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Abstract

This study deals with rep-cube at the frontiers of computational origami. Com-
putational origami is a new field of study, and there are many unsolved problems
in this field, including problems with rep-cube as in this study. By obtaining new
results for rep-cube, we expect that future issues and unsolved problems will apply
for future development in the research field.

Rep-cube is a new concept that was born in 2016 from the natural question “Is
there any polyomino that folds to a cube, and its dissections fold to cubes?”. In
other words, it is a polyomino that is a net of a cube. This was inspired by two
famous concepts: polyomino and rep-tile. Polyomino and rep-tile were proposed
by Solomon W. Golomb. Since then, it has been researched extensively in the
puzzle industry and has played an important role in recreational mathematics.
Polyomino is a set of unit squares. Rep-tile is a polygon that can be divided into
replicas congruent to one another and similar to the original.

A polyomino is a rep-cube of order k that means it can fold into a cube and it
can be divided into k£ polyominoes of which each of them can fold into a cube. If
all £ polyominoes have the same area, the original polyomino is a regular rep-cube.
Also if all k£ polyominoes are congruent nets, the original polyomino is a uniform
rep-cube.

So far, several rep-cubes have been found by trial and error. Previous studies
have shown that regular rep-cubes exist for order k = 2,4, 5, 8,9, 16, 18, 25, 36, 50, 64,
by actually making rep-cubes. It was also found that for any positive integer &’ and
any element g of the set {2,4,5,8,9,16,18, 25,36, 50,64}, there exists a rep-cube
of order k = 36¢k™. This means that there are infinitely many regular rep-cubes.
Moreover, an algorithm was designed to enumerate regular rep-cubes for order
k = 2,4 of area 6k with a check for polyominoes that can cover a cube of size
(Vk x vk x VE) without overlap. This algorithm applied to enumerate and ana-
lyze all regular rep-cubes of order k = 2 with area 12 and order k£ = 4 with area
24. However, rep-cubes have the same folding way and the same contour counted
as different rep-cubes with a different division. Therefore, it needs to reconsider
the rep-cube as a division of the surface of a cube.

The purpose of this study is to consider as based on the division patterns of a
cube considered an approach based on the division of a cube. To achieve this, we
designed the algorithm from the conventional method of fold a given polygon to
unfolding the given polyhedron. It is also to discuss the value of the order k that
can construct rep-cubes. For the case of a regular rep-cube, we consider the case
for values of order k for which a regular rep-cube does not exist. For the case of a
uniform rep-cube, we consider whether a uniform rep-cube can be constructed for
every 11 nets of the unit cube.



First, we proposed an algorithm to divide the surface of a cube of (\/E xVk x \/E)
by a unit square. We applied this algorithm to experiment with the program for
cases unfolding a cube of (\/§ X /2 % \/5) into a polyomino of area 12 and unfolding
a cube of (v/5 x v/5 x v/5) into a polyomino of area 30.

Next, we proved the value of the order k for which regular rep-cubes do not exist
as a general characterization of the numbers for which regular rep-cubes do not
exist. Based on this, we explored the value of order k at which regular rep-cubes
are expected to exist and found a new regular rep-cube of order £ = 10 and a
regular rep-cube of order k = 13.

Finally, for each of the 11 polyominoes of the unit cube, we proved the value of
the order k at which a uniform rep-cube can be constructed. Although no uniform
rep-cubes have been found so far for each two P, and P, of the 11 polyominoes
of the unit cube, we showed that new uniform rep-cubes of order k = 8 can be
constructed for each of the polyominoes P, and P,. We also showed that there
does not exist a uniform rep-cube for order k = 5 for each of polyominoes P, and
P,. By doing this, it indicated that a uniform rep-cube can construct for each of
the 11 polyominoes of the unit cube, and the value of the smallest order k that

constructs a uniform rep-cube was determined.
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PSRBT BRI O FER Py 272 LT, 7T YR A, ftEE, FHERME
M5, FTERMEDOPT, aPa—R AR LTOH D KISITER
HEBOTED, HEROHELL Y 7 7 =27 DFAREIEATWS. FEFT DK
X, FHEMEIEOHRT TEHERM) 2 THREtfE 2 LT, MHrh) ofExRHE
ATzT7NT Y XL BERZWRAT 205 TH 5.

ARIFFETIE, FEITOBROBRFFRTH I L 7 - Fa—TIZOo0WTH/S. FHEH
DIRIIFT L WHERISETH D, AR TROI L T - F2—TZ2FL D, HELDK
RN’ D 2. LT« Fa—TWH LU THLWEREZS2 2T, SKROME
RKRREEE EOTH L, b0l ESTHICBIT 2 HEBIEHINS
MPHIFF XN 3.

