JAIST Repository

https://dspace.jaist.ac.jp/

Title

O00000D0o0bO0obO0obDOoobOChail tnOopO

goooooo
Author(s) oo, 00
Citation
Issue Date 2001-03
Type Thesis or Dissertation

Text version

aut hor

URL http://hdl . handle.net/ 101019/ 1479
Rights
Description Supervisor: gg 0O, oooooono, 00

AIST

JAPAN
ADVANCED

INSTITUTE OF

SCIENCE AND TECHNOLOGY

Japan Advanced Institute of Science and Technology



Characterization of Chaitin Machine
Satisfying The Algorithmic Coding Theorem

By Yoshibumi Amaya

A thesis submitted to
School of School of Information Science,
Japan Advanced Institute of Science and Technology,
in partial fulfillment of the requirements
for the degree of
Master of School of Information Science
Graduate Program in Information Science

Written under the direction of
Associate Professor Hajime Ishihara
Professor Hiroakira Ono
Professor Tetsuo Asano

March, 2001

Copyright (© 2001 by Yoshibumi Amaya



Contents

1 Introduction 3
2 Preliminaries 6
2.1 Notation and Defined . . . . . . . . . ..o o 6
2.2 Recursive Function Theory . . . . . . . .. .. . .. o 7
3 Noiseless Coding 9
3.1 Prefix-Free Sets . . . . . . . . . 9
3.2 Prefix Coding . . . . . . . . 10
4 Program-Size Complexities 14
4.1 Machines and Complexities . . . . . .. . . ... ... L 14
4.2 Algorithmic Properties of Complexities . . . . . . . . ... ... ... ... 16
4.3 Quantitative Estimates . . . . . . . . ... ... L 17
4.4 Halting Probabilities . . . . . . . . . . .. 20
5 Recursively Enumerable Prefix Codes 22
5.1 Kraft-Chaitin Theorem . . . . . . . . . .. ... ... 22
5.2 Algorithmic Coding Theorem . . . . . . . . .. ... .. ... ....... 30
6 Coding with Minimal Programs 33
6.1 The Condition Under the Semi-distribution. . . . . . . . ... . ... ... 33
6.2 Minimal Programs are Optimal . . . . . . . ... ... ... ... ..... 35
6.3 Algorithmic Coding Theorem Revisited . . . . . . . . ... ... ... ... 37
7 Concluding Remarks 40



Acknowledgment

The author is deeply grateful to Associate professor Hajime Ishihara,
Professor Hiroakira Ono and Professor Tetsuo Asano for their helpful guidance.

Special thanks to members of Ono-Ishihara laboratory and the author’s friends who
he has met in JAIST for their encouragement.

Finally, the author would also like to thank to my family.



Chapter 1

Introduction

Algorithmic information theory (AIT) is the result of combining Shannon’s information
theory and Turing’s computability theory.

In algorithmic information theory, the primary concept is that of the information
content of an individual object which is a measure of difficulty of specifying or describing
and constructing or calculating the object. This notion is also known as information-
theoretic complexity or Kolmogorov complexity.

On a concrete target, it is to measure the complexity Hy(x) of a string x by the size
in bits of the smallest program p for computing = by a partial recursive universal machine
U. That is,

Hy(x) = min{|p| | U(p) = }.

AIT originated with the discovery of universal descriptions. It is based on the foun-
dation of probability theory and randomness and information theory. This fields was
independently introduced by A.N.Kolmogorov, R.J.Solomonoff and G.J.Chaitin in the
mid 1960s.

First, we describe the difference between Shannon’s information theory and AIT. While
the classical theory of information is based on Shannon’s concept of entropy, AI'T adopts
the information-theoretic complexity of an individual object as a primary concept. The
entropy Hp is a measure of the degree of ignorance concerning which possibility holds in
a set Y endowed with an a priori probability distribution P. Its point of view is largely
global; Shannon’s amount of information depend on the numbers of objects in Y and
don’t refer the required bits in an individual object. The entropy is defined as

Hp=—_ P(y)-log P(y).

yey

The classical definition of randomness considered in probability theory allows one to call a
process, such as a tossing coin, random. It does not allow one to call a particular outcome
(or string of out comes, or sequence of out comes) random, except in an intuitive, heuristic
sense. The information-theoretic complexity of an individual object is a measure of the
difficulty of specifying the object; it focuses the attention on the individual, allowing us
to formalize the randomness intuition.



There are two flows in AIT . In the original formulation of AIT (called AIT,), the
first important result is the Invariance Theorem by A.N.Kolmogorov, R.J.Solomonoff,
G.J.Chaitin. respectively, in 1965,in 1964, in 1969.

For some universal machine U, for every machine M, for each finite object (string) x,

[t means that each the object (string) = has an intrinsic complexity which is indepen-
dent form the ways U, M of description. Hence, we can measure an upper bound of a
program-size complexity by fixing the universal machine. The substance of the Invariance
Theorem credit A.M.Turing who discovered the universal Turing machine. The other im-
portant properties exist in randomness of finite strings, non-computability of program-size
complexity, computability of approximations of the program-size complexity, and so on.

In the second formulation is the AIT, (called the prefix complexity), which was first
introduced by L.A.Levin and G.J.Chaitin in 1970s. The strategy is to measure the pro-
gram size complexity Hy by (Chaitin) machine U having the prefix free set as its domain.
This has nicer mathematical properties than the original AIT;, and has therefore be-
come something of standard in field. For example, the Kraft’s inequality is satisfied,
the machine’s halting probability is defined, there are much fewer than 2V possible pro-
grams (strings) of size N, and so on. Two important results in AIT, was shown by
Chaitin, in 1974. One is Kraft-Chaitin Theorem ; Given a recursively enumerable (r.e.)
set S = {(z;,n;) € * x N | i > 0} such that }; 27" < 1, we can effectively construct a
machine M, which is M (u;) = x; and |u;| = n; for all 4.
By using the result, The other important result in AIT; is the Algorithmic Coding The-
orem; the complexity Hy(x) of any universal machine U are asymptotically optimal (i.e.
optimal up to at most a constant 1 + ¢) with respect to the machine’s algorithmic prob-
abilities Py(z),

Hy(z) +log Py(x) < 1+c.
Hy(z) = min{|u| | U(u) =2, u € T}, Py(z)= Y. 2.
U(u)=x

In order to make the Algorithmic Coding Theorem more general, we are interested in a
class of machines, not necessarily universal, and any semi-distribution, not the machine’s
algorithmic probabilities, and a constant c¢. So, the aim of this thesis is, after adequately
investigating and considering fundamental concepts, which is the noiseless coding and the
program-size complexity with Chaitin machine, to investigate a class of machines satisfy-
ing the Algorithmic Coding Theorem, not necessarily universal, for any semi-distribution.
Finally, we characterize all machines satisfying the Algorithmic Coding Theorem, and we
show a class of machines satisfying the Algorithmic Coding Theorem with constant ¢ = 0.

Finally, we easily describe about the application. One can distinguish three application
areas. That is, we can use the fact that many strings are extremely compressible; that
using fact that the compressibility of strings as a selection criterion; using fact that many
strings are not compressible at all; that fact that some strings may be compressed, but
that it takes a lot of effort to do so. The concepts and results of AIT are relevant for other
subjects, for instance for logic (new light is shed on Gddel’s incompleteness result), physics
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(chaotic motion), biology (how likely is life to appear and evolve?), and metaphysics (how
ordered is universe?) and so on.

We give the structure of this thesis . In Chapter 2, we present the prerequested back-
ground, i.e. relevant notation of sets, functions, strings and results from recursion theory
which is vary important in measuring the program size. In Chapter 3, we show the prop-
erty of prefix-free sets and prefix codes using in Chaitin machine, and Kraft’s inequality.
Latter on, we show the relevant of the prefix code strings and the Shannon’s entropy
as noiseless coding theorem. In Chapter 4, we show the definition of Chaitin machines,
program-size complexity, the machine’s algorithmic probability and halting probability.
We derive non-computability of program-size complexity, computability of approxima-
tions to the program-size complexity and some elementary estimation for complexities.
In Chapter 5 we introduce two important tools: the Kraft-Chaitin Theorem (an extension
of Kraft’s inequality for the construction of prefix codes corresponding to arbitrary re-
cursively enumerable codes) and relativized complexities and probabilities. Consequently,
we show the Algorithmic Coding Theorem. In Chapter 6 we investigate machines, not
necessarily universal, satisfying Algorithmic Coding Theorem under conditions of a given
semi-distribution. Finally, we show the characterization of all machines satisfying the
Algorithmic Coding Theorem.



Chapter 2

Preliminaries

The first we present the notation and the basic background required to read this thesis,
i.e. relevant set, strings, function and results from recursion theory.

2.1 Notation and Defined

The set of natural numbers is denoted by N; Ny = N \ {0}. The set of real is denoted
by R; Ry = R\ {z € R |z <0}.

The concepts about functions play an very important role in the computer science. A
partial function f: X =Y is a defined on a subset Z of X. Z is called domain of the
function f (written dom(f)). In case dom(f) = X, a function f is called a total function,
and exhibited by writing f : X — Y. If z € dom(f), then we say that f(x) is defined
(written f(x) # 00). And if z & dom(f), then we say that f(x) is undefined (written
f(z) =00 ). The range of f is range(f) = {f(x) | = € dom(f)}.

