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Down-link NOMA with Successive Refinement for
Binary Symmetric Source Transmission

Meng Cheng, Wensheng Lin, Member, IEEE, Tad Matsumoto, Fellow, IEEE

Abstract—This paper focuses on a lossy transmission of bi-
nary symmetric source (BSS) with down-link non-orthogonal
multiple access (DL-NOMA). The transmitted binary sequences
are lossy-compressed descriptions of the same BSS, which are
overlapped in a specified signal format, corresponding to the
receivers with pre-determined distortion requirements. Despite a
higher spectrum efficiency achieved by DL-NOMA, redundancy
may still remain if the overlapped descriptions are correlated.
In this work, a system combining DL-NOMA and successive
refinement, referred to as DN-SR, is proposed. Specifically,
instead of re-constructing the source by a single description,
the receiver can achieve a low distortion by first recovering
the basic description, and then refining it with the help of
another refinement description. If the two descriptions are made
independent, transmission efficiency of the conventional DL-
NOMA can be further improved. As the main contribution,
this paper derives the outage probability of DN-SR in closed-
form, assuming block Rayleigh fading channels. The advantage
of DN-SR is numerically studied in terms of the system outage
probability, compared to both the conventional DL-NOMA, and
a modified DL-NOMA which exploits the correlation between
descriptions, referred to as DN-CE. Finally, the optimal power
allocation to the two descriptions is investigated for DN-SR,
aiming to minimize the system outage probability.

Index Terms—Down-link NOMA, successive refinement, lossy
transmission, outage probability, power allocation.

I. INTRODUCTION

Efficient point-to-multipoint (P2MP) communication plays
an important role in wireless down-link systems, such as
the evolved multimedia broadcast multicast service (eMBMS)
specified by 3GPP [1], and the advanced television system
committee (ATSC) 3.0 standard [2], [3]. Due to the ambitious
goal towards connecting massive devices in future wireless
networks, such as 5th generation (5G) and beyond 5G (B5G)
systems, co-existence of the receivers having different detec-
tion capabilities and/or quality-of-service (QoS) requirements
should be considered. Therefore, a lossy transmission model
is focused on in this paper, where multiple descriptions with
different distortion levels of the same source are transmitted
via the down-link. As a conventional way of improving the
spectrum efficiency, non-orthogonal transmission is applied
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which accommodates multiple communication pipes in the
system sharing the same transmission resources [4], [5].
For exmaple in [6], digital TV signals having 4K and 8K
resolutions are simultaneously broadcast with layer division
multiplexing (LDM), known as one of the down-link non-
orthogonal multiple access (DL-NOMA) schemes. It has been
shown that expansion of the rate region is achieved with
successive interference cancellation (SIC) [7].

Despite the benefits brought by DL-NOMA, the transmis-
sion efficiency may still be less than the optimal case if corre-
lation remains among multiple descriptions at the transmitter.
Considering a two-receiver case with SIC, the receiver near to
the transmitter has to first detect the undesired signal and then
eliminate its interference, before detecting its own signal [8].
In this case, such interference component detected at the near
receiver will be always discarded after SIC. To further improve
the transmission efficiency, this paper proposes a combination
of DL-NOMA with successive refinement technique, referred
to as DN-SR. Specifically, instead of broadcasting two de-
scriptions with one-to-one correspondence to the receivers, the
original source is first lossy-compressed into a basic and a
refinement description. They can be made mutually indepen-
dent with specified lossy compression schemes.1 The basic
description is detected by both receivers for re-constructing
the source at a basic QoS, and the refinement description will
be further utilized for the receiver aiming at a higher QoS. In
this sense, the use of the basic description at the high-QoS
receiver can alleviate the burden of transmitting the second
description with a high rate [9].

The pioneer work combining non-orthogonal transmission
and successive refinement can be found in [10], where
Gaussian sources are transmitted over block Rayleigh fading
channels. The optimal power allocation ratio, yielding the
minimum average distortion, is calculated by assuming an
equal rate for all descriptions. In [11], multiple descriptions
of a Gaussian source are broadcast in both fast and block
Rayleigh fading channels, and the optimal power allocation
ratio is identified, given a linear distortion cost function.
More discussions of the techniques in this category can be
found in [12], where the effects such as bandwidth efficiency,
operating signal-to-noise ratio (SNR) and diversity order are
analyzed. The optimal power allocation ratio is also calculated
by minimizing a convex distortion cost function. To the best
of our knowledge, the previous work only investigate the
Gaussian source, which are not applicable to binary source

1However, practical code design for lossy compression is out of the scope
of this paper.
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transmission in practice.
For the sake of rate region expasion, a broadcast relay chan-

nel (BRC) model is studied in [13], where two descriptions
are constructed at relay and forwarded to receivers having
different QoS requirements, respectively. Similarly, it has been
proven in [14] that broadcasting dedicated descriptions strictly
achieves better performances than those with only one com-
mon description. However, only multiple description coding
(MDC) is assumed in [13], [14], and the system performance
in fading channels is not evaluated.

Motivated by the insufficiencies described above, this paper
focuses on a non-orthogonal lossy transmission of binary
symmetric source (BSS), where distortion is defined by the
Hamming distortion measure [15]. With BSS, the instanta-
neous channel capacity is constrained by specific modulations,
known as the constellation constrained capacity (CCC) [16],
[17]. This assumption is more reasonable when evaluating
practical systems, where transmit symbols are from a finite
alphabet set. With block Rayleigh fading, the channel state
over one-block duration is assumed to be constant. Therefore,
instead of averaging the channel capacity, the system perfor-
mance is evaluated by outage probabilities.