1.1 L7+ *a2—7 (rep-cube)

L7« *a2—7 (rep-cube) &1, ZGEMPTNL RV A I /T, JHEILERY
I MENEFRNLSTEEZINDS L5 D DIIFET 200 205 HARLEEM H
52016 FIEFRHLWVEERTH S, chERVAI 2 eL 7 24 1re KR
NE2ELBE_OOMEr SERERTWS.

ARY A I/ (polyomino) & &, HAIEATEOUF L Z2HE L TH LML ZAHY
TH3. MIICHMEHFES DX > THRXNZHEBES DRV 4 3 ) ZRT.

T JdL PPk

E[F]_Lr Ilr ﬁHr N

1: 5 - omino




AV A I /131954 12 Solomon W. Golomb I & » TER XN, FRELE, 3
ANFEFITBWTIAS RSN, L7V -y a YEFTEERKEZR-1LT
72 BlZIE, (V10 x V10 x v/10) DRI LT, s OHEY F 3 7 127
B3R Tl THN—FTZHEINRINTVS [1].

Z LT, 196242 Golomb 1&d 5 —D0DWEETH S L 7 - XA )L (rep-tile) &F
Rl V724 0kid, BB EHURKBICHETX22/8FETHL. K
212V 7 - RANLDHIERT.

Z
/

2: Rep-tile

SNITHROEMRE L ZRVAI 2 EEORYVAI 2 IoEILE &, Z2hE
NN TRDEHKICE 2 S D% X (order) kDL T+ Fa—T XX, 74D
B, KEEDLT + Fa—TriX, ZHABEIIHERERNTHLD, Thzndy
VAKRZERNZ EEOR) A I 2 ICHETE2 e 2EKT 5. Z 2 TOEHK
ik, ZHEKROREEY] > CFH EICAF-Z2AFEOZ e 2i5L, BETHDE
D EDBRVHEMZAE THZ e PEETH D, FIiC, ZHEDTLIZIH->T
U3z e oo EHRKEZIEMXKE LR,

EECaEI L TR o ERRA NS R CHETH % & %, TTOERMKX ZKE
k DIER] (regular) L 7« ¥ 2 —78 XX, k7, kEZTEILTE N EHK
BIRTERTH o7 &, TLOREMNZ Xk O—H8K (uniform) 2L 7« F 2 —
RSP SN

1.2  S1THR3E

INFTCFEERS—H T 7 LI X 2HRICT, WSO DL T+ Fa—7
MEOMH S TWNES,

EIE 1. 2, 3] ZHk = 2,4,5,8,9,16,18,25,36,50,64 DEARL 7 + F 2 —7H
FET 5.

SCHR (2, 3] TUE, EBRCL T - ¥ 2 —T7%FoTRT Z & THIICEEIAD G 2
LATW3., fle LT, M3Ck=2DL 7« Fa—7, K4l Zk=5DL 7 -
¥a—T%RT.



3: A uniform (regular) rep-cube of order k = 2

EIE 2. 2] EEOIERE L 85 {2,4,5,8,9,16,18,25, 36,50, 64} DIEEDER
g UTEk=36gk” DIEAIIRL 7« F 2 — T DFET 5.

XHR[2] TIE, k=36DL 7 Fa—T2f270D R =2 2o TRE LD
ERZZ L T X2 —IDERITFETE2 2 2R LTWS., K51ICk=36DL 7 -
Xa—TEBEZTDDNRR—VERT. TORE—2% 6 KW, 11D 237
FEDIERK E R CEBICHRTHEET 2L, k=36DL 7« Fa—70%ENT
5. [ARIZ, g DMESCTEEITRLEZL Y - Fa—T%10ER. ZOHD
HAESTEZ K2 EOIEAICTET 2. ChoDEAEZE=36DL 7+« 21—
ToeEd7:bD 2 -V TEZMZ 2, MAKRDERKE 5.

FIE 3. 3] EEDOEBE TN LT, Xk =182 D—HRL 7« X2 —T7DF
T3 5.

R (3] TlX, Xk =18 D—HHEL T - Fa—TOMEGEEFHALT, —
Rl T s Fa—ERICHEETAZL A2 RLTVWS. K612k =18 D—Fkk
LY - Xa—700%xRs. ZOMKAEZAHLTHSET 22T, (FED
EEBOHLUTHREBEIC—ERL 7 - a2 —TERBR T8 TES. K7
i = 31T F A RERHIE RS

F72, SR B ITBVTKREE (VEx VEx VE) DU AEEZER D2 I A—F
LZZEMTEDZRIAI ) BF v 7 LT, X kL CHMEG6EDIEHIZZL 7 2 —
TERINET D 7NTY RLDRTEINZ. kD, Xk =2 CHfE12, X

3
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4: A regular rep-cube of order k =5

