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1.1 Oodd

goooooOo0oOooOoOoOooOo0Ooooo0 LKOODOoOoooo LJooooooooooooooooo
OO0OD0O0O0000000DOD0O000Lambek OO0 FLOODODOOOODOOOOOOODO OO Ocontraction
0000000 FLew JO0O0O0O0O0OOOOOOOOOODOODOOOOOOOOODODODO ct OOOOO
O00000000000000000 disjunction property O decidability OO0 00000000000
00000000000 00000000000000DO0000000O0O0O00000DODOOO0O00
0000000000000 0000000O000000DO000000ODO0O0ODOO000O0ODOO00
0000000 FLewOUODOOODOOOODOOODOOOUODOOintegral O residuated lattice 10O OO0
0000000000000000000D0 integrality! 0000000000000000O0O0O0OOO
0000000000000 000000o0oooooo

O0D0O000O0O0ODO0O0O0OO integrality D OO O0ODOODODOOODO residuated latticess 0O O OO 0O
0000000000000 000000000 FLeOOODDODOUOODODDODOODODODDODOOODODOOOO
goooooOooDoOODODOODOOOOOOOOO

000 residuated lattice OO O0OOO0O0O0O0OOOOOOOOOOOOOOOOOOOOOOOOO
gooooooOoOoOoOoOOODOOOOOOOOOOOOOOOOoOO

000000000000 00DODOOO000DO0O0O00 residuated lattice 0 minimal variety O OO
000o00o0o0bO0o0o00o0o0oO00O0000000O0O0000b000O00O0b0O000000O0
0000o00000000000000

0000000000000 o0oO00o0o0O00oO0O000o00O0000O0O00b00O0000O0000

00000000000000000000000000 FLeOOOODOOOOO FLeOOOOODDO
ooo0ooooo

O0000FLeODOOO0OO0DOO0OO0OOO commutative residuated lattice (CRL) 000D 0O CRL O
0000o0o00ooO0o0oooooo

0000000000000000 FLeOOOOO CRLOOOOOOOOO

00000000 CRL(B,)00OO0OODO0OO0OO0ODOOO FLeODODOOO CRLOODOOOODOOOOODO
0000o00000ooo0o0o0ooo0o0n

lintegrality 100 000000000000000000000OO



1.2 000000

0000000000000 0UDO (ComoUoooUooooooo

A:<A:f1,f2,"',fn>

ooooo0O0O0OD0O0OD0O0000 ADDODOOODODODOD /O0D0D0D00000O0O0O00000000000
goooOoOoO0O0OOO0O000O0O0 ADODDOOOOOODAOOOOOOOOOOOOODODOODOOOO
goboobobooooboobooooobboooobooobooooooboooooooooboooobooon
goooobooooobooboooobobooobobooooooo

Definition 1.1 (0 000) A=(A,<)000000000000O0O0O z,y,2€ A0D00O0O0OOOOOO
oooooo

(P1) z <z
(P2) e<y00 y<zOO0OO zxz=y
(P3) z<y00 y<z000O z<z2

0000 A=(4,<)00000(P4)Vo,yc ADDDD z<y000y<2z00000000A000
DoOooooo0ooo

Definition 1.2 (0 (lattice)) L = (L,N,U) 00 (lattice) 000000000 2,y,2€ LOODODO0
0000000000

(L1) znz =2z, Uz ==z

(L2) zn(ynz)=(zNny)Nz, zU(yUz)=(zUy)Uz
(L3) zny=ynNz, cUy=yUz

(L4) zn(zUy) ==z, z2U(zNy) =2

goboobooobobooboooobobooboboobobobobooboooboobooboboo
OL=(LNu)y00000000O00 LOODOOOO <O

<y <= zNy=z (< zUy=y)

000000(L,<)0000000000000000000000000000000O00O00000
gbooobooobooboobd



20 0O0OO00O0OO FLe U0 sequent U

OO00000 FLeOOOODOOODOOOODOOOD LJOOOOOOODOOOO contraction O
weakening 00000000000 DDODOOCOO0O0O FLeOODOOOOD FLeOO logicOOODOOD
oood

2.1 OJO0O0OdOod LJ

00 FLeOOOOOOOODOOOOOOOD LJODODOODOOOODOLJODOOODDOODOOODOO
O0000000000A (conjunction), V (disjunction), D (implication), = (negation)D 00000000
gboooooboooooboobooogooboon

Definition 2.1 (0 00) 000000000 OOOOOOOOOOO

1.000000000(T,L)00000000
2. A/BO00O00O0OO0O0OOOO(AAB),(AVB),(ADB),(-4) 000000000000

LJ O sequent 0000000 (sequent) 00 000000000000
Al,Ag,"',Am—)B (A“BDDDD)

obobooboodcd0mOiO OQOOCOCOODOODOOCOO BOOOODODOODODOOUODOUOODODOOO
(0O0o000U0O0OU00O0O0O00U0OO0O0OUCOO0O0OOO0O,AD00U0DOOOUOOOUODOOOOO
god

LJO0OD0O0O00O00DO (initial sequent) O

1.A5 A
2.T'—=T
3., L, A—=D

gooooobo0ooboob LJobooboooboobooooobo

LJoooon

goooooooon

Weakening rule:

I'A—D r—
I'A,A— D r—-A4A



Contraction rule:

IAJAJA— D
I AJA— D

(¢ =)

Exchange rule:

T,A,B,A = D
T,B,A,A— D

(e =)

Cut rule:

r-+A AAIl—D

(cut)

AT — D
odobooooooooood:
A, A— D I 'B,A— D
(Al =) (A2 =)
ILAAB,A = D [AAB,A - D
r 44 - B
(= A)

I +AAB

'NA,A—-D T,B,A—D

(V=)
' AvB,A— D
r—-A r—-B
— (= V1) — (= V2)
r-AvB r-AvB
r-+A I,B,A—D rA—-=B
(> =) —— (= D)
Im,A>B,I';)A—D r-+A>B
r—-A4A A—
— ) (5 )
AT — r—» -4

gooooooooooOo0oooOoooOooUODoOO00oOooU0DoOOOoOOo0oOobOOoO LJOooOoOooo
gooooooooOooogoboogooooUobooOopDOoOooOoODOO0D sSooooooooobooDooo
O00000000SO LJOOO0O0O0OOoOon (provabley 00OO0O0O0OOOOO SOOOOOOOO