A (partial) function f is injective if, for all z,y € dom(X), f(x) = f(y) implies z = y.
Stated differently, if = # y implies f(z) # f(y). A (partial) function f is surjective if,
for all y € Z, there is a © € X such that f(x) = y. And a (partial) function f is called
bijective if f is surjective and injective. For example, the total function f : N — N,where
is f(z) = 22, is injective and surjective. But in case f : R — R, it is not injective and
not surjective. About the sets and functions more see [10].

We will use the following function. The function |«] is floor of the real «, [«] the is
ceiling of the real a. For example, |3.14] =3, | -3.14] = —4, [3.14] =3, [-3.14] = 3.
The other functions will be defined when it is requested.

We fix an alphabet ¥ = {0,1}. A element of alphabet is called a letter. By X* =
{A,0,1,00,01, 10, 11,000, - - -}, denote the set of all strings ajas - - - a,, with elements a; €
¥(1 <i <n) (with X denoting the empty string, with no letters.); X7 = ¥*\ {\}. Notice
that a 'string’ is a finite binary string, >* contains the empty string A and don’t contain
infinite binary strings. In case a infinite binary string, which is usually called a ’sequence’.
Clearly, for all strings v € ¥*, Ax = A = x. The length of a string s € X* is denoted
by |s| (|[A| =0 ). Forall x € ¥* and all i € N, 2’ is the concatenation zzx---x (i
times); ° = A\. For n € N, the set ¥ = {z € ¥* | |z| = n}. If the set S is a finite



set, then £S is the cardinality of S. For example, t{z € ¥* | || = n, n € N} = 2"
and t{z € ¥* | |z|] <n, ne N} =20+ 2" + 22+ 23 + ...+ 2" = 27" — 1. We now
consider a correspondence of binary strings and natural numbers. Hence, we induce a
quasi-lexicographical order (written < y ) on ¥*: In case |z| < |y| or if |z| = |y| then
there exists a natural k, 1 <k <n, a---ax 1 =0b---bx_1, ar =0 and by = 1 (where is
a,be{0,1}, z=ay---a,, y="by---b,). That is,

A<0<1<00<01<10<11<000<001<---.

Notice that for every x € ¥*, © £ x. We denote by string(n) the n th string according to
the quasi-lexicographical order. In this way we get a bijective function string : N — ¥*;

{(n, string(n))} = {(0, ), (1,0), (2,1), (3,00), (4, 01), (5, 10), (6, 11), (7, 000), - - -}.

Notice that binary representation for the natural numbers is different from the standard
binary representation. It is seen that |string(n)| = |log(n + 1)]. Notice that we regard
log as the base 2 logarithm. The base 10 logarithm is not used in this thesis. For example,
|string(5)| = [log6] = |log 2232 | = 2.

Finally, we exhibit the notation of an order as the following is often used in order to
measure program-size complexity. (see Chapter 4)

Let f, g : ¥* — Ry be two (partial) functions. In this thesis, we often use f(x) <
g(x) + O(1) if there exists a constant ¢ > 0 such that f(z) < g(z) + ¢, for all strings
x € ¥*. And we will use the notation f(x) = g(x) + O(1) if f(z) < g(z) + O(1) and
g(x) < f(z) + O(1). This is used to measure the program-size. In general,

O(F) = {G:%¥" — R, | there exist ¢ € Ry,m € N such that
G(z) < cF(x), for all strings z, |z| < m}. (2.1)

So, O(1) means the set of the constant functions i.e.O(1) = {G | G(z) < c}.

2.2 Recursive Function Theory

Algorithmic information theory is essentially based on recursion theory. Informally, an al-
gorithm(program) for computing a partial function ¢ : N -% N is a finite set of statements
which, given an input z € dom(y) an algorithm (program), yields an output y = ¢(x)
after a finite number of steps. And the algorithm must specify how to obtain each step
in the computation from the previous steps and the input. In case we can specifically
exhibit an algorithm computing the function ¢, we call it a partial computable (or recur-
sive) function-abbreviated p.r.function function. If ¢ is total, then it is called computable
(recursive) function. Formally, there are many equivalent ways to define, for example,
with Turing machines, A-calculus, S programming languages, etc. (see [7], [8], [9] )

In case a input x is a string, we can say that is not distinguish form the definition
of the above. Because there is the bijective relation between all strings and all natural
numbers by the total function string : N — ¥*.



The main result is the possibility of enumerating all p.r.functions
0o 1 ()" 5 BF,

where e is a code number of some a p.r.function and n is a argument.
That is,

Theorem 2.1 (Universality Theorem) There is a p.r.function such that

p*(e, ) = p(x).

Notice that since there exist the pairing functions i.e.recursive bijective functions <>:
Y*x3¥* — ¥* it is no problem in case the input = has many variables (z = (x1, z9, x3, - *)).
A p.r.function which satisfy Universality Theorem is called universal p.r.function, which
is given as inputs to the p.r.function both the coding number (program) and the input

And the universal p.r.function simulate with a p.r.function corresponding the code
number e consequently, returns same outputs. This result is very important, we will use
Universality Theorem in case we define a universal Chaitin machine and, consequently we
will measure a program size by using it’'machine in Chapter 4

We describe about the basic property and definition in recursive theory of which will
be used in this thesis . To more see [7].

A set © C ¥* is recursive if its characteristic function is recursive. A set X C ¥*
is recursively enumerable-abbreviated-r.e.-if it is either empty or else the range of some
recursive function. Equivalently, X is r.e. if it is the domain of a p.r.function.

An infinite r.e.set is the range of some injective recursive function. Every infinite
r.e.set has an infinite recursive subset, etc. These facts will be used in Chapter 4, 5.



Chapter 3

Noiseless Coding

In this Chapter we consider the problem of safe transmission of a message over a channel,
which cannot be affected by noise. We rely mainly on the following two central tools:
prefix-free sets and Shannon’s entropy. The prefix-free sets is the easiest codes to construct
and exists most interesting problems on codes. And the prefix-free set is used to the input
of Chaitin machines. Shannon entropy is a measure of the degree of ignorance concerning
which possibility holds in an ensemble with a given a priori probability distribution. We
show the property of prefix-codes and prefix-free set. The concepts of prefix-free and
prefix code is used the Chaitin machine in Chapter 4. Later on, we show the relevant of
the Shannon entropy and the lengths of prefix-code strings as Shannon’s Noiseless Coding
Theorem .

3.1 Prefix-Free Sets

Definition 3.1 a) A string x € ¥* is a prefiz of another string y € * (written = <, y)
if y = zz , for some string z € ¥*. For example, for all x € ¥*, X\ <, 2.

b) A set S C X* is called prefiz-free in case for all strings x,y € ¥* , <, y implies x = y.
For example, The set S = {1°0 | i € N} is prefix-free set.

Example 3.2 For every natural n, the set S = X" is a prefix-free set. Moreover, every
prefix-free set S containing the empty string \ is equal to % = {\}.

Here, we consider about the way of the corresponding a positive number n and a
element of a prefix-free sets. For example, the set S = {1"0 | n € N} requires n+ 1 bits
to represent n. We improve this condition with the following the way.

We introduce the function bin : N — ¥*, where (n)y = 1bin(n). (n)q is the base-2
representation of the number n, i.e. {(n,bin(n))} = {(1, ), (2,0),(3,1), (4,00),---}. It is
seen that for every natural n € N, |[bin(n)| = |logn|. For every x € ¥* we construct the
new string T by inserting a 0 in front of each letter in x, and adding finally 1; A = 1. For
example,

0 =001, T =011, 00 = 00001, 0T = 0001.



It is clear that |Z| = 2|x| + 1. Finally, let

, for all x € X*. d(x) is called the self-delimiting code of x. For example,

d(0101) = bin(4)0101 = 000101 = 000010101

Example 3.3 The set S = {d(z) | + € £'} is prefix-free and every string z € T+
can be represented by using |d(z)| < |z| + 2log|z| + 1 bits. Moreover, each positive
number n can be represented by a string in S within logn + 2loglogn + 1 bits. (notice
logn +2loglogn+1<n+1.)

A way of thinking a self-delimiting code is what it was used by C.E.Shannon.
In next section, we define about the average length of prefix-code and Shannon’s
entropy, we show about those relations.

3.2 Prefix Coding

Let Y be the information source set and A be the set of input of a communication channel,
where consider finite or infinite Y C ¥* and A = ¥*.

Definition 3.4 a) A code is an injective function C' : Y C ¥* — 3*. The element of C'
are called code-strings.
b) An prefiz code (instantaneous code) is a code C such that C(Y) is prefix free.

Example 3.5 Let Y = {41, y2, y3, ys}. Consider the following functions defined on Y :

Y: yn oy Y3 (M
Cy: 00 01 10 11

Cy: 10 110 1110 11110
Cs: 01 011 0111 01111
Cy: 0 00 000 0000
Cs: 10 10 110 110

The codes ', Cy are prefix codes while the code C3, (4 is not, C5 is not even a code.