Bhk=4TCHBE2AUDERIRLY - Fa—TORFIELEITEBIRoTW0WS. X
Brk=2CHMEI2OERNRZL Y F2—T12O0WTIX, £ET33EELLZ N
IRENTWS., Kk =4 THE224DIEAIRZL Y « F2—71Zo0WTIE, 5T
TISH D 2 Z e I RENT VWS, K k=4 TCHE 24 DIERIIZR VT« 2 —7
7185 FFHDOHICIE, BEEHTHZL T« F a2 -7, 4HDORY F 3 /12558
TERHEPERBEY HEL T - Fa—TIDWEELTVS. ZZTRECHTHEA
7k, FCEwE 2oL 7« Fa2—T0, BEPELZZFDOLT - F2—T LT
BiohTnwg, L - Fa—Ti3RIVAI/) PTHY, PEDHDOHIK
DEFKTH 27280, L7+ Fa—T%2VHEROERHMDOTE E LTHET 24HE
M5,

1.3 H®H3EE®

ARFFEDHIIX, L7 Fa—TINLTIERDE X o Z2AEEIT 5751k
P, SX6NEZHEREREMTA2HETT 0 —F3228THb. mEMNIC
X, (V5 x V5 x V5) DILHERNDILEREMETT 2. 1 XD XKk =5DEH
BRLUT « Xa—TOPFETEIEIRINTED, ZNLETWL O0FEETH
DT HNTWVWED, 2FIBRITRIN TV,

T/, LS Fa—TRENTERIREE DEICOWTERIEST 222 TH 5. IE
HiZzL 7 s F2a— 72 o0nTiE, FAIRL 7« F 2 — IBFE LW RE E DEIC
BEIWCOWTEZS., —HERL T« F2—T71ToWTIE, B HEOERERX
IIAEEICHLT, ¥Nd— KR L 7« F2 - TZ 2050120 THE
KT 5.



5: Pattern for making a rep-cube of order k£ = 36

6: A uniform rep-cube of order k = 18

1.4 THECHE

A CTRHEL R EREHEBICOWTHAT 2. 797K, ZLTAREHE
RIZDD7NTY) AL THLIRIBREREPEATS.

777 G eld, THR (vertex) DEGV £l (edge) DA E Dl LTEER SR,
G=(VE)rdHobd. HRTT7 721X, HAESL ZOHMAESDOIFHEFDE
BTHHAEEDI LR IMWEZ V. [HRv,v, e VAille e EIZXoTDRD -
TW3 & &, v, 0 IFEWVIZEHE (adjacent) LTW2 2 WS, EED 2HM u,0 € V
MICHADPREST S %, 777 GIEEMLTVWS WS, LT, HiiRE
M2 7128WTC, YO2TEAM S EVICEERRETH S, £/, THE v,u, €V
vy = v, T, POZNLIMNIF CTHED 2 DD BBV E &, (v, 09, .., 0p) 1
BAEG (M4 2 0) ThB WS, [HEESV LUES EZhPhofnEahr ok
505 7% T 78S, BT T7DSB, MATHEMRD DR EENRS



& XA

7o 7% 7R TRET 27007 —2fEL LT, ¥rd S L AR 30E
277 7 (ZDD: zero-suppressed binary decision diagram) 23% 5. Z#uUX, EHE
(REDEE) 2RI RHT 27D 7 —XETH 5.

72 7GR (tree) TH B &1k, BB 77 728 FN2EED 2 THAM
WCHAMBFIES 28K 770 TH5. TITIR, BIAZDORNER S Z 7
THsZeZzhifee 55, K2, 1 DDTHKZIR (root) & LTREIE LK G 2R

TH5DDZEWR (spanning tree) W 5. TROBEERIE, FAKEIAET TIE
WIF 2R WD EAE R Y 2 DB AR U TiEniT 2.

KROLERIZ, R2lpRe LEEARRERZ TR TADTLETEILS. K
DERRFED 1 DT H 5B (DFS: depth-first search) & 1%, TZ5[RD
RAHITHZZ@DIRT 7 NALITY XL THS. BRI, FHIZHMT 5

%, 1 DOHIDEHAICRE? L&, RAEAZZORATROBESBLZEAL RS,



F2E8 IAHFOERAICELSZLT -
Xa—JADO770O—F

ZDETI, L7 Fa—T7%2 N HRORADEE L TEAHTZHD 7 1 —
FIZOWTHARS, IF U DI AERORMEZIEATETHEIT 2713 ) X LIZD
W, BT ERERNCEET RN S, 2 LT (V2 x V2 x V2) DAL RO RE
DFENY, (V5 x V5 x V5) DILFERDREDZENONTHESNERERT.

2.1 MNAEOREDIESFDE

LY e Fa—TREABTUAHARICBNT, YAKROEKHEDSE X —IE
HLTAZE, B2V 7 - Xa2a—I20RUCAENRR—2% DV HIRICKS
bDOWFETS. —HRL 7 - Fa—T2EAMITVAERKOSE y, kL
7 X a— T REAHTIAROSENL, FRENDERE Ko THET
B5ZEMTED. ZOXIRIUFEOREDTHNCE S 7 a—FI12X b7
TV RXLERET 5.

