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Abstract
Inspired by biology, biomimetic robots imitate living organisms to enhance their adaptability and mobility.

Designing robots based on their morphology can provide specific functions, but there is a lack of unified guidance
and efficient research methods in this area. Therefore, an innovative theory of robot morphology is urgently
needed. To establish this system, a representative minimal model is necessary to explore essential issues and
provide a research platform. The first step in robot morphology is designing a minimal model that can serve as a
platform for future academic research.

Rigid and soft robots are the two main types of robots, each with unique features and applications. Rigid robots
offer higher precision, speed, and agility due to their mathematical models, especially their dynamic models. Soft
robots, on the other hand, have high adaptability but struggle with high-precision mathematical models, resulting
in slower speed and lower accuracy. However, the adaptability of soft robots cannot be replaced by rigid robots.

The significance of robot morphology lies in finding the optimal form for specific tasks. Variable soft robots
are advantageous as a minimal model because their structures are more changeable compared to rigid robots.
However, the study of soft robots often doesn’t utilize high-precision mathematical models, which contradicts the
requirements of the minimal model.

Tensegrity robots combine the precision and agility of rigid robots with the adaptability of soft robots, making
them lighter, stiffer, and more versatile. They have gained attention in recent years, such as NASA’s Super Ball Bot
for planetary exploration. However, these robots face challenges, such as difficulties in building dynamic models,
limiting their high-speed motion control. Despite this, tensegrity robots offer opportunities for dynamic modeling,
making them ideal candidates for studying robot morphology.

This paper focuses on a minimal model called the rimless-wheel-like tensegrity walker (RWT), inspired by
the widely studied rimless wheel (RW) model for legged locomotion. The dynamics model considers the internal
coupling force from elasticity and the external constraint force from the environment. Different movement modes
are discussed, providing guidance for dynamics modeling and bridging the gap between rigid and soft robots.

Considering practical applications, modifications to the minimal model are necessary. For instance, the SLIP
model based on an inverted pendulum explains the motion of the center of gravity during human walking more ef-
fectively. Extensions to the RW model accommodate objective conditions like semicircular feet and frictional road
surfaces, improving the model’s accuracy. A MATLAB-based simulator is designed, demonstrating that the RW
achieves periodic passive gaits and stability even when each rod is independent. Changes in the internal structure
lead to discrete changes in the RW’s characteristics, showcasing the importance of morphology. Morphological
transitions based on the proposed morphology-based control (MBC) theory enable different gaits such as crawling,
walking, and hopping. The MBC approach simulates morphological changes by controlling inputs, enhancing
adaptability and stability of the control system. A simplified version of the model, the simplified rimless-wheel-
like tensegrity walker (SRWT), achieves continuous morphological changes through MBC, resulting in locomotion
on flat ground. Detailed analyses of gait, stability, and applications are provided. Physical experiments validate
the minimal model of robot morphology. Verification experiments reveal drastic internal property changes in
tensegrity robots with varying structures, confirming the necessity of the RW as the minimal model. Engineer-
ing experiments demonstrate flat walking of the SRWT based on the presented theory, highlighting the model’s
relevance in academic research and engineering applications.

In conclusion, this study introduces the minimal model for robot morphology, providing a theoretical method
and advancing its implementation. Dynamic modeling of tensegrity robots offers insights for high-speed and high-
precision movement and interaction with rigid and soft robots. The experiments demonstrate the positive impact
of the proposed model in engineering applications.

Keywords: Robot morphology, Minimal model, Tensegrity robots, Rimless wheel, Dynamics modeling, Stability

analysis
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Chapter 1

Introduction

1.1 Background

1.1.1 Biorobotics

Mobile robots are autonomous robots capable of moving and performing various tasks in

different environments [11]. They have become an important research direction and develop-

ment focus in the field of robotics technology [12–15]. Mobile robots have broad application

prospects and play an important role in many fields, such as industrial production, agricultural

production, medical surgery, and exploration. The significance of mobile robots lies in their

ability to replace humans in performing tasks that are dangerous, repetitive, fine, high diffi-

culty, and high risk, thereby improving work efficiency and ensuring work safety [16–20]. In

addition, mobile robots can also extend human capabilities, allowing humans to access more

dangerous and unreachable environments. Therefore, research and application of mobile robots

are of great significance for promoting the development of robotics technology and improving

human production, life, and exploration levels [21–24].

According to their mode of movement, mobile robots can be divided into various types.

Among them, legged and wheeled mobile robots are the most common types [25–27]. Legged

mobile robots simulate animal locomotion through biomimetic design and can move freely

in different terrains and environments [28, 29]. They have advantages such as strong adapt-

ability, high flexibility, energy efficiency, high safety, and wide applications, and thus have

broad prospects in exploration, search and rescue, agriculture, industry, and medicine in the

future [30–33].
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a. Robo-shark of Robosea b. Cassie of Agility robotics

c. Spot of  Boston dynamic d. Snakerobot of Biorobotics Lab 

e. Atlas of Boston dynamic f. BionicWheelBot of Festo 

Figure 1.1: Various bionic robots [1–5]

However, control of legged robots is a challenging problem. For example, the typical under-

actuation [34, 35]. The underactuation problem of legged mobile robots refers to the situation

where the number of degrees of freedom of the legged robot is greater than its controllable

degrees of freedom. Specifically, a legged robot may have multiple joints and motion degrees

of freedom, but not all degrees of freedom can be controlled due to system constraints and

dynamic limitations [36].

For example, a robot with six legs, each leg having three joints, has a total of 18 degrees
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of freedom. However, due to system dynamic limitations and constraint conditions, only 12

degrees of freedom may be controllable. This situation is referred to as underactuation.

Underactuation can lead to unstable and unpredictable robot control. When the robot is in

an unstable state, it may lose balance, fall, or be unable to continue moving. Therefore, solving

the underactuation problem is crucial for controlling legged robots [37].