As in [18], [19], [20], the outage probability is calculated
based on the rate region analysis, where Shannon’s source-
channel separation theorem is used. It is well known that the
separation theorem holds for point-to-point (P2P) transmis-
sions [15], but does not always hold for networks. In this case,
results obtained by a separate source-channel coding can be
regarded as a performance upper bound, as in [21]. However,
according to [22], [23], the separation theorem still holds
for some special networks under two conditions: 1) multiple
descriptions are memory-less and mutually independent, and
2) each description is needed only by one dedicated receiver,
or by multiple receivers with the same distortion requirement.
In the proposed DN-SR system, the basic description is needed
by both receivers with a same distortion requirement. Further-
more, the basic description is independent of the refinement
description which is needed only by the high-QoS receiver.
Therefore, the separation theorem holds for the proposed DN-
SR system.

This paper also provides evaluation results of two coun-
terpart schemes. First of all, the conventional DL-NOMA is
analyzed, where the correlation between two descriptions are
kept, as in [2], [3]. Source re-construction at each receiver
only relies on the detected description dedicating to this
receiver. Furthermore, in order to achieve a better decoding
performance, a modified DL-NOMA is investigated such that
the correlation knowledge is exploited at the receiver, which is
referred to as DN-CE. Since two descriptions sent by the con-
ventional DL-NOMA and DN-CE are correlated, Shannon’s
separation theorem may not hold. Results obtained in such
cases are regarded as the outage probability upper bounds [24].
For the transmission towards the high-QoS receiver, Slepian-
Wolf bound [25] is analyzed, which defines the rate constraints
for transmitting correlated sequences in a loss-less system.
Some practical techniques for correlation exploitating can be
found in [18], [26]. In [26], significant gains in terms of the
required SNR can be observed with the proposed technique

in both additive white Gaussian noise (AWGN) and Rayleigh
fading channels, compared to those without exploiting the
source correlation. The outage probability bound based on
Slepian-Wolf theorem is first derived in [18] for the proposed
relay network, under block Rayleigh fading. Although there
is a 2 dB SNR gap between the theoretical bound and the
practical result, the performance tendencies are consistent.
Hence, it is reasonable to consider the technique shown in
[26] to improve the performance of DL-NOMA, as in DN-
CE. Note that the practical code design for DN-CE is out of
the scope of this paper.

The main contributions of this paper are summarized as
follows:

1) A closed-form expression of outage probability is de-
rived for the proposed DN-SR system with BSS;

2) Comparative studies are provided with the conventional
DL-NOMA and DN-CE, where the performance gain of
DN-SR has been observed from numerical results;

3) The optimal power allocation ratio for DN-SR is calcu-
lated which minimizes the outage probability by formu-
lating the problem with a convex optimization.

The organization of this paper is as follows. First of all,
models of the proposed DN-SR and the comparative schemes
are introduced in Section II, followed by the preliminaries
of broadcast channel model and successive refinement. As
the main body, rate region analyses and outage probability
derivations are provided in Section III for the proposed DN-
SR, as well as the reference schemes. Moreover, numerical
evaluations for the outage probability are provided for those
schemes in Section IV. In Section V, the optimal power
allocation ratio for DN-SR is calculated by solving a con-
vex optimization problem. Finally, this work is concluded in
Section VI with some technical remarks.

II. SYSTEM MODEL

A. Proposed DN-SR System

The proposed DN-SR system is described in this sub-
section. First of all, let SCi, CCi and Mapi denote the source
encoder, the channel encoder and the mapper, respectively,
with i = {1, 2}, and (·)−1 denoting the inverse operation of
its argument in the diagram. Let X denote the binary variable
from the original BSS to be transmitted, with its entropy
H(X) = 1.

SC1 CC1 

 

 

Map1 

Overlapping 

 

SC2 CC2 
 

Map2 
 

 

Fig. 1. Transmitter diagram of DN-SR.

According to the transmitter diagram shown in Fig. 1, two
descriptions of X are generated via lossy compression, i.e.,
the basic description M1 and the refinement description M2,
respectively, according to the successive refinement concept.
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To be specific, M1 includes complete information for re-
constructing X with a distortion D1, and such result can be
further refined with the help of M2 to achieve a distortion D0,
where D0 ≤ D1. M1 and M2 are then channel-encoded and
mapped in parallel, yielding the symbol sequences S1 and S2,
respectively. The broadcast signal S is an overlapped version
of S1 and S2 in power domain [27], given by

S = αS1 + α̃S2, (1)

where α ∈ (0, 1) is an adjustable power allocation ratio, and
α̃ = 1−α. Obviously, S1 and S2 should have the same length.

Map  

Y1 

CC  SC  

Map  CC  

SC  

Map  CC  

Y2 

- 

CC
1 

Map
1 

 

Receiver 1 (D1)

Receiver 2 (D0)

Fig. 2. Receiver diagram of DN-SR.

As shown in Fig. 2, two receivers, one located far from and
another near to the transmitter, are deployed in the proposed
system, denoted by Receiver 1 and Receiver 2, respectively.
They are required to re-construct the original source with
distortion D1 and D0. Wireless links from the transmitter to
Receiver 1 and Receiver 2 are denoted by Link 1 and Link 2,
respectively, each suffering from independent block Rayleigh
fading. Therefore, the received signals at two receivers can be
expressed by

Y1 = h1S + n1,

Y2 = h2S + n2, (2)

where h1 and h2 denote the complex channel gains with
E
[
|h1|2

]
≤ E

[
|h2|2

]
, n1 and n2 are the two-dimensional

AWGN noises following the distribution N (0, σ2) in each
dimension. At Receiver 1, only single user detection for S1

is performed, where S2 is simply regarded as the noise.
Therefore, the transmission of Link 1 can be always regraded
as P2P. The re-constructed data sequence X̂1 is only based
on M̂1, which is the output of the channel decoder CC−11 . In
contrast, S1 and S2 are both detected at Receiver 2 with SIC,
and the re-constructed data sequence X̂0 is based on both M̂1

and M̂2, where M̂2 is the detected refinement description.
Let Rsi denote the rate for transmitting Mi after lossy

compression, and Rci represent the normalized spectrum effi-
ciency, i.e., the product of channel coding rate and modulation
order. Therefore, the total rate of the i-th signal layer is given
by Ri = RsiRci. Since the two signal layers share the same
transmission resources, the symbol-level frame length should
be always kept the same. Therefore, we define ηi = Rsi/Rci,
and η1 should be equal to η2.