In what follows we are concerned with prefix codes. Their main property is uniqueness
of decodability. A code is uniquely decodable if the unique extension of from any finite
sequence made by a code C' to sequence of strings in Y is injective. For example the
sequence

0010001101

constructed by strings in code C;(Y) can be split as

00, 10,00, 11,01
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and is uniqueness decoded as
Y1, Y3, Y1, Ya, Y2.

Not every uniquely decodable code is prefix code. For example, C'5 is uniquely decodable,
but it is not prefix code. The advantage of sets of prefix code strings is possible to
decode without delay. Because the end of a code-string can be immediately recognized
and subsequent parts of message don’t have to be observed before the decoding is started.

A simple way of building prefix code-strings is given by the following theorem. More-
over, in Chapter 5 this theorem is extended for every r.e.sets.

Theorem 3.6 (Kraft) Let ny, ns,---ny be a finite sequence of positive integers. These
numbers are the lengths of each prefiz code-string iff 32,5, Q™" < 1.

Proof. Let the set Y C ¥* and the prefix code C' : Y — ¥* such that |C(y;)| = n; with
i € N. Let ry be the number of the code-strings having length k. Let m = {n,---,ny}.
In case m < j, r; = 0. Since the code C'is a prefix code, the following relations hold true:

T S 2

ry < (2—11)2=2%— 2"

r3 < ((2—11)2 —1)2=2% — 122 — ry2!

P < 2™ —p2mt 20 (3.1)

Dividing the inequality (3.1) by 2™ we get

27t <1
k=1
Hence,
m ) N
Y27t =) 27 < 1. (3.2)
k=1 i=1
For the converse implication, we use (3.1):
7,‘1271 S Z S ]-7
i=1
27 427 <Y<,

@
Il
—

m
P27 2 2T <Y <L

Multiply each the inequality by 2!, 22, ---, 2™, respectively.
We get:

1 S 217
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ry < (2—1)2 = 22 —r2'

'm S 2m _,,41277171 — "'_Tm7121-

It means that we can construct the prefix code whose code-strings have lengths ny, ng, - - - .
Notice that this result holds also in infinite sequence (see [6]). 1
Remark. The inequality 3>°,5; 27" < 1 is called Kraft’s inequality.

Proposition 3.7 For every prefix-free set S C ¥*,
Yook«
u€eS

By the direct implication in Theorem 3.6, it is clear. I

Kraft’s Theorem does not assert that every code which satisfies the inequality therein
must be a prefix code. A counter-example is offered by the C5: it satisfies Kraft’s in-
equality, but it is not prefix-free. Nevertheless, there is a prefix code C; whose lengths
of string-codes are equal to those of the code C'3. The relation between these codes is a
special instance of the following more general result.

Theorem 3.8 If a code is uniquely decodable with code-strings of lengths ny,ng, -+, ny,
then Kraft’s inequality is satisfied.

Proof. Let be a positive integer. Then

N r N N N
k=1 kr=1

k1=1 k2=1

N N N
= Z Z SN Z 2_(nk1+nk2+"'+nk7«)’

k1=1ka=1 kr=1

because a finite number of terms can be always rearranged without affecting their sum.
Now ng, + ng, + - -+ + ng, is exact the number of code letters in some sequence of r code-
strings. The numbers ki, ks, - - -, k, vary, so all possible sequence of r code-strings are in
this way generated. Let r; be the number of sequences of r code-strings which contain ¢
letters;clearly, 1 < i < rm, where m = maz{n,,na,---,n,}. So,

N r rm )
(Z 2nk> = 27%272.
k=1 =1

Since the code is uniquely decodable all sequences of r code-strings with a total of 7 letters
have to be distinct, i.e. r; < 2°. Accordingly,

N rm I
do2m < (Z ri2i> = (rm)-.
k=1 i=1

Allowing r to tend to N , the right-hand side tends to 1.

12



Corollary 3.9 FEach uniquely decodable code can be replaced by a prefix code without
changing the lengths of the code-strings.

Proof. By Theorem 3.6 and Theorem 3.8, it is clear.

Shannon discovered that the average length of prefix code is about equal to the entropy
of the source strings set. This is known as the Noiseless Coding Theorem. The adjec-
tive "noiseless” emphasizes that we ignore the possibility of errors. Shannon’s classical
argument can be expressed for semi-distributions as follows.

Definition 3.10 A semi-distribution is a function P : Y C ¥* — [0, 1] such that

> op(y) < 1.

yey

If ¥,cy P(y;) = 1 then P is called a distribution. The self-information of y is defined by
I(y) = —log P(y).

Definition 3.11 The entropy is defined as the average of self-information with semi-
distributions P on the set Y by

Hp=—>_ P(y)-log P(y)

yey

Definition 3.12 The average code-string length of a prefix-code C' with respect to a
semi-distribution P is

Lep =) Ply)-|Cy)l.
yey
For example, let the source set Y = ¥*, the prefix code C(y) = 1191 - - - yn¥yn01, P(y) =
Q_MyFB.'Then,lklp ::E:y2—2hW—3.2|y|+—2,f{p ::§3y2—2u+—3.2|y|+-3,

1
Hp —1<Hp— Z ZZZQZP <Hp+1.

The relation between the entropy and the average length of the prefix code is as the
following. Shannon’s classical argument can be expressed for semi-distributions. (see
more [6])

Theorem 3.13 (Noiseless Coding Theorem;Shannon) Let C : Y — X* be an prefiz
code a semi-distribution P on the set Y. Then,

Hp—1<Hp+ (Z P(y)) -log (Z P(y)) < Lp<Hp+1

yey yey

Notice that —3 < (Eyey P(y)) -log (Eyey P(y)) <0.

13



Chapter 4

Program-Size Complexities

We consider a machine as a partial recursive function which reads a string (program)
as an input and then may or not print another string, as output. With reference to a
fixed machine, the complexity of a string = is defined as the length of the shortest string
y which when the input to the machine will determine the output of x. If one chooses
to think of the input as a program + date, then the machine acts as an unary partial
function. If the program and data is read separately, then the machine will be a binary
partial recursive function. Here we considers the machine as an unary partial function
and uses Chaitin’s motivation [4] [1]. Later on, we show the machine’s algorithmic prob-
ability and halting probability and derive non-computability of program-size complexity,
computability of approximations to the program-size complexity and some elementary
estimation for complexities.

4.1 Machines and Complexities

Definition 4.1 A Chaitin Machineis a p.r. function M : ¥* % ¥* such that the domain
of M is prefix-free.

If for every strings € £x M(x) # 00, y <,  and y # z, then M(y) = co. The Chaitin
machine M can be imagined as a function computable by a special Turing machine; the
domain of the function is prefix-free. In what follows we will operate only with Chaitin
machines, so which will be simply referred as machines.

Definition 4.2 A machine U is universal if for every machine M there is a constant
cy with the following property: if M(x) # oo, then there is a string 2’ € ¥* such that
U(x') = M(z) and |2'| < |z| + cpr; ear is simulation constant of M on U.

Theorem 4.3 There exists a universal Chaitin machine.

Proof. By Theorem 2.1 we can let F: N x ©* % ¥* be a universal p.r. function for
the class of all p.r. functions M: £* % ©* such that the set {u € ¥* | M(u) # oo} is
prefix-free i.e. F(n,u) = M, (u). Then put:

U(1"0u) = F(n,u).

14



1
We fix a universal machine U as standard universal machine for measuring program

size complexities. Notice that the universal machine is not only what we fixed one.
Corollary 4.4 FEvery universal machine U is surjective.

Proof. For every the strings z € ¥*, let the machine M(\) = z. By Definition 4.2, for
every M there exists a string z' € ¥* such that U(z') = M (\) = 2. 1

Definition 4.5 a)The program-size complexity induced by the machine M is
Hy(z) =min{|z] | z € 8, M(z) = z}.

In case M = U we put Hy(x) = Hy(z). The minimum of empty set is undefined ( = oo

).

b)The minimal (canonical) program is defined with respect to machine M by
xy = min{u € ¥* | M(u) =z},

where the minimum is taken according to the quasi-lexicographical ordering of strings
(the empty string A <0< 1<00<01<10<11<100<---).
In case M = U we put 23, = x;.

We can image a string x as an object, a function M as the interpreter or decoding
function and a string z as an program.

Theorem 4.6 (Invariance Theorem) For some universal machine U, for every ma-
chine M there ezists a constant ¢ > 0 (depending upon M on U) such that for every
T € X*,

Proof. We use Theorem 4.3. Let Hy(x) = min{|0"1u| | u € X*,U(0"1u) =z}, Hy(x) =
min{|u| | u € ¥*, M(u) =z} and ¢py = n + 1. 1

Remark. In Theorem 4.6, put M = U’. For every universal machines U, U’ there exists

a constant ¢ > 0 such that
|Hy(z) — Hyr| < c,

for all z € ¥*. Hence, universal machine’s complexities don’t depend on the chosen
universal machines for except the constant.