In contrast, animals are a typical underactuated model, but they can easily move in different

environments because they have high environmental adaptability and autonomous motion ca-

pabilities, and can achieve efficient and stable motion through nonlinear control and feedback

mechanisms. Therefore, studying animal locomotion has important reference value for solving

underactuated control of robots [38–40] as shown in Figure 1.1.

1.1.2 Morphology

As intelligent beings, humans and chimpanzees share similar body structures, including

heads, bodies, and limbs, but they differ significantly in their modes of movement. For instance,

humans primarily rely on their legs for walking, while chimpanzees use all four limbs to climb.

Additionally, humans are unable to climb vertically like felines. Unlike humans, felines

can easily climb vertically on trees or walls because they have sharp claws and strong muscles

that enable them to maintain balance and grip surfaces. Humans lack these features, as our

fingers cannot grip like feline claws, and our muscles and bones are not adapted to this type of

movement.

Humans are also unable to run at extreme speeds like cheetahs. Cheetahs can run at ex-

tremely high speeds because their body structure and muscles are adapted to this type of move-

ment. Cheetahs are very agile, with long and soft limbs that enable them to move quickly. In

contrast, human body structures and muscles are not adapted for high-speed running, as our

legs are relatively short, and our bones and joints are not flexible enough.

We are also unable to hang easily from trees like primates. Primates can easily hang from

trees because their arms and legs are long, and their fingers can grasp tree branches. The human

body structure is not suited to this type of movement, as our limbs are relatively short, and our

fingers are not flexible enough.

Although humans have highly developed brains, we are unable to perform movements and

achieve performance levels similar to some lower animals. This suggests that morphological
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Figure 1.2: Evolution. Under natural selection, various morphologies have evolved with differ-

ent modes of movement.

factors of movement and performance are more important than brain function. Despite being

highly intelligent, humans’ bodies are not adapted for all types of movement, and our physical

limitations restrict us in certain ways.

In recent years, morphology has become an important criterion in robot design [41–44].

Morphology studies the shape, structure, and function of organisms, including how they move

and perceive their environment, and how they adapt to their living conditions. The findings of

these studies have significant implications for robot design, making morphology an essential

reference for designing robots.
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The main idea of morphology is to design robots that correspond to the shape, structure, and

function of organisms , as shown in Figure 1.1. This approach can make robots better adapted

to specific tasks and environments. For example, biomimetic robots can mimic the swimming

posture of fish, resulting in more efficient swimming ability. By imitating the leg structure of

insects, robots can walk in complex environments. Similarly, by designing wings based on the

structure of birds, robots can achieve better flight performance [45–48].

Morphology can also help robot designers optimize the structure and function of robots. By

studying the anatomy and kinematics of organisms, many structures and movements with high

energy efficiency can be discovered. Applying these principles to robot design can result in

robots with higher energy efficiency and longer working time.

Therefore, morphology has become an indispensable part of robot design, improving robot

performance and adaptability, making robots more in line with human needs [49–51].

1.1.3 Evolution and significance of morphology

Evolutionary theory posits that the morphological evolution of organisms is driven by the

processes of natural selection and genetic variation [52] as shown in Figure 1.2. The morphol-

ogy of an organism is tightly linked to its environment, and it continually adapts to changing

environmental conditions in order to improve its chances of survival. This adaptive evolution

includes many aspects, such as body size, color, structure, and behavior [53].

When environmental factors change, organisms need to adapt to the new environment in or-

der to maintain their ability to survive and reproduce. For example, when a plant is transplanted

to a new environment, it may need to adapt to new temperature, humidity, and soil conditions.

In this case, the plant may produce new morphologies, such as deeper roots and thicker leaves,

to adapt to the new soil and climate conditions.

Consider the evolution of cheetahs. Cheetahs are a mammal that runs at high speeds and

needs to catch prey in a short amount of time. Therefore, the cheetah’s body has evolved

into a long and slender morphology, giving it better speed and agility. At the same time, the

cheetah’s mode of locomotion has also been continually optimized with the evolution of its

body morphology, such as by increasing muscle elasticity and changing its gait, to maximize

running efficiency and speed.

In the evolution of birds, their wings gradually evolved into a morphology that is adapted
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for flight as the environment changed, and their mode of flight was also continually optimized

through evolution to match their wing morphology, such as with flapping flight and gliding

flight. This high coupling of flight and body morphology allowed birds to achieve highly effi-

cient and agile flight.

The body of lizards has evolved to be highly adapted for running on the ground, with a

flat body, long and flexible trunk, strong limbs, and a long and powerful tail. This morphology

enables lizards to quickly run, turn, accelerate, and decelerate, allowing them to evade predators

or catch prey.

The morphology and mode of locomotion of organisms are interdependent and adaptive to

each other, evolving in concert to meet different environmental demands. This process of mutual

adaptation has led to a high degree of coupling between motion and morphology [54, 55].

1.1.4 Morphology and motion

The previous section explained the highly correlated relationship between morphology and

motion, but how exactly does morphology determine motion?

Selection pressure refers to various factors in the natural environment, such as competition,

predation, climate, resource availability, etc., that affect the survival and reproduction of indi-

vidual organisms and species, leading to the process of selection or exclusion of certain traits

or behaviors in a population. Long-term selection pressure can promote adaptive evolution in

individuals or species to adapt to their environment [56, 57].

As shown in Figure 1.2, under selection pressure, corresponding morphologies produce cor-

responding modes of motion, which as products of selection pressure, provide feedback to their

own morphology, ultimately minimizing the selection pressure. Here, under selection pressure,

the pressure is transformed through morphology into a mode of motion, and the transformation

of different morphologies results in different modes of motion. Therefore, this can also explain

why humans are limited by their own morphology and cannot match the modes of motion of

other animals.