B. Schemes for Comparison

Map  CC  

Map  CC  SC  

Y2 

- 

CC
1 

Map
1 

 

Receiver 2 (D2)

Map CC

Map CC

ap

Receiver 2 

SC

Fig. 3. Receiver diagram of conventional DL-NOMA.

Considering a same original source X , the conventional DL-
NOMA is first investigated. It adopts a different source coding
scheme from DN-SR, i.e., M2 is no longer generated as a
refinement description of M1, but the dedicated data which
Receiver 2 aims at, as shown in Fig. 3. In other words, source
re-construction at Receiver 2 only relies on M̂2, while still
keeping the same distortion requirement D0 as in DN-SR
for a fair comparison. Since D0 used in DN-SR implies the
distortion achieved by a joint decoding of M1 and M2, which
is not the case for DL-NOMA, D2 is alternatively used here
to denote the required distortion at Receiver 2, with D2 = D0.

Map CC

Map CC SC

ap

Receiver 2 

Map  CC  

Map  CC  

Y2 

- 

CC
1 

Map
1 

 

Receiver 2 (D0)

SC  

Fig. 4. Receiver diagram of DN-CE.

Since Receiver 2 only relies on M̂2 to achieve a low distor-
tion in the conventional DL-NOMA, M2 should be transmitted
with a high rate. In such a case, M2 is most likely correlated
with M1, because they are generated from the same source.
To exploit such correlation for a better decoding performance,
an improved scheme of DL-NOMA is investigated, referred to
as DN-CE. According to Fig. 4, the correlation knowledge is
exploited at Receiver 2 by exchanging information between the
two component decoders [26], [28]. The source re-construction
is finally performed based on M̂1 and M̂2, where the Slepian-
wolf theorem is used for theoretical rate region analysis.

Note that making comparison between DN-CE and DN-
SR is of great importance, because they are regarded as
different approaches to enhance the conventional DL-NOMA.
Despite different source coding methods, fair comparison is
made possible by setting the same distortion requirements
to the two schemes with the same original source, and the
total transmission resources are kept equal. However, those
constraints result in different spectrum efficiency and SNR
requirement, as detailed in the following discussions.
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Fig. 5. Accuracy evaluation of exact and approximated CCC
results for 4QAM, 16QAM and 64QAM.

C. Preliminaries

1) Broadcast Channel: The proposed transmission can be
seen as a broadcast channel [9]. According to the previous
assumption of near/far receivers in Section II-A, the average
received SNR at Receiver 2 is larger, where SIC detection is
performed. Let γ1 and γ2 denote the instantaneously received
SNRs of the two links, the capacities of the Gaussian broadcast
channel with SIC is given by

R1 ≤ C
(

αγ1
α̃γ1 + 1

)
, (3)

R2 ≤ C(α̃γ2), (4)

where C(·) represents the capacity function of a P2P trans-
mission. With a Gaussian codebook, C(γi) = log2(1 + γi).
However, this paper assumes BSS with a specific M-ary
quadrature amplitude modulation (QAM). Therefore, the CCC
rather than the Gaussian capacity is utilized for the sake of
more accurate performance evaluations. Since that closed-form
expression for calculating the explicit CCC is not available, an
approximated equation derived in [29] is utilized to facilitate
the outage derivation of our proposed system, which is given
by

C(γi) = log2 (1 + γi)−
1

2
log2

[
1 +

( γi
M

)2]
. (5)

Inversely, the required instantaneous SNR for achieving the
capacity C can be calculated by γi = Z(C), where

Z(C) =
M2C

√
M2 − 4C + 1−M2

M2 − 4C
. (6)

According to Fig. 5, the approximated CCC curves are very
close to those calculated from explicit equations [16] for
4QAM, 16QAM and 64QAM. Note that conventionally, (4)
only defines the capacity for transmitting M2 at the near
receiver. However, in our proposed DN-SR system, both M1

and M2 are required by Receiver 2 to re-construct the original
data. Therefore, one more rate constraint equation is needed
with respect to the transmission of M1 over Link 2, which
follows (3), where γ1 should be replaced by γ2. Details can
be found in the next section.

2) Successive Refinement: The principle of successive re-
finement is introduced in this sub-section, considering a case
of generating two descriptions from one source. According
to the diagram in Fig. 2, X̂1 is recovered by Receiver 1,
depending on the basic description M1 with d(X, X̂1) = D1,
and X̂0 is recovered by Receiver 2, depending on both M1 and
M2 with d(X, X̂0) = D0, where M2 is a refinement of M1,
and d(·) denotes the Hamming distortion measure. Obviously,
D0 ≤ D1 due to the refinement effect by M2. However, there
is no stand-alone decoder for M2. The rates Rs1 and Rs2
for transmitting M1 and M2, respectively, should satisfy the
following EI Gamal-Cover inner bound by [9]

Rs1 ≥ I(X; X̂1), (7)

Rs1 +Rs2 ≥ I(X; X̂0, X̂1). (8)

Let h(x) = −x log2(x)−(1−x) log2(1−x) denote the binary
entropy function, (7) and (8) become

Rs1 ≥ H(X)−H(X|X̂1)

= 1− h(D1)

= Rd(D1), (9)

and

Rs1 +Rs2 ≥ I(X; X̂0) + I(X; X̂1|X̂0)

= H(X)−H(X|X̂0)

= 1− h(D0)

= Rd(D0), (10)

respectively, where I(X; X̂1|X̂0) = 0 because X → X̂0 →
X̂1 forms a Markov chain.