BARINE, (VE x VE x VE) DAL REERE 6k DR Y 4 3 BT 3 7L
Y RLELITITRT. 22T, fle UTHRANSAER (K=1) ZH05.

L QENRERES (VExVExVE) DI HEET%. QOEZTES, HEmEy
DORMY A LTEERTI7GQ) e LTHHDLT. TIT, QDKM
WIEBEED TN EDITTEL. K8IZT NN EHEANHE, KIITED
2R777 GQ) BRT.

2. Q DERMOBEERERZBHZY XA M LTRET 5. M8 DHAI IS
TORHZY X P 2R 1ITRT.

3. BRI 77 GQ) DEBARG(Q) ZHNETS. TOLE, I 1 DIER
ZRe35. KIWRT GQ) DEHARG(Q) 0—HlZK 10 127

777 GQ) DERBARZINET 2, ZAUHIGT 2 EBHAKZE2 Z L 25T
x5, 2EARE THEE D723, INTOEAZE0EERMEE) THhs T
HDTH5. b LTI 7hHKEEDOHE, [FodERKIEZ2 DD LD -
VIZHMENTLES. kb5, BHETH 27D T 277 75
R TR I 570,



8: @: labeled cube 9: G(Q): graph of a cube

7 1: Adjacency list of a cube (Q)

Face | Up Right Down Left
1 3 5 4 2
2 6 3 1 4
3 6 5 1 2
4 1 5 6 2
5 1 3 6 4
6 4 5 3 2

4 BG(Q)IINUTHHEY R bEd I, RIBEERTRESI nxnDO< b

Vo 72 FICEHT 2. 2Z2Tn3EEDOIEEK T, BER 6L IP+7
WIS TZ 2 A XA THHZLIERTS. o2 UOG(Q)DIRTH S Z
NRAB1DOEHEE, b )y 272 ETHMBNBEYL LTHRELTEL.

10 DREARZ~< MY v 7 X EANEBRLETFZRK 11IRT. ROPEE
WBAEEZD DT, DENREZZHOUIVEESTH, 77 7DHEMICIZS
LN T W B 720, FARIRERKPIEON2GE50H 5. TEZER S
A, K11 e FARTH 2 EHMKOFIZK 121TR3. LiehoT, ZIh6IE
A 22 A 25 LT L.

5. 4. DENFUTOWT, BAIEAERH 2L ZA%717, BAIESELRZ W

ETA%07e LTO/UATAITRIT 5. K11 %2 0/11THITRE LD D%
K1312RT. T2 CTLOEBERAT, B LTERDED 20D
PEHEL, 1DEBD 6k ED 2 bDIETFEERLTEL.

5. DZERFIUICTOWT, HEZC R L TEHTIEOAEMRL, 7RARXRAF ¥
STOL 1D — Y RAEAUST 3. FO5508/MEZRFELLTY X b
RIS 5.



10: G'(Q): A spanning tree of a cube

| || W

11: A net of a cube on a matrix

7.6.DVRAMZset AUTEL, BEERLZERTHIFRS 2. set MIIEEEZDH D
TTrI—AMETHY, EELLZERIIED R2ANS. T2, JEERERH
KTHZHEEOE DR A I ) B ELN5.

A LD 72D T T 2581F, REZInxndDY MY v 7 RZKEL, 15
HrZAZHEMNIEAFEEL T oy T 5.

2.2 32ER - 5T

RIEI G AR 7 LTV X8 % (V2 X V2 x V2) DI SR ZEE 120X A+ 3/
R L7Z5E Y, (VD x Vb x /5) DI RZER 30 DFEY F 3 VIR L 72
BAEICOWTHEEL, FBohifReRT.

KRR 2 R 2 1RT. FEBR 7 12 F 4103 Anaconda3 % FiWT Python TH%
L7z. 772 7D4I21E NetworkX 74 72 U 2HH L7, £EAKRDFIZEIZON



12: The same net with different divisions

Ol oo o o] ©
Ol O0O| Ok | O] O
ol |k B P O
ol OO PO O
Ol ol O] O] O] ©

13: A net of a cube on a matrix with binary representation

TWE, £ERICH LT ZDD #EEARETH 5728, ZDD 2RI 27131 X 4
% FPIT % % Python 74 77V Graphillion[4] Z FWTHEREL 7.

2.2.1 (V2 xV2xV2)DIAEKZEER12ODRILZ /ICER

1412 (V2 x V2 x V2) DI ERT. K14 &0, (V2x V2 xV2) DIf
RORENIGFIRICHEZNTNWBE Z b0 5. (V2 x V2 x V2) DI R
BT 22K 7OTESARIZ12THDY, THEKI5ICRT. K15I1RLES S
775G 5N RIEARDO—H1 %K 16 12K T

AIEI TRz 73 ) X LIC X 5T (V2 x V2 x V2) DI IR E TR 12 DR Y
F I WERLUERER3IWORT. FRAMZERNDS 5, fle LTR1TICE
MK (A 120KV A7) % 10EZT 5.