Passive walking was discovered in the last century and is a walking method in robotics

that is achieved through passive components [58], such as passive mechanical structures like

springs, pendulums, or wheels, rather than through active motors or other active components

[59, 60]. Such walking is natural and energy-efficient and closely resembles human gait. This
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type of walking converts gravity into a mode of motion through the characteristics of its own

structure [61].

Passive walking not only demonstrates that under pressure, corresponding modes of motion

can be produced through morphology, but it can also be used to study the relationship between

morphology and modes of motion. That is, what is the best mode of motion corresponding to

the current morphology.

Therefore, when we want to change the mode of motion or address a specific task, we can

first consider changing the corresponding morphology to achieve the desired mode of motion,

because this produces not only efficient but also natural and stable motion. Of course, finding

the optimal morphology is extremely difficult, and the passive gait method can only provide the

mapping relationship from morphology to motion, and the establishment of the reverse mapping

relationship is not easy.

1.1.5 Morphology, control and morphology-based control(MBC)

The common practice in the past has been to establish a relationship between control and

movement by directly ignoring or not fully considering the influence of morphology [62]. Such

movements rely entirely on control algorithms, which are highly developed by the brain. How-

ever, if we take into account the morphology, we can effectively match our highly developed

brains with the environment or task, resulting in significantly improved outcomes [63].

As shown in Figure 1.3, while calculating the optimal control method can achieve the goal

of moving a stone, attempting to change the stone’s morphology can greatly simplify the control

cost and produce even better movement results.

Eq. 1.1 is the general state space equation composed of two parts, where 𝐴𝑥 is the zero-

input response and 𝐵𝑢 is the zero-state response. The most general way , the PID control is to

make state 𝑥 get to target state 𝑥𝑡 by designing the 𝐵𝑢 term to make state 𝑥 point to 𝑥𝑡 along

the shortest path, where the tracking error from 𝑥 to 𝑥𝑡 is used as feedback, aiming to minimize

the error and achieve control. This method is simple and easy to implement, but it has poor

anti-interference ability. Mathematically, this means that when designing the 𝐵𝑢 term, only the

feedback of state 𝑥 is considered.

¤𝑥 = 𝐴𝑥 + 𝐵𝑢 (1.1)

By considering the system characteristics, the designed trajectory may not be the shortest path
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Figure 1.3: Locomotion in different morphology

as described above, but it must be the more adaptive one because it does not need to resist the

system characteristics. It greatly enhances the system’s anti-interference ability by conforming

to its movement characteristics. This reduces control cost, making it easier to achieve better

control effects than PID control.

The above control methods are all based on the assumption that the movement character-

istics do not change. If morphology can change, however, the most intuitive effect is to make

𝐴𝑥 + 𝐵𝑢 variable. By designing the change in morphology, we can change the convergence

characteristics of the system even without using the control term 𝐵𝑢. This significantly reduces

control difficulty and can even achieve movement without control.

The natural evolution of organisms is actually a process of reducing the complexity of con-

trol methods and improving the morphology characteristics based on the natural selection pres-

sure of specific tasks. This ultimately leads to the most straightforward control method being

able to achieve complex movements through morphology characteristics alone. Therefore, for

robots, if we can control morphology, the simplest, and even no control input, can achieve

complex movements and excellent performance.

Therefore, the change in morphology is crucial. This study proposes a concept based on

morphology-based control, as shown in Eq. 1.2.
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𝐴𝑥 + 𝐵𝑢 → 𝐴′𝑥 + 𝐵′𝜏 (1.2)

Here, 𝐴𝑥 + 𝐵𝑢 can be seen as the original morphology, and by controlling 𝑢, the current

morphology becomes the new morphology 𝐴′𝑥 + 𝐵′𝜏.

The proposal of MBC is inspired by previous research on morphology and control. Chan-

dana Paul [64] investigated the impact of a robot’s morphology on its control requirements,

which has become increasingly evident in the field of robotics. Morphology not only deter-

mines the achievable behaviors but also influences the control effort needed to perform those

behaviors. This relationship was initially observed and described by Pfeifer in her work ”Un-

derstanding Intelligence,” but the underlying mechanisms remain unclear. The authors suggest

that the dynamics of morphology may play a computational role within the system, potentially

replacing some aspects of control functions. Therefore, exploring the relationship between mor-

phology and control can be used for analysis and guide the design of robots with reduced control

demands. The goal of this paper is to explore this possibility.

Nygaard, T. F. [65] indicates that evolutionary robotics aims to address this issue by opti-

mizing both the control and the body (morphology) of robots, enabling them to adapt to internal

and external variations. Most of the work in this field has been conducted in simplified physics

simulators, which lack the rich interactions found in the real world. As a result, there are few

solutions that rely on complex interactions between control, body, and environment.

Füchslin [66] states that morphological computation can broadly be defined as an approach

that utilizes the shape, material properties, and physical dynamics of a physical system to en-

hance computational efficiency. Morphological control is the process of applying morpholog-

ical computation to control tasks. In the theoretical part of the author’s research, they further

refine and expand these definitions by proposing new formal definitions and identifying areas

where our proposed definitions are still incomplete.

In studies [67, 68], the consideration of morphology and the utilization of morphological

characteristics to achieve control objectives are also mentioned.

It is evident that morphology plays a crucial role in control and even the locomotion per-

formance of robots. However, although current research is based on the idea of leveraging

morphological characteristics to change the properties of the morphology, there is no unified

methodology. Most approaches are tailored to specific robot requirements, lacking generality.
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In contrast, this study presents a general approach and provides specific examples of morpho-

logical control based on the robot described in this paper.

Although MBC has many advantages, it also has some limitations, as compared to tradi-

tional methods, as shown in Table 1.1.

According to Table 1.1, it can be observed that MBC is particularly suitable for higher-

order nonlinear systems. These types of systems are challenging to control, and traditional

methods, such as reducing the order or using approximation techniques, are often ineffective.