0-A0LJOOOOOOOOOOODOOD A0 LJOOOOOOOOOOOOLJF-ADDODOODO
00000 A>DBUOBOAODUDUOD LJOODODODODODODODODODDAD BO LJOODOODODODOOOOO
OO00O00O0Olnear logicOOOOODOODO FLeOOOODODOODQOOO multiplicative-additive fragment
gooooooo

2.2 00O0O0O FLe U sequent [0

oooobooboobognD FLebOOOOOOOODOOOOOODO LJOOOobDOoOOoOoDbDOO
contraction 0 weakening 000000000000 O00DOCLIOOCO0OOODOOO0ODOOOO0OODO
gboooobooooboboobooboooobon



2.2.1 00000 weakening

00000000 (T,1)0 weakening 0 OOOOOOOOOOOOLIOODOOOOOOr -TOOO
gooooobooooooobooon

000 A0000D0 < AO0OOOOTOOO

(=)
AT — A
_> —_—
—— (>D) T A (w =)
- ADT ———— (= D)
—-TDA
(<)
—-T A— A
— _>
SToA4 TSAsa 97

1 (cut)

oo-A0 Ao 10 LJOoOoOoOoOoOoOoOoOOOOOOOOOOOOOOO

A=A ( ) Ao A L
_— (= — —
-A,A— —— (D)
—_— (s w) AD 1L, A—
—-AA— L — (=)
—— (=D) AD1 -4
-A—-AD L

OO000DDOO0000O0Oweakening JODODOOOOOODOOODOODO FLe OO weakening DO 0OO0OO
OO000Oo00oDooOo0DOoOooD FLeQO T, L0000000 ¢, fOO000O00O0DDOOODDOO
gboooooooon

4. =t
5 f—
I'A—D r—
— - (tw) ——— (fw)
I,t,A— D I

00000o0O000O0O0o0O0OU0ooO0U0oO0O00+000O0U00O0O0000(w) 0000 T,AD0OO
goooooooD@moo0o0o000o000D0O0O0D0ODOOODD A-DODDDDDODDDOD ADDOO f
0000000000000 000O000D0000 weakeningODOOOOOOODOO tO TOO fO L O
OO00000000DDOO000DOweakeningOOO0O0D0O0OO0O0O0O0ODOOOO0ODOOOOODOO

00 weakening 1000000000 -AD AD fOO0DODODODODODODOOOOOOOOOOOOOOO
oooooo

A= A

TAAS (= =) A=A fo (o)
—— (fw) AD f,A—
A= ADf



222 QOg00O0OOOOO

O000OOsequent 000000000 OCOO0O0O0O0ODOOCOOOOODOOOOOOO LJOODDOO
oooooooooooboDbo

LJI—Al,A2,"',Am—>B == LJ'“Al/\AQ/\/\Am—)B

OO000000000000D0C0O0000 contraction 00000000 ODOO weakening O ODOOOO
FLe 00 contraction 0 weakening 1000000000000 OO0ODOOOCOOODOOAQDOOODODO
00000000000 000000000O0000O0 (fusion) * 000000000000 OOOOOO

A BT - C r—- A A—)B{

—(x—>
AxB,I' - C I''A— AxB

— %)

coooooo0o0ooOo0oobooo0OoooooOoobooooDoo
0000000 weakening ,contraction 00000000000 OCOO

Weakening rule:

I,Y = D

————(w =)
T,A,Y > D

ooooOo0O0OOOOOOOOOOOO DOOODODOODODODO ADODOOOOOOOOOOOOO0
0000000000000 0oDooOooDo0o0ooDoD weakeningOOOOOOOOODOOOO
gboobooboobooboobobboobbobbobooboobooboobo

Contraction rule:

I,A4,AY =D
T,A,Y > D

oo00oooo0oOoooO0o0oo0ooo pOoooOoO0OO0U0oOOO0O0D ADODOOoOOOOoOoooo
U000b0b0o0bodbUO contraction 0000000000 ODOOOOODOODOOOOODOO
gbooboobooboobooboobooboobo

000 weakening O contraction D0 O00O0O FLeOOOOODODOO
FL@I—Al,A2,"',Am—>B

0000000000000 4; (1<i<m)0000 BOOODOOOOOOO0OOOODOO0O0O0O0000
0000000000000 «x00000000M000 AD00O0D0D0D000000000000
000 FLeODOOO (AAAABAB)OOODOD AABOOOODOOO(A*xAxB«B)0 AxBO0OO
0O0o0oooo

23 0U0O0OOO0O FLe OO Logic

0000000000000000000000 (legic)DODOD0ODO0OOD0DOOO0OODOOOOODOOOOO
ocooooooooobooooooooOoooDOo0o0 LOooooobooooooooooooOooo

1.0000p000000 ¢(p) 0 LOODOOODOOOOUOOOD AUDOO ¢(A) 000 LOODOOO
O0000 ¢(A)U0¢(p) 00000 DO pO0O0 ADUODOOOOODOOUOODO



2.Ae L ,A>DBeLO00 BeL

ooooo0obOob0 00000000 O0O0OO0O0O0DODO0OOD FLeOODOOOODOOODDOOO
ooooooob0oob0ooboobobbO0b00bD0FLe000D0OO00ODOD0ODOODOOODOFLeD OO
oooooo

oo0o0ooboOoO0o0o cooooooooOoobDoObO0O0O0oooDbD e00ODDOOOFLeOODO
O0OUO0OFLeOO 000000000000 OOL:={L|LO0000O0O0O0O0OFLeCL}OOOOO
000 In,L,e£LOD0OOOL1NL, e LO000000DODOOODOO0OOODO0O0OO0 UL, OODOOOOO
00000000000000L,1VIL,:=L,UL, 000000000000000000 (£,n,V,FLe,®)
O0000000000D00FLeD @O OO0O0000O0DDOO0O000O FLeOODODODOOODOOOOOOO
goooO c0o00Qooopooooooooo



130 Commutative Residuated Lattice

0000 Commutative Residuated Lattice (00 CRLOOOOOOODO0ODOOODOOOODOOOO CRL
O0000000000 universal algebra 000000000 O00ODOO FLeOOOOOOOOODODOO
OO00000O000DODO0O00OD0OOO0OFLe-algecbraDOOOOOOOOOO

3.1 Commutative Residuated Lattice

Definition 3.1 M = (M,N,U,-,—, T, 1,0,1) O Commutative Residuated Lattice(CRL)0 T 00000
goooobobooogo

