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Abstract

Numerical simulation involves solving large and sparse simultaneous
linear equations obtained by discretizing partial differential equations describ-
ing physical phenomena using the finite difference method or the finite element
method. Attempts are being made to perform numerical simulations in an on-site
environment by utilizing a GPU, which are small in scale but have high com-
puting performance, rather than large-scale computers such as clusters or super-
computers. For example, in the medical field, from the viewpoint of information
management and simulation control, it may be desirable to use the computer of
the own organization rather than the computer of the external organization.

GPUs are used as accelerators, but since the characteristics of CPUs and GPUs
are different, it is expected that the suitable algorithm will also be different.
Therefore, this research evaluated the preconditioned GMRES method on a GPU
(NVIDIA A100 PCle) and CPUs (HPC System “KAGAYAKI”) to reveal GPU-
friendly numerical solution methods for large and sparse simultaneous linear equa-
tions, obtained by discretizing differential equations with finite difference methods
or finite element methods.

The iterative method, which is for solving simultaneous linear equations, starts
from an appropriately chosen initial value and successively creates a sequence of
approximate solutions that converge to the true solution. As an iterative method,
there is a Generalized Minimal RESidual (GMRES) method based on the
Krylov subspace. The GMRES method starts from the right-hand vector b and
generates an orthonormal basis vy, v, . . ., v;41, expanding the Krylov subspace. It
updates the approximate solution x; so that the residual norm ||r;||s = ||b—Ax;||
is minimized at each step.

The convergence of the Krylov subspace method generally depends on the eigen-
value distribution of the coefficient matrix, and the smaller the eigenvalue distri-
bution and the closer it is to 1 (identity matrix), the faster the convergence. To
improve convergence and stability, the coefficient matrix is ordered and precon-
ditioned before starting the iteration.

I compared the Classical Gram-Schmidt 2 (CGS2) and Modified Gram-
Schmidt (MGS) methods, for orthogonalization used during iterations in the
GMRES method on the GPU. The results of the evaluation by CUDA show that
the CGS2 method on the GPUs has much shorter processing time than the MGS
method with no convergence issues.



The Incomplete LU decomposition (ILU) preconditioned GMRES method
was evaluated for ILU(0), ILU(1), or ILU(2), and it was found that heavy precon-
ditioning (such as ILU(2)) is required for ill-conditioned problems. Regarding the
level at which fill-in is allowed in ILU, it was found that the appropriate level at
which the processing time is minimized depends on the increase in the number of
nonzero elements and convergence.

For ordering, Reverse Cuthill-McKee (RCM) and Nested Dissection
(ND) were evaluated by the GMRES method. Although it depends on the matrix
to be solved, in general, the application of RCM on CPUs improved convergence
and reduced processing time, while the application of RCM on GPUs improved
convergence but increased processing time. In the case of GPUs, it was found that
using ND for ordering reduced the GMRES processing time in general, although
it depends on the matrix to be solved.
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2.2.1 LU%SEZE
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FOEEHOTHZ F=MITHIL &, MAEKID FOERN0TH S E=MA1T
FlUWLUSR (A= LU) LT (R (2.1), 713V X4 22.1), BiERA (forward
substitution) Ly = b, #BfXA (backward substitution) Ux = y #EHICFHE T
2FETH 5, FIERATIE L2 SIEIC, BBARATIE T2 5IEICHENAZ R0
TV DT, XEVANDEZRAAL L FAH UMBFRIICELE T 2 AlaEtE0H 2 7 —
A&7z (data dependency) 23T %,

ainn a2 -0 A 1 0 0 Urp Uiz -+ Uln

Q21 Q22 -+ Q2p Iy 1 : 0w -+ Uy (2.1)
N .. .. O . .. .. .

An1 Gp2 "+ Gpp lnl cee ln,nfl 1 0 e 0 Unn

7Y X4 22.1: LU 3E (IKJTER) [1, p.16, Algorithm 2]

1: fori=1,...,ndo

2 fork=1,...,i—1do

3 Qik 1= Qi / A

4 forj=k+1,...,ndo
5: QAij = Qjj — Qi * Qg
6 end for

7 end for

8: end for

REATH A DEATH D5 E. LU DO EEIZ O(n®) T, BIERA - ZREBAA
DFFHEERIZOM?) TH 5,

2.3 REMEE

R1E#&:% (iterative method) (&, JEHITHEATZHIIAMENR 7 L xy 225 HIFEL
T, HORIER LT GERIER S ML x; DFIEBRIER L TV FIETH %,

IVER¥ITE S (convergence criterion) (ZIXFRZEFME L IR ARLEN D D | FRE
(error) BETIXEBIEEDBELTICHK 2 & KIEZFEIEL, 7% (residual) B#ET
\35%E (residual) r; := b — Ax; DEIELATICZR 2 FTRIEZ#D KT 9],

— I AR 220 2 AR, X B VAL S ¥ PR T IUIE R
FITHARD LW EFE O TWS, HREATH A DEEZITDIR WD, 1THIOBRME



TRHROBLEUERDPZNWI EZ2RMATE S, 207D, FREBITIH ADBTH 5K
R 728, — R OFEGH R 21T 5 BRic, EEE LD & RKIBfEZ W
FHBXY w bR EW, — 5T, MU ES O ME CLIBTH A O E 7
THV—XAERZRBELEADPRVIGED D 5,

RIEFRIED R e UTIICREN 7 7)) r—> a YRBRK O E L ZIF 0
TLPCRLBRWIEGEDH 2 Z e BT o b, 2D, 54 ETHRNRSpINIE
(Preconditioning) 2’EZZ7 5 T < % [10, p.37).

RIBEEZ. x; = x40 OFLEIREOLEIEBRIEE. IEREOSLEE
FEBEREERICHHETE S,

2.3.1 EBREE

E R (stationary) RIEEIIRZOMWIIRK x; 1 = Cx; +d (C: AT, d: B
N7 PV KD EREZ EH L T RIBETH 5, RIBOFEHIHERS T
W AN DEBDZL LIz, PRI C DifftiHER R DEHEICKFET 5, 1K
A2 FHEIZITY 2 ¥ (Jacobi) & HD Z-H A 7L (Gauss-Seidel) &, SOR(EX
W) B EDBD 5,

2.3.2 JEEBREL

IR - Bl LSt - 7-:IEE F (nonstationary) R1EEIZ. x; — ;1 Dl
{L3A3 ¢, 1ITRE U CIRRIE - e B R RIBIRETH 5, —RINTEERIBIELD B
IR D3N

RENZFIRZ, 70O TEBRERAICHED < 1952 FITRE S N7 HIRDES
(Conjugate Gradient; CG) &= 1986 fEICHRR X7z GMRES 7% [11][2, p.171].
Frbyx 7ERIBELREDD 5,

FIHBELRENR 7 PV zg XSS 2 HIEARENY MLZ rg:=b— Az £ T5 &
B, REATHI A L IR ZEN Y DL rg IS K o TAERENS j XY O TEDZE
[ (Krylov subspace) & i3,

K;(A;rg) := span{rg, Arg, A%ry, ..., A7 g} (2.2)

DZexIET, L5 span{} 1T v INDRZ MLDO—RAGE Tk 5N 5 22 %
£7,
V07 A EMETIE, E#—R5ERX

Ar=b, Ac R beR" zeR" (2.3)

BR=—NR—a Y a—X—OWEHEMED DDy F~v—2ThH s HPCG (https://wuw.
hpcg-benchmark.org/) THHEN T3


https://www.hpcg-benchmark.org/
https://www.hpcg-benchmark.org/

DU ; % 56t

33]‘ — Xy - K](A, 7’0) (24)
Zilz T KOIWCERT 2, Ll &K (24) 2 5720 TEa I ¢, 27—
BICRD 5NN DT, FRENT bbr; = b— Az, I L TH 50 D5M% R
TREDID B, [1, p.34, 1.2.2]

1|

2.3.2.1 GMRES &

7N Y XL 2.3.1127F Yousef Saad & Martin H. Schultz iZ & > TR I
7-—h%{t &/ )\j&Z= (Generalized Minimal RESidual; GMRES) & [11][2, p.171] i,
2 1) 0O 7EB93 %M (Krylov subspace) D IEHIERFEIEL LK T 5 2 & TELIE x;
ZAtETAMETH D BREATH ADIIENMDGEIHH I 5,

GMRES I ED 7 L3V X 5, YIHARAENZ bl vy = b — Az 5 5 (FIHL
BUENRZ b xyg = 08 T2 HART ML bh o) HFE LT, AZh U 28(E
(BRATHIENRZ S UHE) L ER L2 DIE L. 7V v 7En M2 IRk LR 6 Ik
RBEREE vy, vy, ..., 050 ZER L. BT v FIZBWTIRE (residual) / L 24
I7lle = ||b— Az;||2 D3HNTT2 2 K S 1TERE ¢, ZFHEH LTV FETH S [12),
Ayt U RJLT 475 (Hessenberg matrix) H,, ¥ iX, XAEZD 1 O FETIEE
NERDD BTN D & ZHE T,

743U X4 2.3.1: GMRES [2, p.172, ALGORITHM 6.9]
1: Compute g = b — Az, [ := ||rol|2, and vy 1= 7o/

2: for j=1,2,...,mdo

3: Compute w; := Av;, > BATHIE AR 2 FVIE
4: fori=1,...,5 do >(BIEZZ 6323y M) ERIL
5: hij = (wj,v;) > ARG
6: wj = w; — h;;v; > FHEE51<
7 end for

8: hjt1; = ||lwjll, If hjp1; = 0 set m := j and go to 11 > 2/ VAETR
9 w41 =w;/hji1; > IERE
10: end for

11: Define the (m + 1) x m Hessenberg matrix H,, = {hijhcicmeri<i<m

12: Compute y,, the minimizer of Hﬂel — f[myH2 and x,, = g+ VinYm

SR OBRPTHFEDSHE Z 2 Z 278K, BRIV A ||r| BRIEEE G & & B
HEHICEA T 20T, IERFMTHIMT D27 Ve 75 22REO R TlE, &l
(BNZ M) BRAETHZ, XEVHEHEL | KIED- D OHBEED KR ;1<
LEBI LTINS 5 [7, p.35]. tHEBRIX. BTHDSE O(n?) ZE0ETA72 D TIEE



0 EE nnz ITKIF T 2 BTHIE R 27 bV (SpMV) &, B LD LIRDZECHY
TH5,

2.3.2.2 XA —M3ZF GMRES &

TATY XL 2321573 X2 — MEE GMRES & [2, p.179] 13 X € Y HEJRIC
HlKI23 D G EWCEMEFIETH 5,

A& — MIE GMRES IFBIEREZFAIED Y XA X — FEATWos T AEIEL,
BoNTGEMENRY bv x, ZOIEEMES Y bLzg & LTHEZ LIV X LI
HHT 2FETH 5,

7TV X4 2.3.2: Restarted GMRES [2, p.179, ALGORITHM 6.11]

1: Compute rg = b — Az, f = ||rol|2, and v1 = 1/
2: Generate the Arnoldi basis and the matrix H,, using the Arnoldi algorithm

starting with v,
3: Compute y,, which minimizes Hﬁel - I:ImyH2 and x,, = o + V,,Ym
4: If satisfied then Stop, else set xq := x,, and GoTo 1

VAR =1+ T35 THRFTAZERERNRNZ MLOBEREROE 2720, XE
VAR S 2, IGRMEIRERT 5,

2.4 1T5DHE

15 DB IEERE DPCRMEIC BT 2 DT, REITIESCHR [13, p.8~p.10] &
SEVATH OREI R EE % B %,

2.4.1 /JLL (norm)

nRXKIERZ v eR" Dp/ILL (1S p S o0)ld

n 1/p
(Lr) agp<o
p

o[, := (2.5)
max [v;] (p = o0)
TEREINS,
FEOTH A e R I LT, fF5ID p JILLIERZ S AD J )L L% FNT
Av
Al := sup 120l (2.6)
w20 ||Vl

8



LERSIND, G5 sup X LR (supremum) TH 5,
T5D1 /ILLIZDOWTIE
[A][y = max Z |aij| (2.7)

12:@1

DI D LD,

2.4.2 $ERME. ART MILERE

789 A € Rz LT, ATARINFRIEEEMEITIITH D, D nEDEAE
FEIARTOMUEDERE R Z, ZNODFEHREKEZWVIEIZ

01(A) 2 35(A) 2 - 2 0,(4) 2 0 (2.8)

LEH=. A OFFE(E (singular values) &L, [7, p.9]
THNAD2 7 Va3 A DBRKFFRE 01 (A) EFMTH 5,

[All2 = o1(A) (2.9)

5 A BERIZ W5 2 2 1% 0,(A) > 0 L S{CH 5,
THDEHEORKIENEE, ZDITHDARYT kILHFZE (spectral radius) &
’,S%\o

2.4.3 FH#

HN —XITBERZOTPICEZ e &, FIZIE, BLRT PV bW NRERZED
Ao BRE BHBRKELENT 5 Z & 2 BEZH (ill-conditioned) £ W5, Z
DEFMFOEENEH L RE L LTHRABDH 5, (14, p.43][1, p.11~p.12]

ERTAI A € R ISH L

rp(A) = [l Al 1A, (2.10)

W p 2V LICEET 5 A OZME (condition number) & IE3,
2/ VAIZES % A OFRFRIZ

ra(A) = 01(A)/n(A) (2.11)

D DILD, TROE, HEEOXSDENIWVIEY, SN 5,
BATH OMATHNIBITHITH % L 1FR S5 3. A~ OFHEICIIERZEER DL
BUIR 5. SFRMHBOEL EMEICKRD 2 BB IR WD, AL OEZEIELRNT
|A7Y| DIEZRHEE S 2 /51ED3D %, [14, p.45)

BAMATHIDRMEINE 1 TH 5, FHEBOKREE—RGEAE, KEr, =
Az, — b DVNE L THIEMR 2, PEDREI HBEWIGEDDH L, 7V v 7552
AR LIZ L WE WD 2 DD R TREZIT LW, [7, p.9][15, p.508]

9



2.5 BRTHIRAAZT

AIREDESCHRERETHE SN HREITH A 3L nERZIZ W (9 Lz b
D) BITHTH 5, ZD7dh, XEVRETHIRIENT 2 & 212, BFITI751
DEBEXREZLET 2DEFHEL XY FHEDOH D SIENETH %,

ZZ T, FEuERDAZET 2 BRITHIEMAZIX (Sparse Matrix Storage
Format) 2\ %, AERILBITHISHNEUIZ I3 AR (Coordinate; COO) FER %
[E#B1THM (Compressed Row Storage; CRS) X ¥ 03H %, BRITHIRSHNIE
U DWW TIESHE [16, 4.3.1 TH][6] 255E LW

BATHIRSRAIE A 2 L i3 2 BV —F ¥ DR BT B,

2.5.1 COOF=®

FEFZ (Coordinate; COO) st & i3, JE¥ nEED (H, [THE, HIHE) D& 7
L () OEA T ERRT 2R TH 3,