In such cases, it becomes difficult to determine the state changes of these higher-order nonlinear

systems. However, while the state changes may be elusive, the ultimate convergence trends of

these systems, known as behavior of attractor, may objectively exist. MBC, by manipulating

the system’s characteristics through input, can generate or modify its attractor. By guiding

the attractor towards the target position, the desired motion can be achieved. This approach

is more indirect, and the time to achieve the motion is unknown. However, indirect control

can be achieved by adjusting the convergence velocity to the attractor. MBC leverages the

concept of morphology to address the challenges in controlling higher-order nonlinear systems

that traditional control methods struggle to solve. Additionally, the addition of MBC control to

traditional control methods can significantly improve control effectiveness.

Table 1.1: Comparison of MBC and traditional control methods

MBC Traditional control methods

Control Objectives Morphological characteristics

(e.g. equilibrium position and

its convergence)

Relative position of the struc-

ture

For the realization of

the movement

Indirect Direct

Motion response time Long Short

Stability Higher Standard

Difficulty of realization Easier Standard

Applicable Systems Higher-order nonlinear sys-

tems (hard to linearize)

Linearizable or approximable

systems
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Figure 1.4: Tensegrity structure [6, 7]

1.1.6 Tensegrity structure and tensegrity robot

The necessary condition for morphology-based control is that the morphology is variable.

Although rigid robots have advantages such as high speed and high precision, they cannot easy

to change their morphology [69, 70]. Soft robots, on the other hand, can change their morphol-

ogy and have high adaptability, but they face difficulties in dynamics modeling, slow speed, and

low precision [71, 72]. Therefore, a tensegrity structure that is both morphologically variable

and has both rigid and soft characteristics is the best candidate for this purpose.

Tensegrity [73] as shown in Figure 1.4 is a structural system composed of the words ”ten-

sion” and ”integrity”. It was originally proposed by American designer R. Buckminster Fuller

and further developed by his student Kenneth Snelson. Tensegrity structures achieve stability

through the balance of tension and compression between different parts. They are composed

of a series of struts and tensioned wires arranged in a triangular lattice structure. The struts

can only withstand compression and not tension, while the tensioned wires can only withstand

tension and not compression [74]. They will form an empty mesh, i.e., they are spatially stable.

Tensegrity structures are characterized by high self-stabilization and flexibility. They can

withstand complex external loads and maintain stability in different directions. This makes them

widely applicable in fields such as architecture, engineering, aerospace, and biology [75, 76].
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Agile Robotics Lab

DuCTT, for Duct Climbing Tetrahedral Tensegrity

Super Ball Bot of NASA

Figure 1.5: Tensegrity robots [8–10]

The development of tensegrity robots [77–80] has been ongoing since the concept was first

introduced in the 1950s. Tensegrity robots as shown in Figure 1.5 have a variety of potential

applications due to their unique design and capabilities. They have been studied for use in

exploration, search and rescue, and even as artificial muscles in prosthetic devices [81]. In

exploration, tensegrity robots could be used to navigate rough terrain or even explore other

planets. They could be sent to areas that are too dangerous for humans to access, such as

disaster zones or hazardous materials sites. Tensegrity robots are also being explored as a

means of transporting payloads in space, as their lightweight and flexible design makes them

ideal for use in microgravity environments.

It is not difficult to find that tensegrity robots follow the characteristics of tensegrity struc-

tures, i.e., they are composed of compressed rods and tensile strings, and they will form a

spatial mesh structure with self-stabilizing properties. In addition, they have a new derived fea-

ture, which is to generate different convergence properties with different variations of internal

tension, pointing to different stabilizing structures. Moreover, this derived characteristic is how

tensegrity robots achieve mobility.

Due to the tensegrity robots are the best research candidates for studying morphology in

robots [82], as they combine the advantages of rigid and soft robots, such as high speed, high

precision, morphing capability, and high adaptability. However, their high degree of freedom
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makes it challenging to model their dynamics, which currently limits their ability to achieve

high-speed and high-precision movements, thereby restricting their application in the study of

robot morphology.

1.2 Research Aim and Significance

Robot morphology can serve as a guideline for robot design, enabling the search for optimal

solutions in structure and reducing control complexity to enhance robot performance. However,

due to the complex structure and control system of robots, building an accurate model is chal-

lenging. Moreover, the more complex the model, the greater the computational complexity,

making it difficult to handle. Therefore, to address these issues, this study proposes the RWT

minimal model based on the characteristics of tensegrity robots, which aims to simplify the

robot model while retaining its essential features. This provides a concrete research object for

robot morphology studies and offers academic value for further theoretical research.

In addition, the mathematical modeling method presented in this paper aims to be solve so

that it can provide guidance for the dynamics modeling of tensegrity robots, allowing them to

truly leverage their advantages as both rigid and soft robots, thereby offering more practical

value. Furthermore, the method employs the modeling techniques of rigid robots to describe

the structure of soft robots, promoting interaction between the fields of rigid and soft robots.

Another contribution can be expected by this study is the proposed morphology-based con-

trol (MBC), which provides the idea of changing form and adapting to circumstances, rather

than opposing them, thereby reducing effort and improving control. This control concept is not

only applicable to the robots studied in this research but also has generality.

Finally, the RWT minimal model developed in this study has practical engineering signif-

icance, allowing for better adaptation to the environment through its inherent morphological

characteristics, which have specific applications in fields such as rescue operations and space

exploration.
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1.3 Research Methodology

1.3.1 Minimal mathematical model of the tensegrity robot

The benefits of using the minimal model which is the simplest model possible in robot mod-

eling can be numerous [83–85]. First, simpler models are often easier to analyze mathematically

and computationally, which can facilitate the process of designing, testing and optimizing the

robot’s behavior. Second, simpler models can also be more robust and reliable than complex

ones, as they have fewer parameters to estimate and fewer potential sources of error. Thirdly,

simpler models can be more generalizable and transferable to new environments and tasks, as

they are less specific and more abstract. Finally, simpler models can be more interpretable and

explainable, as they can reveal the underlying principles and mechanisms of the robot’s oper-

ation in a more transparent way. Therefore, the use of the simplest model possible in robot

modeling can lead to a more efficient, effective, and understandable robotic system.

