JAIST Repository

https://dspace.jaist.ac.jp/

Title goodoooooooooooood

Author(s) oo, 00

Citation

Issue Date 2004-03

Type Thesis or Dissertation

Text version aut hor

URL http://hdl.handle.net/ 10109/ 1789
Rights

Description Supervisor: ooooa, ooooooo o0

AIST

JAPAN
ADVANCED INSTITUTE OF
SCIENCE AND TECHNOLOGY

Japan Advanced Institute of Science and Technology



O o o 0

Juoogdbgtdootdbbootubogd

gogbbooogbobobdad
ggbbooggobbodgo

00 o

20040 30



O o o 0

Juoogdbgtdootdbbootubogd

oooo Uodgd ad

oooooo O0ooOg od
oooo oo ogd
oooo UOoOd od

gobbooogbbbdao
gogbobooogooboogo

2100590 0O OO

goog: 20040 20

Copyright (© 2004 by Tsuboi Naoto



u o

0000000000000 Oo0oO00Oo0oOo0bOO0oo0bOOo0DOO0n FLeOOOO
Oooo0ooOoOo0o0o0o0oooooooooODFLe, DFL., DFL,, OOO0O0O vOOO
O 0 formula 0 O OO finite model property 0 OCFL, 0 00000000 OOO0O0O
GlivenkoOOOOOOOOODODOOOOO



Abstract
Acknowledgments

1 Introduction
2 Preliminaries

3 Structure of Codes
3.1 Inner Encoders . . .. ... ...

3.2 Construction of Concatenated Codes . . . . . . . . . . . . ... ... ...

3.3 Decoding Scheme . . . . .. ...
3.4 Preliminaries from Coding Theory

4 Conclusion
References

Publications

ii



10 oo

1.1 OO

0000000 booooubid sequent systemJ0 00 O0O0O00OMO
(exchangel weakening[ contraction) 0 00 0000000000000 OOOOOOO
Lambek 000 FLOOOODOOODODODOOBCK-OOODOODODOOODOOODOOOOO
JodddoduoudutditUsequent 0D ODODDODODDODO0O0OO0OOOOOOOOOO
gotdtdbbogggoboobbbobobbbooonbbbogoobbbbobobooogda
goodoboobbbooooodooooob bbb oooouobobobobouoooo
guooooooobn
oo oobbioobibbUlcut00OOD sequent
system U000 U0O0O000oooobooogooonboooooooooooonon
godddoouoooooobbobobbbbboooooooooooouoooooon
cit U OO0 OOOOoobooobbubbubbuboboooooooooagd
gobodoooooooobbbobobboobbbbobooooooobobooboooog
O00000D00000000000000 Universal Algebra0 0000000000
godbobboboodoooouoobooboboooboboboooonbobooboooog
guoooooboobbobboooad
0000000000000 b0o0obobo0 LJobobooobooooboooobooo
O000 FLOOOOOOO exchangeruleOOOOOOOOO FL.OOOOODOODOO
J00o0o0o0ooobobobbOoo0o0o0o0o0ogdod weakening rule00000000O
FL., 000000000000 DOO0OBCK-OOOOODOOODOAO basic logicO O OO
O0000Oweakening rule 0 0000000000000 0O0O0OO0OODOO0O0OOOO0O
gooboobbbbbdoddoodudoooooobbboobobodoogoooa
O00000o0o0oobob0oooobobob0oo FL.Ooooboooooooo

1.2 OO

gboboggbbbooobbbuooobbbuooobbbuooobbbooobboo
OO0O00b00b0b0bOobO0dbDUexchangeruleD 00O OOOOOOOO0OOOOOO
gbboogbuogbbuoobbuoobobodobboobbbooobobba20000
O0000DO0O000bOOO0000boOO000DoboOO00ODO finite model property



0 O 0 Ofinite model property O O Oprovabled formula0 0 0000000000000
0000000000000 000000O00D000D0 CFL,OO0O0O00O0ODO Glivenko
0000000 closure operator OO0 000000000 OOGlivenkoOOOOOOMO
OO0O00000000o0o0D0d0oDdooDOoDoOoDoOooDooongon

1.3 O0O0Ooogn

O00O0O0OOexchange rule 0000 000O0O0O0OOOOOOOO”0O00”00000
OFL.OOOOOOOOOO0OO0ODO0O0O0O0DO0DO0DO0DO0OoOoooooooooooooooa
FL. O provable d formulaOO0O0O0OO0OO000O0 formulaOD 00O OO0 0OODO O Osequent
system 000000 FL, O provable D OO0 000000 DOO00OOOO0ODOOOOOOO
oooo
000000000ooooooooooboooboononOn0nd commutative residuated
latticeO O O OO0 00O OO commutative residuated lattice OO0 00O OO0 O O O FLe-
algebrad 00 algebra0 0O 0O0ODOO0OO FL. ODOOODO algebraD O OOOOOOO
Oo0o0oooon
2000030000000 00000O0O0DOO00
30000000DFLe , DFLew , DFL.. O finite model property 0 O OO0 O OO
DFL. , DFL., , DFL.. 00O OO finite model property D0 0000000000000
0000000000000 0Odownward-closed 00000000 O0O0OOO0O formula
00000 finite model property D DO D 0OOOOOOOOOO
400000000000000Oclosure operator 1 0 OO0 00 O0O00O0O0OONO Glivenko
000000000000 0000000000 Galates-OnoO O OOOO0OOODOOO
ooooogad
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21 OJ0gboootoodbobobooooodbogboogn

gbobobuogoooboooooobuowoobooooboood

A:<A7f17f27"'7fn>

oooo0ob0obOoobdbO0 ADOobDOoooooof,ObobDob00ob0bobobOoo
gboggbooobboobbodoobuoobuoobbuoobbuooboboboon
gobogbdboooboobuoobboobbuoobobbooboobbooboon
gboboogbboboooobn

00 2.1 (0000)
A=(4,<)00000000000000,y,2€ A000000000000000

lL.x<z
22 x<yU0y<2x000 z=y
grx<yU0y<z000 <2

0o 2.2 (0)

L=(L,NU) 000ltticeD 000000000 2,9, LO0D00O0OOOOOOOOO
goo

rNr=x,zUxr =2z
czN(ynNz)=(zxNy)Nz,zU(yUz)=(xUy)Uz
.xNe=yNe ,zUy=yUx
czN(zVUy)=z,zU(xNy)==x

Bt e o~

000000 TOOOO L00000 (L,n,u, L, T) 00000 bounded latticed O O
00



OO0000o00o0OOoOoOO0O0OOO0O0O0OOOOOOOCOOOODOODOOOOOO (L,Nn,U)
obooobooboLoboobgnD <00