(R1) (M,n,u,T,1)00000 TOOOOO L 0000000000

(R2) (M, )0 10000000000DOO0O0O0UDOOOODOOOOO z,y,zeMO0O0O
Lo(z-y)-z=2-(y-2)
2. z-y=y-x

3 xz-l=1-xz=x
(R3) 000 z,y,2e MOOO0OOz - y<z < z<y—z

0000000 (R3) 0 residuation 0000000000000 O0O0OOOOO0OOOOO -0 -000
gooobooooooobooog

3.2 CRLUOOOODOOO

oo0o0oooooooooooooooooOoDOCOO0000O000000oooooooooOOoDOCRL
oooooooo0o0oooooOoooooooOocCcRLOODO0OO0OOOOO0OO0ODODOOOO0ODODOOO
goooooo

3.2.1 Homomorphisms [0 Isomorphism

Definition 3.2 (Homomorphism) 00 A = (A4,N4,UA,a,—4, Ta,L14,04,14) B=(B,NB,Us, B,—B
Ts, 15,0515 00000 CRLOOOOOD a:A — B0 homomorphism 00000000000
gooono
e a(Ta)=Tp,a(ls)=1Lp,a(ls) =15,a(04) =0p
e D00 xz,ye ADDODDODO
a(z ®ay) = a(z) ©p aly)
ood @€ {n,u,,—} 0000000000000 00»0O0O0OO0OODOO



000000 homomorphism « [

1.00000000«0 monomorphism 000 Oembedding OO0 OOOO

2.00000000«0 epimorphism O O O O onto homomorphism 0000000

3.000000000a0O isomorphism 000000000000 «00OC0OOOOO0AOBOODO
OO0000D00DA~BOOOO

Definition 3.3 (kernel, image) a: A - B O AO0O BOO homomorphism DO000000 a0
kernel (Ker (a)) O image (Im (o)) 0000000000000O0O

Ker (a) = {{a,b) € A% : a(a) = a(b)} Im (o) ={a(a) € B:a € A}

a000000000Im ()0 BOOOOOUOODOOOOOO BO AQO homomorphic image 0000
ooo
O0Im(e)0 «(A)D0D0000O0DOOODOO

3.2.2 Subalgebras [ Quotient Algebras

Definition 3.4 (Subalgebra) A0 CRLOODUDAODOOODO BOOOOOOODOOBO AO subalgebra
goooooo

1. TA,J_A,OA,IAEB
2.BO00O0O0O0O0OODODOOOOOOOOO

Ve,ye BODOOO, xdy€e B

000 1.00OCRL AOOOO subalgebra BO OO constant Ta,14,04,1, 0000000000 A
0000 subalgebraOOconstant 000000000000 0OD0O0OODOOODOODO algebraOODOOO
gooooood

Proposition 3.1 AABOUOOOO CRLOOOa:A — B0 embedding 00000000 «(A)O BO
subalgebra 00 00O

0000 Homomorphism 000000 Tg,lp, 15,06 €a(A) 000000 z,yc ADODOOO
a(z) dp aly) = a(z ay) € a(4)
000 a(A) D BO subalgebra 00 00O

Definition 3.5 (Congruence) A0 CRL U000 AODODODOOOOODDOO0OOOO OO AODO
congruence 1000000000 0O0O0OODODOOOOO

e 0O al,GQ,bl,bQEADDDD

a10b1 oo a20b2 ooao (a1 D Cl2)0(b1 D b2)

10



Congruence 1 Ax ADDODOO00OODODOOOOOO0OO0O0OOODODOOOOOOO congruence VOO
OO0 congruence ADOOODODOO

V:={{a,b); a,bec A} A :={(a,a); a€ A}

AO0O0O0OO congruence 000 Con ADODOODOOODOOD ConADOOO VODOOO ADDOODO
0000000000 0000O000DDOO0O00AO congruence latticed Con AODODOOOOOOO
000000000000 0000000D00Con ADOODODOOOODDOOOO congruence 000
OO0O000 congruence 0O OOODOOOODOOOOOODO congruence JOOOOOONO congruence
OO000O00o000oo0d ConAQOOOODOODOODOOOODO

(a,by €01 NB; <= (a,b) €6, OO (a,b) €6,
(a,b) €01 VO, <= 3Fcy,00,...,c, € As,t
(ciyciv1) €61 000 {ci,civ1) €02
(000 a=¢,b=¢, 0000

(a,b) €6V, 0000000O0O0OG,,,0000000 «0b0O0O00OOOOODOOOOOOOOO
oooooooovOoOoOoooe,ve,06,060,00000000 congruence00ODOOOO0OOOOO
oooooo

Definition 3.6 A0 CRLOa4,...,a, € AD0OOOO0OO O(ay,...,a,)d0a4,...,a, 000000
000000 AODOODOO congruence 0O 00O

Proposition 3.2 ABOUOO0OO CRLOOOa:A —B0O homomorphism 00000000 Ker (a)
O AOO congruence 0000

(00) Ker () 0000000000000 (ay,by),{as, b)) € Ker (@) 000000000

alay ®aaz) = a(a) Op alas)
= a(b) ®p a(be)
= a(b1 @A b2)

000 (a1 @ az,by Dbe) € Ker (a) DD 0000 Ker (o) 0 AOO congruence 0 000

AQO CRLOODOADO ADOO congruence 10000000 ADDDODOOOOOOOO0OeeAODDODO
000 (¢/)0000000O000O0O0O0ODOOO

a/0 = {x € A; zba}
O0000000DD0ADODOOOD A/A0D0O0DOOODOOOODOOOOOO
A/6:={a/8; a € A}

Definition 3.7 (quotient algebra) A/0 = (A/8,n',U,-',—',T/6,1/0,0/6,1/0) 0 A = (A,
N, —,T,1,0,1,)0 0000 quotient algebra 0000006/ 000000000000

Va/0,b/ € A/ OODOD a/0 ' b/0:= (a®b)/0

fcCon ADDDOODODOD natural map vp : A = A/600 vy(a) =a/0000000

11



Proposition 3.3 AOO A/ 00 natural map O onto homomorphism 0O 0 00O
(00)O0O000 natural map 0 onto 00O0OVae,be ADDODOOO
vopladb) = (adb)/b
a/0 @' b/
vg(a) @' vy(b)