T A %R (212) 2T 5 b,

a b 00 0
c d e 0 O
A=10 f g h 0 (2.12)

00 ¢ 7 k

0001 m
COOEATDITH AFLTD LSk D,
A.values =[a, b, c,d,e, f, g, h, i, j, k, 1, m] # &
A.row_indices = [0, 0, 1, 1, 1, 2, 2, 2, 3, 3, 3, 4, 4] # 7%=
A.col indices = [0, 1, 0, 1, 2, 1, 2, 3, 2, 3, 4, 3, 4] # ¥|FK=S

LUT @ 3 2 DELHTITH 2 A5 %o

o EHZRT (FHEEFE/ NG BlY values

o [THRBEZRIBEIA V7 v 7 Xtk row_indices

o HIBESREXTEEA 4 V7w 7 ZHH col_indices

7 4 —~v FBEER D, TTHDERSL 7 7 A A\DiiAFE XTI bR
%, ZTORIM, ITOHEFZHET 2008 L ATHEAMA TR L v FiiFbs 2 Dh
W72 729, FHREICIEAD TR0,

434 Compressed Sparse Row (CSR) 5z

10



2.5.2 CSRFZR

[E4E1 T4 (Compressed Row Storage; CRS) 2=, (CSR (Compressed Sparse
Row) FERX L FER Z & B2V 2 I3fTA 7 v 7 AEHI R EME T 3. TROBITE
5 R TSN ORD D I2HTDIEE v EEOFIGHLE (% H DEZRD 5 XDITH
RE 2 0) ZRITEANZ2HiOIEINTH %,
T8 num_rows DITH A %K (2.13) T3 &,

a b 00 0
c d e 0 0
A=|0 f g h O (2.13)

00 ¢ j k

00 0 I m
CSRIEATOITH A I T D X512 h,
A.values =[a, b, c,d,e, f, g, h, i, j, k, 1, m] # &
A.row_ptr = [0, 2, 5, 8, 11, 13] # 1T/CHEARA V&

[0, 1, 0, 1, 2, 1, 2, 3, 2, 3, 4, 3, 4] # JlI%KS

A.col_indices

BT @ 3 DDA TITH 2 A8 S %6
o HZRT (EREZENUREEY) BLF values
o« EX num_rows+1 D, FITOIFL O EROMBMNEZ RTRENA VT v o
AP row_ptr, 7272 L. num_rows+1 & HIIIE¥ v BEERE
o NIB/EEZERTERNA V7 v 7 ZWtH)| col_indices
a— N 25112 CSRJEA T OEREETZE/ N TD SpMV (Sparse Matrix —
Vector multiplication; BT\ 2 b LEE) O GPU(CUDA) A1 — 3%~ 3 [3][4]o

11



a— K 2.5.1: fFFEETOD CSR(-Scalar) SpMV CUDA kernel [3][4]

1 __global__ void

> spmv_csr_scalar_kernel(const int num_rows,

3 const int *row_ptr,

4 const int *col_indices,

5 const double *values,

6 const double *x,

7 double x*y)

s {

9 int row = blockDim.x * blockIdx.x + threadIdx.x;
10 if (row < num_rows)

1 {

12 double dot = 0.0;

13 int row_start = row_ptr[row];

14 int row_end = row_ptr[row + 1];

15 for (int jj = row_start; jj < row_end; jj++)
16 dot += values[jj] * x[col_indices[jjl];
17 y[row] += dot;

18 }

19 }

Z DD BATHISNE R TD GPU D SpMV & — 3 VIESCHR [3][4] 2SO Z ¥,

2.6 BT 71 ILSR

BT % 7 7 A MITEEHIFED 7 +—~< v b ¥ LT, Matrix Market Format ™.
MATLAB .mat 7 7 £ L6, Octave’s text data format™”, Harwell Boeing Format™®
NdH 5,

Matrix Market Format, Octave’s text data format (& COO FEZU T, Harwell
Boeing Format {35 /7[AD A4 > 7 v 7 A% EHET 5 CCS (Compressed Column
Storage) JER T, 17427 F A M7 =& & L THMNT 5, MATLAB .mat 7 7 A
MEATHNZANRA F V) T =R LTINS %, THORBEDIRKZWH 5 0IEIEL R
BRBDZ b . TX A MEAL Lt AAAR D FHERENIZ N U THRMAT

“Shttps://math.nist.gov/MatrixMarket/
*Shttps://jp.mathworks.com/help/matlab/workspace.html
“Thttps://docs.octave.org/v7.1.0/Simple-File-I_002£0.html
“Shttps://people.sc.fsu.edu/~jburkardt/data/hb/hb.html

12


https://math.nist.gov/MatrixMarket/
https://jp.mathworks.com/help/matlab/workspace.html
https://docs.octave.org/v7.1.0/Simple-File-I_002fO.html
https://people.sc.fsu.edu/~jburkardt/data/hb/hb.html

E Lo TL2DT, N FIYEKXTH 2 MATLAB mat 7 7 L L2 F|HT 2
LRV,

2.7 CPU X GPU DLLE

2.11ZCPU L GPUD T =% 7 7 F ¥y DXL TH %, CPUIZAL Y K (thread)
CIEN S HEOBEEERICETTER L ICEESRPEVWTHKITTEINTED, #
toavy REIMINCFEITTE S, GPUIRBTORL v REWINCEITTES Z
CEREHRLUTHITEINTED, B2 Ly REEZEML TEWRIL—
7w k (throughput) Z3EK T %, GPU IS REIHEICFHELTE D, 7—
¥ v vyae 7 —flflITiERn 7 —2MWHIZZL DN VI RXZHTT 5
Lo ITHFTEhTWVWD, [17]

Core Core

L1 Cache L1 Cache

Core Core

L1 Cache L1 Cache

L2 Cache L2 Cache

L3 Cache
L2 Cache

CPU GPU

2.1: CPU & GPUDTF v TEIR (F 7 ¥ I AX) DELIT DEW [17, Figure 1]

a7 R L TAS . K% D HPC (High Performance Computing;
EPERERTEAD) System “KAGAYAKI"THWHHTW3 AMD EPYC 7H12 CPU
TE1CPUDZY 64 a7 0 1/ —FHZD 2V sy FTIWaATFET %, —
T, K 2.2127"F NVIDIA A100 GPU & 1 GPU $7: b CUDA 21723 6,912
[18, p. 14| FET %, TDEHIZ, CPU ¥ GPU Ta 7 BB KIBICE L2 Z ¥ 235
M5, ZDH, GPU & CPUTO 025 AldRD 5N B 5|1 EL B,

“https://www.jaist.ac.jp/iscenter/mpc/kagayaki/
“Onttps://www.amd.com/ja/products/cpu/amd-epyc-7h12

13


https://www.jaist.ac.jp/iscenter/mpc/kagayaki/
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2.2: NVIDIA A100 PCIe GPU

2.3 12 SpMV (BffT4I-X 2 t L), BLAS 1 («\2 hLJHE), BLAS 2 (%175
N7 MVEHBE) REDH = NDT 7 A SNz XEY DA MUTHTT 2 TFE)/)
BB OE AT H 2 BRAHERE (Arithmetic intensity) [Flops/Byte] DK % 2272
HPHZRT,

14



0.1-1.0 flops per byte Typically < 2 flops per byte 0O(10) flops per byte
A A A

Al

r i AT ™

ntenglty

SpMv
BLAS1,2 Particle
Stencils (PDE Methods
ncils ( s) FFTs, Derise
Lattice Boltzmann Spectral Methods Linear Algebra
Methods (BLAS3)
\ J VRN J
e A Y
o(1) O( log(N) ) O(N)

2.3: A=AV QHEMBE (77X SN XEY DA MRS 2 TFE)
NEGTEBEBOEIE) [19][20]

BATH 24D I —F L TH S SpMV IZ25.2THD a— K 2.5.1 1537 & 5 ICH#%
SR T VR LT 7R APET, POHBANES GMRES i & Wo 72 18I
SpMV (BffT5I-X 7 tLEE), BLAS 1 («2 hLJHE), BLAS 2 (B(THIR 7 F L
BYZZHT 20T, Hifi8E (Arithmetic intensity) [Flops/Byte] 23K < X €1
HRIEFE . 72 5,

KAGAYAKI D X €V —iZ 1/ — F%472H DDR4/3200 SDRAM x 16 F ¥ F L
%, NVIDIA A100 40GB ® X £ Y —IZ HBM2 %, NVIDIA A100 0GB DX EV —
1 HBM2e Z{f o T\ 3, XEVHIHEIZEGRET, KAGAYAKI X1 /7 — K%/
D 409.6 GB/s. A100 40GB PCle T 1,555 GB/s. A100 80GB PCle T 1,935 GB/s
TH b,

HENROT 7V r—2a VA 'V EHEFRETH D, KAGAYAKI @ AMD
EPYC 7H12 CPU & NVIDIA A100 GPU Tix A100 GPU D553 X & V) HriEH
JENDT, GPU O MLERMEREDH % Z e SR XL 5,

271 GPUD7—*TUF~%

2.4 1% Ampere H{TH % NVIDIA A100 GPU DT —F 727 F ¥ TH 213,
108 ffl® Streaming Multiprocessor (SM) ZHUDMIHERE N T WS Z &b D5,
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HBM2 HBM2 HBM2

i 1! i i i ! i

Memory Controller || Memory Controller | Memory Controller | Memory Controller || Memory Controller | Memory Controller
If \I] |
If =
If \Ii |
If lli=
I \I] |
If lli=
il § \Ii |,
If [}z
[f \I] |
If £
[I \I] |
If 11E3
If H] |
If =
I H} |
If iz
Il H] |
Il iz
[] Hl |
If 11E3
If \I] |
Il 11Ed :
] \I] |
Il 11E] |
If \I] |
=== || ===
If \I] |
T = | ==
Il \I] | |
Il iz

==l |

Il |
Il |
Ils |
il |
lls |
Ils |
ils |
ils | :
Il |
s |
Il |
Il |
Il |

Jajjonuod Aowsaw | Jejjosucs foway | 1ejjonuod Alowap || Jejjonuos Aloway || Jejjonuos fiowaw || Jejlonuos Aowaw

i 1 i i 1 i

ZWEH ZWEH ZWaH

2.4: NVIDIA A100 GPU 7 —% 727 F % [18, p.14, X 4]
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2.51Z A100 @ Streaming Multiprocessor (SM) D7 —F% 7 7 F ¥ /R

SM
[ L1 Instruction Cache

LO Instruction Cache LO Instruction Cache

Warp Scheduler (32 thread/clk) Warp Scheduler (32 thread/clk)
Dispatch Unit (32 thread/clk) Dispatch Unit (32 thread/clk)

Register File (16,384 x 32-bit) Register File (16,384 x 32-bit)

INT32 INT32 FP32 FP32. FP64 INT32 INT32 [FP32 .FP32 FP64
INT32 INT32 FP32 FP32 FP64 INT32 INT32 FP32 FP32 FP64
INT32 INT32 .FP32 FP32. FP64 INT32 INT32 FP32 .FP32 FP64
INT32 INT32 .FP32 .FP32: FP64 INT32 INT32 .FP32.:FP32 FP64

1 TENSOR CORE +
INT32 INT32 |FP32 FP32  FP64 INT32 INT32 FP32 FP32  FP64

TENSOR CORE
INT32 INT32 [FP32 FP32  FP64 INT32 INT32 FP32 FP32  FP64
INT32 INT32 |[FP32 FP32 FP64 INT32 INT32 [FP32 FP32 FP64

INT32 INT32 FP32 FP32 FP64 INT32 INT32 FP32 FP32 FP64

LD/ LD/ LD/ LD/ LD/ LD/ LD/ LD/ SFU LD/ LD/ LD/ LD/ LD/ LD/ LD/ LDf SFU
ST ST ST ST ST ST ST ST ST ST ST ST ST ST ST ST

LO Instruction Cache LO Instruction Cache

Warp Scheduler (32 thread/clk) Warp Scheduler (32 thread/clk)
Dispatch Unit (32 thread/clk) Dispatch Unit (32 thread/clk)

Register File (16,384 x 32-bit) Register File (16,384 x 32-bit)

INT32 INT32 |[FP32 FP32 FP64 INT32 INT32 FP32 FP32 FP64
INT32 INT32 |[FP32 FP32 FP64 INT32 INT32 [FP32 FP32 FP64
INT32 INT32 FP32 FP32 FP64 INT32 INT32 [FP32 FP32 FP64
INT32 INT32 FP32 FP32 FP64 INT32 INT32 FP32 FP32 FP64
1 TENSOR CORE TENSOR CORE
INT32 INT32 FP32 FP32 FP64 INT32 INT32 [FP32 FP32 FP64

INT32 INT32 FP32 FP32 FP64 INT32 INT32 FP32 FP32 FP64

INT32 INT32 FP32 FP32 FP64 INT32 INT32 FP32 FP32 FP64

INT32 INT32 FP32 FP32 FP64 INT32 INT32 FP32 FP32 FP64

LD/ LD/ LD/ LD/ LD/ LD/ LD/ LD/ SFU LD/ LD/ LD/ LD/ LD/ LD/ LD/ LDf SFU
ST ST ST ST ST ST ST ST ST ST ST ST ST ST ST ST

192KB L1 Data Cache / Shared Memory

2.5: NVIDIA A100 Streaming Multiprocessor (SM) 7 —% 727 F ¥ [18, p.17,
5]

Streaming Multiprocessor (SM) O =R MEREZIIUT D@D TH %,

17



o CUDA Core (INT32, FP32, FP64)
e Tensor Core
« L1 Cache / Shared Memory
» Load/Store Unit
« SFU (Special Function Unit)
e Warp Scheduler
CUDA Core I213 INT32, FP32, FP64 OEHEHRHEH > TH D, Geforce >V —X
IZHA Tesla >V — X3 FP64 DB FTE L T 5,
NVIDIA GPU ® 7 — % 7 7 F % 1% Fermi — Kepler = Maxwell — Pascal
— Volta — Turing — Ampere — Hopper ¥ #EA TV - TW 5,
Volta 7 —F 727 F ¥ L DR EREBE[EZET 5,
« CUDA Core DFP 2= P& INT 2=y +D7Hf
e L1% % v ¥ a2 & Shared Memory DFE&
o MTHIFEEEA 2= v b Tensor Core DEA
Volta X228 FP32 2= v } ¥ INT32 2=y b2l X ., FEI/INEA (FP)
B B (INT) B O RIRFSEATOAIREIC A o TW B [21][22, p.21]s F /2. Volta it
K5 L1 F v v 22k Shared Memory D& E 7z [22, p.19], Volta tHAH &
A X7z Tensor Core [ Z1T4-175fE (GEMM) @ FP16/FP32 A RS RS FER]
HAEHHL=y b TH 3 [22, p.16,