<y = rNy=z00000 zxUy =yl

00000000 (L,<)0000oooooo
gogoobbobbobobobbbbbbbobooboobbbbdduooooooooooon
gboogoboboogbbobobboobbuobuooobuoooboobbooboon
HRN

00 2.3 (000000)

M= (M, 1) 00000000 commutative monoidd 000000000 z,ye M O
gooooooooooood

L(z-y)-z=u-(y-2)
2.xy=y-x
Jrz-1l=x

ODD0O000b00b0dbDOexchangeO OO OOODOOOODOOODOOODOODOOO
DooodbobobobuobobdUcommutativeJ 000000000 DOO0OOOO
gobobuogoobbobooon

2.2 FL.OOOO

00 2.4 (0FL. OO 0O formula)
OO000b0ooo0ooboUnFL.OOOformule0 00O00O00OODO

1.00000 formula0 0 OO

2.0000 ¢, f O formulaD 000

.o, 0000 formulaD00O(aAf), (aVB), (axf), (D f), (-a) O formula
gooo



formula0 000000 0000

00 2.5 (FL. 0000 Ologicd)

LO formulad0 0000000000 LC® MDOODOODOOOOLO FL.OOOO
Ologec0 OO0 DO OODODO

1.0 FL. O provable OO O ODa € L
2., felLO0O0O0OBEL

3. a,felLO000aANnpEeEL
4.L000000000

O0000000000D000Db0000b00D0DbD00DbO0O0n sequent systeml] sequent
0000000000000 0000000000DO0DOO0OD00DbDO0D0O0O0O0 Gentzen
D000 LK, LJOOO sequent system U0 00000000000 O0OOOOOO0OO
00000 LJO0ooOo0oooooooboboooooboboboo FrLO000o0ooooon
0000000000 rFrLOb00b00O000O0bO0obOooDoobooooobobOoog
000 FL.OOODDODOODDODOOODODODODODODODODODODDOOoOobOOoooOoooooooo
0 FLe O sequent system [J OO 00O

sequent system LK 0O 0O 0O O 0O O sequentd O O O
a1, Q2,0 Oy — B, B2, -, By O ay, f;0 formulal

000000000000 {w}, {4} 0000000000000O0D00O0DO0 FL.
OOO0OLJO sequent D0 O O0O0000O0O0DODOOO formulad0000000OOOOO0OO
g

00 2.6 (sequent system FL,)
e FL. OO OO wnitial sequentd O O O
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-DbObooogoboo

exchange:

Os00000000000 0000 formula0 000

e FL.OODODOODO inference rule0 00000000 OOOO

a,B,11 =6
R R,

cut:

' —>a oll—pF

AT (cut)

-obooggooobogd

a, ' =46
aAfT 5o N

' a I'—=p
'—>aAp

(AD))

I' >«
F—>Oz\/ﬂ(vD b
a, B, =6
ar BT o0 )

' va B,I1—96
oS TIHos )

I' -«
ﬁa,F—>( D)

[IT— 6 (1)
| I ) v

B,I'—= 6
aAAT 5o N2

a,' -6 B, I' =6
aviT oo VD)

—p
F—>Oz\/ﬂ(vD 2)

' a II—p4
T sarg D)

a, ' = 0
F%aDﬂ(DD)

a, ' —
I' = -« (=0)

r
Fi—?f (fw)

O000a, 0 formuladé O formulaDOOOOT, T 0 00000 formulaO O OO



sequent system LO OO O0OO0O0O0O0O0O0O0O0O0O0O0ODOODOODOOOOOOOOOOO
O000000000LOD000000000000000000O00bO00O0bO0OoDOo
0000 SO00b0obobo0ob00 LogoboooobooosSg Lo provable 0 0O0O0
000000000000 0D00 SO00000b000b0obOooOoogn not provable
O00000000000D000D0000 not provable O OO

0 — a0 LO provable0 00 00O formulaa 0 LO provable D000 O0O0O0O0OOOO
O0000000000LO provable formula0000000LOO0OO0OO0ODOO0O

O0OformulaaD> 0 Dald000 LO provableDO D000 O g0 LOOOO
O0o0oboOoobooboo

ooobobog2000000b000b0b00LKOLJOODoOODFL. 00000
gobobogoggd

weakening:

' =46 r —
aT o5 W) (wD)
contraction:
a,a, ' = 4§

a, ' =46 (cD)

FL. O weakeningO OO OOOOOO FLew 0000000 contraction 0 0000 OO
00 FLe. 0000OOO weakening O [ contraction DO OO0 00000 FLeew O
0o0o00ddob0 LJoooooooooud FL,OOOooooooooo «s0oon
Ooododooooooom

FL. O LJ OO weakening [J contraction 0 O OO OO0
FL., O LJOO contraction 0O OO OOOO
FL.. O LJ OO weakeningO OO OO OOO

OO0000000D0000000D000000 sequent systemDO00000O00OODO for-
mulad0000000000O00OFL, FLew, FL . ODODOODOOOOOOOOOODOOO

OO00O00FL.OO0000000D0ODO0O0DODO0DO0ODO00 FL,OOOODOO
00000 distributive lawd O 00 MO0 000000 formulaa , 6,y 0000

= (an(BV7) D ((anb)V(eA9))

O00O0000FL, , FLew , FL.OODODOODOOOOOOOO0OODOOOODFL,
DFL., , DFL.,. 0000000000000000000400000000000
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5000000 CFL. UDOODOOO formulaa OOOO
o — o

ooOoood FL.OOODODOOODOOoODOOo

0025000000000000000000000000000FL, 0 provabled 0
0000 formula0 000000000000 00000000000000000O00
00000000000 CO0000000000formula0 0000 ®0000000
0000000000 FL, 0OOO0O0O0OO0 FL. OO @00000000000000
£={LOLOFLOOOO0}00000000 Ly,L,e£0000L;NL,e£ 0000
000 L,UL, 000000000000000000000 LyVL, O LyUL, 00
0000000000000000(L,N,V,FL,®)000000 FLOOOOO & O
0oooo0ooon

2.3 Commutative Residuated Lattice

0000do00obO0d0b00o0ooO00o0o0o0oDbOO00d0D00ddFL. 000000 DOO0
00000000 FL. OO0OO0O0O0D0O00O00DO0000 commutative residuated lattice
O0000000DoOoOO0oOoOon

2.3.1 Commutative Residuated Lattice

00 2.7 (Commutative Residuated Lattice)