0000wy O homomrphism 00 00O

Proposition 3.4 (Homomorphism Theorem) « : A — B O onto homomorphism 0000000
Oa=F0ov0000000A/Ker () 00 BOO isomorphism 000000000 vO ADODO
A/Ker (o) OO natural homomorphism 0O 00 O

(DD0)O0OO g0 B(a/Ker (o)) =afa)---(x) JOO0O0O0O0O0a/Ker (o) =b/Ker (o) D00 a(a) = a(b)

O00p00000000000000000 a=Fov00000O0a/Ker (a),b/Ker (o) eBOODO

O0a/Ker (a) #b/Ker (o) 000 (a,b) € Ker () 000 a(a) #a(b) 0000000 B(a/Ker (o)) #

B(b/Ker (o)) D00 B0 oneto-one 000000 a0 onto 000 Vde BOOOO Jac ADDDODO
d = afa) = Bla/Ker (o))

000 g0 onto 0O OO

Bla/Ker (o) & b/Ker (@) = B((a®b)/Ker (a))

(a ®b) (x) 00O
(

(

= o) @B a(b)
= pla/Ker (a)) & S(b/Ker (o)) (x»00)

(000 @,0",pD00000A,A/Ker («),BOO0O0O0OOOOOOO)O00 B0 A/Ker () 00O
B 00 isomorphism 0000000

AQ0O CRLOODOOO¢,0eCon A0 GCoO0O00OOODO ¢//0000O0DOOOOO
618 = {(a/9,b/0) € (A/6)? : (a,b) € 9}
gobooooooboooooobooooon
Proposition 3.5 ¢,0 € Con ADD §C¢ 00000000 ¢/00 A/60D0 congruence 0000
(00) (a1/0,b1/6), (az/0,b2/0) € /000000000 ¢/6 000000 {as,br),{az,bs) €p000000
(a1 DA a2,b; DA bo) € ¢

ood
((a1 DA a2)/0, (b1 Da b2)/0) € ¢/0
ogoooooo
(a1/6 ©ayp a2/8,b1/0 Baso b2/0) € /0
00000000¢/60 A/6D00 congruence 0000

AO CRLOfeCon ADDODODODODOMM,VIOOOOODO Con AD sublattice 0000

0,V]={p€Con A:06C ¢ CV}

12



Proposition 3.6 (Correspondence Theorem) A0 CRLO#c€Con ADODDOODOODO

a(p) = ¢/0

000000000 [6,v]oooo «00[e,V]O0O Con A/ADOO isomorphism 000 O

0 3.1:

(00)00 a0 onetoone 0000000006¢,9€[8,V] (¢#¢)00000000 ¢Z¢O00D0
00000000000000 (a,b)e¢p—¢ 0000000000 e,be ADDDDONODOODODO

(a/0,b/6) € (¢/0) — (v/0) DD DO D (d) # ().

0000 a0 one-to-one 000000 a0 onto000000000% € Con A/00DO¢ = Ker (vyovyp)
0000000 vy O natural homomorphism Con A/§ — (Con A/¢)/ 0000000000 a,be A

oo
(a/0,0/6) € /6
= (a,b) € ¢
< (a/6,b/) €
ggd
¥ =9¢/0=0a9)

000 o0 ontoO OO0
000 «O isomorphism DO OO0 OOO0OO

13



(@Na)/0 = {{a/6,b/0) € (A/6)* : (a,b) € pNa )}

{{a/0,b/0) € (A/0): (a,b) € # OO (a,b) € ¢}

{(a/0,b/0) € (A/0)? : (a,b) € ¢} OO {(a/0,0/0) € (A/0)*: (a,b) € ¥}
$/0 00 /6

= ¢/0Ncon Ao Y/0

(GVA V)6 = {(0/0,5/6) € (A/9)° : {a,b) € 6V 0}
= {(a/0,b/0) € (A/0)? : Jco = a,c1,c2,...,c,=bE A
st {ci,civ1) €000 {ciycit1) EY (0<i<k-1)}
= {{(a/0,b/8) € (A/0)? :3co/0 = a/b,c1/0,c2/0,...,ck/0 =)0 € AJO
5.t (ci/0,civ1/0) € /0 DO O (c;/0,¢i41/0) €/ (0<i<k—1)}
= /0 Vcon as9 /0

000 a(p®a ) =(p®ah)/0 =¢/0 Bcon asppy/0000000

3.2.3 Direct product [0 Subdirect product

Definition 3.8 (direct product) A;,A, 00000 CRLUOOOOOOO direct product A; X Ay =

<A1 XA27 r1A1><A27 UA]_XAz; A1 xAz, _)A1><A27 TA1><A27 J—A]_><A27 ]-A1><A27 0A1><A2> gooooo
00000000 0ay,b € Ay, as, by € A, 00000

<a1)a2> DPAaixAz <b17b2> = <(a1 Da, bl): (a2 Da, b2)>

0000000000000 direct product 00000000000 O0000O(A)ey0 CRLODOODO
0000 a,bellicfA, 00000IL;A, 00000000000000O0O

(@ ®mic;a; 0)(7) = alj) @a, b(j)
000 «(j)0 20 j000000000000

Proposition 3.7 A;,A,, A; 00000 CRLODOOOODOO

1.A1XA22A2XA1
2.A1X(A2XA3)2A1XA2XA3

(00) 1.,2.0 homomorphism 00000 ay({a1,as2)) = {as,a1), as({ai,{as,as))) = (a1,az,a3) D000
00000000 ay,as 0 isomorphism OO0 00000

O0 m:A xAy— A (1€{1,2})0 m({a1,a0)) =a; 0000000000 m 0 4 x A, 0040
00 projection 00 OO0O0O0D0OODOO onto homomorphism 000000000000 OOOOOO

Definition 3.9 (subdirect product) CRL A0 CRL U0 (A;)icr O subdirect product 000000
gooooooooooo

1.AO LA, 000000000
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2000:el00000m(A)=A; 0000 ;04000 projection 000 [

000 (A;)ier O subdirect product 00 O1l;c;A; O subalgebra 0000000 2. 0000 algebra O
00000000 A0 2. 0000 subalgebra O0O0000O00O0OOAD Ie;A; 0000000000
0000000 4 = {a,b}, 4, = {¢,d,e}, A = {(a,¢), (a,d), (b,c),(b,e)} 00DD D02 0000000
Micq1 23 4i = {(a,¢), (a,d), (a,€), (b,¢), (b,d), (b,e)} 0D000000000000000000000
0 O Subdirect product 0O O I direct product 00 subalgebra 0000000000000 DOOOODOOO
ogoooao