2.7.2 CUDAIZDWT

2006 FF-12 NVIDIA 235 A L7z CUDA (Compute Unified Device Architecture)
2%, GPURRIiF 7 at v HHD R —F TViz (JEKM/INATRER) M5 7w 275
IVIETABIOY IV 2T7 T 79 b T7x—LTHS, CC++ ZHGRLE
CUDA C/C++ % Fortran Z L5k L 7z CUDA Fortran T/ 027 Z L %FH L Z AT
=5,

2.8 BIERHIT

A B2 5B XBEAGEHRERTOEZICOVWTER T 4223 v b 2
(CGS2) ¥, BIEZ 746> 23y b (MGS) EBXUZDMioFED AL v R
F4% OpenMP TV, CPU TOFHfi & 17> T\ 3 [23],

HEMEL. R7 Y YRR ARAEEIC X - THERUL L TR 5 2 BiTH %2
FREATHN & 5 2 N — RN . ZEMFIRIC X 2 L2 fii U 7 HAR A/ BLIE T
fRNTWd 24], A=Y I TH B <IVTF F 77—k Cuthil-McKee (RCM)
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ExHAGED CM-RCM #EZ#EH LT, Flat MPI & OpenMP/MPI A 7Y v

R % W7z CPU BRI T OFHEiZ 1T - TW 5,

IR HIGEIEBRITEIR 2 R LEE (SpMV) @ GPU ToOE# ki T, 75N D
NRE—HICEH L CEMRZ A EX B8 X ) RBETHIRNE 2L L.
SpMV Hifk & GMRES /& T DEERE DFHli 21T > TW 2 [6]o

NVIDIA FRTLEICARTES LU R0 a L R ¥ — 2% w7 R AR (CG) 14
% BiCGStab {£ & W o 72 RIGED GPU EEIZDOWTHRAR, CPU & GPU O ttikB
K R D 0 21T > TW 3 [25],

Hartwig Anzt 5 1% L & LME (threshold) %= H W72 572 A~ 5¢ 2 LU 77 f# (Parl-
LUT) Z8Z% L [26]. GPU [} O EE L F{i 21T o> T\ 3 [27]o ParlLUT 713
VR LI FEDIFE R BERD X — T 2 N2 R RZ RS 2 W52 R
B R R187% (fixed-point iteration) ¥ IE¥ 0 ERD X — > % MEORHEICEHIY
WIS X B 2 HIE 2 R AT > T\ 5,

Azzam Haidar &1 Tensor Core Z FHW/-IREFEETD, KD oSz Er B
D DifAEZ AWT#Y — XA BERNTHRZMIES 2 FETH 5 RE
B B (Iterative Refinement; IR) ED E#LZ1T > TV 5 [28],

2.9 HbHDOHIC

AREECUEN, — XA EROBUEME & GPU IO W Tafiam L 728558, S0
77— a TH DBATHIANT KIEHE (GMRES %) 13X £ V) iR EFHE T H
b . kagayaki ® CPU & A100 GPU T!Z A100 GPU D /5753 X & V FFIIED AW D
T. GPU OF MUIEMEREDIHI 2 2 L DSHIFC = 5,
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B38 EX{t (Orthogonalization)

3.1 EXLC®IC

2321 HD7LaV) XL 2.3.1 TRLULFZGMRESED 4~7T1THTIE, Z7Vm>”
o 22 DIERE SRR DR 21T 5 7— / LT« (Arnoldi) BFZIC 5V TEXFHE
BEXRIEE 27 5> 23 v METToTW5, BRI (orthogonalization) ¥ 1
BED—TKMAL X7 P VO Z ERERERICEHRETZ2HDTH 5, X 3.11
GMRES IEDQE OB 2 ERLDOMNED T EZRT, AETIES 746> a2
Iy MEZOWTHERT 2,

GPUKRTI(IGPUTALE

GMRES &R18
EREME/IZT
BRAREREET

(ﬁﬁﬁﬂ/\‘a FILTE (SpMV)]

( Fita )

B3t (MGS or CGS2)

L |

GMRESE TE484E

v

ERER/IME

GMRES k18

A 4
( BT )

X 3.1: GMRES{#ED 70 —F ¥ — MIBIT 2 ERA DN EDT

20



3.2 JILaIvyhE

BREELALANT DT Z L2 a2 Sy b (Gram-Schmidt) EIZR 7 b Lre 1 AT
DEMLTVWE, ZRZNEEREL TV HETH S, 776223y MER
GBI ETEIERICHE S 2 5 A 2 3 v b (CGS) ke, FIREEOFEY
ZRLUEIRIEFIHESBIES S 4223y b (MGS) EXDH %,

3.21 HHEISLDaIvyhE

TATY AL 321 IR THBI S L2y b (Classical Gram-Schmidt;
CGS) & [2, p11] Tk, 7432V XA 321 D 3THIREVWTH LVARY MLz,
CIEREREE q1, @0, ..., qj—1 I U THBEZETRE S 2 5800 2 E175IR 2 b UIE
VG\'?—J—‘O TL\%O

73 XL 3.2.1: Classical Gram-Schmidt [2, p.11, ALGORITHM 1.1]

1: Compute 1 := ||@1]],. If 711 = 0 Stop, else compute g1 := x1/r1y

2: for j=2,...,rdo

3: Compute r;; := (z,q;), for i =1,2,...,5 — 1. > FATHINR S SV
4 G:=x; — Y- riq > B2 51 <
5 ri;i = |42, > 2/ IVLEHHE
6: If r;; = 0 then Stop, else g; := §/r;; > BRI
7: end for

CGS HETIEITHINZ b VRS (BLAS 2) TEHERTEETH 3 72 DD B,
L L. SHEREEEDS MGS I HAND 3 728D, CGS % 2 [A1FfT3 3 CGS2 3% [29]
PHEREINT WS, CGS2HETIE CGS % 2 HHEITT 3 =0t E R CGS i
teRT 25 12 %,

3.22 BIEJSLIaZIvyvhE

TNAITY XL 322 RTEIET F LS aZy b (Modified Gram-Schmidt;
MGS) i [2, p.12] TIE 7LV X4 322 DATH~TITHIZBWT, HrLwvwRy
MV x; CIEREREE q1, q, ..., q 1 K L THBEREIE T 250 %, FHERE
DERZZ R L TEXRIAT> TV,
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7Y XL 3.2.2: Modified Gram-Schmidt [2, p.12, ALGORITHM 1.2]

1: Define 713 := ||@1||,. If 711 = 0 Stop, else g1 := @1 /r11.
2: for j=2,...,r do

3: Define q := x;

4 fori=1,...,75—1do

5 i = (4, q:)

6: q:=q —1yq,

7 end for

8: Compute 7;; := |42,

9: If ;; = 0 then Stop, else q; := ¢/7;;

10: end for

> N7 MVEE (NE)
> SRz 5l <

> 2 JIVLETE
> IERR kb

MGS ETEFHENEF ORI X D X7 FVEE (BLAS 1) Z W22 D

b, WHIMEN CGSIELDE 2, A EBZ HIFBREESALEIERTDER{IZD
WT CGS27E, MGSEB LUOZofioFiE%E, CPU TERLHEAKDFHIZ LT
WA, MGSIEL D b CGS2TED T HFATIR AR K 7o TH D 23] MGS %I

GPU TR HIC W EZ 5N 5,

3.3 Basic Linear Algebra Subprograms (BLAS)

TH5,

Level 1 X7 MLEHE
Level 2 174X 2 FLEE
Level 3 173lFLOHE
IR R LD S NT RN Z AT 5, ARAVRFERE L LT,

BLAS X 1 3Z1T % WR L 3 2 BUERIERE OiEBE B BRUE 35 5 API

e netlibiT &K B NRY 7 7 L > RFEEE: reference BLAS™

o Intel #11 & % 52%%: Intel Math Kernel Library (Intel MKL)"™
o F—7> YV —25%%: OpenBLAS™
« NVIDIA #i2 X % GPU Al %% cuBLAS™

REDND D, £l BATHIENTF D BLAS TH % Sparse BLAS b F#ET 5,

“Ihttp://www.netlib.org/
“http://www.netlib.org/blas/
“https://www.intel.com/content/www/us/en/developer/tools/oneapi/onemkl . html
“http://www.openblas.net/
“https://developer.nvidia.com/cublas
*Shttps://math.nist.gov/spblas/
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M I A2 23y METHEBETA2HEND 5 (IEHEED) BITHIRT FLFET
AT E R 7 L OREEFE T S dgemv ) B, BIEZ S L4323y MET
AT 2 DNEND D (EEED) WETIX ddot O BIEL (fFFBED) 2 / LV AEIET
(3 dnrm2 O BAEZ VLT W 3,

3.4 HHOHIC

ARFETIX GMRES IEOBERLTHEON 2 EH T 4> 2 3 v + (CGS) KL BIE
770523y b (MGS)ERDWTH Lz, ZOMR. sIREBESRWEIES
Fh¥23Iv b(MGS)iEe, I A 23 v b (CGS)EZE 2[MFEITT 5728
FHAERI 2 IR 20U HHRIERWEL S 422 3 v h 2 (CGS2) IETIEE S
5 DMLIRRF DS BN D BT S 2 N E 2 S REERICE Uz,
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F45 AR (Preconditioning)

4.1 FL®IC

TEH RIBED IR RIEITH D ZART M ILFE (spectral radius) I2. 7V B
7 ¥Ry 22 EE D PRI E — I REBATY A OEEEDAIHKRIFEL (1, pbl). EFE
ER DD 2D 1 (BAATH) WSGEWIZENERP R W, 2070, RIEETIE
PR ZEROREZ B UTRIBICAZHICD 55 U DREATHI A TR L
F—41) >4 (Ordering). FIYLIE (Preconditioning) Z /i3 Z & 232\,

BRAFTEHIET . FRiERDO a3 R b2V hE <L POREZ K& B RTRE T,
WA % R0 O SRR R BT C B %,

ARETIE, 428 TAH =K Y > 722\ T Cuthill-McKee (CM) & Nested Dissec-
tion (ND). 4.3 HiCRIEIZDOWTARTES LU 7@ (ILU) OFFRZIT 5o

4.2 F—A1)>7 (Ordering)

F—41) > (Ordering) ¥ 1. EHZREIATHI U Z HWTHREATI A DfTE
FIOFRIFERL A = UAUT 2170, TTOEV—RXFER Az =b % Az’ = b (772
L' =Uz, b =Ub) ICEHT R THb,

B 4.1 CE2EOUHDRAUCBIT 24 —K ) Y T OMED T ZRT,
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GPUMRTI(XGPUTLIE

|
1
! BAYA :
1
: :
L 1
v GMRES RiE N\ |
; INREM B TH |
: BAREEEET |
l N >
|
1
F—41>7) (RCM or ND) I N :
I BIEIRAAA :
1 \ y,
i : v l
L BTG DL (SpMV) :
N \ Y |
1
ILU (ILU(O) or ILU(1) or ILU(2)) (I N
: B3t (MGS or CGS2) I
J . \. J :
! g \ |
: EARHE !
. J |
- v !
ERIE( = GMRESHE : BES/IME !
oS o :
! |
! f ) 1
1
v . GMRES %18 :
C «r D) LN e
: :
! 1
! |
! |

- mm o mm mm mm Em Em o Em o Em mm mm owmm ow

4.1: BLFRA & GMRESTED 70 —F ¥ — MZBITF 24 —X Y 7 DOALEDT

F—=XV OB LTI TIRET 6N 5, (30, p.12]

o T—XIKIFEEIBRL . WMAEERES

o YuThHo BRI uDED A ST« ILA > (Fill-in) ZHIH 5 2

e MRS 7 7 ANV EHOT

. 7mv it

CITHREOEREZ L TBL b, ifTIBIT2IEX 0D DRSS DERAMEE k
Y ¥23LE B =k—iT, ®ig@(bandwidth) X 8; DFRAME, FO7 71 )L (profile)
X6 DRITH 2, M. Tu7 740, 7404 e bV RVIDPEHENRL .
FRTWIE, 717 7 4 d (RTLFRR & IBIED) ICRICHE S %, (30, p.14]
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BRB OB T 2 1F M2 > T, BHWIKFEE 2R 7R WERFZF U
I (coloring) 35 Z & T, AN TOWMHMENTE 2 L5124 5, EafFT
L7=&IC, BB S OIEEFICE A v ¥ 2 ZfHE ST (reordering) 3% [1, p.208],

4.2.1 ¥ Cuthill-McKee (RCM)

ARIETEA =X Y ¥ 7 OFETH % Cuthill-McKee (CM) & 33 Cuthill-McKee
(RCM) IZDoW Tk 3,

4.2.1.1 Cuthill-McKee (CM)

TV R L 42T LNVERIZ K BN E ZFIETDH 5 Cuthill-McKee (CM)
[31][2, p.84] /R T CMIETIX TL~UL (level) ] EFRENZEEEEAL, LA
NHNDOEBEZPKIFRGR R 7700 & S &tz ins 2 2 e ClFEER 0O
=XV 7 LTHHTE % [1, p.210, CMIEIC KB A —KY I RT 5L
TR T 0 7 7 A V2P &8, LUSBTO 7 4 V4 Y 2HfllT5 2k
MHTE D,

72 Y 24 4.21: Cuthill-McKee (G) [2, p.84, ALGORITHM 3.2]

1: Find an intial node v for the traversal

2: Initialize S = {v}, seen = 1, 7(seen) = v; Mark v;
3: while seen < n do
4: Snew = (D;

5: for each node v do

6: 7(+ + seen) = v;

7 for each unmarked w in adj(v), going from lowest to highest degree do
8: Add w to Shew;

9: Mark w;

10: end for

11: S = Shew

12: end for

13: end while

4.2.1.2 ¥ Cuthill-McKee (RCM)

i¥ Cuthill-McKee (Reverse Cuthill- McKee; RCM) 1% CM {E% 58 H L 72
2o LRV, BROBSZHIEICHRDESTIETH S (1, p.210l, RCMILIZT 1L
AYBCMBELD D5,
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RCM iEZ# A U728 T4 D IE¥ v EHFR & — > on[ti{tZ MATLAB Z W T
fTo 720 X 4.21Z SuiteSparse Matrix Collection™ [32][33] D754 F172 DIREUT
A%, X 4.3 ROM Z#HZDOITH% F1 OFREBITHI A 27”3, RCMIZ X 3
F—=RV T "T B TINTOIFLRERDINAERDLITHEEI L, 177
DHIERL T B T 7 A VDB/NEI LB TVWBE I eDBbh b,

«10° F1 A matrix

R e A T R S L
L =R R o i I =
> e

3 7
ke TG
: rdiias
T

TS

O 05 1 15 > 25 3
><105

X 4.2: 17514 F1 OREATH A DIF L v EE AL — > (Ff: IFEnER)
Nonzeros = 26,837,113 (0.023 %)