III. OUTAGE PROBABILITY ANALYSIS

The outage probability of a lossy transmission system
is defined by the probability that the re-constructed source
at the receiver does not meet the required distortion [30].
Specifically, for the proposed DN-SR, outage happens if
either Receiver 1 or Receiver 2 can not satisfy the maximum
acceptable distortions D1 or D0, pre-defined by the system.
The maximum allowed rate for error-free transmission can
be converted to the instantaneous SNR threshold, as in [18].
According to (3)-(5), given the instantaneous SNRs γ1 and γ2,
the maximum achievable rates for transmitting Mi over Link
j, j = {1, 2}, denoted by Rsi,lj , can be expressed by

Link1 : Rs1,l1 ≤
1

Rc1
log2

 1 + αγ1
α̃γ1+1√

1 +
α2γ2

1

(1+α̃γ1)
2M2

 , (11)

Link2 : Rs1,l2 ≤
1

Rc1
log2

 1 + αγ2
α̃γ2+1√

1 +
α2γ2

2

(1+α̃γ2)
2M2

 , (12)

Rs2,l2 ≤
1

Rc2
log2

 1 + α̃γ2√
1 +

α̃2γ2
2

M2

 , (13)
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where the joint probability density function (PDF) of γ1 and
γ2 can be expressed by p(γ1, γ2) = p(γ1)p(γ2), and

p (γi) =
1

Γi
exp(− γi

Γi
), i = 1, 2 (14)

with Γj denoting the average received SNR of Link j. It is
found that three rate constraints are defined in in (11)-(13),
which are used for different receiving strategies. Specifically,
only Rs1,l1 for transmitting M1 is considered in Link 1, as
shown in (11), while Rs1,l2 and Rs2,l2 are considered for
transmitting M1 and M2 in Link 2, as shown in (12) and (13).
The transmission is successful if the maximally allowed Rs1,l1 ,
Rs1,l2 and Rs2,l2 all satisfy the distortion requirements defined
by different schemes. Note that the achievability of Rs1,l1
is independent of Rs1,l2 and Rs2,l2 , but Rs1,l2 and Rs2,l2
are further constrained by Rc1Rs1,l2 + Rc2Rs2,l2 ≤ C(γ2),
because they are both determined by γ2. Given a specific
power allocation ratio α, the outage probabilities of Link 1
and Link 2 transmissions can be independently calculated,
based on the assumption of independent block Rayleigh fading
channels.

A. Proposed DN-SR System
The outage probability of the proposed DN-SR system is

derived in this sub-section. For Link 1, successful transmission
only depends on the achievability of Rs1,l1 , as required in
(9). For Link 2, since the correlation between M1 and M2 is
eliminated, the constraint of the sum rate (Rs1,l2 +Rs2,l2), as
required in (10), can be individually satisfied. In other words,
even though the transmission of X is lossy, transmissions of
its lossy descriptions M1 and M2 must be loss-less. Therefore,
successful transmission of the entire system is guaranteed if
the maximum achievable values of Rs1,l1 , Rs1,l2 and Rs2,l2
are all within the admissible rate regions. Let Pa1,sr and Pa2,sr
denote the probabilities that the required rates of descriptions
are achieved at Receiver 1 and Receiver 2, respectively, we
have

Pa1,sr =Prob [Rs1,l1 ≥ Rd(D1)] , (15)
Pa2,sr =Prob [Rs1,l2 ≥ Rd(D1), Rs2,l2 ≥ ∆Rd(D0, D1)] ,

(16)

where the rate distortion function Rd(·) assumes Hamming
distortion measure [15] [31] with

Rd(D) =

{
h(e)− h(D), 0 ≤ D ≤ min {e, 1− e}
0, D > min {e, 1− e}

(17)

where e = 0.5 for BSS. Note that ∆Rd(D0, D1) = Rd(D0)−
Rd(D1), which indicates the connection between two transmit
rates of the descriptions via successive refinement coding.
Then, the outage probability of DN-SR can be expressed as
Pout,sr = 1−Pa1,srPa2,sr. By combining (11)-(13) and (15)-
(16), the rate constraints can be converted to the thresholds of
instantaneous received SNRs, given by

Pa1,sr =Prob
[
γ1 ≥

z1
α+ αz1 − z1

]
, (18)

Pa2,sr =Prob
[
γ2 ≥ max

(
z1

α+ αz1 − z1
,

z2
1− α

)]
, (19)

where z1 = Z(Rd(D1)Rc1) and z2 = Z(∆Rd(D0, D1)Rc2),
according to (6). The value range of α which guarantees γ1
and γ2 being positive is given by{

z1
α+ αz1 − z1

> 0,
z2

1− α
> 0

}
⇒ α >

z1
1 + z1

. (20)

According to (18), Pa1,sr can be further calculated by inte-
grating p(γ1) over the admissible region as