Definition 3.10 «: A — IL;c;A; O subdirect embedding D000 0 0a 0 embedding 000000 a(A)
O I;erA; O subdirect product 000 O00O0O00O0O

Proposition 3.8 §; € Con A (i ¢ I)00 (., /; =A00000000
v(a)(i) = a/b;

Oo0O04doOd homomorphism
v:A— HiE[A/Bi
O subdirect embedding 00 0O 0O

(D0)UOO0OO0iel000O00y;=movlU0 00000 v;0 A — A/6;0 natural homomorphism
goooon I/(A)D HieIA/HiD subalgebra 000 O0OOOOO
VYv(a),v(b) € v(A)(a,be A) 0D OO0

v(a) ®m;e,a/0, ¥(0) = v(a®ab) €Ev(A)
oo
{Tic a/00 Liic, /055 Utic A 70:5 0 a0, ) = {v(Ta), v(La),v(1a),v(0a)} Cv(A)
000 v(A)O ILie;A/6; O subalgebra D00 0O

oooboobe:erobononog

O00wv(A)O I;e;A/6; O subdirect product 0000000
00 v0O embedding 000 000000Va,be A(a#b)00000N,;0:i=A00

(a,b) &[0
el
000000 jel0DOD0OOODOOOO
(a,b) € 0;
00000000000 vi(e) #v;(b) 000000000 v(a) #v(b) 000000 v O embedding O
ooao

Definition 3.11 (subdirectly irreducible algebra) CRL A O subdirectly irreducible 0000000
00 subdirect embedding
a:A— HiEIAi

doooboob:elObOoonOon
moa: A — A;

O dsomorphism OO0 OO 0OODOO0O
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subdirectly irreducible OO0 0000000000000 O0DODOOOODODOOODODODOODOOOOO algebra
O subdirectly irreducible 0 00000000 pO00CCO00O000O0O0O0OODODOOCOOOOCOCOOOOO
O00000MmAO0OO0DOD IL;A; 0000000 A;,0000000D0DO0000000O0O0 pO000O0O
Op=nmxnex---xn;x---0000000000000:0000 p=n,00000000000000

000000000000000000000000000000 subdirectly irreducible (si 00 00O
O000O)algebras 0000000000000 O00O0OOOO

0O subdirectly irreducible algebras 0 00O O0O000OO0OO0O0OODOO

Proposition 3.9 CRL A O subdirectly irreducible 0 00000000000 0AOO0OOODODOOO
O00000Con A—{A}00D000 congruence 00000000000

(00)(=A000000000000000 Con A—{A}YOODOODO congruence 010000000
000000000000 ()(Con A-{A})=A0000000000000 N(Con A—{A})DAD
O N(Con A—{A})DO Con A—-{A}O0DO0D00O congruence 000000000007 =Con A—{A}
0000000 8800 natural homomorphism « : A — ey A /0 O subdirect embedding 00 0000
0 #elI0O000 natural homomorphism ap : A — A/0O0O0 000 one-to-one 00000000000
fcI0D00D0O AO A/A0 dsomorphic 00D 000000 AQO subdirectly irreducible 00000
(<) AD0DOO0OOO0O0OO0OOO a: A — erA; O subdirect embedding D00 00000 subdirect
product 00000000 A, 00000000000 O0DODOODOODOO m;oal isomorphism OO0O0
OO00000 AO subdirectly irreducible algebra OO0 000 00AOODOOOODOOOOOCODOOOOO
00 Con A—{A}D0O0000 congruence 00000000 6 =(Con A—{A}) #AD(a,b) €0 (a #b)
O000Oa:A — IerA; O subdirect embedding 000000 000000 (aa)(d) # (ab)(i) DO OO
000000 (moa)(a)# (mioa)(h) 000D DOOD

(a,b) & Ker (m; o a)

gooooo
0 & Ker (m; o)

0000000000 Ker (moa)=A000000000000060 N{ConA—-{A})DOOOODO
OO0 AOO0OO AOO congruence 000000 C o 000000000 DODOO0OODOOOOOOOO
000000 AOO congruence D ADODODOODOOO mjoa: A — A; 0 isomorphism 000000
0000 AO subdirectly irreducible algebra 0 0 0 0O

0000000 congruence O principal congruence 100 0Con ADDODOODOODOOODOO

Proposition 3.10 (Birkhoff’s theorem) 00O CRL AOOO subdirectly irreducible algebras O sub-
direct product O isomorphic 0000

(00) 000000 subdirectly irreducible 0000000000 AODOOOOOOOOOOOOOO
0AODO00000000Oe#b000a,be AD0DDODDDOODOOODOODO'0OOOOOOO
gd

Y={0€Con A;(a,b) &0}

(0000000000000 ADDDODODODOO0000000000AODOODOOOOODMO00000000000
gooooooooooooooooobooogo
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rincipal congruence

g 3.2:

0oo0oo0o0o0o0o0oo0o0o0o0o0o0o00000nD 6,, 0000000 Con A O sublattice [6,,, V]
000006,,0 (e,0) 0000000000000 00D000000 ¢ € [0ap,V]—{0.p} 0000
(a,b) € 00000000000 O0ODO0O0 [6,,,V]OOODOOO0OOODO congruence 0 O(a,b)Vl,, 00
0000000000000 3.6,3.9000A/60,0 subdirectly irreducible algebra 000000000
z,y € A(z#y)0000 congruence ([{f.y:x#y} 0000000 congruence 10000 AODOOO
00000000 20,40 (@0 # yo) 00000 (o, y0) € ey 2 £y} 0000000000 6,, 00
00 (o,y0) € 82y, 000000 (20,50) € Oy J00000000000000 ({70 %50} =A
oooooo 3.80 v(a)(z,y) =a/b., 000000 natural homomorphism

v:A— H{w}eAA/Bw,y

O subdirect embedding 000000000 AO AO quotient algebras 100 A/6,, 000 subdirectly
irreducible algebras O subdirect product 00 isomorphic 0 O OO

Definition 3.12 (simple algebras, maximal congruence) CRL A0 simple 000 00O0Con A =
{A,v}ODOO0OOO0OOO0OO0OD0OO0O0 AOO congruence 0 mazimael 00000 Con ADOD [4,V]|ODO
doodogevoOooOoooooooooo