As one of the minimal models of legged locomotion, rimless wheel model has been widely

used to study gait analysis and control problems in various legged robots [86–88]. In the devel-

opment of the rimless wheel model, researchers gradually discovered many interesting dynamic

and control characteristics of the model, which can be used to explain and predict the behavior

of real robots. For example, the rimless wheel model is an important tool for studying gait con-

trol problems in legged robots. Its simple structure and adjustability allow researchers to explore

the gait of robots by changing initial conditions and parameters, providing useful references for

designing and controlling legged robots.

In addition, the rimless wheel model is a typical nonlinear dynamic system that can be

used to study the behavior of many dynamic systems, such as chaos in nonlinear dynamics.

In the rimless wheel model, researchers have found that when the friction coefficient and mass

parameter exceed a certain value, its motion becomes disorderly and unpredictable [89,90]. The

appearance and study of the rimless wheel model have promoted the development of nonlinear

dynamics, laying a foundation for exploring the behavior and theory of nonlinear dynamic

systems. Its discoveries and studies have not only important practical applications in robot

control and biomechanics but also significant implications for fundamental research in other

fields such as physics, mathematics, and engineering [91].

Based on the advantages of the rimless wheel model, this study proposes a new mathemati-
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cal model that combines the rimless wheel structure with the tensegrity structure as the simplest

unified minimal model for a morphological mobile robot. The key innovation of this study lies

in the development of a foundational model for investigating morphology-based mobile robots.

This model not only serves as a crucial tool for further research in this field, but also carries

significant academic implications. By providing a comprehensive framework for understand-

ing the behavior and functionality of these robots, this study offers valuable insights into the

potential applications of morphology-based mobile robots and opens up new avenues for future

research in the field.

1.3.2 Passive dynamic walking

Passive dynamic walking [58] is one of the important research directions in the field of

robot gait control and analysis. Research on passive gaits began in the last century. Through

such research, people have gained a better understanding of the fundamental principles under-

lying human and animal walking, as well as strategies for optimizing robot motion. Passive

gaits are a type of gait that does not require any control input. They utilize the robot’s own dy-

namic characteristics and environmental conditions to achieve gait stability through mechanical

coupling or elastic components, and forward motion through momentum transfer. Such gaits

are not only natural and highly energy-efficient, but also closely aligned with human walking

patterns [58, 92–94]. Research on passive gaits has laid the foundation for the development of

robot gait control. The human morphology that has evolved over a long period of time is best

suited for bipedal walking, and through passive gaits, the most corresponding motion patterns

for this morphology can be identified.

Therefore, in this study, we will use the method of passive walking to find the most suit-

able motion patterns for different morphologies under the simplest model, and construct the

relationship between morphology and motion pattern.

1.3.3 Morphology-based control method and evaluation criterion

Based on the relationship between morphology and locomotion patterns obtained from pas-

sive gait, we propose a control method that changes the morphology of a robot to indirectly

adapt its locomotion pattern to the current task and reduce control complexity. Here, we use the

basin of attraction (BOA) [95, 96] as a stability evaluation criterion.
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In nonlinear systems, the BOA refers to the region of the state space where initial conditions

are attracted to a stable state or attractor. The attractor is a set of states to which the system

evolves, and all initial conditions associated with states in the BOA are attracted to the same

attractor. The BOA is used to describe the attractivity of stable states in nonlinear systems,

which is typically determined by the system’s dynamical equations [97–99].

In some nonlinear systems, there may be multiple attractors, each of which corresponds to a

BOA. Different attractors correspond to different stable states of the system, and when the sys-

tem is within a particular BOA, it exhibits certain stability properties and evolves continuously

in that state. When the system is in different basins of attraction, it exhibits different stable

states.

The size and shape of the BOA are usually determined by the specific morphology of the

system’s dynamical equations. In some systems, the BOA can be a point, line, surface, volume,

or more complex shape, and in some cases, the BOA may exhibit branching, where a system

may have multiple basins of attraction that are connected through branching structures [100,

101].

Therefore, we aim to use morphology-based control to change and obtain larger basins of

attraction, where the attractors are precisely located at the desired control target states. This

approach not only simplifies control complexity but also improves stability.

On the other hand, BOA can represent the breadth of convergence, while the Poincaré map

can translate the speed of convergence. The Poincaré map, also known as the Poincaré section

or the first return map, is a mathematical tool used to study the behavior of dynamical sys-

tems, particularly those that are periodic or quasiperiodic. The map is named after the French

mathematician Henri Poincaré, who first introduced the concept in the late 19th century.

At its core, the Poincaré map involves taking a cross-section of a trajectory in phase space

and mapping it to the next intersection of the trajectory with that same cross-section. This pro-

cess can be thought of as ”slicing” the phase space along a particular plane or surface, and then

examining how the trajectory intersects with that plane as it evolves over time. The resulting

map provides a discrete representation of the system’s behavior, capturing the sequence of state

transitions as the trajectory passes through the chosen cross-section.

One of the key advantages of the Poincaré map is that it can simplify the analysis of com-

plex dynamical systems by reducing the dimensionality of the problem. For example, a 3-
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dimensional system can be reduced to a 2-dimensional map by selecting a suitable cross-section,

which can make it easier to visualize and understand the underlying dynamics. Additionally, the

properties of the Poincaré map, such as its fixed points or periodic orbits, can provide valuable

insights into the behavior of the original system, such as stability, bifurcations, and chaos.

Therefore, it is also one of the evaluation criterion in this study.

1.3.4 Experimental validation

In the field of robotics, the importance of experimental validation cannot be overstated.