10



3% 2: Specification for experimental PC

CPU Intel(R) Core(TM) m3-6Y30 CPU @ 0.90GHz 1.51 GHz

I RAM | 4.00 GB

OS 64-bit Windows 10 Pro

# 3: Result of unfolding a cube of (v/2 x v/2 x v/2) into a polyomino of area 12

2HAROK (FARERR % & )

IR 72 R D E

331776

13002

&

14:Acubeof(\/§><\/§><\/§)

£

15: G(Q) for k =2

16: A spanning tree for k = 2



12

50

50

50




50

50

17: Polyominoes of area 12

13



2.2.2 (V5 x5 x V5) DILAFZEERI0DRIF I /ICER

1812 (V5 x V5 x v/5) DALTHEERT. (V5 x V5 x V/B) DI RIS S
B2 7 7DEAIEZ30THY, ZNEXK19ITRT. K19IRLET T 7
518 5N 72RO —F% X 20 1IZR T

RTFI TRz 7L T X2 X 2T (V5 x Vb x VB) DI A% HE 30 DR Y
A I ICERLEERER4IRT. 2ERE~ M) v 7 X RICERMT 2, E
B PCIZBWTXEYDRDHINTLE 720, ERALZEHKOBIIG SN
hro 7.

X 18: A cube of (v/5 x v/5 x v/5)

19: G(Q) for k=5 20: A spanning tree for k =5

% 4: Result of unfolding a cube of (v/5 x /5 x v/5) into a polyomino of area 30
EAROR (AR BN Z &) | JEFRR L R DR
303887720448000 ?

14



F£3F EALGLT - Fa—TJOEFEHE

ZOETIE, Kk DEIZNLT, ERIRL Y - X2 —TDEET 208 5D
WZOWTHERAES 5.

3.1 RBEODIEANRLT « a2 —TDIFEMN

ARV T s X 2= TDFE LBV k DEZEZ 5. FATHE 3] &b, X
BEk=3DFERIZL T F2—TW@3FELEVI EIRINTWS. £z, £5S
DELZ LI LT, HEE DX EDIERIRL T - F2— TR FELRVI LD
IRENTWS., ZITHEAESLI, abEEHARB TS

S =1{1,2,4,5,8,9,10,..} = {x|x = a®> + B* %272 T a,b FET S }

S =7\S =1{3,6,7,11,12,14,15,19, ...} = {z]|z = *+V*ZWi/= T a, bBFELRV }

TH5.
R, BEGICBI2EBICE o202 200 FEHEEA T 3 [5].

FBIE 4 (7o~ —DFHAER). p2waRle 5. D258 a,bITHLT,
p=a’+bv’ < p=1 (mod4)

T 5 (541 27 L OBMEECER). n % BAME T 5. a,bAHWICER FER
DEE, an+b D5 IBZLBIIERITHFET 3.

FATHIE (3] L EH 4 XD, ROME 1 Z/RT.

AL () paTBET3. p=2%F7Ep=1 (mod4) DL EplIEE S DOHE
ETH3. (2) ¢ BABE, plpP - ple % q DRRBIRE T 5. TNTORK
pi =3 (mod 4) ML T, WEBTHE L E, 3EAESOERTH 5.

ZLT, EAIRL Y « F2a—IDBFELBROVRE L DEIZDOWT, X DV
REEHE6ITRT.

B 6. EASOERELIIHLT, XEEDIFRIRL T « F 2 — 73 EFEELRLV.
T, TEEDOTFRIRL T« Fa—TIDBEELRVE D72 S OBER L IXERICTF
F55.
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Proof. k% TATH 2L 3HF2HR K 35, T22, fi@l1ED, ke STH
5. Fl2, EH5 XD ZD XD RBHE ZERICEET 5.

TRk DIEAIZL 7 s X2 — IDFET B EIREL, ThE P35, P
FEEORER P, ..., P CHEITE S, Pooitha ke Q, Pooiths
VIR Qe BL. QDHDEIIIINRTHELTHS72D, ZhrkleBL. T
% ¥ P 612-omino, P& 6k[2-omino £725. Z ZT6R2IZARKTH 25, 11Z
BT LDHEARKMTERVWI LICHET 2. ZOr %, H2HERK ababdBTFEL,

a2+62:l2
i + b = kl?
DALY %, Lo T, kIPe STHD

a2+ 0% = k(a® + b?)

Y7RB. ThbE, k(d®+b0)eSTHA.