“Ihttps://sparse.tamu.edu/
“2https://sparse.tamu.edu/Koutsovasilis/F1
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0 %x10° F1 A matrix After Cuthill-McKee Ordering

0.5 |

1.5 i

%107

4.3: 17514 F1 @ RCM R OBREATI A DI nBEHE R — >
(Bt IEE v ER) Nonzeros = 26,837,113 (0.023 %)
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4.2.2 Nested Dissection (ND)

73V X4 42212713 Nested Dissection (ND) [34][2, p.97, 3.6.2] 12X %
F—RY 2R, (TH% 25 7 OBEETHI L LTI, 25 7B FiEE [
LTI OFT L FI R AN BER 2 FIETH 2, 77 7HOER L LEHEITS 2
THIE DI Z KIFIZHi/NTZ 5, NDIEIZFIC LU 2@ TOIEL nEROEINE
(744 r)oWifilzHI I LTHWSN S,

7T Y XL 4.2.2: ND(G, nmin) [2, p.97, ALGORITHM 3.7]
1. if |[V| < nmin then
label nodes of V

2
3: else

4 Find a separator S for V
5 Label the nodes of S

6: Split V into G, Gg by removing S
7 ND(GpL,nmin)

8: ND(Gg, nmin)

9: end if

COFEIFEREL L —&—) OfEEH WS Z & CHEBICHATE %,
77 7NDIEEAES SIE. SEHIRT 2277 702 00HWNCERIRT T 7
Bl Eh A58 1C2/NL—2 — (separator) & XN 5,

ATV XL 422D 21THE 5ATHDTEAD 7 T, @HEIEEFICED S
N3, FIZIX5ITHTIE. S OTEAFFIEOH THREIC T LT S NTHR D
SRFEDNEF T _AUFIFENE, NDOFIEOFERZAT Y FE, 79 7%3200D
G377 77 TFBZeTHY, ZDIED 2007377 ZIEFHWIHE LT
WV, 3BHHOESIX, RYIIOESDOMA DO DIHAE DMEEFH, 8L —
R—YWINE, ZDOXIZT T 7208 LT, &l 7 7 7 CHRINCUEZ
BOBRTZeNEEREZ T TH S, L —X—DHAICIIREZOFEL T
5N5, [2,p.97, 3.6.2]
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4.4 1% Nested Dissection (ND) IZ X B2 FA— &V >~ 7 (reordering) % L 72175
ORAKT, BRI & 70y 70 afT50C k%, NDIRICL 24 —X) > 7T
o2 BIFEVERN E 70y Z0AITHITIE, FXA 70y 72 MV IS RTE
570, WHREDA—ZY 78 LTHHTE 2 (1, p.22),

s T
|
|
|

| X O
| O
1, [

4.4: Nested Dissection 12 & % . 0F X (reordering) 2 DITHI DIEIM |2,
p.98, Figure 3.11]
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Nested Dissection Z i U7z B T8 DIEX 0 BE & — > Or[f{t.Z MATLAB
PHWTIT- 720 4.5 12 Nested Dissection 12X 24 —&V > 7% EHL7=%D
17814 F13 DREITH] A 2T,

«10° F1 A After Nested Dissection Ordering
N T T T T I T T T

. , |
0.5 = |

=} ey 1.
|

L n T L ——

N
T
|

2.5 TN

1
1
WY -
ma- 3 am  wem L

ma e o » 1 | st nnam a | B

0 0.5 1 1.5 2 2.5 3
%10°

4.5: 174144 F1 @ ND @R OREATII A DIFL n BRE X — >
(HFt: IEE v HEHK) Nonzeros = 26,837,113 (0.023 %)

“https://sparse.tamu.edu/Koutsovasilis/F1
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4.3 FRELLUDR (ILU)

FREATH A DBATH DS E. LUDMRA = LU 255 &, JLOTAHITIX0TH -
BRI 0 THRWENAS T 1 IL1 > (Fill-in) 4ET, Bon TFT=ATHIL &
EEAATHI U IR v ERHAHBIRNCHENT 5,

7AaY XL 4311RTRELE LU 9% (Incomplete LU factorization; ILU)
. LUSRTEL 27 4 04 Y RFIR L., EEIWER (R5E2R) LUSR A ~ LU
EEIET % Z ¥ T, BIALIE (Preconditioning) \2fif 5 FETH %, ILU ZRIALEIC
556, FLETINE M = LU 7425,

7LV XL 431 ILU 3@ (IKJFER) [2, p.305, ALGORITHM 10.3][1, p.57,
Algorithm 9]

1: fori=2,....,ndo > P: BILETHIDOIEL v BEDAL VT v 7 RES
2 fork=1,...,1—1andif (i,k) ¢ P do

3 Qik *= Qi) A

4 for j=k+1,...,n and for (i,5) ¢ P do

5: Qij 1= Qjj — Qg Qj-

6 end for

7 end for

8: end for

4.6 122D DHE BT 2 ILU DM EDITZRT,
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GPUIRTI[XGPUTL#

FsA
L
< bate > " GMRES BiE N\
INREABIZTH
BEAREEEET
A—4'1J>% (RCM or ND) - \
BRERRARA

l

ILU (ILU(O0) or ILU(1) or ILU(2))

BRATHINRD N)LAE (SpMV)

4 N

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

B34t (MGS or CGS2) I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

l [ AR )

/ ¢ N
AR ZGMRESE S |\L,
v GMRES &

( “T ) N e

X 4.6: ATALE(T = GMRESED 70 —F ¥ — MBI 5 ILU DALED

HILFRTTE M DIEEaBZDA > F v 7 2%EE% P 3§ %, BiLEEITH] M H
FREATH A LFELOIEE P = {(i,)) | ay # 0} ZFD, ThbB, 7404 0%
AWV E ZXILU(0) [2, p.307] EFER, 1 BRFEDAD T 4 VA4 V2T & XX
ILU(L). 2BRED 7 4 LA Y 2FFF & 2 ILU(2) [2, p.311] & RELT 5,

T ANA VEFTLAADREWEE XD IEHERFTLEITY M IZk-oT0W3 ¥
ZAHNBTD, 74NA VEHFTLANUDEWIE 2V 1 7 88022 /ED I
DA EPARFTE S, —H T, ZANMA VEF LI T2 LY uBRENHRT
X, HEESC ATV HHEE U O S Z e PRR SN,
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4.3.1 AEEHE GMRES &

RS = O GMRES Z i 21CH7= D, 743V X4 4.3.21R 3 iR
{$F GMRES (Right Preconditioned GMRES) i% [2, p.284] Z/H L7z, i —
XX Az =b%

AM ™'y =b, =My (4.1)

WEET 2 Z e BB Y FER, 2 DREITH AM 1 iE A WZHERTHENAITINC
FL o TWBREEZ NS0, 7V 780 2eRiEDIE MO 2R T
&5, [1, p.b1][7, p.48]

73 X 4.3.2: GMRES with Right Preconditioning [2, p.284, ALGORITHM
9.5]

1: Compute ryg = b — Axy, f = ||ro||y, and v1 = 7o/

2: for j=1,...,m do

3:  Compute w := AM v, > M: BIUETH
4: fori=1,...,5 do > (BIEZZ 4223y b)ERL
5 hij = (w,v;) > WEGRTR
6: w = w — h; ;v > a5 <
7: end for

8: Compute hyi1; = [lwll2 and v = w/hj; > IERE
9: Define V,, := [vy,...,vn], Hy {h'ivj}lgigj—&—l;lgjgm

10: end for
11: Compute y,, = argmin,, Hﬁel — H,y . and x,, = o + MV, y,,
12: If satisfied Stop, else set xq := @, and GoTo 1.

ATLENC TLU 2 WV 2 G813 RIERNSREBUTI A 2 ILU 5 L. RIEHTH 5
7»:UXA432®3ﬁE¢@A4%5% REATH A % ILU 53R U 7= 12 ORI
HATHIM = LU ¥ v, ICDOWTHIE - BRAZITS 22 TR 3,

BALEELC ILU 258§ 2 Z 812 & o TRERIBUIHIR X L5 55, AL TEI D
e ERETORTE - BIBRAL WO RDREIEEZ T2 Z 812k %,
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4.3.2 B{THmETEE - BBA
K 4.7 Z 2ROV FRAUC BT 2 BHERE A DA BT R,

GPUIRTI(ZGPUTLHE

GMRES 18
INREMHF bz
RARIEBHET

BIERIRAA
4 ¢ N
BRAT5I~R2 L (SpMV)
\, )

v

I
I
|
|
I
I
|
|
|
I
|
|
|
I
|
|
I
|
|
I

D 1

B3t (MGS or CGS2) I
|
|
I
|
|
|
I
|
I
I
|
|
I
I
|
|
|
I
|
|

( Figa )

FA—51>7 (RCM or ND)

ILU (ILU(O0) or ILU(1) or ILU(2))

IEARE

v

RER/IME

ARNLIE( EGMRESE

GMRES k18

®T

X 4.7: BIALFEAHEZ GMRESED 7 8 —F ¥ — MBI ARTERBRADMEDT

GPU L ToBITHIATRIHE - FBAAD NVIDIA 1T X % ISR [35]) 255 L

W, NVIDIA D% [35] TiX Analysis Phase T7 — ZAKTEMEZ fRHT L 7282, Solve
Phase T=A1TH & RN T W5, X 4.8 12 F=AfTHID 7 — 2 KAFOE mIEKE 2
Z 7 (Directed Acyclic Graph; DAG) #/R$, —#DITHITId 7 — 2 KAFOFMIE
W[el 7 7 (DAG) ZHEER T 2 083D 505, ZAITHITIXREERIY 72 O THEIFIIX
MRS 2B DN, £ D78, Analysis Phase TIIMIEELHRZE (Breadth-First-
Search; BFS) T7 — K17 % ER (traverse) L TW %, Solve Phase Tl Analysis
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Phase DE#Z > CTRIC L ARXVIZET S/ — FERAFNFE L T\ 3,

Level 1 (rows 1,2 & 3)

Level 2 (rows 4,5,6 &7)

Level 3 (rows 8 &9)

M 4.8: T=A1TH0 7 — 2 KFOHFRIEKE 27 Z 7 (DAG) [35]

4.4 BMTHIDIEEOER/NX— R

B 4.9~4.1712 4.2 fiTIRRTz A — &V > 712D\ T Cuthill-McKee (RCM)
¥ Nested Dissection (ND). 4.3 fiiCiiR7=A584 LU 73 (ILU) 12D\ T ILU(0),
ILU(1), ILU(2) DfAEHHE T, SuiteSparse Matrix Collection™ [32][33] D175l
% consph I L7238 DI m EE X — > % MATLAB THIf{L L 724558
N

RCM 2K 24 =X ¥ 7% L7 BEMTHORIEI/ NS L o TWD Z & A,
NDIZE B A—KY 7% LGEIdBmHat E 7a y 70 EIT5027% - T
5 EDMERTE S, F. AN FELLS, 37205 ILU0) — ILU(1) =
ILUR) IR BIZ LT > T T 4 A YD LA, FEYrBEREDHEML T
W3 ZEDERTE 5,

“‘https://sparse.tamu.edu/
*Shttps://sparse.tamu.edu/Williams/consph
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<104 consph A matrix

4.9: 17414 consph DIREATH A DIEX R X — > (Hth: IEL 0 ER)
Nonzeros = 6,010,480 (0.087 %)
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<104 consph A matrix After RCM

0 2 4 6 8
x10%

4.10: 1741144 consph @ RCM # R OREATHI A DIFE & —
(HFt: JEE rHEZR) Nonzeros = 6,010,480 (0.087 %)
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104 consph A matrix After ND

O sy : :. = ‘ o
o ’ H |
7 e . E E
= -] -
-4 = b
2 |9 o e IV : ;
|
=
3 ' 3
P
Ame s VTS W . &
! -
5r ] : .-
H
-
6 L e om k1™ T i :‘:‘.:
- =
7 u s PR
Smomocm m s " TENTUTR RN 08
0 2 4 6 8
x10%

4.11: 1754 consph @ ND B DIREATH A DIFL K — >
(Ft: JEE v HEZR) Nonzeros = 6,010,480 (0.087 %)
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<104 consph P matrix After ILU(1)

Ny T T

i i||||
I ||
R |
Vi i
Taae I
Vi

4.12: 175144 consph @ ILU(1) EAZOIEL R KX — >
(B JFEaZER) Nonzeros = 13,966,120 (0.201 %)
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«10%  consph P matrix After RCM & ILU(1)

0 2 4 6 8
x10%

4.13: 4744 consph ® RCM ¥ ILU(1) @B OIEX r SR — >
(B JFEaZE3R) Nonzeros = 13,443,806 (0.194 %)
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104_ consph P matrix After ND & ILU(1)

0 : " -
- ; i =
2 5 :
o | » - ﬂllltllll‘ll: _; ’
b
|
3 i 23

4ms w0 VR

1o 3 _
- | T
5/ - 3 ==
1
- -
6 = me o ol ™ T i %
" =l
7 _ = gy : E

Sw m oo nmen oY TINR
0 2 4 6 8
x10%

4.14: 1754 consph @ ND & ILU(1) @AKDIEL B R R — >
(HFt: IEE v HEHR) Nonzeros = 16,887,238 (0.243 %)
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<104 consph P matrix After ILU(2)
T N | T T

LY

]
N, |
[l

-----
nnnnn
.....

8 % . '§

4.15: 17544 consph @ ILU(2) HRAZOIEL R KX — >
(HFt: IEE v EHR) Nonzeros = 34,692,390 (0.500 %)

43



><|104 consph P matrix After RCM & ILU(2)

0 2 4 6 8
x10%

4.16: 17414 consph ® RCM ¥ ILU(2) @K DIEX r AR — >
(HFt: IEE v HEHR) Nonzeros = 32,175,808 (0.463 %)
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104_ consph P matrix After ND & ILU(2)

'—I
T
i
Fllilifalae wmn n

n 'R m ol i
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i i

> 4 =

1 =t

-

of il "F R =

§ ol

Ui =R
S m s gmem gan oA TIIE o
0 2 4 6 8

><104

4.17: 47414 consph ® ND & ILU(2) #AZDIEL r % — >
(Hfo: JE¥ e EHR) Nonzeros = 42,436,366 (0.611 %)
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4.5 REITIIOEBREDHDRIRIL

X 4.18~4.22 12 4.3 Hi TR A5ER LU 43f# (ILU) 122\ T ILU(0), ILU(1),
ILU(2) DfHAEHHE T, SuiteSparse Matrix Collection D754 cant 1@ L 72
Y EDEHED % MATLAB TR L 2RER 2R3,

M 4.18~4.22 2 51d. ILU AiLEZFEL 5, 2% ILU &R L—ILU0) —
ILU(1) = ILU(2) 1272 212 - T REUTHI A DBEIFESHHIR R Sl 7z &
CHDEDICEELETZEICHR>TVDE I nh b,

5 %104 Eigenvalues of cant A

o) ' ' ' ' ' T
+  All eigenvalues
18 | O  Largest magnitude

O Smallest magnitude

Imaginary axis
© =
[e0) [EnN N

o
o

Real axis x10%
Xl 4.18: 115% cant D2 FEHED 1

*Shttps://sparse.tamu.edu/Williams/cant
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Imaginary axis

Imaginary axis

%108 Eigenvalues of cant P after ILU(0)

+  All eigenvalues

O  Largest magnitude
S5r O Smallest magnitude | ]|
0F + & i
5L i
-10 + 7
-15 7
-20 7

O

-25 7

-25 -20 -15 -10 -5 0 5
Real axis x10°©

4.19: 17514 cant @ ILU(0) #H O 2 EH G5

Eigenvalues near the origin of cant P after ILU(0)

+  All eigenvalues

6000 - O  Largest magnit_ude i

O Smallest magnitude
4000 R
2000 r i
or + + .
-2000 [ R
-4000 [ R
-6000 [ R
-2000 0 2000 4000 6000 8000 10000

Real axis

4.20: 175144 cant @ ILU(0) #H % O I =88 O FEE E D 16

47



Imaginary axis

Imaginary axis

4000

3000

2000

1000

O

-1000

Eigenvalues of cant P after ILU(1)

+  All eigenvalues
O  Largest magnitude
Smallest magnitude

-2000 b
-3000 b
-4000 ! ! ! !