Pa1,sr =

∫ ∞
γ1=

z1
α+αz1−z1

1

Γ1
exp

(
− γ1

Γ1

)
dγ1

=− exp

(
− γ1

Γ1

) ∣∣∣∣∣
∞

z1
α+αz1−z1

= exp

[
−z1

Γ1 (α+ αz1 − z1)

]
. (21)

According to (19), the expression of Pa2,sr is found to depend
on either z1/(α+αz1−z1) or z2/(1−α), which is determined
by the parameter α, as

z1
α+ αz1 − z1

<
z2

1− α
⇒ α >

z1 + z1z2
z1 + z2 + z1z2

. (22)

Therefore, if z1+z1z2
z1+z2+z1z2

< α < 1,

Pa2,sr =

∫ ∞
γ2=

z2
(1−α)

1

Γ2
exp

(
− γ2

Γ2

)
dγ2

=− exp

(
− γ2

Γ2

) ∣∣∣∣∣
∞

z2
(1−α)

= exp

[
−z2

Γ2 (1− α)

]
, (23)

and otherwise

Pa2,sr =

∫ ∞
γ2=

z1
α+αz1−z1

1

Γ2
exp

(
− γ2

Γ2

)
dγ2

=− exp

(
− γ2

Γ2

) ∣∣∣∣∣
∞

z1
α+αz1−z1

= exp

[
−z1

Γ2 (α+ αz1 − z1)

]
. (24)

Moreover, the two boundaries of α in (20) and (22) have the
following relationship,

z1
1 + z1

<
z1 + z1z2

z1 + z2 + z1z2
, (25)

which is proved in Appendix A. Finally, the closed-form
expression of the system outage probability is given by (26).
Notice that (26) is a segmented equation, depending on the
power allocation ratio α. To be specific, (26a) indicates a range
of α such that D1 can never be achieved at both Receiver 1 and
Receiver 2, by detecting M1. In this case, the system is always
in outage, regardless of the detection of M2 at Receiver 2.
(26b) indicates the case where the required γ2 for achieving the
constraint of Rs1,l2 is higher than for achieving the constraint
of Rs2,l2 at Receiver 2. Thereby, the term on the left hand
side of the max function in (19) is used. (26c) indicates the
opposite case of (26b).
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Pout,sr =



1, 0 < α ≤ z1
1+z1

(26a)

1− exp

[
−z1 (Γ1 + Γ2)

Γ1Γ2 (α+ αz1 − z1)

]
, z1

1+z1
< α < z1+z1z2

z1+z2+z1z2
(26b)

1− exp

[
−z1

Γ1 (α+ αz1 − z1)
+

−z2
Γ2 (1− α)

]
, z1+z1z2

z1+z2+z1z2
≤ α < 1 (26c)

1 
2 

3 

,  

,  

DN-CE

 

|  

4 

|  

,  

,  

DN-SR

 

 

,  

Fig. 6. Admissible rate regions of Link 2 transmission for
DN-SR and DN-CE.

B. Conventional DL-NOMA

For the conventional DL-NOMA, M̂1 is not utilized at
Receiver 2 for source re-construction. Therefore, only the
achievability of Rs2,l2 is considered for Link 2, where D2 =
D0 is defined. Note that without successive refinement cod-
ing, Rd(D2) 6= ∆Rd(D0, D1), because the rates of two
descriptions can be independently set. The probability that the
conventional DL-NOMA can achieve the admissible rates is
given by

Pa,dn ≥ Prob [Rs1,l1 ≥ Rd(D1), Rs2,l2 ≥ Rd(D2)] , (27)

where the inequality indicates the fact that Shannon’s source-
channel separation theorem may not hold in this scenario.
Based on (11) and (13), the rate constraints for transmitting
descriptions can be converted to that of the instantaneous
received SNRs, yielding that

Pa,dn ≥ Prob
[
γ1 ≥

z1
α+ αz1 − z1

, γ2 ≥
z2

1− α

]
. (28)

The constraint on α which guarantees γ1 and γ2 being positive
is found the same as in (20). Therefore, if z1

1+z1
< α < 1,

the outage probability upper bound of the conventional DL-
NOMA is defined by Pout,dn = 1− Pa,dn, as

Pout,dn =1 −
∫ ∞

γ1=
z1

α+αz2−z1

∫ ∞

γ2=
z2

1−α

p (γ1) p (γ2) dγ1dγ2

=1 − exp

(
−
γ1

Γ1

) ∣∣∣∣∣
∞

z1
α+αz2−z1

− exp

(
−
γ2

Γ2

) ∣∣∣∣∣
∞

z2
1−α

=1 − exp

[
−z1

Γ1 (α+ αz1 − z1)
+

−z2
Γ2 (1 − α)

]
. (29)

Otherwise, if 0 < α ≤ z1
1+z1

, Pout,dn = 1. Note that Pout,dn
itself is defined as the upper bound, and hence inequality is
not needed. The same principle is applied to Pout,ce is the
following discussion.

C. DL-NOMA with Correlation Exploitation

Since the transmission of Link 1 for DN-CE is kept the same
with DN-SR and the conventional DL-NOMA, the probability
of achieving the admissible rate Rs1,l1 in Link 1 is the same
as (15). For the transmission of Link 2, due to the assumption
that D0 = 0, the admissible rate region in terms of Rs1,l2
and Rs2,l2 is analyzed by the Slepian-Wolf theorem, which
are given by

Rs1,l2 ≥ H(M1|M2), (30)
Rs2,l2 ≥ H(M2|M1), (31)
Rs1,l2 +Rs2,l2 ≥ H(M1,M2). (32)