While simulations and theoretical models can provide useful insights, real-world testing is cru-

cial for verifying the performance of a robotic system under various conditions and for identi-

fying any discrepancies between the model and the actual system.

Experimental validation not only provides empirical evidence for the effectiveness of a

robot’s design and control algorithms, but also reveals unforeseen challenges and limitations

that may not have been anticipated in simulation or analysis. In addition, the data collected dur-

ing experimental testing can be used to refine and improve the system’s performance through

iterative design and testing cycles.

Therefore, it is essential for researchers and engineers in the field of robotics to conduct thor-

ough experimental validation of their designs and algorithms, in order to ensure the reliability

and robustness of their systems.

In this study, we focus on experiments to verify the relationship between morphology and

movement patterns, and, to verify that the control methods described above are also necessary.

1.4 Organization of Dissertation

This study is divided into several parts: first, we focus on the study of tensegrity robots,

propose a minimal model, establish a mathematical model, and use a passive walking method

to explore the relationship between their motion and morphology. Second, we focus on val-

idating the effectiveness of the above model, and draw conclusions about its universality and

significance to robotics morphology. In the third part, we propose a control theory based on

the above model, and validate it to meet engineering requirements. Finally, we draw a conclu-

sion that proves the minimal model of robotics morphology, which has important implications.
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Throughout the study, various experiments and parameter optimizations were conducted to en-

sure the reliability and accuracy of the conclusions.

Chapter 2 : This chapter first proposes the minimal model of a tensegrity legged locomo-

tion robot and establishes a dynamics model. We consider internal elastic coupling forces and

provide different constraint force models according to different grounding situations. In addi-

tion, collision and state transition models are also taken into account. Finally, we expand the

model by considering circular feet and frictional ground surfaces, making it more generalizable.

Chapter 3 : This chapter first introduces the design of the simulator, and then, based on

the simulator, the passive gait simulation results of the above model are obtained. Periodic

stable gaits based on the model are observed and analyzed. Additionally, it was found that

the internal characteristics could change abruptly with changes in the robot’s shape, exhibiting

the characteristics of morphological transitions. Therefore, we conducted in-depth research

on the characteristics of the robot under different shapes and obtained different corresponding

movement modes under different shapes: crawling, walking, and skipping.

Chapter 4 : This chapter proposes a model-based control approach. First, the control idea

and implementation were introduced using the simplest spring-loaded cart model. Then, it

was applied to the minimum model to achieve shape shifting, allowing for the observation of

the transition between crawling and walking. Additionally, a simpler model was proposed and

dynamic walking was achieved using MBC, while stability and application of the corresponding

gait were analyzed.

Chapter 5 : The previous chapter introduced the implementation of gait based on MBC

and the stability of gait under different desired postures, while the reasons why gait is stable

will be described in detail in this chapter. Therefore, in this chapter, the proposed model is

used to validate the achievement of limit cycle gaits for different control objectives, thereby

demonstrating the necessary conditions for generating limit cycle gaits.

Chapter 6 : This chapter mainly introduces the experiments related to the above content as

supplementary explanation. First, based on the preliminary experiments, the motion and charac-

teristics of RWT passive gait were demonstrated, which supported the theory of morphological

transition. Second, experiments were conducted on dynamic gait controlled by MBC, which

successfully proved that posture transition based on morphology is feasible, and a stable limit

cycle gait was achieved.
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Chapter 7 : Summarize the dissertation and lead to the next work.
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Chapter 2

Passive Dynamic Modeling of RWT

2.1 Overview

In the field of robotics, a minimal model, also known as a simple model, refers to a model

that only considers the most basic characteristics and functions of a robot, while ignoring other

complex factors and influences. Minimal models generally have the following significance:

1. Studying the essence of robots: Minimal models can help us delve deeper into the essence

of robots, explore the most basic kinematic and dynamic laws, and reveal the principles

and mechanisms behind robot behavior.

2. Simplifying problems: Minimal models can help us simplify problems, reduce research

difficulties, quickly verify theoretical hypotheses, and find solutions and directions for

problem-solving.

3. Identifying problems: Minimal models can help us identify key points and bottlenecks in

robot problems, enabling us to focus on solving the most critical problems.

4. Improving efficiency: Minimal models can help us improve the efficiency and stability of

robot control and motion planning algorithms, thereby improving robot performance and

precision.

Inspired by the minimal model, rimless wheel and utilizing tensegrity structures, this study

proposes a planar Rimless-Wheel-Like Tensegrity Robot (RTW) model as the minimal mo-

bile model in robotics morphology. First, the dynamic model of the RTW is presented, which
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considers both single-legged support phase (SSP) and multi-legged support phase(MSP), and

provides corresponding constraint conditions. Unlike the Rimless Wheel model, the landing

collision of the RTW is based on the swing leg’s own motion rather than the assumption that

the swing leg has minimal mass and is judged by the touching angle. Normally, collisions in

soft structures are considered to be elastic collisions, resulting in extremely small energy loss.

However, due to the unique structure of the RTW, the collision between the swing leg and the

ground is a inelastic collision, which reasonably simulates the MSP of animals. In addition, the

strings connecting the legs in the RTW model also alter the model’s dynamic characteristics,

and the structure’s rigidity or softness maps different morphologies, thus achieving different

optimal modes of movement.

The proposed minimal model and corresponding passive dynamic modeling method not

only provide a method and direction for establishing mathematical models of tensegrity robots,

but also provide an academic research object for robotics morphology.

2.2 Mathematical Modeling

2.2.1 Introduction of RWT

The simplest spatial network structure of tensegrity can be achieved by fixing two rods

with four strings. However, according to the research on the passive walking of the RW, the

angle between the legs when the swing leg lands should be less than 90 degrees to ensure that

the kinetic energy caused by the collision is not completely lost, thereby ensuring continuous

walking. Therefore, this study uses a three-rods structure as the minimal model.