Lemma 4.7 For every r € X:

xy; exists and vy, # A, (4.2)
z =Ulzp), (4.3)
Hi(w) = fop . (4.4

Proof. For (4.2), since the universal machine is surjective by Corollary 4.4, for every z¥*
there is a u € ¥* such that U(u) = z. If A\ € dom(U), then dom(U) = {A}. Since U is
surjective, so A € dom(U). For (4.3), the string xj; is one of dom(U) such that U(z) = =.
For (4.4) is clear by Definition 4.5. 1
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4.2 Algorithmic Properties of Complexities

Let the set of minimal(canonical) program of the machineM be
CPy ={x}, | v € ¥*}.
The set S C X* is an immune set if the set S has no infinite r.e. subset. (see [8] about
the immune set )
Theorem 4.8 The set CPy is infinite and has no infinite r.e.subset.

Proof. Since a universal machine U is surjective, we can put k£ : ¥* — ¥* be the total
function given by k(z) = af. If for every z},, x} € ¥*, a¥, = a}; # 2/ imply by (4.3)
x = U(z}) = o' = x3;. Hence the function k is injective. So rang(k) = C'Py is infinite.
We prove now by contradiction, which there exists an infinite r.e.set S C C'Py. Let S be
enumerated by the injective recursive function f: N — X*i.e. S = {f(0), f(1), f(2)---}.
Define the function g : N — ¥* by

9(0) = f(0),9(n+1) = f(min j[| f()| > n +1]).

It is easy to check the function g is recursive, the set S’ = g(N™) is r.e.set, infinite and
S" C S. And since g(|n + 1|) = f(minj[|f(j)| > n+1]) > n+ 1, |g(n)| > n, for every
n > 0. Here, we construct a machine M such that for every ¢« > 1, there exists a string
u € X* such that

M(u) = g(i),|u| <logi+ 2loglogi < 3logi.

By Invariance Theorem we get a constant ¢; such that for all i € IV,
H(g(i)) < Hu(g(i)) +¢1 < 3logi+ ¢ (4.5)
Intermediate Step. There exists a constant co > 0 such that for every x € C'Py,
H(z) > |x| — co. (4.6)

Construct machine

D(u) = U(U(u))
and pick the constant ¢, coming from the Invariance Theorem. Take x = y*, 2 = z*. By
(4.3), one has :

Hp(y) < Hy(x),

] = |y*| = Hu(y) < Hp(y) + c2 < H(x) + co.
For all i > 1, if g(i) € CPy, then |g(i)| > i, so by (4.5) and (4.6)
i —cp <|g(i)] — o < H(g(2)) < 3logi+ e,

and consequently only a finite number of elements in S’ can be in C'Py. 1
Remark. The set C'P is not r.e.set. (cf. Every infinite r.e.set has an infinite recursive
subset.)
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Corollary 4.9 The function f : ¥* — ¥*, f(x) =z, is not recursive.

Proof. The range of the function f is C'Py, injective and C'Py is not r.e.set. So, the
function f is not recursive. 1

Definition 4.10 labeldf:semi A function f is semi-computable from below(above) in case
the set {(z,7) |z € £*,r € Q, f(z) > r(f(z) <r)}isr.e. @ : the of rational numbers.

Theorem 4.11 The program-size complexity Hy(x) is semi-computable from above, but
not recursive.

Proof. We prove that the set {(z,n) |z € ¥*,n € N, Hy(z) < n}isr.e. Since Hy(z) < n
iff there exist y € ¥* and ¢t € N such that |y| < n and U(y) = x in most t steps.

For the second part of the theorem we prove a bit more, namely:

There is no p.r.function ¢ : ©* % N with infinite domain and such that Hy(x) = ¢(z),
for all x € dom(p).

Assume that H(z) = ¢(z), for all x € dom(yp), where ¢ : ©* % N is a p.r. function with
an infinite domain. Let B C dom(p) be a recursive, infinite set and let f : £* % ¥* be
the partial function given by

f(aiay) = min{zx € B | H(x) > 2", i > 0}.

Since ¢(xz) = H(z),for x € B, it follows that f is a p.r.function. Moreover, f has a
recursive graph and f takes as values strings of arbitrarily long length. For infinitely
many ¢ > 0,

H(f(0'1)) > 2"

Accordingly, in view of the Invariance Theorem, for infinitely many ¢ > 0, we have:
28 < Hy(f(0'1)) < He(f(0'1) +e<i+1+e.

This yields a contradiction. 1

4.3 Quantitative Estimates

We give some elementary estimations for the program-size complexity

Theorem 4.12 There exists a constant ¢ > 0 such that for all x € ¥; ¥t =3*/{\},
Hy(z) < |z|+2log|z| + ¢ (4.7)

Proof. By Example 3.3, we construct the machine M(d(z)) = z, where |d(x)| = |z| +
2log|x| + 1. For all z € 7,

Hy(x) < |d(z)| = |z| + 2log |z| + 1.
By Invariance Theorem,

Hy(x) < Hy(7) + ¢ < [d(z)] = [x] + 2log |z] + c.
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Lemma 4.13 For every machine M and each natural n,
t{ex e ¥ | Hy(x) =n} < 2™ (4.8)
Proof. By X" = 27 it is clear. 1

Proposition 4.14 Let E C ¥* be a set having m > 1 elements and € > 0. Then for
every machine M,

H{w € B'| Hy(x) <logm —e} >m (1 -2"7). (4.9)
Proof.

t{r € F| Hy(z) <logm — e}

m—t{x € E | Hy(x) <logm —¢}
m—t{x € E | Hy(z) < |[logm —e| + 1}

>

> m—t{r e X Hy(x) < |[logm —e] + 1}

= m-— > t{x € ¥* | Hy(z) = n}
0<n<|logm—¢|

by (4.8), > m— S 2"

0<n<|logm—e¢|

= m— (2|_10gm—aj+1 - 1)

Z m — (210gm75+1 - 1) —m — (210gm2175 o 1)

m(1—2"7%)+1>m(1-2"9)

Corollary 4.15 For every machine M, natural n and positive real €,
tH{rx € X" Hy(z) <n—e}>2"(1—279). (4.10)
Proof. In Proposition4.14, for each n € N let E = X". By m = X" = 2",

tH{lr eX" | Hy <n-—ce}>2"(1-2'9)

Proposition 4.16 If F': ¥* — N is a function such that
Hy(z) < F(z) 4+ O(1)

then
t{z € OF|F(z) < m} < 2mHOW,
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Proof. By Hy(z) < F(x) + ¢ < m+ ¢, for some constant ¢ > 0, {z € £* | F(z) <m} C
{r € ¥* | Hy(x) < m + c}. Hence,

logt{zx € ¥* | F(z) <m} < logt{zx € ¥* | Hy <m+c}

log > {zeX|Hy(z)=n}
0<n<[m-+c|

log Z 2"
0<n<[m-+c|

[m+c]+1 _ 1

log 2
log(2™¢ — 1)

log w™*°.

AN VANVAN

Proposition 4.17 Let F' : A* — N be a function semi-computable from above. If there
exists a constant ¢ > 0 such that for all natural m > 0

t{r € *|F(x) <m} <logm +q,
then Hy(x) < F(x) + O(1).

Proof. Let {(z1,m1), (z2,m2),---} be an injective recursive enumeration of the r.e.set
{(z,m) € ¥* x N | F(z) < m}. Construct machine M by the following algorithm:

1. All strings y € ¥* is available.

2. For i = 1,2,--- generate (z;,m;), choose the first available y; € ¥!°6™i* and put
M(d(y;)) = x;.

3. The string y; is no longer available.

In case of F(z) < m there exists y € %°6™4 such that M(d(y)) = x, so

Hy(z) < |d(y)l =yl +2logly[+1
= log(m + q) + 2log(logm +q) + 1
< logm + 2loglogm + k ( constant k > 0).

In particular, F((z) < F(z)+1 = m,so

Hyy log(F(z) + 1) + 2loglog(F(x) + 1) + O(1)

<
< F(z)+0(1).

By Invariance Theorem,

Hy <Hy+0(Q1) < F(z)+ O(1).
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4.4 Halting Probabilities

Following Chaitin, we switch the point of view, from a deterministic one to a probabilistic
one.

Definition 4.18 a)The algorithmic probability of the machine M to produce the output

"e PM(IL’) = Z 2—|u\

{uer*|M(u)=z}
b)The halting probability of M is

zeT* uedom(M,)
In the case M = U, we put Py, = Py and Q; = Qp.
Lemma 4.19 For every machine M and all strings x,
0< Py(x) <Quy < 1. (4.11)
Proof. By Proposition 3.7, For every machine M, all strings = € ¥*,

Py (z) <1,

Q=Y 3 27 = N ok <

z€X* {uel* | M(u)=z} uedom (M)

Lemma 4.20 For every machine M and all strings x,

Py () > 27 (@), (4.12)
Proof.
Py (z) = Z 2—\u|7
{uex* | M(u)=z}
one of terms of summation is 277 So, Py, (z) < 2-Hu(@), .

This Lemma is often used in Chapter 5.