ZITE+ OBk +0°) THBIehbhrot. £oT, kIZHEKT
HD k=3 (mod4) TH3Z Lo, B ED 2 +0 13k 2HEBERTFITHD.
Lo T, (a®+b0°) 3k Z2FBERTICLD. 2252, ZhE(®+)es
THEZERXFELTWVWS., LIh->T, SOERELIIHLUTRE L DIERIZ L
7 X a—TFEELRV. O

3.2 HFLWERIGL S -Fa—7

HIEICRUERG XD, EFH1 TR TWRWIE L DEAIZL 7 F 2 —
THEIET BDE S D2lErD 3-8, FIEETHERZRAL. FOMRE, X
BEk=10DIEAIRL 7 + 2 =7 Xk =13 DIEAIR L 7« 2 =T 2721
BT 28BN TE. koT, ROEHTHELNS.

TR 7. XEk=2,4,5,8,9,10,13, 16,18, 25,36,50,64 DIFEH|IL T+ F 2 — TP

FET 5.
Proof. K21 W28k = 10 DIERIRL 7« F 2 — T %RT. T2, K22 12X
k=13 DIEAIRL T « ¥ 2 — T %RITRT. O

16



e \
. h
H 5
\ Y
Y L
\ '\
d Y
L |
\ ¢
) !
Y " -
L | .
\ i
\ g
i - |
\ -
Y — 5
) -
- |
. 3
- d |
- . ]
e ! 3
T Y \
5 5 \
- X h '
- Y L Y -
e " \ T
e e
4 Y | -
| ', | -
4 L s " |
b | | - '
| | \
: ] - L
) " - i A
. \ - 3 \
4 \ - \ |
L " - \ |
] \ | .
| | - L "
L ! |
Y |
== T b
Y - " "
' - | \
L L
. . 4 5
| '
i — L |
LR B i
- | -
'\
\ -
B -

- .
- "
- ", -,
", - .
- . s,
| . ,
o s - *
. "
g .
. , - ‘
" ™,
) 5, -
“, . -
', - i
5 - .
W, Py -
. N K
- ",
- ™
\ -,
- "
. - .
R .
By - "
. - 5,
- N
» S
el B
P B
,
| .
. v
- B
- , h
- . =
- . *
8 D
- kS
Y
.- .
- . .
\, %,
.
N RS

22: A regular rep-cube of order k = 13
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FATE —KBLT - *Fa—TZENK
ERGE-UNDR/E:

BT HAOUREN 11 FEOSRY F I 21250 T, —HRL S - Fa2—7
PR T 2B/ NORE L RS, TOLEDOR/NOXE kK DEICOWTE DT
HDEEHITRNT.

7% 5: Minimal uniform rep-cubes for order k

] u P |

L |
k=2 % O % X X O X X O X
k=4 D ) X O x O 8
k=35 X (EF9) x (EHE10)
k=8 O (=25) O (E26)

ZZT, REIDRODEESHELNS.

EIE 8. BN HEROUERR 11 EEOERY A I PIIHLT, PIZXoTH
MENBZ—FERL T« F2a—THFEET 3.

Proof. X8 k=2t k=4D—kk72L 7« 2 —71TOWTIX, T3] &b
HohoTWW53,

K23 I1IZRTARVAI ) P, 2o THKT 2R L=8D— KL 7 - Fa—
7 %M 25, M24I1TRTARVAI ) P, 2o THRRT 2Kk =8D—kkxL 7 -
¥ a2—7 %X 26 IRT. O

23: Polyomino P, 24: Polyomino P,
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25: A uniform rep-cube of order k£ = 8 (polyomino P, )

26: A uniform rep-cube of order £ = 8 (polyomino P,)

—h/T, R23ITRTRVA I P, 2o TR 2K Ek=5D—kkL 7 -
Fa—T7%, M24IWRTRVAI ) P, 2o THIKT 28k =5D—&L
T e X a—TWRINETEROo TV, XHi4.1 2 42128BWT, RUA I/
P, ¥RV A I Py ERZIIH LTIk =5 D56, —HRRLv T - Fa—T0
FAELBRWI L ZRT. 2 KD, B EROIERN 11 EEOEKRY 4 2
JWZOWT—HRL T « 2 -T2 T 28 NDXREBE DEDRE 5.
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4.1 KRKUAZ) P, DHEE

RUA I P& 5DV, (V5 x V56 xV5E) DIV KREIANA-—TERNI L%
R

27: A cube of (v/5 x v/5 x v/5) with colored

T 9. RUAI ) P, THIREINEI KB E=5D—KkL 7« Fa2a—TI3FFEL
VAQIAN

Proof. 2712 (v/5 x V/5 x /5) DI HKERT.

RUA I/ P, ST (V5 X V5 xV5E) DVFERENIN=FT2HEEEZS.
X 27 & DL EDEHE DO RICAE S 2 R 5 TW 3 IEAEEHS (MUTF, &
RIEABE XN EFRVAI PLHIBTEENS. ZOLZDRVAI P, D
NRE— V%K 28 1T

- :

A B C D E

28: Polymino P, patterns

L7oT, RUA I/ P, %5205 T (V5 x V6 xVb) DILFKE D AN—F
Z7-9121%, K28D X —2 & D B%2ED%E 1o, HEiXACED»SH
BT4AoF5 2 ickhd. Thbb, BE1oM#58588, DE1OHSEEE2E
2T .
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(1) BZ 125854 BTHEOATOARWB ORFOHRESEEEZS. I
ZACEDENDTHN=—FTI2RENDL. ZRNEFNADODAZINRD 5729,
12D IRTHLTABZ L, BrERBIGEL, IXOWHNGENITIL ALY T
DY, E—DHINBAZDHLAMANCHIZ X2 THD. THEKI29ITRT. B
I B, EHRIIAZHLDT.