According to (30)-(32), the required rates for transmitting
M1 and M2 are allowed to be less than Rd(D1) and Rd(D2) in
Link 2 transmission, by exploiting the correlation knowledge
at Receiver 2. It indicates that DN-CE can achieve a larger
admissible rate region of the descriptions than DN-SR, as
shown in Fig. 6. It should be noted that the rate region
division for DN-CE is not unique, but to merely simplify
the mathematical derivation. With the assumptions described
above, the admissible rate regions can be expressed by

Pa2,ce ≥ Prob[H(M1|M2) ≤ Rs1,l2 ≤ Rd(D1),

Rs2,l2 ≥ Rd(D2), (33)
Pa3,ce ≥ Prob[Rs1,l2 ≥ Rd(D1), Rs2,l2 ≥ H(M2|M1)],

(34)
Pa4,ce ≥ Prob[H(M1|M2) ≤ Rs1,l2 ≤ Rd(D1),

Rd(D0)−Rs1,l2 ≤ Rs2,l2 ≤ Rd(D2), (35)

where the inequality indicates the non-optimality of Shannon’s
source-channel separation theorem in this scenario. Similarly,
the rate constraints in (33)-(35) can be translated into the
instantaneous SNR constraints as follows.

Pa2,ce ≥ Prob
[

max

(
z2

1− α
,

z∗1
α+ αz∗1 − z∗1

)
≤ γ2 ≤

z1
α+ αz1 − z1

]
,

(36)

Pa3,ce ≥ Prob
[
γ2 ≥ max

(
z1

α+ αz1 − z1
,

z∗2
1− α

)]
, (37)

Pa4,ce ≥ Prob
[

z∗1
α+ αz∗1 − z∗1

≤ γ2 ≤
z1

α+ αz1 − z1
,

z3
1− α

≤ γ2 ≤
z2

1− α

]
, (38)

where z∗1 = Z(H(M1|M2)Rc1), z∗2 = Z(H(M2|M1)Rc2),
z3 = Z(H(M1,M2)Rc0 − C(αγ2/(α̃γ2 + 1))). Pa2,ce and
Pa3,ce are then derived in (38) and (39), respectively. Since
obtaining the closed-form expression of Pa4,ce is too difficult,



IEEE TRANSACTIONS ON COMMUNICATIONS 7

it will be calculated by Monte Carlo simulations in the numer-
ical studies. Finally, the outage probability upper bound of the
DN-CE system is defined by Pout,ce = 1 − Pa1,ce(Pa2,ce +
Pa3,ce +Pout4,ce). Note that Pa1,ce = Pa1,sr since the Link 1
transmissions are the same for both DN-SR and DN-CE.

IV. PERFORMANCE EVALUATIONS

A. Accuracy Evaluation

In this sub-section, the accuracy of the closed-from deriva-
tion in (26) for DN-SR is evaluated by comparing its numerical
calculations to the Monte Carlo simulation results. As shown
in Fig. 7, the outage probability curves of three different cases
are plotted versus Rs1 , where D1 = R−1d (Rs1), D0 = 0, and
therefore Rs2 = 1 − Rs1 . In order to keep the symbol-level
frame length the same for S1 and S2, η = Rs/Rc is also set
as a parameter. Moreover, Γ1 = Γ2 + 3 (dB) is assumed to
separate the near and far receivers. The parameters of the three
cases are listed in Table. I.

TABLE I: System paramters for accuracy evaluation
α η M Γ1

Case 1 0.4 1.5 4 15
Case 2 0.6 1.0 16 20
Case 3 0.8 0.7 64 25

For each case, the Monte Carlo simulation is performed
based on (18) and (19), with 1 million random channel real-
izations. It can be found that, despite the parameter adjustment
shown in Table. I, the outage curves obtained by the closed-
form derivation are very close to that obtained by Monte
Carlo simulations. Hence, the accuracy of our mathematical
derivation of (26) has then been proven. The slightly visible
gaps are due to the approximation of (5) when higher order
modulation is utilized, which can be also seen in Fig. 5.
However, they are too small to impact the comparative studies
in this paper.

B. Outage versus Rs1 and α

In this sub-section, outage probabilities of the three down-
link schemes are compared with different parameter settings.
Given a fixed amount of transmission resources, the symbol-
level frame lengths are set equal with η = 1 in the simulations.
The same distortion requirements are used for all schemes for
the sake of fairness. Specifically, for DN-SR, D1 = R−1d (Rs1)
and D0 = 0, where Rs1 is used as the parameter, and
obviously Rs2 = 1 − Rs1 . For the conventional DL-NOMA,
the same Rs1 is used for transmitting M1. However, Rs2 = 1
and D2 = 0, which denotes that M2 = X . DN-CE uses the
same Rs1 and Rs2 as the conventional DL-NOMA. Obviously,
H(M1|M2) = H(M1|X) = 0 and H(M2|M1) = 1 − Rs1 .
DN-CE also requires D0 = 0 as DN-SR, since joint source
decoding is applied. In addition, Γ2 = Γ1 +3 (dB) is assumed
in the simulations to separate the far and near receivers, with
M = 4.

The superiority of DN-CE over the conventional DL-NOMA
is first verified. As shown in Fig. 8, the outage probabilities
of the two schemes are calculated, with Rs1 and α being

the parameters. Moreover, Γ1 = 15 dB and Γ2 = Γ1 + 3
dB are used in the simulations. According to Fig. 8, DN-
CE can always achieve a lower outage probability than the
conventional DL-NOMA, except the corner part with large
α and small Rs1 , resulting the failure of both schemes.
Obviously, the performance gain of DN-CE comes from the
extended admissible rate region of M1 and M2, by exploiting
their correlation at the receiver side. The corner part indicates
that the allocated transmit power for M2 is too small to
guarantee its successful detection at Receiver 2, regardless of
the detection of M1.