0 2000 4000 6000 8000 10000

Real axis

X 4.21: {754 cant D ILU(1) 8 D 2 [EH E 59 1

4000 T T T T
+  All eigenvalues

B O Largest magnitude |
3000 O Smallest magnitude
2000 r b
1000 b

0¢ i

-1000 b
-2000 r b
-3000 b
_4000 1 1 1 1

0 2000 4000 6000 8000 10000

Real axis
X 4.22: 17514 cant @ ILU(2) S@A#% O 2 EH B9 1
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4.6 HHDIC

ARETIE, 4.2 TAH =K Y > 72D\ T Cuthill-McKee (CM) & Nested Dissec-
tion (ND). 4.3 SiCRILIEIZ DWW TAESR LU 73 (ILU) Oifamx Lz,

RFER LU BRIZOWTIE 7 4 VA Y ZFFT LARADEWEE 7 V) a 7 {852
EHEDINHRME DA ESIARFTE 203, 74 VA Y 2FF LT E S L IEL v EREHN
WZ23E HEREP AT FHAESHEZUEREHEIMHS S Z 2B ashd v
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E5E Rk - FHMl

5.1 XLC®IC

ARETEEIETHM L7623y NERLE, FA4ETHEMLIA—
V) ¥ 7RI OWTEBRIC T a7 2% WCTEHEZ(T 5,

BREATHN A, HAXZ7 b bicid, EFHT I 2L —X—DroBGoNidT
Bl fu fluid, fu stru &, EFHTE> I 21— —THPH1THN & HEEIETVDH D
% SuiteSparse Matrix Collection™ [32][33] 2> 53%EA 7, SuiteSparse Matrix Col-
lection 22 513754 af shell9™, thermal2™, pwtk™. cant™, parabolic fem™,
F1'7, consph™®, nd24k™® ZFHHEDONGE L T2, ZDH>H, HLAXT ML bDBEE
NTVRNSDIZONWTIE, ARZ Ml Z 0REERVERE L, b=Az 2 L
THLARZ Vb ZAR LTz, K 5.1 ICEBRNROBITIOMEZ RS, K510
condest {X MATLAB THEH L7REBATHI A D 1/ VA DZEMOTRIOTH 5,

BATHIRSANIE RE CSR. TEERE B XAEHE 8 NEUS TR Z 1T - 72,

“Ihttps://sparse.tamu.edu/
“https://sparse.tamu.edu/Schenk_AFE/af_shell9
“Shttps://sparse.tamu.edu/Schmid/thermal?
“‘https://sparse.tamu.edu/Boeing/pwtk
“Shttps://sparse.tamu.edu/Williams/cant
*Shttps://sparse.tamu.edu/Wissgott/parabolic_fem
“Thttps://sparse.tamu.edu/Koutsovasilis/F1
“https://sparse.tamu.edu/Williams/consph
“Ohttps://sparse.tamu.edu/ND/nd24k
“Onttps://jp.mathworks.com/help/matlab/ref/condest.html
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https://sparse.tamu.edu/
https://sparse.tamu.edu/Schenk_AFE/af_shell9
https://sparse.tamu.edu/Schmid/thermal2
https://sparse.tamu.edu/Boeing/pwtk
https://sparse.tamu.edu/Williams/cant
https://sparse.tamu.edu/Wissgott/parabolic_fem
https://sparse.tamu.edu/Koutsovasilis/F1
https://sparse.tamu.edu/Williams/consph
https://sparse.tamu.edu/ND/nd24k
https://jp.mathworks.com/help/matlab/ref/condest.html

7 5.1 EENRDBTH (condest: FREATHI A D1 7 1V L DFEHED TIR)

175144 T8 % | IFE m ERE | IFEn ERE (%) condest AR

af_shell 504,855 | 17,588,845 0.00690 11975 x 1010 | Subsequent Structural
Problem

thermal2 1,228,045 8,580,313 0.00057 7.4806 x 10° Thermal Problem

pwtk 217,918 11,524,432 0.02427 5.0348 x 10'? | Structural Problem

cant 62451 | 4,007,383 0.10275 5.7616 x 10" | 2D/3D Problem

parabolic_fem | 525,825 | 3,674,625 0.00133 21108 x 107 | Computational Fluid
Dynamics Problem

consph 83,334 | 6,010,480 0.08655 3.1544 x 10" | 2D/3D Problem

F1 343,791 | 26,837,113 0.02271 3.2618 x 107 | Structural Problem

fu_ stru 130,595 6,953,639 0.04077 5.0949 x 10'® | Structural Problem

nd24k 72,000 | 28,715,634 0.55393 2.3305 x 107 | 2D/3D Problem

fu_fluid 82,047 | 2,950,011 0.04382 1.1036 x 100 | Computational Fluid
Dynamics Problem

5.1.1 GPU CTOREIRE

# 5.213 GPU TOZFEBRIREE T, GPU &R FEE) NG IEE O TERED E W Tesla
PYV—=XTRAEVHEREEAEY AV FIROKZ W AL00 [18]) ZH Wz, GPU RD
712" 51& CUDA C/C++% F\WT GMRES AAD A% GPU THEITLTW3,
JLFHEIRE ] D ETHINE cudaEventRecord () BIEUZE FIWTIT - 7=,

# 5.2: GPU TOEERIRIE

Host SuperA100
CPU AMD EPYC 7302 x2
Memory DDR4 3200MHz x16: 256GB
GPU NVIDIA A100 80GB PCle
0S Ubuntu 18.04
CUDA version 11.5

Compiler Optimization Flags

-03 -gencode=arch=compute_ 80,code=sm_ 80

Library

cuBLAS, cuSPARSE

o1



5.1.2 CPU TOXEERIBIE

7 5.313 CPU TOEBBRE T, A% HPC System “KAGAYAKI"™™M®dD 1/ —
K2V, ILU £ GMRESO 7025 A3 CFFET. A—XV ¥ ZIEMATLAB
R2022a CiTo 7z, 2 ¥ %4 TG T 5 713K 5.3 DH DITIIZ . BRI Intel
Math Kernel Library (Intel MKL) 21281} 2 8R4 7> a ¥ “-qmkl=sequential”
. ~uF a7 AIIEEENSE A 77> a > “parallel” & Intel MKL (2381
5 ALy Rk A 7> a > “-qmkl=parallel” Z {0 L 7z, WLERRRRE O FH1X
clock_gettime () BIEZ W TIT o 72,

# 5.3: CPU TOEEIREE

Host kagayaki, 1 node
AMD EPYC 7H12 2.6GHz
CPU
64 Cores x 2 Sockets: 128Cores
Memory DDR4/3200 SDRAM x16: 512GB
OS Ubuntu 20.04
Compiler Intel Compiler (Intel OneAPT 2021)
Compiler Optimization Flags -0O3 -march=core-avx2 -ipo
Library Intel Math Kernel Library (Intel MKL)

5.2 BE3MbIcDOWTGMRESED GPU THOER - ST

AEICIEXE3ITECTHEMLIZZ 74> 23y MEKITOWTMGS £ CGS2 i
Rz &D GMRES EICOWTHFHT 2175, K 5.1 GPUTD Y AR — MMt
% GMRES#EO 70 —F v — F 2T,

Uhttps://www. jaist.ac.jp/iscenter/mpc/kagayaki/
“https://www.intel.com/content/www/us/en/developer/tools/oneapi/onemkl . html
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GPU_LTH

=

GMRESESRS=HAIRIMA

1795 — I D LB,
KRR MXEY EGPUAE Y BIDERXRFRE (EZHR0)

GMRESES 5HAIpat:
6 '
1

51: GPUTDV XX — & GMRES#ED 72 —F ¥ — b

1
1
1
1
1 1
: -~ GMRES ig I :
. /|
1 1
1 { N 1
( i ) | BRATEINRD NLEE (SpMV) |
1 & J
» v .
| ERME (MGS or €GS2) | 1
1 \ J |
I ¢ I
24— M EGMRESH I r Y |
: ‘ 1ER1E ) :
1
iy v .
: KERIME :
C &7 ) L v o
1 1
: GMRES 8 :
1 \ 1
\
1
1
1

£ 541 FMCSIE[2, p.12] & CGS2iE 29 Z W22 DY 2 & — MMf & GMRES
FEOIFERE DRl E GPU BRBE (R 5.2) Tfi-o7dDTH %, Bl L, A—
XY 7L, VAR— b ETOREREIX 2000 B, EFFRIEEENX 4000 B & W
IFEMD D & TiHEiZ1T o720 CGS2IETH 5 %ATHIR 2 b VFEIX cublasDgemv ()
BE%L. MGS AT 5 NFEIE cublasDdot ) BAEE F W e, 2B, 17417 — X D
AL, FRAMXEY L GPU X EVHEOD T — X5k (B3 VBD~F+ 3 VREE)

FEHAIRF NS & w0,
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% 5.4: FEZLTFIE (MGS vs CGS2) DY A X — hMsf & GMRES 5D GPU TD

b
F7H1% | EAAE | GMRES time [s] | AR 2
o MGS 135.659 1.369 x 10~°
CGS2 43.851 1.369 x 107
|G 126.838 6.868 x 105
P cas2 10.336 6.869 x 108
ey | MGS 140.535 6.831 x 10~
— CGS2 60.370 6.722 x 106

£ 5475 GPU T® CGS21EIE MGSIE & AT B IR RTRE 72 < LERIRERE D3
KIBIZE W WS ER 25, BAMIZIZ. GMRES UUHER 2 CGS2 #E1X MGS
BEIZHARTHRAT 91.9% FHE L 7=,

5.3 BIRLIBICDWVWTDRER

AREITIEES 4 B THH L ZTLHEIC O WT CPU ¢ GPU THEICRILIRAT =
GMRES D 70 27 J AW HliZ1T 5. 42 BiThhRTA—&X ) > 71358
Cuthill-McKee (RCM) % Nested Dissection (ND) IZDWT, 4.3 i TR/ AwEL
LU AR T ILU(0), ILU(1), ILU(2) iIZ2W T, ZNZNDMAEDHE T
DEERZIT - 7=,

5.3.1 FA—41) >4, ILU{FF GMRES ;AZ® CPU TOFHi

F—&1) >, ILU B & GMRES 5D CPU (2 5.3) T O FHi % B KR
EAFIRTITo 70 K 5212 CPU TORTLHENT % GMRESEDO 70 —F v — b
S, MW7 CSR, 58, Bk CGS2, iR KRIEEIEL: 10000, V 2 X —
MU, BERCHIESM: ERTERE/ VL (FRENT ML HIART b LD /L Att)
l7l|2/]1b]l2 23 1076 Riii & W 5 S_E TR 21T o 720 BB, 17T — X DA L
VEETHIREE IS & 720,
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797 — S D+ LB EFR0

( Faa )

OrderingB¥fi] FHAIBEME ——

s

.

ZF—4U>% (RCM or ND)

Orderinghfl EHRIFR T |

ILUBSFE ETRIRTIE

V

.

ILU (ILU(0) or ILU(1) or ILU(2))

\

J

ILUBFR SHARR Y ——

ARTLIER} EGMRESE

5.3.1.1

GMRES K18
IREM =Bz ITh
BARELEET

v

AEBRAA J

v

BRATHIAS ML (SpMV)]

v

v

XML

v

[
[
(emecen )
(
[

AERIME

v

GMRES 18

GM RESB%F'aﬁ:EﬁE'J?ﬁ%T

5.2: CPU TOHRMLIEfI & GMRESED 7 02 —F ¥ — b

=41 >, ILU {F GMRES &0 CPU (ZXXhR) TOFHE

£ 55—V ¥ 7, ILU giLEAT & GMRES X (1 AL v F) @ CPU B
BE (& 5.3) TORMi%E RS,
#£ 5.5 A—&1Y 7, ILU & GMRES ® CPU (iZXhR) T D (i
(DT GFtILPRIH )

= o . 5 Ordering ILU GMRES ll7ll2 p

175148 WILER | Ordering | JF¥REFE | ey | B ) | R [s) fORRE 2 | R
af shell9 ILU(0) None 17,588,845 None 0.6 3,749.3 1.000 x 10~° 3,268
af_shell9 ILU(O) | RCM 17,588,845 0.5 0.6 | 2,300.3 9.995 x 107 2,513
af shell9 ILU(0) ND 17,588,845 1.5 0.7 5,810.8 9.998 x 10~7 4,082
af shell9 ILU(1) None 25,083,025 None 1.5 831.5 9.993 x 10~7 1,470
af shell9 ILU(1) RCM 22,694,325 0.5 1.3 1,054.9 9.999 x 10~7 1,674
af shell9 ILU(1) ND 30,790,211 1.5 2.7 2,756.3 9.999 x 10~7 2,718
af shell9 ILU(2) None 35,019,925 None 2.7 507.0 9.988 x 1077 1,068
af shell9 ILU(2) RCM 33,059,675 0.5 2.5 494.8 1.000 x 10— 1,063
af shell9 ILU(2) ND 48,941,001 1.5 6.3 1,478.4 1.000 x 10~ 1,888
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BiR—I0 6 Dt =

