSD + 10 lg( 1
d
)α
))
 ln(4)− 1

γSD

(
γSD + 10 lg( 1

1−d )
α
)
(1− ρ2s)

+
2 ln(2)− 3

2γ2
SD

(
γSD + 10 lg( 1

1−d )
α
)
(1− ρ2s)

+
ln(4)− 3

2

γSD

(
γSD + 10 lg( 1

1−d )
α
)2

(1− ρ2s)

+
1

γSD

(
γSD + 10 lg( 1

d
)α
) , (52)

PADF, Cor
out =

(
1− 1(

γSD + 10 lg( 1
d
)α
))
 ln(4)− 1

γSD

(
γSD + 10 lg( 1

1−d )
α
)
(1− ρ2s)

+
2 ln(2)− 3

2γ2
SD

(
γSD + 10 lg( 1

1−d )
α
)
(1− ρ2s)

+
ln(4)− 3

2

γSD

(
γSD + 10 lg( 1

1−d )
α
)2

(1− ρ2s)

+
ln(4)− 1

γSD

(
γSD + 10 lg( 1

1−d )
α
) (
γSD + 10 lg( 1

d
)α
)
(1− ρ2t )

+
4 ln(2)− 3

2γ2
SD

(
γSD + 10 lg( 1

1−d )
α
) (
γSD + 10 lg( 1

d
)α
)
(1− ρ2t )

+
ln(4)− 3

2

γSD

(
γSD + 10 lg( 1

1−d )
α
)2 (

γSD + 10 lg( 1
d
)α
)
(1− ρ2t )

. (53)

The impact of the time correlation ρt of the complex fading
gains between the two transmission slots over the S-D link as
well as the spatial correlation ρs of the complex fading gains
between the S-D and R-D links on optimal relay location d∗

with LF, DF, ADF relaying is depicted in Fig. 8. With LF and
DF, the value of d∗ increases as ρs increases, which indicate
that the optimal relay locations shift closer to D as the spatial
correlation increases. Obviously, ρt has no impact on d∗ with
LF and DF relaying. With ADF system, interestingly, it is
found that d∗ does not change regardless of the ρs value, when
ρt is small. As the time correlation ρt becomes large, d∗ with
ADF exhibits the same tendency as that with LF and DF. In
general, the optimal d∗ with LF is larger than that with DF
and smaller than that with ADF.

VI. OPTIMAL POWER ALLOCATION FOR MINIMIZING
THE OUTAGE PROBABILITY

In this section, our aim is to minimize the outage probabili-
ties for the LF, DF, and ADF relaying techniques by adjusting
powers allocated to S and R. Let the powers allocated to S
and R be denoted as ET k and ET (1− k), respectively, where
ET represents the total transmit power and k (0 ≤ k ≤ 1)
is the power allocation ratio. With the noise variance of each
link being normalized to the unity, the geometric gain times

transmit power is equivalent to their corresponding average
SNR. Then the average SNRs of each link can be expressed
as functions of k as γSD = ET kGSD, γRD = ET (1 − k)GRD,
and γSR = ET kGSR.

A. Optimal Power Allocation in Independent Fading
The outage expressions of LF, DF, and ADF in independent

fading with respect to k can be written as

P LF, Ind
out =

1

E2
T k(1− k)GSDGRD

(
1− 1

ET kGSR

)
·
(

ln(4)− 1 +
4 ln(2)− 3

2ET kGSD

)
+

1

E2
T k

2GSDGSR

(
ln(4)− 1 +

4 ln(2)− 3

2ET kGSR

)
,

(54)

PDF, Ind
out =

1

E2
T k(1− k)GSDGRD

(
1− 1

ET kGSR

)
·
(

ln(4)− 1 +
4 ln(2)− 3

2ET kGSD

)
+

1

E2
T k

2GSDGSR
, (55)
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Fig. 8. Impact of time correlation ρt and spatial correlation ρs on optimal
relay location d∗, where γSD = 15 (dB).

and

PADF, Ind
out =

1

E2
T k(1− k)GSDGRD

(
1− 1

ET kGSR

)
·
(

ln(4)− 1 +
4 ln(2)− 3

2ET kGSD

)
+

1

E3
T k

3GSRGSD

(
ln(4)− 1 +

4 ln(2)− 3

2ET kGSD

)
,

(56)

respectively.
The optimization problem with regards to k can be formu-

lated as
k∗ = arg min

k
Pout(k)

subject to: k ∈ (0, 1).
(57)

Proposition 3: Outage probability expressions of LF, DF,
and ADF relaying, respectively, in (54), (55), and (56) are
convex with respect to k ∈ (0, 1).