A= (AN, U,-,—, 1) 0 commutative residuated lattice 0 00 000000000000
oo

(R1) (A,n,U) 0 latticeD 000 00O

(R2) (A,-,1) 0 10000000 commutative monoid 00000000000 x,y,z
gog

(-y)rz=a2-(y-2)



(R3) 000 z,y,z€ ADDDDO0zx-y<z<=ax<y—=z

(R3) 0000 residuation DO 0000
O O O commutative residuated lattice 0 CRLOOOOOOOOOOOO

000 O O integral CRLO increasing idempotent CRLO O OO OOODOOOOOODOODO
OCRLOODOOOOO

x -y <z UOintegrality[
r <z -x [Oincreasing idempotencyl]

integral CRLOOO0ODO yODO0O0O0O y=1-y<100000000000000O0 100
0000 O O increasing idempotency [ [ weakly idempotency, square increase O O [ [
OO000DbO00000

OOO0OCRLOODOODODO latticed distributive 0 OO 0 OO0 O CRL O distributive [J
gooobao

ooooooooboobooboboooboobbooboobbooobFL.ObODOO
OCRLOOOO2230000000L0O FLe, FLew, FL . OOOOOOOOODOODO
LO0D0OO00obObOO0OO L-algebraD O ODOOOO0DO0OOOO

oo 2.8

00 (A,N,U,-,—,1)0 CRLOODODOO0000000000 A= (A,N,U,-,—,0,1)0
FL.-algebra 0000000 00 ADDDOOOOOO

OO00ooboboo ~00
~a=a—0



ooooooogd mu,-,—,~,0,100233000000000000 A,V,x,D>,-00
0000 f,t0000000000000000000000DO0ODOOFLe-algebrald
integrality OO 0000 00000000 OONO FLew-algebraO O O OO O FLe-algebra
O increasing idempotency U [0 O O O 0 [ FLec-algebra 0 O O O

FLe-algebra OO0 OO 0OOsequent D0 O O00O0O< O sequentd - 0000000000
Oooooo

od 2.9
FLc-algebra A = (4,N,U,-,—,0,1) 00000000 z,ye ADOOO

lLax<y<=1<z—=y
21<r—>=x
x-(x—y) <y

00 2.10
FL.-algebra A = (4,N,U,-,—,0,1) 00000000 2,y,2€ A0000

lL.x=1—=x

222 <yU000 x-2<y-2
Jx<yUU0 z—=2<2z—=y
4.xe<yU000 y—=z2<2r—2
5.(x—=y) (y—2)<zx—=z

00 2.11
FL.-algebra A = (4,N,U,-,—,0,1) 00000000 z,y,2€ A0000

1. x <~~~ g

2. ~x =~y

Jrx<yUU0 ~y<~zx
4.x-y-2<0000 z-~~vy-2<0

2.3.2 CRLOOOOODOOOOOO

00 2.12 (Homomorphism)

200 CRL A = <A,ﬂA,UA,'A,—>A,1A>, B = <B,ﬂB,UB,'B,—>B,lB> gooooao
f: A — B O homomorphismd 0000000000 D00 (1),(2)0000000
gad
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(1) f(1a) =1p
(2) 000 2,y00000 f(z®@ay) = f(z) ®p f(y)

O0000de0ONU,,—00000000000000000O0O0DO 20000000 (2)
gobbuooogbobobuoooobobbibodd oo bboooon

0000 f 0O homomorphismO OO OO OO
e fODODODOONOfDO embeddingd 00000000 monomorphismO O 00000
e fOODODOONO fO epimorphismO 000000
e fOODODOOODO fO isomorphismd0 00000000 OOOO

OO0O0OAQOBUODOO isomorphismO0O000O00O0AD BOODDOUO isomorphic O O
goooo

uob 2.13

f 0O CRL A = {N4,Ua,-4,—a,14) 00 B = (B,Np,Up, 5, —5,1z) 00 homomor-
phism OO0 0000000
v <,y000 f(z) <p f(y)

Ooooboboooofo00O0ooOOoboOOoDbOobDO

O00000000xzNnay =20000 f(xNay) = f(z)0 f O homomorphism 0 O O O
f@)Np fly) = f(@)D000D00 f(z) < f(y) 000D

00 2.14 (Congruence relation)

CRLA=(ANU,-—,1)00 2000 0000000000600 AOO congruence
reletzon0 000000 0OOOOOO

1.0 ADODDOODODODOO

11



2. $19y1 0o .'L'ngg oo (IL’l D .'L'Q)g(yl D yz)D

0 0 CRL A =(A,N,U,-,—,1) 00 congruence relation 0 000 000000000
O00ee ADDDOODODODO /0000000000 DOOOOOO

a/f ={x € A;xzba}
O00AOAODOODOODO A/DDODOOOOOODOOOODODOOO

Al0={a/b;a € A}

00 2.15 (000)

OO0 A6 =(A/0,", U, —'1/0) O CRL A= (A,N,U,-,—,1) O congruence relation 0
0000000 quotient algebra0 O 0000000000 OOODOOO
00000 &6 0000000 a/6,b/0 € A/90D00OO

a/0 @' b/0 = (a®b)/60

g 2.16

6 0O CRL A = (A,N,U,-,—,1) 00 congruence relation 00000000000 fp:
A— A/0 0 fola) =a/0 0000000 fp O epimorphism 0 0 0 O

2.3.3 FL.OUOOOO Commutative Residuated Lattice J O O

FL.OOOOO CRLOOODOOODODOODOOODOODOO

00 2.17 (00)

A=(ANU,-—,01)0 FLe-algebralv 000000000 ADDOOOOODOOOOO
O0000AD0O00O0O000O0O0 assignment, valuationD OO0 0000000000000
00 A0DDDODDOODOODO
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2. v(aApB) =v(a) No(f)

3. v(aV p) =v(a) Uv(ph)

4. v(ax ) =v(a) - v(B)

5.v(a D B) =v(a) = v(f)

6. v(—a)=v(a) =0 (=~v(a))

00 2.18 (00O0)

formula o 0 FL. O provable 0000000000 FLe-algebra ADOODODOO w
0000 1<wv(a)d

O00000formulad0 0 I'0D aq,9,---c,, 000 O0O00000O formulad =« 000
O formula oy xan x %, D I* 0000000003
FL. O sequent I' - g 000000 » 00O

ol = B) = o(I* 5 §)

000000000000 sequent 000000000 o(t>4) 0000000000
0> o000
00 FL.OOOOOOOO

1 <v(la— a)
1<wu(—=1t)
1<o(f =)

gbobbooobobboooobbbod

000000 FL.OOOODOODODOOOOUODOOOOD FLe-algebraOODOOOO v
gbbooguodgb 1gbbooboboobobobbuog1oobbuoobboobbbo
00000 (MO)0ooooooooo