Lemma 4.21 For every universal machine U and all strings x,
0< Py(x) < 1. (4.13)

Proof. For 0 < Py(z), by Lemma 4.20 and o7, is surjective, Py (z) < 271v(@) = 2=t > 0.
For Py(x) < 1,by (4.11), ¥,ca- Pr(z) < 1. And suppose that there is x € ¥* such that
Py(x) = 1. Then, ¥ ,c4- Py(z) = 1. Hence, there exists z € ¥* such that Py(z) = 0.
This contradicts the fact Py(z) > 0. 1
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Proposition 4.22 For every machine M and all naturals m,n <1,

t{x € ¥ |Hy(z) <m} <2™ —1, (4.14)
n m
eX¥|Py>—} < —. 4.15
Ho e S|Py > 2y < 2 (4.15)
Proof. For (4.14), by lemma4.13,
Hz eS| Hy(x)<m} = > tH{z e | Hy(z) =i}
0<i<m—1
< 20_|_21_|__._+2m71
= 2™ —1.
For (4.15), let S = {z € ¥* | Py(x) > >}. Assume that £S < ™. By (4.11),
TeEX* z€S
ZPM(:U)>—+£+ =—45>1
TES
So,
1> ﬁﬁs > 1.
m
This is a contradiction. I

In next Chapter we establish upper bounds of program-size complexity by using the
defined universal Chaitin machine and algorithmic probability. Consequently, we will
show Algorithmic Coding Theorem.
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Chapter 5

Recursively Enumerable Prefix
Codes

In this Chapter, we present two main tools used to design Chaitin machines and con-
sequently to establish upper bounds: the extension of the Kraft’s classical condition in
Theorem 3.6 to arbitrary r.e.sets and relativized complexities and probabilities. Latter on,
we show that the complexities of the universal machine equals, within O(1), the halting
entropy (Algorithmic Coding Theorem) [3].

5.1 Kraft-Chaitin Theorem

We devote this section to proof of the following important result.

Theorem 5.1 Let ¢ : N, % N be a p.r.function having as domain an initial segment of
N, .The following statements are equivalent:

(1) We can effectively construct an injective p.r.function:
0 : dom(p) — ¥* such that:

(a) for every n € dom(y),|0(n)| = p(n),
(b) range(8) is prefiz-free.
(2) One has Y 2°0) < 1.

1ENL

An initial segment of N, is a finite set of the form {1,2,3,---,n} or N,. If i ¢
dom(y), then ¢(i) = oo. Hence, the term of rightside in (2) is 27°° = 0, so we can write

Zi€N+ Q—W(i) = Zmerangew) 2—|:1:|

Proof. For the direct implication, By Proposition3.7 and (1.b),

Z 9—¢(i) — Z 9—z| <1.

1ENy zErange(d)
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For the converse implication, we will finish after Proposition5.16.
The first, we defines the injective p.r.function 6:
1. put 6(1) = o

2. if 0(1), 6(2), - -+, O(n) have been constructed and ¢(n + 1) # oo, then put:
O(n+1) = min {z € ¢z £ 0(i) and 0(i) £, z, for all 1 < i < n},
where the minimum is taken according to the quasi-lexicographical order.

Intermediate Step. (1) holds(i.e.there is a p.r.function 0 such that (a), (b)) iff for each
positive integer n for which p(n + 1) # oo,

the set B, = {x € ¢ Dz £, 0(i) and (i) £, x, for all 1 <i <n} # 0.

For the direct implication, if B, = (), then 6(n + 1) = min() = oo. This contradicts
¢(n+1) # oo. For the converse, If B,, # (), there is a p.r.function §. Hence, we will prove
that if (2) holds, then for each n for which p(n+1) # oo, B, #0 .

By absurdity, assume that there exists some positive integer k, such that By =
(). We distinguish two cases according to the relation between ¢(k + 1) and m =

maz{p(l), -+, ¢(k)}:
I) p(k+1)>m
) p(k+1) <m
In case O Ofor all z € S¢*+D | there exists a positive integer i, 1 < i < k, such that

(i) <, x. Since the set {0(1),0(2),---} is prefix free, ¥ can be written as the following
disjoint union of sets:

= U{y € ="100) <, y}-

=1

Passing to cardinalities we get 2™ = S°F  2m=%(). dividing by 2™,

1= Xk: 9—¢(0)
=1

By ¢(k + 1) # oo,
k+1

Z 2*90(2-) > 1,
=1

which is contradicts (2).
In case O O we define the sets

= {z e ***H|9(i) <, z, for some 1 <i <k},

= {z € S°" |z <, 0(i), x # 0(i), for some 1 < i < k}.

Since B, # Q), CiNCy =0 and C; U Cy = X¢E+D - To be more specific, let Cy =
{1, 9, -+, 2,}, according to the quasi-lexicographical order.
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For every 1 <t <r put

t
P={y eyl <m,z; <, y}
j=1

and note that .
{01 <i<k,p(i)>pk+1)}cPc |J = (5.1)
t=p(k+1)
Indeed, if p(i) > @(k + 1), then take x to be the prefix of length ¢(k + 1) of #(7) and
notice that x € Cs.

Definition 5.2 a) An element x € ¥* is called a free-string if x € P, and there is not a
natural 7, 1 <7 < k such that 6(i) <, x or x <, 0(i).

b) A free-string x is minimal if for every y <, x, y # x, there exists a natural 7, 1 <1i <k,
such that y <, 0(7).

Remark. Every proper prefix of a minimal free-string is not free.

Lemma 5.3 For every h, p(k+ 1) < h < m, and for every free-string x of length h, if
x <,y and |y| < m, then y is a free-string.

Proof. First, if z is a free-string, <, y and |y| < m, then there exists x; € C such
that z; <, v <, y. Hence, certainly y € P,. Second, suppose that y is not free. (i.e.
there exists a natural 7, 1 < i < k, such that 6(i) <, y or z <, 0(7).) In case 0(i) <, v,
by © <, y, 0(1) <, x or v <, 8(i). In case y <, 0(i), by v € P, v <, y <, 0(i). They
contradict the fact that x is free. I

Corollary 5.4 Let 0(k+ 1) < h <t < m and assume that x is a free-string of length h.
Then:
t{y € Xl <, y,y is free } =27, (5.2)

Proof. Since z is a free string, by Lemma 5.3, all strings y such that |y| < m and = <, y
are free. I

Lemma 5.5 For every free-string x € X" N P,_y there exists a unique minimal free-string
x' <,z with 2’ € P,_;.

Proof. (Unicity) Let 2’ # 2", 2’ <, z, 2" <, v and {2/,2"} C P, ;. Suppose that both
', 7" are minimal free-strings and o’ # 2" . Since ' <, v and 2" <, x, ' <,z orz" <, .
In case 2’ <, x, there exists a natural i, 1 < i < k, such that 2’ <, 6(i). So, 2" is a
minimal free-string. This contradicts that z’ is free. The same argument works for in case
z' <, .

(Existence) If x is a minimal free-string, then we take as a minimal free-string ' with
x =2'. If zis free and z € P,_;, there exists a z; € C; such that z; <, z, for some
1 <j <r—1. Hence, The string «; is not free. So, there exists an 7,1 <1 < k such that
z; <p 0(i). And let 2’ be y such that z; <, y <, . 1
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Corollary 5.6 Put M ={x € P, 1 | z is a minimal free-string}. Then

{ye X" NP._1| yisa free-string} = Upen{y € X | © <, y}, (5.3)
and the union on the right-hand side is disjoint.
Proof. By lemma 5.5 and lemma 5.3, it is clear. 1

Definition 5.7 For x, y € ¥* we say that z is on the left of y(we write: x < y) in case
x =y or there exists 2’ <, x,y’ <, y such that |2'| = |¢| and 2’ is less than y" according
to the quasi-lexicographical order.

For example, 100 < 11, but 100 and 10 are incomparable. For every natural n > 0, the
relation < is a total order on ¥X". We write x < y in case x is "left” of yin a complete
tree with lambda.

Lemma 5.8 Forallz, y € ¥, if v <y, o' <, x, y <,y and |2'| = ||, then 2’ < y'.
Proof. Since the relation < is total order on ¥*, it is clear. 1
Lemma 5.9 Forallz, ye ¥, ife Ky, v #y, x <, ¢, y <, ¢, then 2’ < y'.

Proof. By a complete tree, it is clear. 1
Proposition 5.10 If z, y € ¥* are minimal free-strings and x < y, then |x| > |y|.

Proof. For direct implication, suppose that |z| < |y|. Take =’ <, y with |2'| = |z|. Since
y is a minimal string, there exist a natural i, 1 <4 <k, such that 2’ <, 0(i). By Lemma
5.3(x is free), there exists a free-string «” such that z <, ¥ and |z"| = |6(i)|]. By z < v,
r <, x, 2" <,y,|r| =|2| and Lemma 5.8, x < 2'. In case x = 2/, the minimal free-string
x =1a' <, y. It contradicts the fact that y is a minimal free-string. So x # 2'. By z < 2/,
x # 1’ 2’ <, 0(i), and Lemma 5.9, we get @~ < 6(i). It contradicts the construction of
theta(i). Notice that # is a minimum according to the quasi-lexicographical order, z is
free and |0(i)| = |2”|. So, 2" must not be on the left of 0(i). 1

Proposition 5.11 Let z, y € ¥* be minimal free-strings, v = xoa;, Yy = Yoaj, a;,a; € X
and v < y. Then
zo = yo iff |2 = [y|

Proof. For direct implication, if zy = yq, then |z| = |y|.