According to Fig. 6, DN-CE achieves a larger admissible
rate region than DN-SR. For example, by fixing D1 =
R−1d (Rs1) for the two schemes with Rs1 = 0.65, DN-SR
requires at least a rate pair (0.65, 0.35) for achieving D0 = 0
at Receiver 2. In contrast, DN-CE has more choices of the
allowed rate pair, such as the point (0.55, 0.45) within the sub-
region indicated by the number 4. However, such observation
does not indicate that DN-CE always outperforms DN-SR.
As shown in Fig. 9(a), the outage probability surfaces of the
two schemes are plotted in three dimension (3D) versus Rs1
and α, which intersect according to the parameters. Clearly,
with Rs1 = 0.65, DN-CE could not achieve a lower outage
probability than DN-SR for a certain α value range. Hence,
despite the advantage of having a larger admissible rate region
of the descriptions, DN-CE may not outperform DN-SR in
terms of outage probabilities under particular transmission pa-
rameters. Mathematical explanations of this issues is detailed
in Appendix B.

It should be noted from Fig. 9(a) that DN-CE outperforms
DN-SR in low Rs1 and high α value ranges, except the flat part
where the both schemes fail to satisfy the required distortions.
However, the performance gains achieved by DN-CE are not as
significant as those achieved by DN-SR in the opposite side
of the parameter value ranges. The results in Fig. 9(a) are
further projected to a two dimension (2D) plane, as shown in
Fig. 9(b). Specifically, the outage probabilities are only versus
Rs1 , by taking into account all tested values of α. Clearly,
for any fixed Rs1 , DN-SR is found to always achieve a lower
outage probability than DN-CE, by choosing an appropriate
value of α. This observation proves the superiority of DN-SR
in the practical system design.

C. Performances versus SNR

In this sub-section, explicit outage performances are evalu-
ated versus the average SNR. First of all, with α = 0.8, the
outage probabilities of the three schemes are plotted versus
Γ1, as shown in Fig. 10. It is found that the proposed DN-SR
system achieves the lowest outage probabilities, with roughly
4 dB and 6 dB gains over the DN-CE and the conventional
DL-NOMA systems, respectively. On the other hand, by
exploiting the correlation knowledge, DN-CE exhibits a better
performance than conventional DL-NOMA. However, despite
the rate region expansion achieved by DN-CE, the necessity
for increasing the channel coding rate leads to a higher outage
performance than DN-SR, due to the symbol length constraint.
It is also reasonable to observe that the outage probabilities
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Pa2,ce ≥



0 , α < z1
1+z1

(39a)

exp

[
−z2

Γ2 (α+ αz2 − z2)

]
− exp

[
−z1

Γ2 (α+ αz1 − z1)

]
, z1

1+z1
≤ α < z2+z

∗
1z2

z∗1+z2+z
∗
1z2

(39b)

exp

[
−z∗1

Γ2 (1− α)

]
− exp

[
−z1

Γ2 (α+ αz1 − z1)

]
, z∗1+z

∗
1z2

z∗1+z2+z
∗
1z2
≤ α < z1+z1z2

z1+z2+z1z2
(39c)

0 ,α ≥ z1+z1z2
z1+z2+z1z2

(39d)

Pa3,ce ≥



0 , α < z1
1+z1

(40a)

exp

[
−z1

Γ2 (α+ αz1 − z1)

]
, z1

1+z1
≤ α < z1+z1z

∗
2

z1+z∗2+z1z
∗
2

(40b)

exp

[
−z∗2

Γ2 (1− α)

]
, α ≥ z1+z1z

∗
2

z1+z∗2+z1z
∗
2

(40c)
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Fig. 7. Accuracy investigation by comparing the closed-form
and Monte Carlo simulations of DN-SR.

become larger by increasing Rs1 from 0.35 to 0.65, indicating
a more strict requirement of D1.

Additionally, the simulations are reproduced by decreasing
α from 0.8 to 0.45, of which results are shown in Fig. 11.
It should be noted that with Rs1 = 0.65, DN-CE achieves a
lower outage curve than DN-SR. The main reason is that, the
loss in channel coding gain can be fully compensated by the
rate region expansion of the source. However, this tendency is
not observed with Rs1 = 0.35. According to the observations
of Fig. 10 and Fig. 11, the gaps of outage curves are not
sensitive to the investigated average SNR values.

V. OPTIMAL POWER ALLOCATION

Based on the closed-form expression of (26), this section
aims to minimize the outage probability of DN-SR with
an optimal power allocation ratio α, while fixing the other
transmission parameters. The problem can be formulated by

minimize Pout,sr(α)
subject to α− 1 ≤ 0,

−α ≤ 0.
(41)
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Fig. 8. Outage probability comparisons between DL-NOMA
and DN-CE versus Rs1 and α.

where the function Pout,sr contains a single variable of α.
Even though Pout,sr defined in (26) is segment-wise, the op-
timal α can still be obtained by solving a convex optimization
problem [32]. The convexity proof is detailed in Appendix C.

In Fig. 12, the optimal α values versus Rs1 are plotted,
with different gaps between Γ1 and Γ2 in dB as parameters. It
can be seen that the larger the Rs1 , the larger the optimal α.
Moreover, the increase in the optimal α is found to be slower
in a high Rs1 value range. Furthermore, if Γ2 increases, i.e.,
the Link 2 transmission becomes more reliable, the optimal
α is found to increase, and more power can be allocated to
the Link 1 transmission. However, the optimal α values with
different average SNR gaps becomes very close in high Rs1
value range.