OO0 FLe-algebraOOOOOOO o 00000

1 <o — a) 00 1 <v(p,II—9)
gobobooooogn

(™) < v(a) 00 v(B) - v(Il) < v(d)
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gboboboogon

v((a 2 B)« I+ 11") = (v(e) = v(A)) - v(I™) - v(IT%)
v(l*) <o) 00 Ov(e) = o(B) <o) —o(E) 000000

IN

(0(I') = v(B)) - o(I') - v(IT")
v(I™) - (o) = 0(B)) <o(B) DO OO

IN

v(B) - v(Pi%)

godad
v((aD B) « T« I1*) < v(d)

gooooo
I1<v((aD )« *II") = v(d) =v(((a D B) « [ xII*) D) =v(a D F,T,II = 9)

goooo

FLe-algebra ADDOOO0OOOO0 000001 <9(o) 000000 formulaa 000
000 L(A)OD0O

uob 2.19
FL.-algebra ADDOOODOOOOO L(A)D FL.OOOOOOOO

O0O0formula000 L(A)O FL.OOOOOOOODOOOO 2500000000000
goboboobbogg

l.aeFL.OOOOFL. OOOODOODO 21800000ae L(A)DOOOOOFL, C
L(A)O

2. a,a> e L(A)00000ADDODNDOND v000001<v(a)001<v(a>D
AODD0OD0w(e) <v(f)00000000001<0(3)0000

3.0€L(A)J0000AODODODODNODNON0DL<v(a)I000000u(8)<
v@) Nv(ADO00D0000 B € L(A)DOOODO0L < o(f)000000000
1<v(@)Nu() 000000000, L(A)0000aABeL(A)DODOD

4. 000 L(A)D0D00000000000O000000000000 pOOOODOOO
L(A)OD0O formula0 o(p) 000000 ¢ 0000 formula000 o000 pO
0000000000000 formulal a(¢p) 0000 ADDODODOOO v0O0O
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OO0 A0O0O00O wO

[ ulg) (40 p00O0DO0DOOD)
“’(q)‘{v(«» (@D pOODOOD)

000000 a(p)0 L(A)DDD0O001<w(a(p)=vl(s) 000000 vOO
000000000000 a(¢) e L(A)D0DO0OLA) 0000000000000

FLe-algebra ADDOOOODO L(A) D ADODDDOOOOOOOOOOOOO 21900
0000 FLe-algebra ADOO FL. OODOOOOODODOODDODOODOOD FLe OO
OO000OD0 FLealgebra OO O ODOUOOODOODOOOOOOODOODODOO

0o 2.20

000 FL OOOO0OLOOOODO
L =L(A)

O00000 FLe-algebra AOODOOOO

O00LO00O0O00000000000000 FLealgebraDOOOOOOOOOOO
000000000
O0O0formulaa, 300000000 =0

a=f<+=aDpfelLUlOpBDaclL

OO000000b0 ae=40 o0 pO000LOODOOODOOODOOODOOODOODOO
goo

()OO =0e00000000000000OOODOOOODOO

00000000 =00000060 =0000000 &/=00000formula¢0
0000000 [¢] 0000
00 ®/=020 [o],[flO0000O00N, U, - — 00

(o] N [B] = [ A ]
[o] U] = [V ]
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o] - [6] = [ x 5]
[a] = [6] = [a D f]
000000

(2)A =(®/ =nN,U,,—,[f],[t]) O FLe—algebraOD OO OO OO
0000 L=L(A)0D000O0O0O0O0OO
B)aceL«= A0000000 vO0O00O[ < v(a)

0000
(1), (2),(3)0000000

(1) a=6,0/=40000000000000000 aded=60000000
00> 0000000000000

(BDa)x(a>f) el
goooooo
(B2 a)x(a>0)) > ((@>a)> (8> 0))
O FL. O provable 00O O OOOOOO
((@>a)> (8> f)) el

0000
o0 00«0 FO00000000@B>F)D(@da)el 00000

(2) 0000 residuation 0 000000000 0OOO

[¢] <[] = [¢]n[¥]=I[g]
= [pAY] =[]
— (pAY)DPpeLUTdD(pAY)EL
— ¢D¢YelL

Oo0o0o0o0oooon
o] - Bl <] = laxfl<[]
= axf—~veL
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oodd
@] <[B]—==[BDv <<= a—->pDy€eL
goooono
o] -[B] <[] = [of <[] =[]
ooooo

(3) 0000000000
AO0O00OO 4 OOO0O000 pO000w(p)=[p)0000000000000
00000 formula ¢ D000 0w(¢) =[¢] 00000000 (2)00000000

] <[Y] <= odDYeL
000 o000 ¢tO0O00QOnd

[l <[] < t>¢elL
— yYeL (t1)

goooog

gooodd

3) 00000000000 gL 00000 (f2) 000

[t] £ vo(e)D]
0000000 0000 [f] £ v(e)D

(3)00000ecL 00000 v0AOO0O0O0D0DD0DO00O00O0OO 000000000
pi--,p, 000000 v(p) =[p] i=1,---,k) 000000000000
0ooo

v(a) =[a]

00000000 0 « 000000 py,--+,p 00000 p1,-++, 0, OO
00000000 formula0 0000000LO0OO00O0OO00O0O000O0000

o €L

00000 (1) 000 <[e*]=v(e) 0000
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00 2.21(000)
formula « 00000 FLe-algebra ADDODODODO0O0 v 0000 1<wv(a) 00000
OO0« FLe O provable 0 O O O

OO00000000000formula o O not provable 00000000000 OO0O 2.20
0000 FL.OOOOOoobooooboo AbDbooboobo22000b0boononD A
0000w O001<Lvw(o) 000000

O000 FL. O FLe-algebra U0 OO O0ODOOODODO0O0ODO0ODO0OO0O0OOU0ODOFLew
FL.UOOOODOODOOODOOODOO

o0 2.22
000 formulao OO OO

1. a O FLgy O provable

<= 000 FLew-algebra 0000000000 » 00000 1<ov(a)
2. a 0 FLg. O provable

<= 000 FLee-algebra 0000000000 » 00000 1< ()

O00FL 0000 LO FL.OOOODOODOOOO0O0000000000000000
0000000000 Osequent0 0000000000000 mO00000n0000
fomula 0 0000000000000000 formula 0000000000000 F
(ie{l,--,m}) 0000