Proof: See Appendix B.

Taking the first-order derivative of P LF, Ind
out , PDF, Ind

out , and
PADF, Ind

out , respectively in (54), (55), and (56) with respect to k
and setting the derivative result equal to zero, we have,

∂P LF, Ind
out

∂d
=
∂ 1
E2
T k(1−k)GSDGRD

(
1− 1

ET kGSR

)
∂k(

ln(4)− 1 + 4 ln(2)−3
2ET kGSD

)

+
∂ 1
E2
T k

2GSDGSR

(
ln(4)− 1 + 4 ln(2)−3

2ET kGSR

)
∂k

= 0, (58)

TABLE III. OPTIMAL POWER ALLOCATION RATIO k∗

ET (dB) 10 15 20 25 30

PDF
out , ρs = 0 0.7532 0.7444 0.7417 0.7408 0.7401

P LF
out , ρs = 0 0.6989 0.6719 0.6698 0.6688 0.6685

PADF
out , ρs = 0 0.5061 0.5053 0.5046 0.5039 0.5022

PDF
out , ρs = 0.99 0.6861 0.6309 0.5302 0.5298 0.5258

P LF
out , ρs = 0.99 0.6266 0.5530 0.5193 0.5131 0.5119

PADF
out , ρs = 0.99 0.5019 0.5017 0.5015 0.5014 0.5013

∂PDF, Ind
out

∂d
=
∂ 1
E2
T k(1−k)GSDGRD

(
1− 1

ET kGSR

)
∂k(

ln(4)− 1 + 4 ln(2)−3
2ET kGSD

)
+
∂ 1
E2
T k

2GSDGSR

∂k
= 0,

(59)

and

∂PADF, Ind
out

∂d
=
∂ 1
E2
T k(1−k)GSDGRD

(
1− 1

ET kGSR

)
∂k(

ln(4)− 1 + 4 ln(2)−3
2ET kGSD

)

+
∂ 1
E3
T k

3GSRGSD

(
ln(4)− 1 + 4 ln(2)−3

2ET kGSD

)
∂k

= 0.

(60)

The optimal power allocation ratio k∗ can be obtained by
numerically solving (58), (59), and (60).

B. Optimal Power Allocation in Correlated Fading
The outage expressions of LF, DF, and ADF in correlated

fading can be written as (61), (62), and (63), respectively.
The optimization problem in correlated fading can also be
formulated by (57) for LF, DF, and ADF relaying.

Proposition 4: Outage probability expressions of LF, DF,
and ADF relaying, respectively, in (61), (62), and (63), are
convex with respect to k ∈ (0, 1).

Proof: The convexity of (61), (62), and (63) can be proven
by taking second-order partial derivative of P LF, Ind

out , PDF, Ind
out ,

and PADF, Ind
out in (61), (62), and (63) with respect to k, and

showing that the derivative results are positive in the range
k ∈ (0, 1)6.

By taking the first-order derivative of P LF, Cor
out , PDF, Cor

out , and
PADF, Cor

out , respectively, in (61), (62), and (63) with respect to
k and setting the derivative result equal to zero, ∂P LF, Cor

out
∂k = 0,

∂PDF, Cor
out
∂k = 0, and ∂PADF, Cor

out
∂k = 0, and similarly to the inde-

pendent fading case, the optimal power allocation ratio k∗ of
each relaying schemes over correlated fading channels can be
numerically obtained.

Optimal k∗ for the different relaying schemes are shown
in Table III 7. Obviously, the larger the total transmit power

6The details of the proof are straightforward but lengthy, and therefore are
omitted here for brevity.