= e . . Ordering ILU GMRES " [P 4
1151% HifLE | Ordering | ¥ mEEHRE W5 [s] BER [s] W5 [s] EDSEE = T6T> FAG R
thermal2 ILU(0) None 8,580,313 None 0.4 1,634.6 9.896 x 10~7 1,347
thermal2 ILU(0) RCM 8,580,313 0.7 0.2 789.6 9.814 x 10~7 932
thermal2 ILU(0) ND 8,580,313 9.1 0.3 1,501.5 9.999 x 10~7 1,297
thermal2 ILU(1) None 14,650,303 None 0.9 563.9 9.860 x 10~7 773
thermal2 ILU(1) RCM 11,521,539 0.7 0.5 337.0 9.487 x 10~7 595
thermal2 ILU(1) ND 13,983,233 9.1 0.8 589.4 9.626 x 10~7 794
thermal2 ILU(2) None 22,557,175 None 1.8 253.0 9.920 x 10~7 497
thermal2 ILU(2) RCM 16,480,629 0.7 1.0 173.4 9.111 x 10~7 414
thermal2 ILU(2) ND 21,210,479 9.1 1.5 263.1 9.130 x 10~7 513
pwtk ILU(0) None 11,524,432 None 0.5 3,575.1 1.000 x 10~° 5,152
pwtk ILU(0) RCM 11,524,432 0.3 0.5 3,507.2 9.980 x 10~7 5,107
pwitk ILU(0) ND 11,524,432 0.9 07 | N/A N/A N/A
pwik ILU(1) | None 17,381,576 None 1.6 32.5 9.828 x 107 319
pwtk ILU(1) RCM 16,874,900 0.3 1.5 42.7 9.669 x 10~7 395
pwtk ILU(1) ND 21,359,064 0.9 2.7 130.1 9.965 x 10~7 771
pwtk ILU(2) None 26,230,248 None 3.5 19.6 9.987 x 10~ 7 180
pwtk ILU(2) RCM 24,931,078 0.3 3.1 45.0 9.972 x 10~7 357
pwtk ILU(2) ND 33,826,532 0.9 6.6 20.8 9.789 x 10~7 166
cant ILU(0) None 4,007,383 None 0.2 71.8 9.953 x 107 1,227
cant ILU(0) RCM 4,007,383 0.1 0.3 99.7 9.996 x 10~7 1,472
cant ILU(0) ND 4,007,383 1.2 0.5 62.5 9.957 x 10~7 1,124
cant ILU(1) None 8,937,729 None 1.3 5.0 9.770 x 1077 144
cant ILU(1) RCM 8,799,873 0.1 1.4 4.6 9.248 x 10~7 135
cant ILU(1) ND 10,994,945 1.2 3.5 8.6 9.277 x 10~7 208
cant ILU(2) None 18,095,517 None 5.4 3.9 8.505 x 10~7 68
cant ILU(2) RCM 17,975,967 0.1 5.6 3.7 9.881 x 10~7 64
cant ILU(2) ND 23,510,841 1.2 12.4 5.8 9.484 x 1077 90
parabolic_fem | ILU(0) None 3,674,625 None 0.1 141.4 9.720 x 10~7 602
parabolic_fem | ILU(0) RCM 3,674,625 0.2 0.1 29.8 9.668 x 10~7 260
parabolic_fem | ILU(0) ND 3,674,625 3.3 0.1 136.3 9.951 x 10~7 584
parabolic_fem | ILU(1) None 6,422,527 None 0.2 54.1 9.980 x 10~7 358
parabolic_fem | ILU(1) RCM 4,721,153 0.2 0.1 16.1 9.806 x 10~7 184
parabolic_fem | ILU(1) ND 6,445,051 3.3 0.4 57.7 9.518 x 10~7 364
parabolic_fem | ILU(2) None 10,346,973 None 0.4 25.5 7.969 x 1077 227
parabolic_fem | ILU(2) RCM 6,810,119 0.2 0.1 8.3 9.384 x 10~ 7 121
parabolic_fem | ILU(2) ND 10,255,221 3.3 0.8 29.3 9.130 x 10~7 240
consph ILU(0) None 6,010,480 None 0.3 5,102.7 9.997 x 1071 10,000
consph ILU(0) | RCM 6,010,480 0.2 0.3 | 5110.6 9.999 x 101 10,000
consph ILU(0) ND 6,010,480 0.7 0.5 5,042.2 1.583 x 10~° 10,000
consph ILU(1) None 13,966,120 None 2.4 5,220.1 9.982 x 10~1 10,000
consph ILU(1) RCM 13,443,806 0.2 2.2 5,303.9 1.000 10,000
consph ILU(1) ND 16,887,238 0.7 44 | 5,365.1 1.415 x 10~! 10,000
consph ILU(2) None 34,692,390 None 14.1 26.3 7.274 x 1077 257
consph ILU(2) RCM 32,175,808 0.2 12.2 5,585.3 1.000 10,000
consph ILU(2) ND 42,436,366 0.7 27.0 5,925.7 6.580 x 10~4 10,000
F1 ILU(0) None 26,837,113 None 3.5 144.1 9.948 x 10~ 7 608
F1 ILU(0) RCM 26,837,113 0.9 2.2 110.7 9.906 x 10~7 515
F1 ILU(0) ND 26,837,113 4.4 2.3 117.5 9.938 x 10~7 538
F1 ILU(1) None 171,329,379 None 109.8 93.9 9.963 x 10~7 216
F1 ILU(1) RCM 61,975,747 0.9 13.8 56.0 9.995 x 10~ 7 234
F1 ILU(1) ND 67,672,363 4.4 17.9 64.5 9.701 x 10~7 254
F1 ILU(2) None 977,782,419 None 4,131.0 122.1 9.890 x 10~7 80
F1 ILU(2) RCM 152,264,923 0.9 78.8 44.0 9.160 x 10~7 110
F1 ILU(2) ND 165,261,731 4.4 119.5 40.6 9.574 x 10~7 101
fu_stru ILU(0) None 6,953,639 None 0.6 1.6 9.959 x 10~7 40
fu_stru ILU(0) RCM 6,953,639 0.2 0.4 1.3 9.673 x 10~ 7 35
fu_stru ILU(0) ND 6,953,639 0.8 0.4 1.7 9.852 x 10~7 46
fu_stru ILU(1) None 17,932,747 None 4.6 1.7 6.114 x 1077 22
fu_stru ILU(1) RCM 13,053,459 0.2 1.6 1.2 7.520 x 1077 18
fu_stru ILU(1) ND 16,174,247 0.8 2.6 1.8 7.784 x 10~7 26
fu_stru ILU(2) None 51,635,383 None 32.4 2.1 5.842 x 1077 13
fu_ stru ILU(2) RCM 27,792,925 0.2 6.3 1.4 7.526 x 10~7 12

iéim/\"—— \\/\‘L:r;lj <
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BiR—I0 6 Dt =

= e . . Ordering ILU GMRES " [P 4
3514 AR | Ordering | kemza | Quettof | L | Gt | s e | e
fu_stru ILU(2) ND 37,116,341 0.8 13.4 2.0 6.626 x 10~ 7 16
nd24k ILU(0) None 28,715,634 None 10.9 6.7 9.569 x 10— 69
nd24k ILU(0) RCM 28,715,634 1.1 12.0 0.6 0.000 1
nd24k ILU(0) ND 28,715,634 5.7 17.8 | 1,736.3 8.849 x 1077 5,430
nd24k ILU(1) None 121,913,942 None 206.7 4.9 9.202 x 10~7 20
nd24k ILU(1) RCM 97,786,230 1.1 140.0 6.0 8.773 x 1077 29
nd24k ILU(1) ND 133,210,408 5.7 363.8 9.0 8.417 x 1077 36
nd24k ILU(2) None 486,139,250 None 3,436.8 9.8 9.232 x 1077 13
nd24k ILU(2) RCM 306,383,182 1.1 1,338.5 7.1 8.426 x 1077 13
nd24k ILU(2) ND 387,592,020 5.7 2,977.1 9.0 7.655 x 10~7 14
fu_ fluid ILU(0) None 2,950,011 None 0.2 699.4 9.742 x 10~ 7 3,695
fu_ fluid ILU(0) RCM 2,950,011 0.1 0.2 | 5,515.8 2.022 x 1072 10,000
fu_ fluid ILU(0) ND 2,950,011 1.3 0.2 922.1 7.976 x 1077 4,330
fu_fluid ILU(1) None 8,069,749 None 1.3 648.6 6.925 x 107 3,407
fu_ fluid ILU(1) RCM 6,246,713 0.1 0.8 | 5,171.5 5.740 x 1073 10,000
fu_ fluid ILU(1) ND 8,417,819 1.3 1.9 806.3 4.886 x 1077 3,824
fu_ fluid ILU(2) None 21,541,545 None 7.4 836.7 8.157 x 1077 3,627
fu_ fluid ILU(2) RCM 14,423,765 0.1 3.0 | 5,091.4 5.213 x 107! 10,000
fu_ fluid ILU(2) ND 21,992,685 1.3 11.5 609.2 5.230 x 10~7 3,019

F =&Y 712 RCM 2 HW % & RAEREIED D 72 < 72 o TWCRYED M E L GM-
RES O S5 o TW 5, M4 ILU(2) & RCM O AE D DI LERRFH
VL o T3, consph IETHNINZ WHIARLELRBETH H . AL Z TR
T2 L INHMEA KR A L U7z,

5.3.1.2 #A—4#1)>J, ILU & GMRES E® CPU (YJ/LFA7AFIRR) TD
Al

£ 561 =XV 7 ILU BTLIEST & GMRES ~ /L9 2 75k (128 AL v
Ri%) > CPU B (3£ 5.3) TOFMEZR~T,

#£ 5.6 A—=&1Y 7, ILU % GMRES D CPU (128 A L v Rilfi%l]) T D FHiff
(B DAT: LRI R

7314, N | Ordering | ¥ mEEHK B;FIE%U[S] Cﬂ’;‘gﬁf e e | e
af shell9 ILU(O) None 17,588,845 0.6 4,063.0 1.000 x 10~° 3,268
af shell9 ILU(0) | RCM 17,588,845 0.5 | 2,401.8 9.997 x 10~7 2,513
af shell9 ILU(0) ND 17,588,845 0.7 6,541.6 9.998 x 10~ 7 4,082
af_shell9 ILU(1) | None 25,083,025 1.5 922.4 9.993 x 10~7 1,470
af_shell9 ILU(1) | RCM 22,694,325 1.3 | 1,157.7 9.997 x 107 1,674
af shell9 ILU(I) ND 30,790,211 2.6 2,873.2 9.999 x 10~ 7 2,718
af shell9 ILU(2) None 35,019,925 2.6 534.6 9.988 x 10~7 1,068
af shell9 ILU(?) RCM 33,059,675 2.4 517.4 1.000 x 10—6 1,063
af shell9 ILU(Z) ND 48,941,001 6.1 1,630.5 1.000 x 10—6 1,888
thermal2 ILU(0) None 8,580,313 0.4 1,773.4 9.899 x 10~ 7 1,347
thermal2 ILU(O) RCM 8,580,313 0.2 873.0 9.811 x 10~7 932
thermal2 ILU(0) ND 8,580,313 0.3 1,637.6 9.980 x 10~ 7 1,297
thermal2 ILU(I) None 14,650,303 0.9 617.6 9.847 x 107 773
thermal2 ILU(1) | RCM 11,521,539 0.5 379.3 9.450 x 10~7 595
thermal2 ILU(1) ND 13,983,233 0.8 640.6 9.591 x 10~7 794
thermal2 ILU(2) None 22,557,175 1.8 277.3 9.964 x 10~7 497
thermal2 ILU(?) RCM 16,480,629 0.9 200.1 9.221 x 10~ 7 414
thermal2 ILU(2) ND 21,210,479 1.5 290.0 9.140 x 10~7 513
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GMRES