\

29: The case of using B and A

BlEn%R%HE LTWa 7D, (V5 x V5 xV56) DIk ET, BalisnT
WAH L OHIOEIZOWT S FIOHERNTE 5. 2% b, BOMHIDERFE
DOFRIEFEICIE, ARFRFEDRETHIZ Z & L TERWVWY, ZhaLmfNic
AZ2D0i-oTAHBE, 20D ANRBORIUITELR>TLES.
Lo TB 212 585E, (VB x V5 xV5) DI HEE I AN—F 8% —
IFELRW.

(2) DZ 12555 D TELONLTVWARWD OEFEOHFREAEEEZS. (1)
DG L AR D Ol HEOFRIEFTFITIE, A ZFREDME T L0
5ZeDNTERV. ThERK30IRT. BRI D, ERIZAZDHHDT.
LoL, ZZIWCAZZ L7 DBNS.

L7225 TD % 125855, (V5 x V5 xVb) DA HREIN—FT B 8% —
NIFEL TR,

(1), 2)&bRVAI P, 2525 T, (V5 x V5 xV5) DI FKEHN—
THIEIFTERL. O
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30: The case of using D and A

4.2 RIUFZ)/ P,DBE

RKVF I P, %5200, (Vx5 xVE) DNHKREAIN-TERNI L%
R, Hifi 41 ©FERRO 7 Tu—F TiEHE B 242 5.

B 10. RVA I/ P, THWIREN LXKk =5D—RL 7« 2 —TI3FEL
Z4NY

Proof. RV A3/ P, %> T (V5 xV5xV5b) DAFithEhN—F 2%, R
EREPBENZ RV A I P, O =Y%M 31ITRT.

L

S_— —4 — —4

| ] | ]
A B C D

31: Polymino P, patterns

L7225 T, RUA I/ P, %505 T (V5 x V6 xVb) DALRE DI AN—F
2856, M31DRX—E D AZREBOYEL2ESLT 1O EMHS. XoT,
A1 LS55y, B 12U EMS8HE5%2E 2 UT X0,

(1) A% 1oBLEE5 558 A% (V5 x V5 x V/B) DAtk LM I i 5.

T2, TOADEFIZBVWTIBENALZWESICHEEZRY A I ) D& —
UOBRED, AZRIED RS,
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CZTAZRSGAERK32I1TRT. WRIRIICH 72 A, EfRiZ2o9
Wi 72 AR HobT.

32: The case of using A and A

T2L, RICHEZEVFI ) DX —VIZ—BITHRED, A3, LiL,
BODEVII ) DARR—2TH2 D Eio>T (V5 x Vb x Vb) DILSK%E
HN—F B2 LI TER.

— /i TDZMio7HE %K 3317, BfRIZ A, ERIIDZHoHT.

33: The case of using A and D

T2, RCHEZRIV A I ) DARX—VF—EICRED, BeZed., LhLZ
DBEAZ Y, IXBENS.
AZERLTIDOH -G8 OoWTHFRICIRAHEVE T 5.
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Lo TAZ IO EFESHE, (VB x V5 xVb) DILFRE HAN—F %%
R — NIFE LR,

(2) BZ 12 E#S535E: B% (V5 x V5 x V6) DI EDEEDNBIZHES.
T3, ZOBDOREBIBONTRBENLZNEIICHZ R A I )D& —
UIA—REICIRED, D5,

ZZTD R 756 %2K 34 1 RT. BHRIEB, EREIDE2HobHT.

34: The case of using B and D

T2, RICHEBZRVAIJDRE—VIF—BEIZRED, A3, L,LZ
DAZRIZDZE, TXBHENS.

BZEERLT12O0ioEBEICOWTHREILIRZHTHVWE T 3.
L7zMoTBE 1O EMESHE, (V5 x Vb xV/b) DILTKRE HN—F %%
R —IFEEL R,

(1), 2) XDRVAI P, E52M5T, (V5 x5 xV5b) DINFREHAN—F
5 ZEFTERL. O

24



EHE IbHDIC

AT, L7 - Fa— 7%V HEROREDORE I L THET 32D, it
KOGz oN=ZABEENZHENS, GXZONE2HEEEEMT 2 5EAT 7
O—F%2EZXT, 7VIVALDRFIFEBI o7z, Tz, LT - Fa—T%H
T EBZXEE DEICOWTHML. EHIRL T - F 2 —71Co0WTiE, FEHI
BRLUT X a—T0PFEELRBROKB E DEEZREO TR, —HRRL 7 - Fa2—-71C
DWW, B AROIERK 11 I LT, ¥hd—HKikL 7 - Fa2—-7
DR TZX B0 S 0% L.