E(a17a27"'7am7f7t7A7v7*7D)
goooooooooooooo
Fl(a17a27"'7am7f7t7A7v7*7D)7"'7Fn71(05170527"'7am7f7t7A7v7*7D)

— Fn(alaa27' . ',Oém,f,t,/\,\/,*,D)

OO000D0000000 o DOformula0000000O00OOOCO0LOOODOOOOOO
00000000 (S)OooooooLoooo

L = FL. + (S1)
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gboboboogon

OO0O0000bO0o0obo0oooOoboooooboboO formulad000000OO0OOODOODO
0000000000000 000000000FL, 000000000(S1)0o0oo0
OO00000D000 formulad « J000000D00ODOOOODOODOO formulad DO
OO0 formulad0 000000 OO0OO

_>Fl(a17a27"'7am7f7t7/\7\/7*73)*'"*Fn—l(a17a27"'7am7f7t7/\7v7*73)

DFn(a17a27"'7am7f7t7A7v7*7D)
DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD(S2)DDDDD

FL. + (S1) = FL. + (S2)
00000000 (S2)0000000000000000 FOOODO
F(alaa27'"7amaf7ta/\ava*53)

gbobboogobboogon

oooobooLoodbobooboooboooboooboobbooboonobog
000000000000 FL+(S2)0O0ODO0O0O0O0O0DO0O00O0OODOO0O0oooooo
FL.OOOOooOooobooobooobooooboooobooobooboobooo

1 SF(Ihl‘?a"'7xm707]-7r\|7U7'7_>)

0000000 FLe-algebraOO OO OO OOOOODOOOOODOOOOODOOODODOO
mO0O00000O0O0O0O0OO0OOtermOOOODODOOO0OOOOOO Gy,G, 000000
oo

Gi(xy, xy -, T, 0, 1,0, U, -, =) < G2y, 29, -+, Ty, 0, 1,0, U, -, —)

000000000000 00000000000D00 100000000000 FLe-
algebra [J residuation 0 0 0 0O 0O O

1 S Gl('rlax%'"7Im70717m7U7'7_>)_>Gr(xhl‘?a"'7xm70717ﬂ7U7'7_>)
ogoooooooooobooobobooooooo
1 SG(Ihl‘?a"'7xm707]-7r\|7U7'7_>)

gooo
0000000000 (E) 0000000000000 000 FLe-algebrad O

FL.—algebra[(E)]
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gboboboogon

O0000 FLe-algebraOD O OO OOOOOOOOODOOODOOODOOOODOODOODO
oooobodoboooboboboboobU FL.OOOOOOobOOoOobooboooboooobo
oboooodbod FL.OOOooDoood

—>G(Otl,OlQ,'",Olm,t,f,/\,\/,*,D)

Do0o0doo0oobFL. O0ODODODDbOooboobobooboobooobooboo
gbooboogn

000000000 FL.OOOOO FL., ,FL. 000000000000

0 2.23
e DFL, 0 FLg-algebra [zN(yUz) < (zNy)U (xN2)]

e DFL., 0 FLcy-algebra [xN(yUz) < (zNy)U (zNz)]
e DFL.. 0 FLg-algebra [xN(yUz) < (zNy)U (zN2)]

e CFL, O FLe-algebra [x <~~ z]

gobbouooggbbouoooobbbuooogoon
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130 DFLe, DFLew , DFLge [
finite model property ] [ [ [J

O000000DFL, , DFL.y, , DFL.. O finite model property0 00 00000000
O0000DFLe , DFLew , DFL,. OOOFLe , FLew , FL.. DO OO0

= (an(BV7) D ((anb)V(aA9))
0000000000000000000000000000000
rN(yUz) < (zNy)U(enz) (1)

0000000000000 N, U O distributive lattice D O 00 0O O ODFL, , DFL.y, ,
DFL.. 00000000 FLe-algebra[(f)] , FLew-algebra[(f)] , FLec-algebra[(1)] O 0 O
00O O DFLe-algebra , DFLgy-algebra , DFLg.-algebra 00 O O O

00000 finite model property U0 OO ODOOODOOODOO not provable0 00000
formula0 00000000000 OO0O0ODOOOO0OO0OOOODOO0ODOOOOOO
OO00OFLe , FLeyw , FLe. OO finite model property U0 0D 0000000 O0OOOO
O formula ¢ OO 00O

e FL. O ¢ O not provable 0000 0000000000000 O0O0OOQO FLe-
algebra DO OO OO

e FL., 0 ¢ O notprovable 1000 0000000000000 O0O00OONO0 FlLew-
algebra 00O OO0

e FL.. O ¢ O notprovable 0000 0000000000000 O0DOOONO FLee-
algebra DO OO OO

O0O00000O0o0ooOoobDoon

DFL. , DFL.y , DFL.. O finite model property U0 00 DO0O00O0O0O0O0OO0OOOO0O
O0000000000 downward-closed 0000 0O000OOO0OOO0OOVOOOO
O formulad OO OO O OO finite model property UOD OO ODOOOOOOOOOOOO
O00v OO0 formulad not provable 0 00000000000 O0O0OOODOODOOOO
Oo0o0ooobooobooobooboobobooobooobooboooo
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3.1 downward-closed U [ [

A = (AN, Uy, —,0,1) 0 FLgalgebra 0000000 Ny ,U, 0000000 A
00000 <, 0000

X C A 0O downword-closed0 00000
Ve,ye A)x e XOO y<,2000 y € X]|

0000000000000 A0 downword-closed 0000000000000 O(A)
OO0o0D0oboo0oXxXcAdDOoOO

X={a|(@zeX)a<sz]} (€0(A)
ogooo

oo 3.1
XCAOOOOO X0O O XOOOOOO downward-closedJO0 00000

oo
e XCXOOODOO
e 000 X O downward-closed D0 O0O0O00000aee X, b<,e00000
aeX < (FzeX)a<,q]
= (Jz e X)[b<a 1]
— beX

O00000X €0(A)0

e Y cOMA) OO XCY OO Yy 0OOOOOOOO X cyoooooooooo
0X0O0 0000000000000 X000 e, 00000 a<4a, 0000
000000 XCYOOOa e YOOOO Y O downward-closed DOO0O OO
a€eYl