For converse, assume that xy # yo. By * < y, o <, &, Yo <p ¥, |To| = |yo| and lemma
5.8, then xy < yo. Since the string y is minimal free, there exists a ¢, 1 <t < k such that
Yo <p 0(t), yo # 0(t). Since m > |0(t)| > yo + 1 = |xo| + 1 = |z| and z is free, by lemma

5.3, there exists a free-string =’ such that z <, 2’ and |2'| = |0(¢)] < m. By zy < yo,
Ty <p T <p ', yo <, 0(t), and lemma 5.9, then 2’ < 0(¢). Since |z'| = |6(¢)| and 2’ is
free, the fact that 2’ < 6(t) contradicts the construction of 6(t). 1

Corollary 5.12 For every p(k+1) < h <m,

t{z € " x is a minimal free-string} < 1. (5.4)
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Proof. All strings ©" are comparable with respect to <, so by Proposition 5.11, there
exists a string zo € "' such that

{r € ¥" | 2 is a minimal free-string} C {z € ¥" | © = x¢,a € ¥}.

So, ¢, = #{x € X" | z is a minimal free-string } < 2. Moreover, since  is minimal, there
exists a t, 1 < t < k such that xy <, 0(t). In case zyp = 6(t), then (t) <, x, which
contradicts that x is free. So, xy # 0(t), xo <, 6(t). Hence, there exists a ¢’ € ¥ such
that zoa' <, 0(t). The string zoa’ is not free. So, ¢; < 1. 1

Proposition 5.13 Let o(k+ 1) < h < m and assume that © is a minimal free-string of
length h with x < 6(i). Then p(i) < h — 1.

Proof. Assume that p(i) = |#(i)| < h. Since x is free, by lemma 5.3, there exists a
free-string «' such that x <, 2', |x| = ¢(i) < h. Since x < 0(i), © # 0(i), © <, =" and
(i) <, 6(i), by lemma 5.9, hence 2’ < (7). Since |0(i)| = |2'| and 2’ is free, so the fact
that 2’ < (i) contradicts the construction of 6(t).) 1

Proposition 5.14 One has:

t{z € S™ N P,|z is a free-string} < 2m~#k+D _ 1, (5.5)
Proof. Put
Vi={x€eX™" NP, | xis a free-string },
Yo = {x XN (P \P_1) | xis a free string},
= {z €X™ |z is a free string and z, <, =},
and

Y=Y UuY,.
By Corollary 5.6,

Vi= J{yveZ" |z <,y}, where M = {z € P,_; | x is a minimal free-string}.

TEY
By (5.1),
P_,Ccphc |J ¥
Jj=wp(k+1)
Let
t = min{|z| | # is a minimal free-string and x € P,_;} < m. (5.6)

For every 7, 0 <17 < m —t put
ki = t{x € ¥™ " | x is a minimal free-string}.
By Corollary 5.12, for every 7, k; < 1. Let

M; = {r € ¥'N P,_; | z is a minimal free-string}.
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By (5.3),
Y:U U {y € Sigma™ | x <, y}
i=t x€M;

Since the union is disjoint and by Corollary 5.4,
m ) m—t )
JjY == Z km_i2m—z == Z k‘j2].
i=t j=0

Intermediate Step. If v € X' U P,_; is a minimal free-string, then there exists an 1,
1 <1<k, such that p(i) < |z|—1=1t—1.

The string x, € Cy, so there is an 7 with 1 < i < k, 2, <, 0(7). If v € YlcapPr_; is
a minimal free-string, then there exists a j < r — 1 such that z; <, zwithz; € Cy. By
T; L Ty, Tj F# Ty, Tj <p T, T <p 0(i) and using lemma 5.9, so x < 0(i). By Proposition
5.13, o(i) = 0(i)| < |z| =1 =1t —1.

In view of the Intermediate Step,

t{r € ¥™ | 2, <, x,x is not free} < gm—(t=1)

because if z € ¥™ and z, <, §(i) <, =, then z is not free.
Obviously,

{reX™ |z, <pz}={r e ™|z, <,z is a free-string}U{x € Sigma™ | x, <, =,z is not free},
50,

1Y, = t{x € Sigma™ | x, <, x, v is a free-string }

gm—ek+t) 4l € ¥™ | x <, x,z is not free }
< 2m7<p(k+1) - 2m7t+1.

Finally, by 1Y, < 2m=¢(k+1) _ 9m=t=1 apq (5.4),

1Y = gV +1Y5
m—t
= > k2 +1tY,
=0
m—t

k]2] 4 2mep(k+1) - 2mft+1

IN

=0
t

3

Z 2] 4 2m—4p(k+1) - 1m—t+1
j=0
(2m7t+1 - 1) 4 2m7<p(k+1) - 2mep(k+1) - 2mft+1

IN

om—p(k+1) _ 1
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Corollary 5.15 The following inequality is valid:

k
t{r € X" N P,|z is not free} < 2™(1 — > 97¢l)) —gm=elk+l) L 1 (5.7)
{i=Lo()<e(k+1)}
Proof.
Y"NP = {xeX¥"NP, | xis a free-string} U {z € ¥ N P,|x is not free}.
= J{z ex™ |z <, 2}
But,
ro= 10y
= t{z e 2D | 1< 0(i), 2 # 0(i), for some 1 <i <k}

— 9p(k+1) _ ﬁ{x e 22D 1 0(3) <, x, for some 1 < i <k}

= 90 € S | (i) <, )

i=1
— owlkt1) _ Z 9 (k+1)=p(i)
{ieN | p(i)<p(k+1),1<i<k}

(XN P) = r2m et
= 2m — Z 2m—<p(i),

{ieN | o(i)<p(k+1),1<i<k}

by Proposition 5.5,

tH{r € X" NP, | zisnot free} = §(X"NP,)—f{zx € X" NP, | xisa free string}
S om _ Z 2m7<p(i) - menp(kJrl) +1.
{ieN | o(i)<p(k+1),1<i<k}

Proposition 5.16 The following equality is valid:

k
3 2¢0) — ¢{x € S™ N P,| & is not free}2 ™. (5.8)
{i=Lp(i)<p(k+1)}

Proof. First, we prove the equality:

{z € ScapP, | v isnot free = (J | (i) < p(k+1),1 <i<k}.
{ieN

For the direct implication, if # € X*capP,, there exists x; € Cy such that |z;| = ¢(k+1)
and z; <, x. Since x is a free and |z| = m, so there exists i; such that z; <, 6(i;),
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x; # 0(i;). Hence 6(i;) <, x and p(k + 1) < ¢(3;).

For the converse, if z € ¥™, (i) <, x, then there exists |2'| € £#*+D such that 2’ <,
(i) <p, v and 2’ # 0(i). So, x € P, NY™) and x is not free.

Passing to cardinals we get (5.8).

Here we prove Theoremb.1.
Proof. Put
Xi={ieN|1<i<kp@i <ek+1)}

Xo={ieN|1<i<k,p(i)>pk+1)}.
k+1

k
S 260 = 3 9ol 4 el
=1

=1
— Z 2—<P(i) + SumieX22_‘p(i) + 2—49(]?-1-1)
1€X1

by(5.8) = Z 9—#0) 4 t{r € ¥ N P, | z is a free string}2™™ + 9—¢(k+1)
1€X

by(5.7) < 3 2790 pom(1— N 27y _gmeelktl) 4 qypmm g gmelktD)
1€X 1€ X1
1— 2—(p(k+1) + 2—m 4 2—(p(k+1)

— 142™
< 1,
which contradicts (2) in Theorem 5.1. 1

Theorem 5.17 Let f : Ny > X* x Ny be a p.r. function whose domain is an initial
segment of Ny. For every k € dom(f) put f(k) = (vg,ng). If

o0
do2mm <1,
k=1

then we can effectively construct a Chaitin machine C' such that for every k € dom(f)
there exists a string uy, of length ny with C(uy) = xx. Furthermore, for every string v,

Po(v)= 3 27, (5.9)

Tp=0

and
He(v) = min{ng|xy = v}. (5.10)

Proof. The p.r.function ¢ : dom(f) — N, given by (k) = nj, does satisfy the hypothesis
of Theorem 5.1. So, We can define the machine M:

M(0(k)) = x, for every k € dom(k).

0 is from Theorem 5.1. Notice that 6 is injective. For (5.9) and (5.10), the defined machine
M is clearly satisfied.
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5.2 Algorithmic Coding Theorem

Theorem 5.18 For every Chaitin machine M there ezists a constant ¢ > 0(depending
upon U and M) such that for all z,y € X,

Hy(x) < —log Py () + c. (5.11)
Proof. The set
T={(z,n) €X* XN | Py(z)>2"}

={(z,n) €2 x N | Y27l > 27" for some ,- -,y € dom(M)}.
i=1
isre. Let B ={(zx,n+1) € ¥*x N | (z,n) € T} and M = > (emi1)eB 9—(n+1) _
2~ ! > (zmyer 27". Here, We prove M < 1. To aim we first introduce the following.