As shown in Figure 2.1, it consists of three rods, namely, Leg A, Leg B and Leg C, connected

by six mass-less elastic strings. The major design parameters and Descriptions of the robot are

listed in Table 2.1. It is assumed that there is no sliding behavior at the grounding point/points.

2.2.2 Equation of motion

Let q =

[
𝑥𝑎 𝑧𝑎 𝜃𝑎 𝑥𝑏 𝑧𝑏 𝜃𝑏 𝑥𝑐 𝑧𝑐 𝜃𝑐

]T
be the generalized coordinate vector, the

robot equation of motion then becomes:

M ¥q + h = Fcon + Fcou, (2.1)
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Figure 2.1: Mathematical model of RWT on downhill

where M represents the inertia matrix, h represents the combination of central force, Coriolis

force and gravity terms. Fcon is the constraint forces term and Fcou is the coupled internal

elastics term.

2.2.3 Coupled internal elastics

The dynamics of legs are coupled through six mass-less elastic strings. In terms of coupling

tension, we can express it as follows:

Fcou =

12∑︁
𝑖=1

JT
𝑛 f𝑛, (2.2)

where f𝑛, 𝑛 ∈ [1, 12] represents the force acting on every connection point in counterclockwise

order that starts from the connection point (𝑥𝑎𝑐, 𝑧𝑎𝑐), and J𝑛, 𝑛 ∈ [1, 12] is its corresponding

Jacobian matrix.
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What can be difficult to understand is that there are 12 forces involved here. With 6 strings

present, each string exerts an equal but opposite force on the two connecting points in different

directions. The description is as follows:

f2𝑚 = f2𝑚−1, 𝑚 ∈ [1, 6] . (2.3)

Taking JT
1 f1 as an example, we can express the details of it as follows:

JT
1 f1 = JT

1 d𝑎𝑏 𝑓𝑎𝑏, (2.4)

where

J1 =


1 0 𝑙𝑐 cos 𝜃𝑎 0 0 0 0 0 0

0 1 −𝑙𝑐 sin 𝜃𝑎 0 0 0 0 0 0

 , (2.5)

and d𝑎𝑏 represents the direction vector from (𝑥𝑎𝑐, 𝑧𝑎𝑐) to (𝑥𝑏𝑐, 𝑧𝑏𝑐):

d𝑎𝑏 = S𝑎𝑏/𝐷𝑎𝑏 . (2.6)

Here,

S𝑎𝑏 :=

𝑥𝑏𝑐 − 𝑥𝑎𝑐

𝑧𝑏𝑐 − 𝑧𝑎𝑐

 , (2.7)

𝐷𝑎𝑏 :=
√︁
(𝑥𝑏𝑐 − 𝑥𝑎𝑐)2 + (𝑧𝑏𝑐 − 𝑧𝑎𝑐)2. (2.8)

Table 2.1: Configuration of robot

Symbol Unit Description

𝑚𝑖, 𝑖 ∈ [𝑎, 𝑏, 𝑐] kg Weight of each leg

𝐼𝑖, 𝑖 ∈ [𝑎, 𝑏, 𝑐] kg·m2 Inertia moment of each leg

𝐿 m Length of each leg

𝑙𝑐 m
Length between connection point and

tip point of each leg

(𝑥𝑖, 𝑧𝑖), 𝑖 ∈ [𝑎, 𝑏, 𝑐] m Coordinates of each leg

(𝑥𝑖𝑐, 𝑧𝑖𝑐), 𝑖 ∈ [𝑎, 𝑏, 𝑐] m Connection point on each leg

𝜃𝑖, 𝑖 ∈ [𝑎, 𝑏, 𝑐] rad Angle to the vertical of each leg

𝜙 rad Angle of gentle downhill
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Tension occurs only when the distance between adjacent connection points exceeds the natural

length of the elastic string. To realize such a both-side behavior and calculation continuity, we

adopt

𝜒𝑎𝑏 = 1/(1 + 𝑒−𝜖 (𝐷𝑎𝑏−𝐿𝑛)), (2.9)

as a step function, where 𝜖 is a large dimensionless constant and 𝐿𝑛 [m] is the natural length of

elastic string. By approximating it as mass-spring-damper system, the magnitude of tension 𝑓𝑎𝑏

is determined as:

𝑓𝑎𝑏 = 𝜒𝑎𝑏

(
𝑘 (𝐷𝑎𝑏 − 𝐿𝑛) + 𝑐V T

𝑎𝑏d𝑎𝑏

)
, (2.10)

where

V𝑎𝑏 :=

¤𝑥𝑏𝑐 − ¤𝑥𝑎𝑐
¤𝑧𝑏𝑐 − ¤𝑧𝑎𝑐

 , (2.11)

and 𝑘 [N/m] and 𝑐 [N·s/m] are coefficients of elasticity and viscosity respectively. In addition,

the coefficient 𝑐 is also used to represent the energy consumption of the system due to air

resistance, internal friction and some others. V T
𝑎𝑏
d𝑎𝑏 is the mathematically organized form

representing the difference in velocity in any direction projected onto the string, giving the

magnitude of the projection.

Then the coupling tensions can be organized as follows:

Fcou = JTDTf , (2.12)

where the details of the collection of Jacobian matrices JT ∈ R9×24, the collection of direction

vectors D ∈ R24×12, the transformation matrix T ∈ R12×6 and the collection of tensile force

f ∈ R6, as follows:

JT =

[
JT

1 JT
2 · · · JT

12

]
,

D =



d𝑎𝑏 0 · · · 0

d𝑏𝑎 0 · · · 0

0 d𝑏𝑐 · · · 0

0 d𝑐𝑏 · · · 0
...

...
. . .

...

0 · · · 0 d𝑐′𝑎

0 · · · 0 d𝑎𝑐′



, T =



1 0 · · · 0

1 0 · · · 0

0 1 · · · 0

0 1 · · · 0
...