VI. CONCLUSION

To enable a flexible information delivery to receivers hav-
ing different QoS requirements, this paper has proposed an
efficient lossy transmission of BSS by applying successive
refinement to the conventional DL-NOMA, referred to as DN-
SR. By jointly considering the broadcast channel capacity and
the EI Gamal-Cover inner bound, the admissible rate region of
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Fig. 9. Outage probability comparisons between DN-SR and
DN-CE versus Rs1 and α.

DN-SR was identified. As the main contribution of this paper,
the system outage probability was derived in closed-form,
under block Rayleigh fading assumption. The performance
gain achieved by DN-SR has been observed compared to
the conventional DL-NOMA. Furthermore, an enhanced DL-
NOMA was studied, which exploits the correlation between
two descriptions, referred to as DN-CE. Despite a larger
admissible rate region with DN-CE for source coding, it
could not achieve a lower outage probability than DN-SR,
with appropriate parameter adjustment. Finally, the optimal
power allocation ratio for DN-SR is determined by solving
the convex optimization problem over the derived closed-form
expressions. Investigation of more than 2 receivers’ scenario
is left as a future work.
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APPENDIX A
PROOF OF THE INEQUALITY (25)

Since that z1 and z2 are both positive, the inequality (22)
holds if

1

1 + z1
<

1 + z2
z1 + z2 + z1z2

1

1 + z1
<

1 + z2
z2 + z1(1 + z2)

1

1 + z1
<

1
z2

1+z2
+ z1

. (42)

Clearly, (41) holds if z2
1+z2

< 1, and therefore the inequality
of (22) has been proven.

APPENDIX B
RELATIONSHIP BETWEEN DN-SR AND DN-CE

According to Fig. 6, the admissible rate region of M1 and
M2 with DN-SR is covered by that with DN-CE. However, the
system performance depends on whether the original source X
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can be recovered with a required distortion. Given a common
distortion D0, the rate distortion function is given by

Rd(D0) = H(X)− h(D0)

= H(M1,M2)− h(D0)

= H(M1) +H(M2)− I(M1;M2)− h(D0), (43)

where h(D0) is the binary entropy function. Since DN-SR and
DN-CE use different encoding schemes for X , let MSR

1 and
MSR

2 denote the two descriptions for DN-SR, and similarly
MCE

1 and MCE
2 for DN-CE. Due to the fact that MSR

1 and
MSR

2 are independent, while MCE
1 and MCE

2 are correlated,
I(MSR

1 ;MSR
2 ) = 0 and I(MCE

1 ;MCE
2 ) > 0. Therefore,

according to (42), it is obvious that

H(MSR
1 ) +H(MSR

2 ) < H(MCE
1 ) +H(MCE

2 ), (44)

which indicates that DN-CE has to transmit the descriptions
with higher rates than DN-SR, in order to achieve the same
distortion D0 for a common source X . In this case, DN-
CE must also increase the normalized spectrum efficiency Rc,
denoting the product of channel coding rate and modulation
order. This is because the total transmission resources are
fixed, so the number of modulated symbols within one frame
should not change. As a result, given the same SNRs, the
description rate pair (Rs1 , Rs2) achieved by DN-SR may not
be achieved by DN-CE, because of a higher Rc value used
in DN-CE. In other words, despite a larger admissible rate
region, DN-CE always requires a higher SNR for achieving
the same (Rs1 , Rs2) with DN-SR.

It is concluded that DN-SR is not a special case of DN-CE,
and the superiority of their performances is not dominated
by the source rate regions, but depends on the parameters,
such as the power allocation ratio and transmitting rates of
the descriptions.

APPENDIX C
PROOF OF CONVEXITY

The convexity proof of the outage probability expres-
sion (26) is provided for DN-SR. For the first segment,

Pout,sr (α) ≡ 1 is defined by (26a), and obviously the optimal
α does not take in this segment. For the second segment
defined by (26b), the derivative of Pout (α) can be given by

P ′out,sr =
−(Γ1 + Γ2)z1(z1 + 1)

Γ1Γ2 (α+ αz1 − z1)
2 exp

[
−z1(Γ1 + Γ2)

Γ1Γ2 (α+ αz1 − z1)

]
,

(45)

which is always negative. Therefore, Pout,sr (α) within the
second segment is proved to be a monotonously decreasing
function, and the lowest outage is obviously on the right-hand-
side boundary of α, and furthermore, the outage curve has to
be continuously connected to the third segment. Hence, we
only need to find the optimal α in the third segment. The third
segment defined by (26c) can be written by a composition of
two functions, i.e., Pout,sr (α) = f [g (α)], where

f (α) = 1− exp (α) , (46)

g (α) =
−z1

Γ1 (α+ αz1 − z1)
+

−z2
Γ2 (1− α)

. (47)

The convexity of (26c) requires that the second derivative of
Pout,sr (α) is non-negative, i.e.,

P ′′out,sr (α) = f ′′ [g (α)] g′ (α)
2

+ f ′ [g (α)] g′′ (α) ≥ 0. (48)

It is easy to find that f(α) is a monotonically decreasing
concave function, with f(α)′ = f(α)′′ = − exp (α) < 0,
and the condition required in (47) can be written by

−g′′ (α) ≥ g′ (α)
2
, (49)

where

g′ (α) =
z1 (1 + z1)

Γ1 (α+ αz1 − z1)
2 −

z2

Γ2 (1− α)
2 , (50)

g′′ (α) =
−2z1 (1 + z1)

2

Γ1 (α+ αz1 − z1)
3 +

−2z2

Γ2 (1− α)
3 . (51)

With the parameters assumed in this paper, it is very easy to
numerically calculate the equations above, and prove that (48)
holds. Therefore Pout,sr (α) can be proved to be convex over
the third segment, where the optimal α exists.
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