3.3 CRLUOUUOUOOOOOODOOO

gogbooboooboboobooooboboboboboobobobooboooobooboboo

3.3.1 Variety

Definition 3.13 (class operators) 00000 KOOOOOOOO I(K),S(K),H(K),P(K),Ps(K)
oooooooboobooon

e Ac](K) <= A0 KOODOOO isomorphic0 000

e AcS(K) <= A0 KODODOO subalgebra00 00O

e AcHK) < A0 KODOOOODOOO homomorphic image 0000

e AcP(K) <= AD0OKDOOODOOOOODDOO direct product 0000

e AcPs(K) <= A0 KUOODODOOOODO subdirect product 0000

17



0,0, 000000000 operators0 0000000 00,0000 operators 00000000000
000 (O O2)(K) =0:(0(K))D 00000000000 KO0O00D000 O04(K)COx(K)ODDODO
0o0O0ooon o, <0, 0000o0o00oo

Definition 3.14 (idempotent operator, closed class) KO CRLOOODDO0O0OOOO CRLOODO
000 operator 00000000 OO idempotent DO0DO0D0 O?=000000000000 KOO
00000000 (cosed) DOODDOOOOK)CKOOOODUOOOOOODOOO

Proposition 3.11 00000000000

SH < HS
PS <SP
PH < HP

00 operators H,S,IP O idempotent 00 0 02

(00)AeSHK)DODODDDOOODOOO Be KO onto homomorphisma: B—-COO000000O00O
0A<COO0000D00000000 A=a(a(A)00 a}(A)<BOODAcHSK)OODDO

A e PS(K)00DOODDOB, e K(ie HNOODDOO0A =1ILeA; 00 A; <B; 0000
MicsA; <ILe;B, 00000 AeSP(K)0000

A ¢ PH(K)OOOOOOOOODO B; € KO onto homomorphism ¢«; : B; - A, J0000O0A =
M A; 0000000b€ MigyB; 000 ab)(i) =a;(b(i) 00000000000 a: Mie/B; — MiesA;
0 onto homomorphism 00 O0O0O0A € HP(K)ODOOO

H?=HOOOOH CH?000000000 H2CHOOOOA € H*(K)ODOOOOOOO onto
homomorphisma: B —-C, f:C—-> A0 Be 00000000 BoalddOd onto homomorphism O
O0000A€eHK)ODOOO

S,IP 0 idempotent 00000000000 0ODODOOO0O

0000000000000 (variety) DO0O0OOOO0OOOODOOO

Definition 3.15 (variety) COOOUOO CRLODOOOD0OOO0OO0O0DO KO variety DO0OO00OK
O S, H,PO operators 00 000000000000

O000KOOOOOO variety 0 V(K)OOOUOOOOOOD AQOOOOOO variety O V(A) O
OO0000000000VvVOO0DO0O0OO00DO0 operator 0O0DODOOOOO

Proposition 3.12 (Tarski’s theorem)
V =HSP

(00) (HSP<V) HV =SV =IPV =V OO I<VO0O HSP<HSPV =V

200 PO idempotent 0000000000000 POOODO IPOOOODOODOODDNOODOD TP O idempotent O
gooooooooooooonoo
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(V<HSP) 00 31100 H(HSP)=HSP, S(HSP) < HSSP=HSPOOOOO0O

P(HSP) HPSP
HSPP
HSIPP
HSIP
HSHP
HHSP

= HSP

(| I VAN VAN VAN

IN N

000000000 KOoOoO0OO HPS(K)O H, S, POOOOOOOOOV(K)O KOOOOH, S, PO
goooooooOoOoOoOOODOOOOOOOOOO0O VLSHSPOOOO

Proposition 3.13 O vaeriety D0 000000 LXOOO0O0O0O KO subdirectly irreducible algebras O
subdirect product O isomorphic 00 00O

(0D)D0 310000000 algebra AOOD siO subdirect product O isomorphic D 0000000
0000000000000000 si000 V(A)DOOOODOoOoOooooooooooo

(D0)00 310000000 AeKXDOODOOOADO AO siquotient algebras 0 subdirect product O
isomorphic 00000 KO variety 00 A O si quotient algebras O KX OO DO OOOO

3.3.2 Mal’cev Condition

Definition 3.16 (term) X 0 wvariables 000 000000000000 X0OO term 000 T(X) DO
oboooooooooobooogd

1. X U{T,1,0,1} C T(X)
2.p,qeT(X)000 pdqeT(X)

(0) X ={a,b,c} 00000000 XOO term 0000
a, b, ¢, aUc, b-c, a— (aNc), -

000000000 XO0ODOOoO CRLOUODOOOOO0DO0DOoO0ooooood teem004Q00QO
O0peT(X)UDOOUOpOOODOOOO variables U x1,...,2, 0000p0 p(xy,...,2,) 0000
agoood

Definition 3.17 A0 CRLUOUO0Op,q e T(X)OOODODOO0OO A O equationp(xy,...,Tn) ~ q(T1,...,%,)
00000000 ADDOO equation p(z1, ..., o) ~ q(z1,...,2,) 00000000000 ai,...,an € A
ogoood
plai,...,a,) =qlar,...,a,)
000000000000 plar,---,an),q(a1,---,a,) 0 p,q0000 zq,...,2, 000 a1,...,a, 000
goobooodgod
oooo
Al=plzr,...,zn) R gz, ..., 2p)
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ooooo
AlEpryg

0000000000000KD pr¢0000000000AckOOO0
AEprgq
00000000000000000000
KEprq
0000

Proposition 3.14 A0 CRLOpeT(X), 0 € Con ADDDODOO (a;,b;) €0 (1<i<n)00000
agoo

play,...,an) 8 p(by,...,by)
gooogoo
(00) pO0O00O0D0OOO ((p)) D00DO0D00OD0OO

((p)=0000)0000 p0 XOOODODOOOOODOOOOO T,1,0,1000000000p0
T,1,0,1000000000000000

TOT or LOL or 161 or 060

0000000000 p=¢s0000000000000
((p)=n000)00 p=p®p,0000000000000001p),Il(pe)<n—-10000000
ooooo

pl(al,...,an)ﬁpl(bl,...,bn) oo p2(a1,...,an)Opg(bl,...,bn)

goooooooo

pl(ala"'ﬂan) @P2(a1a---aan)9p1(b1,---,bn) @p2(bl,---7bn)
= plar,...,a,)0p(b,...,by)

Definition 3.18 (congruence-distributive algebra) A0 CRLUDOO0OO0OOO A O congruence-
distributive 00000000 61,602,03 € Con AODDOOO