For every real, if a, 2" < o < 2"*! for some natural n, then put n = lga. The following
relations hold true:

(1) if @ > 0, then 29> < q,
(2) if @ > 0, then lga < loga < lga + 1,

(3) if @ > 0 and m is an integer, then [ga > m iff loga > m.

For (1) and (2), by n = lga, which is clear. For the direct implication in (3), by 2" <
a < 2" and lga > m,
m < lga =n =log2" < loga.

For the converse, by 2" < o < 2"*! and loga > m,
m < loga <n+1.
Hence m < n + 1. Since m,n is integers, so
m<n=lga.
For every x € ¥*, we define the sets
N, ={ne N | Py(z) >27"}.
Since if n € N,, then n+1 € N,, so N, is infinite. Moreover,
M=21 > 2
{neN, | zex*}
and
ne€N, < Py(z)>2"
< log Py(z) > —n
>

by (3), < lgPyx) > —n.

30



So,

SESIED SR

neN, n>—lnr(z)
2. 2lPu(z)

by (2), < 2-Py(z).

Finally,

M=2Y Y2 < Y Puln) <1

TEX* nEN, rex*

Using the Kraft-Chaitin Theorem we construct a Machine D : ¥* % ¥* satisfying the
following property: For every (z,n) € T there exists a string v € ¥* such that D(v) = x
and |v| =n+ 1.

Notice that:

D(v) =z <= (z,|v]) € B <= Py(z) > 21,
and

Hp(x) = min{|v||v e X*,D(v) =z}
min{|v| | v € ¥*, Py (z) > 21711}
min{|z| | v € X%, jv] > 1 —IlgPy(z)}
= 1—1gPy(z).

By Invariance Theorem,

Hy(z) < Hp(z) + ¢ = —lgPy(x) + 14+ ¢ < —log Py(x) + 1 +c.

Remark. Since Pp(z) = 3 en, 27" and £ ¥,cn, 27" < Py(z) it follows that
PD(JI) < PM(JI)

Corollary 5.19 For every machine M there ezists a constant ¢ > 0(depending upon U,
M ) such that for all x,y € X*:

Py(z) > 2 °Py(x). (5.12)
Proof. By formulae 5.11, there exists a constant ¢ > 0 such that for all x,y € ¥*:
PM(JT) S QCiHU(I).

By Lemma4.20, we get
27CPM(JT) S 27HU($) S PU(JT)
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Theorem 5.20 The following formulae are true:
Hy(z) = —log Py(z) + O(1). (5.13)

Proof. For Hy(zr) < —logPy(z) + O(1), we use Theorem 5.18. For —log Py(zr) <
Hy(z) + O(1), by Lemma 4.20,

—log Py(z) < Hy(z).

1
Remark. Actually, in Theorem 5.20, we can rewrite for every U there exists a constant

¢ < 0 such that for all strings = € ¥*,
0 < Hy(z) +logPy(z) <1+ec. (5.14)

This result is means that program-size complexity of any universal machine are asymp-
totically optimal(i.e. optimal up to at most an additive, unknown constant) with respect
to the machine’s algorithmic probabilities. Now, we are interested in a class of machines
,not necessarily universal, and a class of any semi-distribution, not the machine’s algo-
rithmic probabilities, and a constant c.
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Chapter 6

Coding with Minimal Programs

we investigate machines, not necessarily universal, satisfying Algorithmic Coding Theorem
under condition of a given semi-distribution. Finally, we show the characterization of all
machines satisfying the Algorithmic Coding Theorem.

6.1 The Condition Under the Semi-distribution

We investigate conditions under which given a semi-distribution P, we can find a machine
M such that Hys(z) is equal, up to an additive constant ¢ < 0, to log P(x).

Definition 6.1 a)A semi-distribution is a function P : ¥* — [0, 1] such that

> P(z)<1.

reX*

In case Y c5- P(z) =1, P is called distribution.
b)Let @ be the set of rational number. A function is a semi-computable from below(above)
if the set

{(z,r) e ¥* x Q|P(x) > r}({(z,7) € Q x T¥|r < P(z)}

is r.e. and a computable if the above set is computable. For example, Py;(z) is semi-
distribution semi-computable from below. The function P(x) = 272%I=3 is a computable
semi-distribution.

Theorem 6.2 Assume that P is a semi-distribution and there exist a r.e. set S C ¥*xX N
and a constant ¢ > 0 such that the following two conditions are satisfied for every x € ¥*:

(1) Z(z,n)ES 27" < P(.I'),
(2) for all n € N, if P(x) > 27" then there exists some k € S such that (z,k) €
Sand k<n-+ec.

Then,there exists a machine M (depending upon S ) such that for all x € ¥*,

—log P(x) < Hy(x) < (14 ¢) —log P(x). (6.1)
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Proof. In view of the condition (1),
> X2 "< ) Pl<l
zEX* (z,n)EX* TeEX*
So, by the Kraft-Chaitin Theorem we can construct a machine M such that for every
(z,n) € S there exists a string v with |v| = n such that M (v) = z. If (z,m) ¢ S, for all
m € N, then since M(z) is undefined, P(x) = 0 and Hy(x) = oo, so the equation6.1 is
satisfied. If (x,m) € S, for some m, by conditions (2) and Theoremb5.18 in Chapter4d we
get:
Hy(z) = min{jv| | v e X", M(v) =z}
= min{m | m € N, (z,m) € S}
< min{n | n € N,P(z) >2™"} +¢
= min{n |n € N,n > —log P(z)} +¢
min{n | n € Nyn>1—-1IgP(x)} +¢
(14 ¢) —log P(x).
For —log P(x) < Hy(x), if (x,n) € S, then by (1) P(z) < 27", hence
Hy(z) = min{jv| | v e X", M)v =z}
= min{n | n € N, (z,n) € S}
= min{n |n € N,P(z) <27"}
= min{n | n € N,n < —log P(z)}
> —log P(x).

IN

Theorem 6.2 makes no direct computability assumptions on P

Lemma 6.3 Let M be a machine such that Q, < 1. Then, there exist a universal
machine U satisfying the equality Hy(x) < Hy(x), for all x.

Proof. By hypothesis, Qs < 1, so there exists a & € N such that Q; +27%. Let V be a
universal machine.

The set S = {(M(x), |z]) | z € dom(M)} U{(V(z), |z| + k) | x € dom(V)}
isr.e. and by 0 < Q < 1,

Yoo o2 < Q27 Ry < +27F <L
(y,m)es

By using Kraft-Chaitin Theorem there exists a machine U such that for every (y,n) € S
there exists a string z € dom(U) with |z| = n such that U(z) = y. Clearly, for all z € ¥,

Hy(z) <min{|w|+k | V(w) =2} = Hy(x) + k,

and
Hy(z) = min{jv| | U(v) = 2} < Hy(2),

so U is universal and satisfies the required inequality. 1
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Lemma 6.4 Let M be a machine. Then, there exists a machine M' such that Qyp < 1
and Hy(x) = Hy(x) + 1, for all z € X,

Proof. Let the set:
S={(M(),v]+1) | M(v) ==}

The set S isr.e. and
Z 9—(v[+1) — Q- 27 < 1.
(M (v),Jv]+1)eS

So, by using Kraft-Chaitin theorem, there exists a machine M’ such that for every (y,n) €
S there exists a string z with |z| = n = |v| 4+ 1 such that M'(z) = y.
So, for all x € ¥*

Hyp(y) = min{[z] | M'(2) =y, |z = [z + 1,2 € dom(M)}
= min{|z| | x € dom(M)} +1
= Hu(y) +1.

Qu = Z 9-l2l — Z o—(lal+1) _ 9—1 Z 9-la]

zedom(M'") zedom(M) zedom (M)
< Y 2k<u
zedom(M)

Corollary 6.5 Under the hypotheses of Theorem 6.2, a universal machine U can be con-
structed such that for all string x,

Hy(z) < (2+¢) —log P(x). (6.2)
Proof. By Lemma 6.4, Lemma 6.3 and hypotheses of Theorem 6.2 , clearly

Hy(z) < Hy(x) = Hy(x) +1 < —log P(x) + (2 + ¢), for all string .

6.2 Minimal Programs are Optimal

Now, let Cy = 27,.