0000000 X O X000 downward-closed 000000000000 O0O0O00OO
gooo
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3.2 downward-closed 0 [0 0 [0 O O distributive CRL [J
00

g 3.2
XOYDAODOODOOOOoobOoooOO «,=00000000000

X*xY =XeY
X=Y={a|Xe{a} CY}

D000 XeY={a-blaeX OO beY}ODODOO

0o 3.3
X,YO0OAODO0000 X«Y,X=Y OO0 OA) 0000

O000«000000000000000000=0000000000000Y €0(4)
00000000 X=Ye0(A)UD0O0OODDODOOOOO X =Y O downward-closed O
000000000000 00 zv,yeAOOOOD aeX=Y,0<,alOOObeX =Y
00000000000 eeX=YUOOO zeXUOOO z-ecY OOOO
0000000000 zeXO0O0O0OO0O0D00 z-eacY DOOOODODOO b<4a00
r-b<,r-a000000 Y O downward-closedDO0O0000 z-becY ODOOO OO
00 e XOOO z-beYODOOOOOOObeX=YUOOOOOOOOOOOO
000 Y O downward-closed D000 X = Y 00O downward-closed 0O 0O O O

0000 ze€ AO0O0O0Odownward-closed000 {a|a<,2}0 l2xz000000000
Ooo0o 140 7ro0oo

oo 3.4

FL-algebra A = (A, M4, Uy, -, —,0,1) 0000 O(A) O (O(A),N,U, =, D,I) 000
000000000000000000

1. O(A) O DFLe-algebra 00 00O
2. A 0 FLew-algebra 0000 D=¢ 000000O(A) O DFLey-algebra 00 0 O
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3. A 0 FLegc-algebra 0000 O(A) O DFLec-algebra 00 0O O

ooooooo n,uboobbooobbooobobooobooooboobog pog
downward-closed 0 AODDODOODODOOO0OOOO0O0O0OOOOO OA) 000000
gbobobuoggogobood

goboboggsgbooboogoboo

(1
(2
(3
(4

(O(A),Nn,u, 0, Ay O O distributive lattice 0 0 0O O

(O(A),,I) 00 commutative monoid 0 O O
XxZCY <« /ZCX=YUOUOOO

AOO0ODO z,y e ADDODD z-y <2z 0000000000 OA) OOOOO
X, YeOA)ODODODOXxY CXOOOOOOOO M integrality DO OO
G)ADODOD z € ADDDD 2 <2-2 0000000000 OA) OODODOO
XeOADOODOUOX CXxXDO0OOODOOOOM increasing idempotency 0 O 00O

~— —— N

()n,u00000000000000000000
(2)000000 X,Y,Z€0(A) 00000

EXKY)*kZ <= (AreX)TyeY)FeeZ)(FbeXxY)a<sb-2000b<42-y]

aeEX* Y rxZ)<= (T e X)(TyeY)(FzeZ)FeceY*Z)a<sz-cO00c<sy-7]

goooooo
c<ay-2000z-c<qaz-(y-2)=(r-y)-2

bSAI'yDDD b'ZSA(Z"y)-Z:x-(y.Z)
oooooosooD xz-yOecOO0y-2z20000000
(X*xY)%Z=X*(Y %x27)

ooboooboooooobooonbD AD -ODooboooboobodb X-Yy=Y-X
goboogobood

X*Y =XeY =YeX=YxX
b0 «x00000000b0b0bOobbOob0o0b0XoooDg
XxI=X

O00000000000000 ee Xx1I 0000000 0a <, z-¢: 000000
reX,iel000000000 i<,1 000 z-1<,20000 a<,2z0000 X0O
downward-closed OO DOO0O0 ae X OOOOOODOOO XxICXOOOO € X
O000z=2-1ec Xx/0000 XCXXx/OOOO 700000000
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(3)000 X,Y,Ze0(A)D0DO0OO
—)00000:2€Z000000X+xZCY00000000zzeX=Y00000
Doooooo

ze (X =Y) = Xe{z}CVY
= reXUOOOxz-z€Y

O00000D0zeZ0ze XUOOOO2z-2€e XoZ C XxZ000000000
XxzZCYU0OOx-z€eYU

<—<)00000ee XxZ000000ZCX=Y0OOOOUOOOODOeeYOOOO
D00000ece XxZ00000a<,z-20000002z€e X, 22000000
ZCX=YOUOUuoOobobUeX=YOUOUOOzeXOOOOOz-2€Y
OO00000 YO downward-closed D00 0a<,z-z000cecY 00000
4000 aeeXxYOOOOOOzeX,yeYOOOOa<,z-yOOOOOOOz-y<z
OO000D0a<z0X0O downward-closed D00 0e e XUOODOOD XxY C XO
G)D00ze XOOO0O0Ozxz<z-zeXxXOOOzeXxXOOOO

3.3 DFL., DFL., , DFL.. O OO0O Vv 00O formula
0000 finite model property

1. ha(z Nay) =ha(z) N haly)

2. ha(x-y) =ha(z)*xha(y)

3. ha(z = y) = ha(z) = haly)

4. ha(l)y=1

5. ha(zUsy) = ha(z) Uha(y) 0000000000000

goo

2000 a € hy(z-y) =l z-y 0000 a<p2-y000 z €l 0 yelyOdD

Doyela)elyilaelnClo+lyD00 zyela)*lyD
() x({ y) O downward-closed D00 O000a € ({ ) % (J y) = ha(z) xha(y) OO
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00000 a€ha(x)xha(y) 0000000 2,y 000002 <4200 ¢ <,y
O00 a<a2'-y/00002" -y <aq2z-y000000a<pz-y0000a€ ha(z-y)
oooo
3.000 a € hylx » y) =l (rt - y) 0000 a<yp2z—-y0000 z-a <, y00
O00000 2 el200000 2/-a<j,2z-«a000000 z-a<,y000
00 2'-a <4,y 0000 2'-0aely000000({ z)e{a} C (|l y)OOO0O00O
Oae(lz)= Uy = halz) = ha(y) D000 ae o)=Ly 00000
(lz)e{a} C(ly)0DD00DO0OO z-a€e(ly)0000 2-a<4y000000
a<s,r—y0000a€hs(r—y) 00000
h.e£Ay00 y£42 00000000
00000 zUpyelez 000000

rUpy<gpz <= (zUqy)Upz=zx
< zUgqy=ux
— y<azx
00000000000000000000002U,y €z 0000000020,y &)y
000000000 zUxy €l 2U Ly =ha(x)Uhs(y) 00000000 2Uxy <a xUay

O0000xUxy €1 (xUAy) = hA(:L‘UAy) ooooooooo hA(xUAy) = hAUhA(y)
oodooodno

oo 3.6
o 000000 vOOOOD formula0D00000O00O0ODOODODOO

1. ¢ O FL O provable <= ¢ O DFL, O provable
2. 9 0 FLew O provable <= ¢ 0 DFLey [0 provable