= v q 'S 3 7|2 7 3
17514 WALEE | Ordering | JFCRERE | pop | e | OAROE Iz | rsEg
pwtk ILU(0) | None 11,524,432 05 | 4,077.3 9.915 x 107 5,145
pwtk ILU(0) RCM 11,524,432 0.5 4,419.9 9.892 x 10~7 5,108
pwtk ILU(0) ND 11,524,432 | N/A N/A N/A N/A
pwitk ILU(1) | None 17,381,576 1.5 40.2 9.828 x 107 319
pwtk ILU(1) | RCM 16,874,900 1.5 58.7 9.669 x 10~7 395
pwtk ILU(1) ND 21,359,064 2.6 146.6 9.965 x 10~7 771
pwtk ILU(2) None 26,230,248 3.4 30.2 9.987 x 10~7 180
pwtk ILU(2) RCM 24,931,078 3.0 58.1 9.973 x 1077 357
pwtk ILU(2) ND 33,826,532 6.4 32.9 9.789 x 10~7 166
cant ILU(0) None 4,007,383 0.2 86.6 9.953 x 10~7 1,227
cant ILU(0) RCM 4,007,383 0.2 114.0 9.982 x 10~7 1,473
cant ILU(0) ND 4,007,383 0.5 70.9 9.957 x 107 1,124
cant ILU(1) None 8,937,729 1.2 9.7 9.770 x 10~7 144
cant ILU(1) RCM 8,799,873 1.3 6.3 9.248 x 10~7 135
cant ILU(1) ND 10,994,945 3.3 13.4 9.277 x 10~7 208
cant ILU(2) None 18,095,517 5.1 7.8 8.505 x 10~7 68
cant ILU(2) RCM 17,975,967 5.3 7.7 9.881 x 1077 64
cant ILU(2) ND 23,510,841 11.9 10.4 9.484 x 10~7 90
parabolic_fem | ILU(0) None 3,674,625 0.1 164.4 9.720 x 10— 7 602
parabolic_fem | ILU(0) RCM 3,674,625 0.1 38.8 9.668 x 10~7 260
parabolic_fem | ILU(0) ND 3,674,625 0.1 160.0 9.951 x 10~7 584
parabolic_fem | ILU(1) None 6,422,527 0.2 64.9 9.980 x 10~7 358
parabolic_fem | ILU(1) RCM 4,721,153 0.1 21.5 9.806 x 10~7 184
parabolic_fem | ILU(1) ND 6,445,051 0.4 67.9 9.518 x 1077 364
parabolic_fem | ILU(2) None 10,346,973 0.4 34.3 7.969 x 1077 227
parabolic_fem | ILU(2) RCM 6,810,119 0.1 12.2 9.384 x 10~7 121
parabolic_fem | ILU(2) ND 10,255,221 0.8 37.2 9.130 x 10~7 240
consph ILU(0) | None 6,010,430 0.3 | 6,703.6 9.095 x 101 10,000
consph ILU(0) RCM 6,010,480 0.3 6,392.1 9.999 x 10~1 10,000
consph ILU(0) ND 6,010,480 0.5 | 6,637.2 1.583 x 10~5 10,000
consph ILU(1) None 13,966,120 2.2 6,486.7 9.866 x 10~1 10,000
consph ILU(1) RCM 13,443,806 2.1 6,634.8 9.999 x 10~1 10,000
consph ILU(1) ND 16,887,238 41 | 6,769.6 1.018 x 10~1 10,000
consph ILU(2) None 34,692,390 13.2 34.5 7.274 x 1077 257
consph ILU(2) | RCM 32,175,308 11.5 | 7,563.4 1.000 10,000
consph ILU(2) ND 42,436,366 25.5 7,191.2 1.048 x 10~3 10,000
F1 ILU(0) None 26,837,113 3.4 143.0 9.948 x 10~ 7 608
F1 ILU(0) RCM 26,837,113 2.0 110.6 9.906 x 10~7 515
F1 ILU(0) ND 26,837,113 2.2 122.8 9.938 x 10~7 538
F1 ILU(1) | Nome | 171,329,379 | 101.1 113.3 9.963 x 107 216
F1 ILU(1) RCM 61,975,747 13.0 82.8 9.995 x 10~7 234
F1 ILU(1) ND 67,672,363 16.9 78.7 9.701 x 10~7 254
F1 ILU(2) | None | 977,782,419 | 4,220.2 136.5 9.890 x 10~7 80
F1 ILU(2) RCM 152,264,923 74.1 51.9 9.160 x 10~7 110
F1 ILU(2) ND 165,261,731 112.8 45.1 9.574 x 10~7 101
fu_stru ILU(0) None 6,953,639 0.6 2.3 9.959 x 10~7 40
fu_stru ILU(0) RCM 6,953,639 0.3 1.5 9.673 x 10~7 35
fu_stru ILU(0) ND 6,953,639 0.4 3.2 9.852 x 10~7 46
fu_stru ILU(1) | None 17,932,747 4.4 3.6 6.114 x 107 22
fu_stru ILU(1) | RCM 13,053,459 1.5 2.7 7.520 x 10~7 18
fu_stru ILU(1) ND 16,174,247 2.4 3.8 7.784 x 1077 26
fu_stru ILU(2) None 51,635,383 30.8 2.6 5.842 x 1077 13
fu_stru ILU2) | RCM 27,792,925 5.9 2.0 7.526 x 10~7 12
fu_stru ILU(2) ND 37,116,341 12.6 2.8 6.626 x 10~7 16
nd24k ILU(0) None 28,715,634 10.3 8.0 9.569 x 10~ " 69
nd24k ILU(0) RCM 28,715,634 11.5 0.9 0.000 1
nd24k ILU(0) ND 28,715,634 17.1 | 2,006.7 8.082 x 107 5,422
nd24k ILU(1) None 121,913,942 190.3 6.1 9.202 x 10~7 20
nd24k ILU(1) RCM 97,786,230 131.9 9.2 8.773 x 1077 29
nd24k ILU(1) ND 133,210,408 349.7 16.1 8.417 x 107 36
nd24k ILU(2) None 486,139,250 3,216.5 12.0 9.232 x 10~7 13
nd24k ILU(2) | RCOM 306,383,182 | 1,238.8 18.2 8.426 x 107 13
nd24k ILU(2) ND 387,592,020 2,864.6 37.0 7.655 x 10~7 14
fu_ fluid ILU(0) None 2,950,011 0.2 813.7 9.742 x 10~ 7 3,695
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7514 HiMLE | Ordering | JF¥ mEHHK BQFEI%U[S] %ﬁ?ﬁ}s pontse ol |
fu_ fluid ILU(O) RCM 2,950,011 0.2 6,652.9 1.035 x 102 10,000
fu_ fluid ILU(O) ND 2,950,011 0.2 1,167.7 7.976 x 107 4,330
fu_ fluid ILU(1) | None 8,069,749 1.3 763.2 6.925 x 10~7 3,407
fu_ fluid ILU(1) RCM 6,246,713 0.7 6,761.4 4.280 x 103 10,000
fu_fluid ILU(1) ND 8,417,819 1.8 987.1 4.886 x 107 3,824
fu_fluid ILU(2) | None 21,541,545 6.9 | 1,099.0 8.178 x 107 3,627
fu_ fluid ILU(Q) RCM 14,423,765 2.7 6,408.6 5.496 x 101 10,000
fu_ fluid ILU(2) ND 21,992,685 10.9 741.3 5.230 x 10~7 3,019

CPU TOZEXRE v VF a7zt sse, MR 3277V 55— 3
VIEXEVIEBIEFEETH S0, WHIHLLTHHL BB EZADHETEL RS
DR TE Sz, ZHEX BV RO & R A — =~y RO CHERE
KN (RIERIE S 7= b OFFERFE D) UrlgeEnzif o s,

5.3.2 FA—=41)>J, ILU{FZE GMRES ;Z®D GPU TO 5

X 5.3 12 GPU TORLEN & GMRES #ED 70 —F v — M &2/RT, £ 571
F =X 7 ILU FUER & GMRES D GPU B (% 5.2) TOFHfiZ /RT3,
oA CSR, f5FEE, Bk CGS2, s ARKRIEEIEL: 10000, V A X — R L, I
FHIESM: FBATRE / VL (BENT P AR TZ b D VAL ||r]2/||b]):2
D 1070 Kl & W0 D FFE TR 2T o 720 BB, (THIT —XDFHAH L, AR X
EV 2 GPUXEVODT —XRiEE (I VO~ IVBREE), F—XV 7,
AL G R I & 7z,

29



GPU_LTHH

1795 — I D UBSRE.
KRR RAEY EGPUXATE VR DERXKFE (FZ F/R0)

GMRESHS[E] 51:BIBHA
L
< e > GMRES K18
UNERZMF =G IZ I h
BRARIELRIHET
Z*—41U >4 (RCM or ND)
BIEZRA

v

BITHINRY NLAE (SpMV)

v

B33t (CGS2)

v

IEARAL

v

EER/IME

GMRES &iE

i GMRESHK ]

5.3: GPU TORMNIEf} & GMRES{ED 702 —F ¥ — b

ILU (ILU(O) or ILU(1) or ILU(2))

BRI EGMRESE

N o N o N o N G
— U J

TR T

£ 5.7 A=KV 7, ILU % GMRES D GPU T D #H(fi
(BT IR RIE)

GMRES | CPU &X/GPU

= - . ; ez ;
17514 AIALEE | Ordering | FE¥ v BEHEE W [5] GMRES FS L AR 2 BB JABE%L
af shell9 ILU(0) None 17,588,845 322.5 11.6 8.763 x 10~ 7 3,268
af shell9 ILU(0) RCM 17,588,845 438.2 5.2 9.997 x 10~7 2,513
af shell9 ILU(0) ND 17,588,845 118.4 49.1 9.998 x 10~7 4,082
af_shell9 ILU(1) | None 25,083,025 243.6 3.4 9.993 x 10~7 1,470
af shell9 ILU(1) RCM 22,694,325 722.7 1.5 9.997 x 10~7 1,674
af_shelld) | ILU(1) | ND 30,790,211 67.0 1.1 9.999 x 107 2,718
af shell9 ILU(2) None 35,019,925 330.4 1.5 9.988 x 10~7 1,068
af shell9 ILU(2) RCM 33,059,675 663.7 0.7 1.000 x 10—6 1,063
af shell9 ILU(2) ND 48,941,001 41.9 35.3 1.000 x 10—6 1,888
thermal2 ILU(0) None 8,580,313 83.4 19.6 9.913 x 10~ 7 1,887
thermal2 ILU(0) RCM 8,580,313 248.8 3.2 9.897 x 10~ 7 1,145
thermal2 ILU(0) ND 8,580,313 41.8 35.9 9.879 x 10~7 1,737
thermal2 ILU(1) None 14,650,303 81.8 6.9 9.899 x 10~7 1,055

FRIIRAR—212H L
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BiR—I0 6 Dt =

4= o . 5 GMRES | CPU #&X/GPU |2 p
17914 MR | Ordering | JFYRERE | "0 | GRS R e fole | Rk
thermal2 ILU(1) RCM 11,521,539 282.5 1.2 9.926 x 10~7 729
thermal2 ILU(1) ND 13,983,233 17.0 34.7 9.921 x 10~7 1,065
thermal2 ILU(2) None 22,557,175 180.9 1.4 9.900 x 10~7 691
thermal2 ILU(2) RCM 16,480,629 333.8 0.5 9.620 x 10~7 508
thermal2 ILU(2) ND 21,210,479 8.0 32.8 9.920 x 10~7 691
pwtk ILU(0) None 11,524,432 7,610.7 0.5 2.667 x 10~° 10,000
pwtk ILU(0) | RCM 11,524,432 | 2,750.5 1.3 7.058 x 10~6 10,000
pwtk ILU(0) ND 11,524,432 302.1 N/A 9.966 x 1076 | 10,000
pwtk ILU(1) | None 17,381,576 278.8 0.1 9.828 x 107 319
pwtk ILU(1) RCM 16,874,900 187.8 0.2 9.669 x 10~7 395
pwtk ILU(1) ND 21,359,064 5.0 26.2 9.965 x 107 771
pwtk ILU(2) | None 26,230,248 155.8 0.1 9.987 x 107 180
pwtk ILU(2) RCM 24,931,078 299.9 0.2 9.623 x 10~7 364
pwtk ILU(2) ND 33,826,532 1.5 13.9 9.789 x 10~7 166
cant ILU(0) None 4,007,383 158.0 0.5 9.953 x 10~ 7 1,227
cant ILU(0) | RCM 4,007,383 258.3 0.4 9.995 x 10~7 1,473
cant ILU(0) ND 4,007,383 6.7 9.4 9.958 x 10~7 1,124
cant ILU(1) None 8,937,729 46.6 0.1 9.770 x 10~7 144
cant ILU(1) RCM 8,799,873 51.6 0.1 9.248 x 10~7 135
cant ILU(1) ND 10,994,945 2.7 3.2 9.277 x 107 208
cant ILU(2) None 18,095,517 26.9 0.1 8.505 x 10~7 68
cant ILU(2) RCM 17,975,967 25.4 0.1 9.881 x 10~7 64
cant ILU(2) ND 23,510,841 1.7 3.4 9.484 x 10~7 90
parabolic_fem | ILU(0) None 3,674,625 2.5 56.4 9.720 x 10~7 602
parabolic_fem | ILU(0) RCM 3,674,625 10.4 2.9 9.668 x 10~7 260
parabolic_fem | ILU(0) ND 3,674,625 2.5 55.5 9.951 x 10~7 584
parabolic_fem | ILU(1) None 6,422,527 4.7 11.4 9.980 x 10~7 358
parabolic_fem | ILU(1) | RCM 4,721,153 11.9 1.4 9.806 x 107 184
parabolic_fem | ILU(1) ND 6,445,051 1.2 48.2 9.518 x 10~7 364
parabolic_fem | ILU(2) None 10,346,973 4.0 6.4 7.969 x 10~7 227
parabolic_fem | ILU(2) RCM 6,810,119 11.4 0.7 9.384 x 10~7 121
parabolic_fem | ILU(2) ND 10,255,221 0.7 41.6 9.130 x 10~ 7 240
consph ILU(0) None 6,010,480 284.6 17.9 1.482 x 101 10,000
consph ILU(O) | RCM 6,010,480 509.4 10.0 4.948 10,000
consph ILU(0) ND 6,010,480 120.7 41.8 1.583 x 10~° 10,000
consph ILU(1) None 13,966,120 618.8 8.4 2.155 10,000
consph ILU(1) | RCM 13,443,806 | 1,122.9 47 1.591 x 10! 10,000
consph ILU(1) ND 16,887,238 301.7 17.8 3.414 10,000
consph ILU(2) None 34,692,390 44.9 0.6 7.270 x 10~7 257
consph ILU(2) | RCM 32,175,808 | 3,087.8 1.8 1.346 10,000
consph ILU(2) ND 42,436,366 769.7 7.7 2.406 x 10~1 10,000
F1 ILU(0) None 26,837,113 12.8 11.3 9.948 x 10~7 608
F1 ILU(0) RCM 26,837,113 390.9 0.3 9.906 x 10~7 515
F1 ILU(0) ND 26,837,113 4.8 24.3 9.938 x 10~7 538
F1 ILU(1) None 171,329,379 26.6 3.5 9.963 x 10~7 216
F1 ILU(1) RCM 61,975,747 368.7 0.2 9.995 x 10~7 234
F1 ILU(1) ND 67,672,363 9.6 6.7 9.701 x 10~7 254
F1 ILU(2) None 977,782,419 41.8 2.9 9.890 x 10~7 80
F1 ILU(2) RCM 152,264,923 221.2 0.2 9.160 x 10~7 110
F1 ILU(2) ND 165,261,731 9.5 4.3 9.574 x 10~7 101
fu_stru ILU(0) None 6,953,639 0.5 3.2 9.959 x 10~ 7 40
fu_stru ILU(0) RCM 6,953,639 5.4 0.2 9.673 x 10~7 35
fu_stru ILU(0) ND 6,953,639 0.3 6.2 9.852 x 10~7 46
fu_ stru ILU(1) None 17,932,747 2.2 0.8 6.114 x 1077 22
fu_stru ILU(1) | RCM 13,053,459 6.8 0.2 7.520 x 10~7 18
fu_stru ILU(1) ND 16,174,247 0.4 4.1 7.784 x 10~7 2
fu_stru ILU(2) None 51,635,383 4.4 0.5 5.842 x 10~7 13
fu_stru ILU2) | RCM 27,792,925 7.8 0.2 7.526 x 10~7 12
fu_ stru ILU(2) ND 37,116,341 0.8 2.4 6.626 x 10~7 16
nd24k ILU(0) None 28,715,634 15.5 0.4 9.569 x 10~7 69
nd24k ILU(0) RCM 28,715,634 4,272.3 0.0 3.949 x 10! 10,000
nd24k ILU(0) ND 28,715,634 2,633.6 0.7 2.183 x 10~ 10,000
nd24k ILU(1) None 121,913,942 6.3 0.8 9.202 x 10~7
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P~ A g N GMRES | CPU &#X/GPU |2 p
11514 MAEE | Ordering | JF¥RERM | fong' ' | Gupms pemmy | PR R | RAIER
nd24k ILU(1) RCM 97,786,230 16.1 0.4 8.773 x 10~7 29
nd24k ILU(1) ND 133,210,408 14.7 0.6 8.417 x 10~7 36
nd24k ILU(2) None 486,139,250 6.6 1.5 9.232 x 1077 13
nd24k ILU(2) RCM 306,383,182 10.3 0.7 8.426 x 1077 13
nd24k ILU(2) ND 387,592,020 6.9 1.3 7.655 x 1077 14
fu_fluid ILU(0) None 2,950,011 38.4 18.2 9.742 x 10~ 7 3,695
fu_ fluid ILU(0) RCM 2,950,011 1,023.0 5.4 2.396 x 10~1 10,000
fu_ fluid ILU(0) ND 2,950,011 46.8 19.7 7.558 x 1077 4,340
fu_ fluid ILU(1) None 8,069,749 271.9 24 6.964 x 1077 3,407
fu_ fluid ILU(1) RCM 6,246,713 2,270.8 2.3 1.573 x 101 10,000
fu_ fluid ILU(1) ND 8,417,819 134.6 6.0 4.150 x 10~7 3,828
fu_ fluid ILU(2) None 21,541,545 879.1 1.0 8.218 x 10~7 3,627
fu_ fluid ILU(2) RCM 14,423,765 4,019.1 1.3 1.991 x 102 10,000
fu_ fluid ILU(2) ND 21,992,685 | 1,095.5 0.6 5.198 x 10~6 10,000