7We only focus on the spatial correlation ρs which have impact on outage
of DF, LF, and ADF relaying.
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P LF, Cor
out =

(
1− 1

ET kGSD

)(
ln(4)− 1

ET kGSDET (1− k)GRD(1− ρ2s)
+

2 ln(2)− 3

2ET kG2
SDET (1− k)GRD(1− ρ2s)

+
ln(4)− 3

2

ET kGSDET (1− k)G2
RD(1− ρ2s)

)
+

2 ln(4)− 3

2ET kGSDE2
T k

2G2
SR

+
2 ln(4)− 3

2E2
T k

2G2
SDET kGSD

+
ln(4)− 1

2ET kGSDET kGSD

+
4 ln(16)− 11

4E2
T k

2G2
SDE

2
T k

2G2
SR
, (61)

PDF, Cor
out =

(
1− 1

ET kGSD

)(
ln(4)− 1

ET kGSDET (1− k)GRD(1− ρ2s)
+

2 ln(2)− 3

2ET kG2
SDET (1− k)GRD(1− ρ2s)

+
ln(4)− 3

2

ET kGSDET (1− k)G2
RD(1− ρ2s)

)
+

1

ET kGSDET kGSD
, (62)

PADF, Cor
out =

(
1− 1

ET kGSD

)(
ln(4)− 1

ET kGSDET (1− k)GRD(1− ρ2s)
+

2 ln(2)− 3

2ET kG2
SDET (1− k)GRD(1− ρ2s)

+
ln(4)− 3

2

ET kGSDET (1− k)G2
RD(1− ρ2s)

)
+

ln(4)− 1

ET kGSDET (1− k)GRDET kGSD(1− ρ2t )

+
4 ln(2)− 3

2E2
T k

2G2
SDET (1− k)GRDET kGSD(1− ρ2t )

+
ln(4)− 3

2

ET kGSDE2
T (1− k)2G2

RDET kGSD(1− ρ2t )
. (63)
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Fig. 9. Outage probabilities versus power allocations for different relying
schemes over independent and correlated channels, where ET = 20 (dB) and
ρt = 0.

ET , the more transmit power should be allocated to R both
in the case of fading variation on the S-D and R-D links are
independent and spatially correlated. It is also found that for
achieving minimum outage, R needs more power with LF than
with DF, and needs less power than with ADF. Moreover, with
large spatial channel correlation ρs, more power should be
allocated to R for all the relaying techniques.

Fig. 9 presents the impact of the power allocation ratios
to S and R on outage probabilities. In numerical results, we
normalize the geometric gain of each link to unity under the

!!!!!!
!

!

ρt ρs

ADF

LF

DF

Fig. 10. Impact of time correlation ρt and spatial correlation ρs on optimal
power allocation ratio k∗, where ET = 20 (dB).

equilateral triangle nodes location assumption, and investigate
the impact of power allocation ratio k on outage performance.
The total transmit power is fixed at 20 dB. Note that the
approximated outage curves well match with the numerically
calculated curves. It can be observed from Fig. 9 that, with high
spatial correlation ρs, nearly equal power allocation (k ≈ 0.5)
yields the lowest outage probabilities for all LF, DF, and ADF
relaying. On the contrary, in statistically independent fading,
the equal power allocation is optimal for ADF, while DF and
LF need more power for S, which is consistent with the results
shown in Table III.



14

Fig. 10 shows the impact of ρt and ρs on optimal power
allocation ratio k∗ for LF, DF, ADF relaying, where the total
transmit power for S and R is set at ET = 20 (dB). It can
be seen from the figure that the larger the spatial correlation
ρs, the smaller the optimal k∗ value required with DF and
LF, indicating that more power needs to be allocated to R.
It is also found out that, with DF, more power needs to be
allocated to source node than with LF, in order to achieve the
smallest outage probability. This is because DF forwards only
the error-free information sequences from relay node. Note
that the equal power allocation strategy is always optimal for
ADF regardless of the values of ρt and ρs.