Proposition 6.6 Assume that P is a semi-distribution semi-computable from below. Then,
there exists a machine M (depending upon P ) such that for all string x,

—log P(z) < Hy(z) <2 —log P(x). (6.3)

Consequently, minimal programs for M are almost optimal: the code C)ys satisfies the
inequalities:
0<Lc,p—Hp<2.
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Proof. Let the set S = {(x,n+1) | P(z) > 27"}. For all strings z,

So2n= N 2 =29PW < p(g),

(z,n)eS n>1—log P(z)
so condition (1) in Theorem 6.2 is satisfied. Condition (2) holds for ¢ = 1. Hence by (1),

0<Lcyp—Hp= >, Pzx) - (Hu(z) +log P(z)) < 2.

rex*

Corollary 6.7 Assume that f : ¥* — N is a function such that the set {(z,n)|f(x) < n}
is r.e. and Y,277®) < 1. Let P(x) = 277, Then P is a semi- distribution semi-
computable from below, and there exists a machine M (depending upon f ) such that for
all z,

Hy(z) <1+ f(x). (6.4)

Minimal Programs M are almost optimal: the code Cyy satisfies the inequalities:
0<Lc,p—Hp <L

One more bit is enough to guarantee universality of the constructed machine, that 1is,
there exists a universal machine U (depending upon f )such that the code Cy satisfies the
inequalities:

0<Lc,p—Hp <2

Proof. Let the set S = {(x,n) | n > f(x)}. Clearly, S = {(z,n) | P(x) > 27"}. The
first condition in Theorem 6.2 is satisfied as 3,5 ;) 27" = P(x) < 1, for every z, and the
second condition is satisfied for ¢ = 0. 1
Remark. When the semi-distribution P is given, an optimal prefix-code can be found
for P. However, that code may be far from optimal for a different semi-distribution. For
example let C' be a prefix-code such that |C(x)| = 2#1%2 for all z. Let o > 0 and consider
the distribution
P,(z) = (1 — 2 )2 (el

Two radically different situations appear: if a < 1, then
Lep, — Hp, = 00,
but if a > 1, then
Lc’pa — /lel < 00,

So, C' is asymptotically optimal for every distribution P, with 1 < «, but C' is far away
from optimality if 0 < o < 1. Note that P, is computable provided « is computable.

The next result shows that minimal programs are asymptotical optimal for every semi-
distribution semi-computable from below.
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Theorem 6.8 Let P is a semi-distribution semi-computable from below, and U a univer-
sal machine. Then, there ezists a constant cp (depending upon P ) such that

0<Lc,p—Hp<1+cp.

Proof. Let M be the machine constructed in Proposition 6.6 and let ¢;; be the simulation
constant of M on U. Then,

0<Lc,p—Hp < Leyp+cu—Hp <1+
so take ¢, = cur. I

Proposition 6.9 If P is a computable semi-distribution. Then there exists a machine
M such that
—log P(x) < Hy(xz) <1—logP(z).

Proof. Note that —lgP(z) = min{n | n € N, P(z) > 27"} and then apply Theorem
6.2 to the set S = {(z,—lgP(x)) | x € ¥*}, by —lgP(z) < P(z), (1) is satisfied and by
—lgP(z) < n, (2) is satisfied with a constant ¢ = 0. 1

Corollary 6.10 Let P be a computable semi-distribution. Then, there exists a universal

machine U such that
Hy(x) <1 —log P(x).

6.3 Algorithmic Coding Theorem Revisited

We characterize all machines satisfying the Algorithmic Coding Theorem and we construct
a class of (universal) machines for which the inequality is satisfied with constant ¢ = 0.

Proposition 6.11 Let M be a machine and ¢ > 0. The following statements are equiv-
alent:

(a) for all x, Hy(x) < (14 ¢) — log Py (),
(b) for all natural n > 0, if Py(x) > 27", then Hy(x) < n+c.

Proof. For (a) implies (b), by Hy(z) < (1 + ¢) — log Py/(z) and Py (z) > 277,
27" < Py(z) < 20+9—Ha
For (b) implies (b), since for all n € N, Py (z) > 27",

Hy(z) —¢ min{n | n € N, Py (x) >27"}
min{n | n € N,n > log Py(x)}
min{n | n € N,n <1+ 1gPy(x)}
1+ 1gPy(x)

IN
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1
Remark. For every machine M satisfying one of the equivalent conditions in Proposition

6.11, the Algorithmic Coding theorem follows (see Theorem 5.20 ):

In fact, a machine M satisfies (6.5) if and only if condition (b) is satisfied. Every universal
machine U satisfies (a) and (b) (see Theorem 5.18), but not all machines satisfy this
condition. For example, in case considering enumeration of 2I*l copies of pair (z, 3|z|+1),
using Kraft-Chaitin Theorem, construct machine M such that for every string x there
exist 2#! different strings u’ such that

M(u') =x,i=1,2,3-.-2%,

It seen that Py(z) = Lary=r 27" = 272771 So, taking ny = 2|z] + 2 we get Py(z) >
9,

Hy(z) =3|z|+1 < 2]z|+2+c.
So there is not constant c.

Next, incase ¢ = 0, for example, for every x, consider enumeration of 3 of pair
(x,3]z|), (x, 3|z| + 1), (z, 3|x| + 3). Use Kraft-Chaitin Theorem to construct a machine
M such that for every string = there exist 3 different strings u’ such that M(u’) =
z,i=1,2,3. It seen that Py(z) = X pruy=e 27" = 27570 So, taking n, = 3|z| we get
Pyr(z) > 27" so for all z,

Hy(x) = 3|z| < 3|z].
This is holds for ¢ = 0.

Some machines satisfy condition (b) with ¢ = 0, so their minimal programs begin
almost optimal. Hence next in Proposition 6.12 we will provide a class of (universal)
machines satisfying the condition.

Proposition 6.12 Let M be a machine such that if for all strings v # v’ with M(u) =
M (u') implies |u| # |u'|. Then, for all strings x,

Hy(z) < 1—log Py(x). (6.6)
Proof. Let the set S = {(z, |u|) | M(u) = z}, and notice that

PM(ZU) = Z 2_k,

(z,k)eS

as programs producing the same output x have different lengths. So, |u| of the set S is
different natural numbers. In view of the hypothesis,

Foralln € N, Py(z)= Y 27%F>2™"
(z,k)ES
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f=— 3(1‘, kl) eSs (kl < TL) V [(kl = n) A E‘k'g(kz §£ k‘l A (l',k'Q) S S)] ,

To prove above, we will show that for all n € N, Py(z) = Ypes2 * > 27" and
not 3(z, ki) € S such that (k; < n) imply 3(x, ki) € S such that (k1 = n) A Fka(ky #
ki A (z,kg) € S). For the direct implication, if for all n € N, z € ¥*, Py(x) > 27",
then there exists a (z,k) € S such that 27% > 27" or 27% < 27", In case there is not
a (z,k) € S such that 27% > 27" for all (z,k) € S, n € N, 27% < 27", Hence, for all
(v,k) € S,ne N,2%F=2"or2*%<2™ Here, assume that for all (z,k) € S, n € N,
2°% # 27" Then, for all (z,k) € S, n € N, 2% <2 "ie. forall (z,k) €S,n €N,
k > n. Since each k is different natural numbers, 3, pyes 27" < 332, 27F < 27" This
contradicts that 3, y)es 27" > 27". Hence, there exists a (z,k;) € S such that &y = n.
Moreover, since one have to satisfy 3, x)es 27F > 27" there exists ky such that (z, k) € S
and by machine’s definition, ko # k.

For the converse implication, in case there exists a (z, k1) € S such that k; < n, clearly
Y(akyes 2 > 27" In case for some (z, k1) € S, ky = n and for some (z, k) € S, ka # ki,
clearly 35, pyes 27F > 27F 272 > 277 = 27" Hence, the condition (2) in Theorem 6.2
is satisfies with ¢ = 0. Using Theorem 6.2 we deduce the existence of a machine M’ such
that Hyy(z) < 1 —log Py (x), for all strings x. 1
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Chapter 7

Concluding Remarks

In Chapter 3 we gave definition of the prefix-free sets, prefix codes and Shannon entropy,
and showed the mainly property of the prefix code. Propaties are that the prefix-code
is the uniqueness of decodability, that the set of the prefix code-strings (prefix-free set)
satisfy Kraft’s inequality and that the average lengths of the prefix code-strings is about
equal to the shannon’ entropy. In Chapter 4 we gave the definition of the program-
size complexities using Chaitin machine and the machine’s algorithmic probability and
halting probability. We showed the Invariant Theorem, non-computability of program-
size complexity and computability of approximations to the program-size complexity, and
derive some elementary estimation for complexities. In Chapter 5 we showed the extention
to an arbitrary recursively enumerable set the classical Kraft’s inequality condition (Kraft-
Chaitin Theorem). We showed the Algorithmic Coding Theorem which is the important
result in Algorithmic Information Theory; —log Py(z) < Hy(z) < ¢ — log Py(z). The
stronger version of the result was shown in Chapter 6. We give the basic result.

When P is a semi-distribution and S C ¥* x N and a constant ¢ > 0 such that the
following two conditions are satisfied for every = € ¥*:

(1) Z(m,n)ES 27" < P(LU),
(2) foralln € N, if P(x) > 27", then there exists some k < n+c such that (z,k) € S.

Then,there exists a machine M (depending upon S ) such that for all z € ¥*, —log P(z) <
Hy(z) < (1+¢) —log P(x).

By using this result, we investigated under variable conditions. When P is a semi-
distribution semi-computable from below. Then, there exists a machine M such that for

all string =z,
—log P(z) < Hy(x) <2 —log P(x).

When P is a computable semi-distribution. Then there exists a machine M such that for

all string z,
—log P(z) < Hy(z) < 1—log P(x).

Finally, a class of the machines satisfying the Algorithmic Coding Theorem satisfy the
follow condition that there exists constant ¢ > 0 for all natural n, if Py(z) > 27,
then Hy(x) < n 4+ ¢. Furthermore, a class of the machines satisfying the Algorithmic
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Coding Theorem with ¢ = 0 was under condition that for all different programs u # u',
M(u) = M(u') implies |u| # ||
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