A=KV I RCM Z w3 & GMRES OUEFE (Fa 774V 22k 3
L 2RD 9EHLE < Z 5 2 ATHERB A OLIRR ) 25 KIFICHEML TW\w 3, 1751
af shell9, thermal2, pwtk, cant, parabolic fem, F1, fu strulZBWTIX, F—X
VY27 ND 2V & RCM & Y REREDZ < 2 D IR RCM &0 %%
M, RIS 72 H OFEKEIME S > TEB D, GMRES OULERKRFE 2356 L
7zo 174 nd24k, fu_fluid IZOWTIEA =XV 7 b, A—K) 7R LIC
FEARIGRMEN L U, O WLEERERE S ¥ L 7=,

consph {IMTININZ O LZERBETH D, B2 FEL T2 & IR MED
Kigizm L7z,

54 &%

54.1 F—HRU>J, ILUQ1) & GMRES ED CPU (ZFRhR)
T aet#ir

2—F 5.4.1~5.4.312 CPU (BXhR) TOITHA FLICN T 54 —& U > 7 ILU(1)
AILEEfT & GMRES EICDWT, gprof P&k 3707 » 4 U ¥ ZFEROPNE (L
PR BT 5 ) 2R T,

T o#Bixzhzn

e ILU factorize() BA%L: ILU 7f#

o ILU solve() PE%L: AERIBIA
ZiToTWb,

“Byttps://sourceware.org/binutils/docs/gprof/
p g gp
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a— K 5.4.1: CPU IR (BXAR) GMRES O1741%: F1, AiLE: ILU(1), A =XV
> %" None T®D gprof I & 5 MEREMHT

% cumulative self self total
time seconds seconds calls s/call s/call name
55.98 109.53 109.53 2 54.76 95.48 1ILU_factorize
41.62 190.96 81.43 217 0.38 0.38 1ILU_solve
1.19 193.29 2.33 1 2.33 2.33 CSR2C00
0.37 194.01 0.72 1 0.72 0.72 Matlab_load
0.28 194 .56 0.55 compare_column_major

a— K 5.4.2: CPU K (ZXhK) GMRES O1751%: F1, GiL#E: ILU(1), A —&1
> 7" RCM T® gprof & & % MEREMHT

%  cumulative self self total
time seconds seconds calls s/call s/call name
70.22 39.43 39.43 235 0.17 0.17 1ILU_solve
25.22 53.59 14.16 2 7.08 26.80 ILU_factorize
1.28 54.31 0.72 1 0.72 0.72 Matlab_load
1.07 54.91 0.60 main
0.80 55.36 0.45 1 0.45 0.45 CSR2C00

a—F 5.4.3: CPU R (BZXhR) GMRES O1751%4: F1, AjLE: ILU(1), A =&Y
> 7' ND T® gprof iZ & % VEREMAT

%  cumulative self self total
time seconds seconds calls s/call s/call name
69.56 46.20 46.20 255 0.18 0.18 1ILU_solve
27.31 64.35 18.14 2 9.07 32.17 ILU_factorize
1.02 65.03 0.68 1 0.68 0.68 Matlab_load
0.72 65.51 0.48 1 0.48 0.48 CSR2C00
0.42 65.79 0.28 1 0.28 0.28 CO02CSR

I— KR 54.1~543056, A=KV 7 RFEZ 5L 5EL EE b 3 ETH#EZIBI
ADMERRFE DA — &) > 772 U 81.43 %), RCM: 39.43 %), ND: 46.20 ¥ & KIiE
WELLTWE Z e ghd, 2D s, CPUTIKRCMICE S A—KY »
TxRATO &7 — ZMAFE R & A, WA A E U, ATERB AN O WL
MRIBICE L o - HERITE 2,
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54.2 F—HU>J, ILUQ) & GMRES ED GPU TO%6e
R

32— K 5.4.4~54.612 GPUTOITAIFA FLICHNT 24 —XY > 7 ILU(1) AL
& GMRESTEIZDOWT, =& v 7% & % 7= ¥ &D NVIDIA Nsight Systems ™
I2& % CUDA kernel @ 70 7 7> 4 1) ¥ ZFER O (ALK A7 5 8 D kernel)
IR,
T oz zhzn
o csrsv2_solve_lower_nontrans_byLevel kernel() BA%X:
GPU TOBTINTN§ 2 ATHERA
e csrsv2_solve_upper_nontrans_byLevel kernel() REEL:
GPU TOBATHNI NS 2 #IBRA
ZiToTW5,

32— K 5.4.4: GPU R GMRES O1754: F1, #iUE: ILU(1), &A=&V > 2" None
T Nsight Systems (T & % EREREAT

CUDA Kernel Statistics:
Time(%) Total Time (ns) Instances Average (ms) Name

49.8 17,596,700,912 216 81,466,207.9 void csrsv2_solve_upper_nontrans_byLevel_kernel<double,
48.7 17,186,001,424 216 79,564,821.4 void csrsv2_solve_lower_nontrans_byLevel_kernel<double,
0.4 141,144,661 1 141,144,661.0 void csrsv2_analysis_upper_nontrans_kernel<(int)5, (int)
0.4 133,497,051 1 133,497,051.0 void csrsv2_analysis_lower_nontrans_kernel<(int)5, (int)
0.2 66,973,966 251 266,828.5 std::enable_if<!T7, void>::type internal::gemvx::kernel<

a— K 5.4.5: GPU ik GMRES ©17%1%4: F1, g/l ILU(1), & —&V ¥ 2 RCM
T Nsight Systems (T & % HEREREAT

CUDA Kernel Statistics:

Time (%) Total Time (ns) Instances Average (ns) Name
58.7 288,572,913,452 234 1,233,217,578.9 void csrsv2_solve_upper_nontrans_byLevel_kernel<double
41.1 202,219,458,627 234 864,185,720.6 void csrsv2_solve_lower_nontrans_byLevel_kernel<double
0.1 397,693,792 1 397,693,792.0 void csrsv2_analysis_upper_nontrans_kernel<(int)5, (in
0.1 344,646,545 1 344,646,545.0 void csrsv2_analysis_lower_nontrans_kernel<(int)5, (in
0.0 78,537,341 282 278,501.2 std::enable_if<!T7, void>::type internal::gemvx::kerne

“Mnttps://developer.nvidia.com/nsight-systems
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a— K 5.4.6: GPU it GMRES O17514%: F1, AiLE: ILU(1), &A=&V > 2 ND
T Nsight Systems 1T & 5 HEREFEAT

CUDA Kernel Statistics:
Time(%) Total Time (ns) Instances Average (ns) Name

49.9 6,529,067,390 254 25,704,989.7 void csrsv2_solve_lower_nontrans_byLevel_kernel<double,

42.5 5,562,166,867 264 21,898,294.8 void csrsv2_solve_upper_nontrans_byLevel_kernel<double,
3.0 393,427,793 1 393,427,793.0 void csrsv2_analysis_upper_nontrans_kernel<(int)5, (int)
2.1 275,991,149 1 275,991,149.0 void csrsv2_analysis_lower_nontrans_kernel<(int)5, (int)
0.6 78,790,628 284 277,431.8 std::enable_if<!T7, void>::type internal::gemvx::kernel<

O— R 544~54.6056, =XV 7 2FZ 5 9F L% HD BETHERER
ADIFERFE A KIBICZL L TWE Z e 0h 5,

M 5.4~5.6 I GPU TOITHIK FLITHS 54— &V > 27 ILU(1) AiALIERAT &=
GMRES ‘E&Z WTC, A=KV 7 EREZ T2 & D NVIDIA Nsight Compute 12
X 2 HTERIBAD CUDA kernel D70 7 7 4 ) Y IHER (XEV —F ¥ — M) %2
T

Memory Chart

1.43 G Inst 65476 M Reg

{ Reg 0.00B

0.00 Req 0.00B

System Memory

0.00 Inst

0.00 Req
L2 Cache

0.00 Inst 0.00 Req

0.00B 403 MB
0.00 Inst 0.00 Req
C0Reg 0.008B

0008

Peer Memary

0.00 Inst
0.00B 000B 000B

37.75 M Ins
37.75 M Inst Shared

Memory 0.00

5.4: GPU it GMRES O1T5144: F1, RILHE: TLU(1), =&Y ¥ 2 None TD
ATER IR KA D Nsight Compute iIZ &K 2 XEY —F ¥ — b

“https://developer.nvidia.com/nsight-compute
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Memory Chart

10.24 G Inst

00o0B

. 0008
0.00 Inst L
000 L1/TEX
0.00 Re:
4 Cache
Hit Rate:
0.00 Inst 0.00 Req 0.14%

=
=]
E
T
@
]
1
i

000B

0.00 Inst LeLPRE]

0.00 Req 000B

Peer Memory

000B
0.00 Inst
0.008B 000B 0.00B

6213 Minst 51.06 MReq

11.07 MReq

5.5: GPU ik GMRES O1741144: F1, AifL#E: ILU(1), A =&Y > 2 RCM TD
ATERIE KA D Nsight Compute IZ X 25 XEY —F ¥ — b

Memory Chart

250.21 M Inst 128.99 M Req
0008

Q.00B

System Memory

0.00 Inst HTRET

0.00 Req

5.76 GB
0.00 Inst 0.00 Req

405.41 MB

0008 3.65 MB

0.00 Inst 0.00 Req

0.00 Req 0.00B

0ooBE

Peer Memory

0.00 Inst
0O00B 000B 000B

0.63 M Ins 11.64 MReqg
19.68 M Inst -
0.00

8.04 MReg

5.6: GPU it GMRES 017%1144: F1, AfLE: ILU(1), =%V ¥ 2 ND TOHf
HERZIBAA D Nsight Compute IZL B XEV —F v — b

54~56 A =XV T REZDHE, L1¥Fxvyabky MNP -
77 L 045%. RCM: 0.14%. ND: 0.64%. BLUL2F v v ahrb Ll v v
Yanpu— FENRF—XY > 77 L: 59.88GB. RCM: 597.28GB., ND: 14.27GB
Y. KIBCZELLTWAZ e hd, ZOZhrs, GPUTIENDIZL S A —
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5.5 HHDIC

AREECIEH 3FE Caltam L7ZER(L, AT Tl L7z A—& Y 7, BilEIzD
WT GPU & CPU THEBRZATWIHI L 7z, ER{LIZDWTIZ CUDA 12 & % #fid
FEER. GPU _ETO CGS2 iE1E MGS ¥ & EEART B R MR RE 7 < WLBRRERE 23K
SN E WD 20D o7z BILEIZOWTIXILU(0), ILU(1), ILU(2)) i &=
® GMRES TiHili 217 o =4GR, ERAORE DL & IEFE VAT (ILU(2) %
EVDBREIZIR o T 52 edbhrolz, /e, ILUDT 4 LA U ZFFTLARLIZ
DWVWTIE, JEE a BERBOBME PR MR 226 U TR R 23 6 & 72 5
PRV RAUDBEIR B Z b o Tz,

F =&Y ¥ OV TIERCM ¥ ND IZDWT GMRES TiHili 217 o 725558, 3k
MR DITHING & 2584, CPU DIFEIE RCM 23 2 2 & CIORM2 M L
LA EHE T &, GPU OFAIXRCM 2B 2 2 & CIG M A E L
DRI X7z 720 GPU DHGEIEA =XV ¥ 7T ND 2w 5 & Kifignt
ROITHNC & 284, GMRES ORI 5T E 2 2 e B0 h o 7=,
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F6E £E

RFEZFTIE, W AEREAREFESCAREREICE > THiRML T2 2 &
T &N 5 KB DB, — KGR D GPU IZHE U 7= BEE B S 2§
~ <, GPU (NVIDIA A100 PCle) ¥ CPU (HPC System “KAGAYAKI”) THiL
Bt & GMRES IEDFHIi %2 1T - 720

52 BT, #Y X RERORUERIE L GPUICOWTHER L. RO 7
TV — a »THBETHNANG IEIE (GCMRES 1) 13 X € VU HIiEF#HTH D |
kagayaki ® CPU ¥ A100 GPU Tix A100 GPU @ /523 X & V) HRiE A AN D T,
GPU O /5 DML ERED 2 Z © AT T E 2 2 WO FEIISIE L 7=,

% 3T TIE. GMRESEQERILTHEDLN L HIT 54223y b (CGS) kL
BIEZ 75223y b (MGS)EIZOWTHM L. ftEBEIRWMEIES 7 4 2
Iy b (MGS)EE ., WHIENRRWEH T 4> 23w b (CGS) % 2RIFETT S
B S A2 23w b2 (CGS2) IETIEREY S & WUUER D VR g 2 R & ¥
WD ARSI L T2,

HAFETIE, =XV > 272DV T Cuthill-McKee (CM) & Nested Dissection
(ND). BILEIZDOWTAES LU 70 (ILU) Ok & 1T - 72, 582 LU 2RI
OWVWTIET 4 VA VEHFTLRADBEWNIE 7V v 785 ZZREOIR DM |
PHIFFCE 20, 74 NMAVEHFLITEZLELnBERBEZ T, HEES
X E ) EHEDHEZ IR RS HU S Z e BRI N S L WS FERICE o T2,

BHEETIE, BIRTEHEMLULELMIZOWT GPU TEBREHMIiZ L, H4=
THM LR Y +— &Y > 271220\ T CPU & GPU THEE: & #Hlli 21T - 7=,

ERALIZDOWTIE CUDA I X 2 OfER, GPU _ETD CGS2iEIE MGS £
EEART SRS R < R RIS RIEICE N WD T e D39 o 7z, AL
WZOWTIX ILU(0), ILU(1), ILU(2) {4 = ® GMRES TaHlli 217 o 7= #5580, HEMF
DIEDHZE I FEOFTLE (ILU2) 72 ¥) 2SRRI - TL % Z e 5bh - 7z,
F/  ILUD T 4 A Y ETFFT LoV TIE. IEP uBEEROBINERICRE
Pe 220 U TR 23R 6 & 72 2 U7 L NV R 2 Z e b o 7=,

F =K1 V22OV TIERCM & ND I29WT GMRES Tl 217 - 72455, K
FRIN R DITHNC & 2 25842, CPU OHEIE RCM 23 % Z & TICRMED M EL
PLIRRFE M FEHE T E . GPU DIGEIE RCM Z#EH T 2 2 & TGN B Uzh
LRI S 72 GPUTRCMEHT 2 & XEY 7 7 AR T DZ8T
PEREIR T (IR D 7= b OFHERREE) LmlgEErB T oh s, 72, GPU
DFGEIA =X Y W ND ZHW % & KRIBNRDITINC & % 842, GMRES @
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