VII. CONCLUSIONS

We have analyzed the outage probabilities with LF, DF,
and ADF relaying in statistically independent and correlated
fading. The diversity and coding gains have been derived from
high-SNR, yet accurate approximations in independent fading.
The diversity orders for LF, DF, and ADF relaying have also
been obtained in correlated fading. Our analysis demonstrates
that the full diversity gain can be achieved by either of LF,
DF, and ADF relaying, as long as the fading variations are
not fully correlated. It is proven that coding gain with the
LF strategy is larger than with DF relaying but smaller than
with the ADF method, in independent fading. Furthermore, the
optimal relay locations and optimal power allocations between
the source and relay have been investigated. The observations
suggest that compared to the independent fading case, the
relay should be located closer to the destination, or more
transmit power be allocated to the relay for achieving the
lowest outage probabilities, in the correlated fading case. An
important extension is to take into consideration of different
channel models, different topologies, and dynamic network
change, which is left as future work as summarized in Table
IV.

TABLE IV. FUTURE WORK AND CHALLENGES

Future Work Challenges
Complex Structure (Multi-relay) Multiple helper problem is one of the open

questions in Network Information Theory.

Channel Models (No Rayleigh) In many cases, joint pdf for more than one
channel realization is still unknown.

APPENDIX A
PROOF OF CONVEXITY OF (44), (45), AND (46)

By taking second-order partial derivative of P LF, Ind
out , PDF, Ind

out ,
and PADF, Ind

out in (44), (45), and (46) with respect to d, respec-
tively, we have

∂2P LF, Ind
out

∂d2
=

9αdα(α+ 1)

4γSDd
(α+2)

(
γSD + 10 lg

(
1
dα

))3
+

90α2d2α

γSDd
(2α+2)

(
γSD + 10 lg

(
1
dα

))4 , (64)

∂2PDF, Ind
out

∂d2
=

20α2d2α

γSDd
(2α+2)

(
γSD + 10 lg

(
1
dα

))3
+

10α2d(α−1)

γSDd
(α+1)

(
γSD + 10 lg

(
1
dα

))2 , (65)

and

∂2PADF, Ind
out

∂d2
=

20α2

(
1

γSD+10 lg( 1
dα )
− 1

)
(1− d)2α

γSD

(
γSD + 10 lg

(
1
dα

))3
(1− d)(2α+2)

+
α2d(α−1)

γSD

(
γSD + 10 lg

(
1
dα

))2
d(α+1)

. (66)

Obviously, (64), (65), and (66) are positive in the range 0 ≤
d ≤ 1 which indicates that the objective functions are convex
with respect to 0 ≤ d ≤ 1.

APPENDIX B
PROOF OF CONVEXITY OF (54), (55), AND (56)

Taking the second-order derivative of P LF, Cor
out , PDF, Cor

out , and
PADF, Cor

out in (54), (55), and (56) with respect to k, respectively,
we have

∂2P LF, Cor
out

∂k2
=

(
1

ETGSRk
+ 1
)

5E3
TG

2
SDGRDk3(1− k)2

+
6
(

1
10ETGSRk

+ 19
50

)
E2
TGSDGRDk4

+
17

25E3
TGSDG2

SRk
5

+
9
(

1
ETGSRk

+ 1
)

20E3
TG

2
SDGRDGSRk4(1− k)

,

(67)

∂2PDF, Cor
out

∂k2
=

9
(

1
ETGSRk

+ 1
)

2E3
TG

2
SDGRDk4(1− k)

+
5
(

1
ETGSRk

+ 1
)

E3
TG

2
SDGRDk3(1− k)2

+
6

E2
TGSDGSRk4

+
5

2E4
TG

2
SDGRDGSRk5(1− k)

,

(68)

and

∂2PADF, Cor
out

∂k2
=

(
1

ETGSRk
+ 1
)

5E3
TG

2
SDGRDk3(1− k)2

+
12
(

1
10ETGSRk

+ 19
50

)
E3
TGSDGRDk5

9

10E4
TG

2
SDGSRk6

+
9
(

1
ETGSRk

+ 1
)

20E3
TG

2
SDGRDGSRk4(1− k)

.

(69)

It is not difficult to find that (68), (67), and (69) are positive
in the range 0 ≤ k ≤ 1 which indicates that the objective
functions are convex with respect to 0 ≤ k ≤ 1.
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