3. ¢ 0 FLec O provable <= ¢ 0 DFLe. OO provable

ooodbf FL.OOOOoOoOooboooooboobobooobbooooboooobod
FL. O ¢ 0O not provable 0 0 00O DFL, OO not provable U O OO0 OO0O0OOOO0OOO
goo

FL. O ¢ O not provable
<= 00 FLe-algebra AODDOAQODOODO fO0D000 14 <4 f(9)
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DFL. OO ¢ O not provable
<= 00 DFLc-algebra BOOBOOOO ¢gO000015 £5 g(0)

00000000 1424 f(¢) 000000000 FLe-algebra ADDOOOOOO f O
000000000000000034000 O(A) = (0(A),N,U,x,=,D,1,) 000
DFL,-algebra 00 000000000000 hy 000 3500000000000(A)
0000 ¢g0000000000g(p)=ha(f(p) 0000000000000

9(¢) = ha(f(9))

000000000000 I, Cg(¢) 0000014 Cha(f(¢) 000000001, <4 ls
00000014 € ha(f(9) =L f(¢)DD0 00O 14 <4 f(¢) 0000000000 DOO
000000000 I4Z g(¢)00000¢ 0 O(A) 000000
00000 340000000 A0D0 integrality O increasing idempotency 0 O(A) O O
00000000FLey , FL.. 000000000000000

oo 3.7
o0 vOUOD formulaDOOO0OOOOOOOOOOO

1.DFL. 0 ¢ 0O notprovable 0000 0000000000000 O0OOONO DFL,-
algebra A OODOOO0O

2.DFL., 0 ¢ O not provable 000 0¢ OOOOODOOOOOODODOOOODONO
DFLew-algebra AOOOOOO

3. DFL.. O ¢ 0O not provable OO0 0¢ ODOOOO0DODOODOOOOOOOOONO
DFL.-algebra A OODOOO0O

OO0OOO0ODFL. O ¢ O not provable 0D OO0 3.6000FL. OO ¢ O not provableld
FL. O finite model property 00 000 00000000D00O o O0OOOOODOODOO
O0000000 FLe-algebra ADODOODOODODOODOO36000000000000
00 A O0O0ODFLe-algebra O(A) 000000000 0O0OODODOODO ADOOOOOO
OA)J0000O000000¢O0O00ODO DFLe-algecbraD 00000

DFL. , DFL,. 00000O0O0O
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0000 vOOO formulaO000OO00OFL, , FlLew , FL.. 000000000000
DFL. , DFL., , DFL.. 0000000000000 3.600000000000000
00000003700000003700 vOOO formulaD 000 DFL, , DFL.y, |

DFL.. O finite model property O O 0O O
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1400 closure operator (] [ [ [
Glivenko U 0 O 0O O [

O00000GlivenkoOOO0OOO O Galatos-Ono 0O 0O O O O O O closure operator O [
Oo0O000oOooooon

4.1 closure operator ] [ [0 FLc-algebral(l [ [

g 4.1

000 commutative monoid M = (M,-,1) 0000 O0p(M) = (p(M),N,U,e,=,0,{1})
O complete FLe-algebra OO0 000000000000 n,ub00000O0D0O0O0O
OoOooooboooboog o, =000000 X,YCMOODOO

XeVY={a-HaecXOObeY}

X=YV={aeMOXe{c}CV}
000000000000 000 MOOOO0OO0OO0OO0O00000000

00 4.2 (closure operator)

FL.-algebra P=(P,N,U,-,—,0,1) 00000 AhO000002z,ye POODOODOOOO
O00D00000 hO closure operatorJ 0 0O

(c1) = < h(z)
(c2) h(h(z)) < h(z)
(¢3) x <yDOOODOh(x) < h(y)

(c4) h(z)-h(y) < hz-y)

h O FLe-algebra P O 0 O closure operator 000000 z=h(x) DO0O0000 € P
O h-closedD000000OOARclosedd POOOOOOOOODDODO Cpu(P)0OODO
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OO0 20 yOOO hclosedDOOO0O0OO zny0x—y 000 h-closedD OO0
000000 2ny<2z000 2ny<y000(B3)00000A(zNy) <h(zx)000
hzNy) <h(y) D000 20 yOOh-closedD OO A(zNy) <z 00 h(zny) <yOO0O
00 h(zny)<znyOO0D0000 (1) 000000000000 zny O h-closedO
gad

000 z-(z—y)<yOO0D00O00(3)0000AKz-(z—vy)<hlyyOOODODOO
000 (e4)0D000O00O0OA(z)-h(z—y) <h(y) OO0O0O0O h(zx —vy) < h(x)— h(y) O
000z ,y 0 heclosed 000D h(z »y)<z—yO000000000 (1) 00000
O0000h(z —y) O h-closedd 000

bbb zuyUez-yUooboboooobboboooobooboguu HEN

cn v e

x U, y=h(zUy)

T e, y=h(x y)
Jdodoooobooooooogo

oo 4.3

P= (P,n,U,-,—,0,1) O FLe-algebra 00O A O P 00O closure operator 0 0 O O
0000000 Cu(P) = (Ch(P),N,Ue,, ¢, —d, h(1)) 00 FLe-algebraO OO 0d O
Ch,(P)DOOOOODOOOOODOO

00000 PO integral 00000004000 A(0)(=0) 0000 OC,(P) 00D integral
000000 PO increasing idempotent 0 0 0 0 O C,(P) O O O increasing idempotent
0000000 PO complete 000 00C,(P) 00O complete D 0 OO

00000000 CP) 00

T, Yy<z<=r<y—z

guoodoooooobobbbbogo
z 0 h-closed 0 0 OO
rry<z<=hzx-y <z

00000000 h(z-y)=z-¢,y 1000

0041000430 00000000000000O0
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U 4.4

commutative monoid M = (M, -, 1) 0 (M) O O closure operator h D000 0 0Cpuy =
(Ch(p(M)),N,Uc, , 8¢, ,=, D,h({1})) OO complete FLe-algebra0 DO 0000 D OO
MO C-closed0000O0O0O0OO0O0ODOODODOO

4.2 double negation [ closure operator

FLe-algebraODOOOOO ~000000000O0O0OO FL.OOOOOODOO double
negationd 00O 0 0O0O0O0O0O0OO0O~~0O000000O0O0O00ODODOOO closure operator
ooboobooobon

oo 4.5

A=(ANU,-,—,0,1) 0 FLe-algebraDOODOOODOOOO AODOOOD ~~0O00AOO
closure operator U 0 OO 00O O

goooooo (C4)DDDDDDDDD
oog

(@ y) ~(z-y) <0

oog

y-~ (r-y) <~z =~ =~z — 0
ooono

v weyee (1Y) <0

ooono

e vy~ (20 y) <0
oooooo

ey S (1)

ooooo

0o 4.6
A = (AN, U,-,—,0,1) O FLe-algebra 00000000 0OAK(z) =~~ z 00000
Crh(A) = (Cy(A4),N,Ug, , ¢, , —,d,~~ 1) 0 0= FLg-algebraj~~z < z] 0000