2ETIE, KEX (VExVExVk) DI GEROERZ BAIEATETHEIT 2 71T
VALERRL, 7RI ML EREBI Lot ZOME, (V2xV2xv/2)D
SR EERE 120K 4 3 2B LISGEORR RS2, 2L T, (VExVExV5)
DN FHRIZOWTHRBEEB IR o0, 707 ADOEITERPTXEY BDH S
NTLEo. ZHIZOVWTIE, Z—R—a YV a—ZDHHIC K> THBES
NZAREMENEZ BN 3.

ZLT3ETIEXEEDMEICN LT, ERIRL T« X2 —TDFET R0 E S
WOWTEmRE L, ERIZZL T« F 2 — T DFE LR WREE DEZFEFA L. 2D
AEHHICHEDOWT, ERIRL T« F 2 — T OFEDR TR INE Bk DIEZHEFEL,
B k=10 FAIRL Y« X2 — T e Xk =13DFAIRL 7 - Fa—7
ZRL7e.

RBED 4 BT, BV AEROUEMK 11 BEOKRYAI ) PIIHLT, P
WEoTHR SN KRRV T« Fa—TIWPFETEIERL, —HkL 7 -
X a2 — TN T 2RO DIEERLT-.

SROFEIXRDOBEY TH 5.

¢ 2ETIARZT7INITY XLIZBWT, MHT277 7DV R b eEEY A b
WBTDOFEETHETZRERD L. LD o TRE L DENKREL kol
58, FIUFETIHIERPIN#ETH 2 EZ LN 2D 7L Y X LDTR
PRRETH 3. ZLTERENCE, TO7LITYRLCE>THELRERY
FI %, THWEEDRY F I 2 ICHEILRITHURR 5720,

e D2DODL T+ Fa—TTRENRX-UPEEED HBHDITONT, =V
R—F ARV =L LTORZIUNRETIE, DEIA&— 2 2ERT
RETHS. 2L, DB DDV T+ Fa—TWBEUTCITHEBAFERHL
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Wb DL T Fa—TTHo LThH, DHIAE-VHRLDIGE,
MOV« Fa2a—T LTHBADZIPHE LW L ZEKT 5.

LY s Xa—IWNHTE25FIconTE, FHZHEMCED R §44
VTN, Bl LS Fa—TEBRTAIRIAI EEA Y
TRZANVTHOWSNS., B4V 2%, Z2l% BT EHAMICHED R L 35
PRI BU A AGEENESS, SETHEALLBEGHE OREN D 5. RIS
PHF L WG R ADIF 5 Z 8T, MOMEDD OMEDOMITICEM TE 5%
ZAbND. Fiz, LT Fa—7x T 2EEORAZ DD D EBEBERMER
HEroREEHE LTIRZ2 28T, HiLwy Yo—F 2 L TRELEE%
R J2DDETNMEDEEETH . TDES L7V T —Ya VDA R ST,
DB TH =IO & BRI 5.
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B6E B

AWFUCIR LT, BARITHREL ZHE W EF LUk BFEEFEHRZITD X
DE#HNZLET. ZLT, HADEIF—ILTOIHERE A DHIRZ ZHUR
Wi Wi FEIIRZOMFEHBETH 208 TR2ZII LD, FEMEZDH
HICEHOEERLET.

27



S2& Xk

1]

2]

[5]

Martin Gardner. Hexaflexagons, Probability Paradoxes, and the Tower of
Hanoi. Cambridge, 2008.

Zach Abel, Brad Ballinger, Erik D. Demaine, Martin L. Demaine, Jeff Erick-
son, Adam Hesterberg, Hiro Ito, Irina Kostitsyna, Jayson Lynch, and Ryuhei
Uehara: Unfolding and Dissection of Multiple Cubes, Tetrahedra, and Dou-
bly Covered Squares, Journal of Information Processing, Vol. 25, pp. 610-615,
August 2017.

Dawei Xu, Jinfeng Huang, Yuta Nakane, Tomoo Yokoyama, Takashi
Horiyama, and Ryuhei Uehara: Rep cubes:Dissection of a Cube into Nets,
IEICE Trans. on Inf. and Sys., Vol. E101 A,No.9, pp.1420 1430, September
2018.

Takeru Inoue, Hiroaki Iwashita, Jun Kawahara, and Shin-ichi Minato:
Graphillion: Software Library Designed for Very Large Sets of Labeled
Graphs, International Journal on Software Tools for Technology Transfer,
Springer, vol.18, issue 1, pp.57-66, February 2016.

EARETG W)EREGERARR 56 2 i, L HIRE 1991.

28