01N (B2 V03)= (0 Nb2) V(0 NBO3)

0000000000000 CRLODOOO KO congruence-distributive 0 000 00KOOO0O00O A
O congruence-distributive 000000000

Proposition 3.15 (Mal’cev) VO wariety 00 O000000O000 term M(z,y,2) 0000000
oo
VE M@, z,y)~ Myz) =My~

000000000V O congruence-distributive variety 0 0 0 0O
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(00)AeVOOOO0¢¢,xEeCon ADDDDOD
(a,b) € 6N (Y V x)
0000({a,b) 00000000 ¢,...,c, € A0000000000
apeixes - - - penxb
0000 (a,b) €000 M(z,y,2) 000000 314000000000 1<i<nO0000
M(a,c;,b)pM(a,ci,a) =a
000000000000 0000 M(a,c,b)pa0 00000
M(a,ci,b)pM(a,c;,b) (1<, <n)
oooooogn
a = M(a,a,b)(d Np)M(a,c1,b)(dp N x)M(a,c2,b) -+ M(a,cn,b)(¢pNx)M(a,b,b) =b

ooo
(a,b) € (#N) V(¢ N x)
ooooo
pN ([ Vx)C(eNY)V(eNx)
000000000(@NY)V(ény) Cén(Vyx)DODDO0O0O0O000000 VO congruence-distributive

variety 0 0 00O
(O) Lattice O congruence-distributive 00000000
M(z,y,z) = (zUy)N(zU2)N(yU2)

000 31500000000000000 CRLO lattice D0OO0OO0OO0OCRLOODO term M(x,y,z) 00
000000 congruence-distributive 00000000000 OO

3.4 00O CRL

00000 CRL OO (Aj)ier O ultraproducts 000000000000 algebra 00000000
algebra 000000 0OOCO0ODOOCOOODOOOODOO algebraOOOO

Definition 3.19 (Filter) B := (B,A,V,',0,1) 0 Boolean algebra 00000000 BOOOOO FO
BO filer 0000000000 ODOOODOODOO

1.1eF
2.a,be F=aANbeF
acFOOb>a =>beF

Definition 3.20 (Ultrafilter) F' O Boolean algebra BO filter D00 00¢ FOOOUOOO a€ BOO
0000 ed 00000000 FOOOOOUOOOUOFO wlirefilter000000OO
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(DD)[DDDDDDDDDDDDDD<73([),/\,\/,@,I>|:| Boolean algebra 000000000000
ultrafilter 0 7 00 ultrafilter D0 O0OU O I00 ultrafiter 00000000 ﬂU:@DDD 2000
O0000000000NU=0000 ultrafilter O free ultrafilter 0 # ) O 0 O ultrafilter O principal
ultrafilter 0 O O O free, principal D 000 ultrafilter 000 000000000000

1.U0 100 freeultrafilter 0000 <= 100000000070000 cofinite subsets 0 U OO
ooooo
2.U0 I0D principal ultrafilter 0000 < 00 ¢eI000000U={JCI:ieJ}0000O

Definition 3.21 (Ultraproducts) (A;),c;y 0 CRLOOOO0O0OUO I00 wltrafilter 000000 A =
I,c;A; 00 0000=xCAxA00DO00OCODOOOO

a=pb << {icl:a(i)=00)}eU

0000 =y 0 AOO congruence 0000000000 =y 000 AO quotient algebra A/ =y 00
0000000 UOO0 wltraproduct 000 A/UDODOO ILeyA;/UDOOO

(=v 0 congruence 00O OOOOO)

(000 a=pa){iel:al)=a@)}=Ier000000000000000

(000 a=pb=>b=pa)J={iel:ai)=0b()}000000000 JeU0D000O0O0O0
{iel:b(i)=a(i)}=J00b=yae0D0000

(000 a=pbandb==a=yc) L={i€el:a(i)=0b0)},o={i€l:bi)=c(()} 000000
000000 J,heU0000J={icl:a@)=cl)}00000JNJ,CJ;00000000UO0
ulterfilter 000000000 LNnJ,eUOOOOOOO Jseonon

(congruence) aj,a2,b1,b0 € AODOOa =y by, aa =y b 000000000000

(Gel:ai(i)=b(i)}, liel:ax(i)=b(i)} €U
do0o0oooOoooooooooo J,J,00000o
J = {iel:(a®ay)(i)= (b ®by)i)}
= [iel:a(i)®ai) = by (i) ® bs(i)}
Jo = fiel:a(i)=b()}N{iel:a(i)=b(i)}
oodg JoeUoooooa JyCJOoOoJevuooooodd ap®a=y bbb 000000

a=p b000000000000D0¢elI0e0b0000000000000O0O0O0OODO0O0O a/U €
ILicrA;/UO « 0000000000000 O0O0D00O0OO0O0O0DOO0OODOOOOO

a:(172>374)575)575)57"')57"') b= (473)271)575)575)"'75)"')

0000000000 e#b0000000000000000000000O0DOODOOODODOODOOO
000000004 congruence I =y 0000

(Jénsson’s Lemma) KODOOOOOOOOOV(K) DO congruence-distributive variety D D000 0 O
OO0 AOV(K)ODO sialgebre 00000000000

A € HSPu(K)

0000000 Pu(K)O KOOOO wltraproducts 000 0000000000000
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OO0000 variety 0000 sialgebras 000000000 O0O0DOOCOO0ODOOCOOOOOOODOOOO
0000000000000 000000O0O0O0000000 ultrafilter O ultraproducts D OO0 OO0
OO0000O0O0000O000DODOO0000 Jonsson’s Lemma 000000000000

Corollary 1 KOOODOOOOODOOOOOOOV(K) O congruence-distributive variety 0000000
O000 AQOV((K)OO sialgebra 00000000 0OOO

A e HS(K)

good
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(140 FLe O00O0O0OO Commutative
Residuated Lattice

OO0000O000 CRLO FLeOODOOOOODOOOODOOOODOD FLed FLeOOOODOOOO
OO0 CRLOODOOOODOOOOO0DOOOoOoOoooooonog

4.1 FLe [ CRL OOO

Definition 4.1 (00) M = (M,n,U,-,—,T,1,0,1)0 CRLOOOvO000000000 MOOOO
0000002000000 0000000020000000000000000 ¢00 MOOOO
oooooo