0000045000 430000CK(A) 0 FLe-algebraO0 O OO OO0 O0O00O0OOODOO
Ch(A) O hclosedD0O0O000000xz=h(z)=~~2 000000000000 CL(A)
00 ~~2x<zx 000000000 FLe-algebral 00 ] x <~~ x [0 FLe-algebra [
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gbobbuooogobibtd

FLc-algebraj[~~ 2 < 2] OOCFL. 000000000000 0O0OOOCFLe-algebra
ooooo

4.3 Glivenko [ [

RN 4.7(Glivenk0DDD) 00 K, LOOUOO FL. CK,LOOOOOOoOoooono
formula O OO OO0

——ald L O provable <= a0 KO provable

OO000Db0000oLobo0 KOOOO GlivenkoUDODODOOOOOOODODO

obhoooobooboobooboLb KOooooooooobooobooo

0 4.8 (INTUUOO CLOOOO GlivenkoO 0O 0)
V.Glivenko0 019290 00000000000

CL O alJ provable — INT OO =—al provable

OO0O0O0OCLO INTOOOODODODOOOooooboooooooocLooonogo
OO0000000 INTODOODDOODODOO0ODO0OO0ODOO0D0OO GlivenkoDOOODOOODO
gboboogbbobooobbo

4.4 CFL. 0000 GlivenkoU [ [

000 FLe-algebra A = (A,N,U,-,— 0,1) 000000000 h(x) =~~ 2z 00
J0oogd 45000000000 A O A OO0 closure operator 1 D OO0 OOO0O
00 46000CKL(A) = (Ch(A),Na,Ug,, ¢, —a,d,h(14)) O CFLg-algebra 0 = FLe-
algebraj~~ ¢ < 2] 00000
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00000 Cy(A) 0000 Ug, , -, 100
rUc, y =h(xUsy)

Toc,y=hx-ay)
0000000 z,ye Co(A) 0000z =h(z),y=h(y) 00000000

h(z Uay) = h(z) Ug, h(y)

h(a-ay) = h(z) ¢, h(y)
0000000000

h(z Nay) = h(z) Na h(y) (A1)

Mz —=ay) = h(x) =ah(y) (42)
00000000000000

~r (2 NaY) Samv 2Ny~ Y

~ (T —ay) Sasvv T —ane y

00000000000(AL), (A2) 0000000
oo 2Ny ooy < g (N4 Y) (B1)

00000000 ADO (A1),(A2) 0000000000 FLe-algecbraOOOOOOADO
FLc-algebra[(B1),(B2)]0 00 0 0O A O homomorphism 0000000000

FL.-algebra[(B1),(B2)]0 0000 FL, 000000FL, OO
——a A= — ——=(a A B) (C1)

——a D - = (e D f) (C2)
0000000000000 FL 4 (C1)+(C2) 0000

gboobogooobogooboo
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oo 4.9

FL.+(C1)+ (C2) DOO0OOCFL.OOODO GlivenkoOOOODOODODOOOOOOOO
00 formulaao OO OO

a0 CFL.O provable = ——al FLe + (C1) 4+ (C2) O provable

gooo

0oooooo
(C1),(C2) 0 CFL, O provable 1 0 0000000000000000

o — = 6
(AD)
——a A =>aAf
Y _||:|)

a— 0

S, a0 — E_' g

a—===a ("H) =54
o, D =
——aD - —f—=>adDf

=(a D f),7na D - —

——a > =8 = ——(a > f)

o0)
o0)
(-0)
(-0)

0000 CFL. O FL.+ (C1)+(C2) 000000000000000000 formula
a0000

FL. + (C1) + (C2) O =—aO provable

= CFL.0 ——al provable

O000000000O0CFLe O =—ma —a O provable DO O O0O00O0O0OOCFL, O
« O provable OO 00O

gobooogg

00000000 0Oformula ==« O FL+(C1)4(C2) O not provable 1 0 0 0 00 0 0 0O0
000000000000000 FLe-algebra[(B1),(B2)] A = (A, Na, Ua, -4, 4, 04, 14)
OO0o00oboo0ooooooD fOOO0O

Lo £a f(—a)
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gooooon
000 h(z) =~~2000000000 AQO closure operator 0 0 0 0 O OCFLe-algebra
Cu(A) = (Ch(A),Na, Ug, ¢, —a,d, h(14)) 00000000000 000000

h(1a) £, 9(a) (1)

000000 Cp,(A) D000 ¢ 0000000000000 0O0O0O0OO0O0O0 formula «
0 CFL. O not provable D 0 OO0 O00OO00OOOOODOOOOOOO

O0O0A OO Cy(A) 0000 A O homomorphism 0 OO0 O0000000C,(A) OO
00 ¢g0O0

g(p) = h(f(p)) Op:00000
00000000000 formulag 000000

0000000000000000
000¢0 fvy00000000000000000000000000g(8)=Ah(f(8)),

g(v)=nh(f(y)DOOO

g(¢) = g(BVY)
= 9(8) Ue, 9(7)
= h(f(B)) U, h(f(7))
h(zUay) = h(z)Ug, h(y) DO OO
= h(f(B)Ua f(7))
= h(f(BVY))
= h(f(¢))

¢ 00000000000000000000
000000 () 0000000 h(ls) <¢, g(@) 000000

Ly Sa~v~ 1y =Nh(14) <g, 9(a) = h(f(a)) =~~ f(a) = f(-na)

0000000 14<4 f(ma)OODOOMCLA) CADODODOOOODO z<¢, y O
O000z<,y00000000000COO0O0O (7)00000000OOO CFL.OO
000 algebrall 0 0 0 O FLe-algebral(B1),(B2)|000000000000O00OO0OO
00000 aO CFLe U not provable D000 0O0OOODOO0O
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O0000 CFLeO0O0O0O0O GlivenkoOOOOOFL.+(C1)+(C2) 000000 OOO
000000000 FL.+(C1)+(C2)0000000 LOOODODODOL O CFL, O
O0O0O0O0O0OO0OOCFL.O0OOO GlivenkoOOOOOOOODODOODODODOODODODOOOO
(FL.+ (C1)+ (C2)) CLOOO0ODO

a € CFL, <= —a € (FLe + (C1) + (C2)) = ——a € L = a € CFL,
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