S G o v =~
=

Proposition 4.1 00 CRLMUOO0O00O00»000000(A)>1000000000 L(M)OOOO
0000 L(M)0D0000000000 L(M) D MOOOOODOOODOOOOOO

(00) 0000 p000000 ¢(p)0 LMM)ODOODOODO00000000000000»00000
v(¢(p)) >100000000000 v(p) 0 MOOOOOOOOOOOOODOw(é(p))>1000000
000000000000000 p0000000 ADOOOODODD ¢(4)00000 v(é(4)) >10
000000 ¢(4) e LM)OOOOLM)0000000000000

00 A, ADBeL(M)0000000000000000v00000u(A4)>1,0(AD>B)>1000
0000000000000001<v(ACB)=v(4)»vB)0 CRLOOO z-y<z < z<y—2
00 vw(d) <o(B)000000000»(B)>100000 »(B)eLM)IDD0000000 L(M)O
0000000000000000000 L(M)0000000

Proposition 4.2 000 FLeOOOO Le 0000000 CRLMOOODOOOOOO
L =L(M)
0ooooo

(00D outline) LOODDOODO0ODDOODOODOOODOODOODDOOOODDOOO
goooooooo A, pOOoOooooOOO =0

A=B < ADBeLUOOBDAE€eL
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00000000 A=BO A0 BOOO LOODOODOO0OOO0O0D00O0O00O0O00O0=0®0000
000000000000000000 A=RB,A'=B000000000000000 A®A' =B&B
000000000000

00000000 =00000800000@%/=0000000 AD0O0ODOO000 [400000
000000000000000000 M =(®/=,n,U,-,—,[T],[L],[0,[1])0 CRLOODOO0O0O000O

[A]U[B] :=[A A B]
[A]N[B] :=[AV B]
[A][B] = [+ B]

[A] - [B] :=[A D B]

000 LOLM)0000000000000000000
Ael «— MOOODOOOO v0000 v(4)>[1]

gooo

gooooooooooMOOOO LooooooOooooOooOooDbooo

Proposition 4.3 (J000000) 000 A0 FLeOOODOOOOD <« 000 CRLMOOODO
00000000 v(4)>10000

(000 outline ) (=) FLe O sequent Ay, A4s,...,A, - BOOOOO0O v O
’U(Al,AQ,...,Am—)B) :’U(Al*AQ*Am)—)’U(B)

0000000 sequent 000000000 1—-oB) 00000000000 v(Ay*xAsx---A;) —0

oo0o00o0o0oU0no FLeonb oo
lL.v(A—A4)>1

2.0 =5 T)>1
3.0(I,L,A = D)>1

oob0oooboobobbOod FLeOOOooooooooooooobo RLMUOODOODODOo00OO
U >100000000000000000000

(«<)0000000000O0O000 ADUOOOOOUODOODO AQD FLeOOOOOOOOODOOOO
00000000 420000 CRLMOOOO0O0OO0O0OO0O A¢FLe000 A¢gL(M)0000O0O0OO
00000 CRLMOOO0OO 0000 w(A) 210000000

0043000041 000000000000000DAO
Proposition 4.4 CRLMO0OOOO0OOUOO0OOO L(M)O FLeOOOOOOOO

(00)00 430000000000 CRLMUOOOO FLeCL(M)OOODO
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4.2 CRLOOOOO FLeOOUOGOGOGOoO

00000000 CRLMOOOO FLeOOOO L(M)ODUOOOOODOOO FLeOOOO LOOODO
L=L(M)OO0O0O CRLMUOUOOOOUOOOOOOOUOOOUOOO CRLOUOOOD FLeOOOOOOO
gooooobooooobobbooogooo

Proposition 4.5 (00000000) NNMO CRLOUOOODOOD NODMOOODOOOODOOOOOO

L(M) C L(N)

gooooo

(00)u,yO00O00O0NMOOOO0O0O0O0OO0O0O00000NCMOOOO0O0O0ONO MOOO0O
000 CRLOOODOOOOONOOOOOOOOMOOOOOOOOO0O0000000000% CVO
00000000000000 A0 LM)00000000000000000veY0000 v(4)>1
000000000000 000we 00000 uw(4)>100000000 Ae L(N)OODODOOO
LM)C L(N)DOOOOO

Proposition 4.6 (JO00O000O0) MO CRLOOOOO MODO congruence 00000000
L(M) C L(M/#)
goooog

(00)000000000000000000000000 é(p1,ps,...,p.) 0000000000000

00000 é(p1,ps,...,pe) 00000000 p; 0 2,0000000 A,V,%>000000N,U,-,—00

0000000 fy(er,2s,...,2) 0000000000000000 CRLOOOODOOODOO0O0O
000000 é(pr,pe,...,p) 0 LM)0O0000000000000MOOO00000000000

v(¢) = fo(v(p1),v(p2),-.-,v(Pr)) > 1M
0000000000000 O0DOcongruence 00 O0O0O0O0OOOOO

fy/o(ml/G,a:Q/G, ooz /0)
> lmye

fy(wl,aa, e, xp) /0

000000 M/#00 «1/6,...,2,/§0000 > 1y, 0000000000000000000¢ €
L(M/9)0000LM)C LM/¢)000000

Proposition 4.7 (Homomorphism 0000) M,NO CRLOUOOa:M - NOMOO NOO
homomorphism 0000000000 DOOODOO

1., a0000000LM) CL(IN)OODOO
2.0000000LMN)CL(M)0000
%.¢00000000000LM)=L(N)0O0O0O

(00)OD0 4546000000000000000000 «0O0O0UD0OODO0OOM/Kera~NOOOOO
UOae0000000O0OM~Ima<NOOOOODODOOO 3.0 12000000000

26



Proposition 4.8 (Direct product 00 00)
L(I;erM;) = NierL(M;)

(00) (I={1,2))000000000000

(C) p1 : M1 xMga = Myp,p2: M1 xMs - M O00O0OO0O onto homomorphism 00000000 4.7
00 L(M; x M) C L(M;),L(M; xM,) CL(M,)0O0OO0000OL(M; x M) C L(M;)NL(M,) O
ooad

(D) Ae L(M;)00O A€ L(M,) D0000000 M, 000 M, OOOOOOD wg,ups D000
ur(A) > Iy, us(A) > 1h, D00000000000M, x M, 0000000 v(A) = (01 (A4), v2(A4)) O
0o0o0O0ooono v, 0000 M,,M,0000000000O0O0O0O0OODOO

v(4) = (vi(4),02(4))
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