...
. . .

...

0 · · · 0 1

0 · · · 0 1



, f =



𝑓𝑎𝑏

𝑓𝑏𝑐
...

𝑓𝑐′𝑎


. (2.13)
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2.2.4 MSP and constraints

The corresponding gaits of RWT can be divided as: TSP, DSP, SSP, and fly, namely NSP.

None-legged Support Phase (NSP)

The robot equation of motion is:

M ¥q + h = Fcou, (2.14)

where Fcon = 0 in Eq. 2.1 that means there are no constraint forces from the ground.

Single-legged Support Phase (SSP)

The constraint force between the robot and the ground is generated when the robot interacts

with the ground. For computational uniformity, during SSP, Leg C is guaranteed to be the

collision leg, and Leg B is defined as the support leg. Then the equation of motion becomes:

M ¥q + h = JT
𝑏 λ𝑏 + Fcou, (2.15)

By considering constraint forces term Fcon := JT
𝑏
λ𝑏 in Eq. 2.1, where J𝑏 is the Jacobian matrix

for holonomic constraints at grounding point (𝑥𝑏, 𝑧𝑏) and λ𝑏 is the constraint forces vector. The

grounding point is fixed based on the assumption of no sliding, and the constraint conditions

are shown as follows:

¤𝑥𝑏 = 0, ¤𝑧𝑏 = 0. (2.16)

Accordingly, the constraint Jacobian matrix J𝑏 by Eq. (2.16) can be summarized as:

J𝑏 ¤q =


0 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0 0

 ¤q = 02×1. (2.17)

The time derivative of Eq. (2.17) is

J𝑏 ¥q = 02×1. (2.18)

By solving Eq. (2.15) with the Eq. (2.18) simultaneously, the constraint force vector λ𝑏 can be

obtained:

λ𝑏 = −X−1
𝑏 J𝑏M

−1(Fcou − h), (2.19)

where X𝑏 := J𝑏M
−1JT

𝑏
.
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Double-legged Support Phase (DSP)

The equation of motion is

M ¥q + h =
∑︁
𝑖=𝑎,𝑏

JT
𝑖 λ𝑖 + Fcou, (2.20)

by considering the (𝑥𝑎, 𝑧𝑎) and (𝑥𝑏, 𝑧𝑏) are grounding points simultaneously. With the similar

manner to solve λb in Eq. (2.19), We can derive λ𝑎 and λ𝑏 as

λ𝑎 = −X−1
𝑎 X𝑎𝑏λ𝑏 −X−1

𝑎 J𝑎M
−1(Fcou − h),

λ𝑏 = −X−1
𝑏 X𝑏𝑎λ𝑎 −X−1

𝑏 J𝑏M
−1(Fcou − h), (2.21)

where X𝑎 := J𝑎M
−1JT

𝑎 , X𝑎𝑏 := J𝑎M
−1JT

𝑏
, X𝑏𝑎 := J𝑏M

−1JT
𝑎 , and

J𝑎 =


1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

 . (2.22)

The coordinates of the legs are independent of each other, as shown in q. Therefore, the sparse

matrices J𝑎 and J𝑏 result in null X𝑎𝑏 and X𝑏𝑎 matrices, i.e., X𝑎𝑏 = 0 and X𝑏𝑎 = 0. Conse-

quently, Eq. (2.21) becomes:

λ𝑎 = −X−1
𝑎 J𝑎M

−1(Fcou − h), (2.23)

λ𝑏 = −X−1
𝑏 J𝑏M

−1(Fcou − h), (2.24)

that is similar to the SSP.

In general, during the DSP, the constraint forces from the ground on each foot are coupled,

and a third constraint condition is required to decouple them. For example, the micro deforma-

tion of the legs can be considered to introduce force balance, or the constraint of both feet can

be viewed as a whole and introduced into the Zero moment point(ZMP) formula. The deriva-

tion of Eq. (2.21) proves that the model proposed in this study can achieve decoupling more

conveniently, which is also one of the features of RWT.

Triple-legged Support Phase (TSP)

The equation of motion is

M ¥q + h =
∑︁

𝑖=𝑎,𝑏,𝑐′
JT
𝑖 λ𝑖 + Fcou. (2.25)
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Figure 2.2: Gait transition of RWT locomotion

The constraint forces vector λ𝑖, 𝑖 ∈ [𝑎, 𝑏, 𝑐′] can be explained as follows:

λ𝑖 = −X−1
𝑖 J𝑖M

−1(Fcou − h), (2.26)

where X𝑖 := J𝑖M
−1JT

𝑖
and

J𝑐′ =


0 0 0 0 0 0 1 0 𝐿 cos 𝜃𝑐

0 0 0 0 0 0 0 1 −𝐿 sin 𝜃𝑐

 . (2.27)

2.2.5 Gait transition and collision

The walking process of a robot is a hybrid system composed of both continuous and discrete

events. During each step, the state undergoes continuous changes, but when the swing leg

collides inelastically with the ground, energy is lost and kinetic energy decreases. This sudden

change in velocity triggers a discrete event, leading to a state transition.

Moreover, the continuous events in the system, i.e., the state within each step, are continuous

and segmented. When the robot is supported by multiple legs, lifting one leg causes a change

in the corresponding equations of motions. Therefore, the walking process of a robot is a

complex interplay between continuous and discrete events, which must be carefully considered

in modeling and control design for optimal performance.This segmentation and discreteness are

illustrated in Figure 2.2.

During the transition from NSP to TSP, state changes are accompanied by collisions. When

the swing leg collides with the ground, the inelastic collision causes a sudden decrease in its
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velocity. However, since the stance leg and the swing leg are independent of each other, the

collision does not instantly change the state of the stance leg. Therefore, after the collision, the

swing leg remains in contact with the ground, leading to an increase in the number of stance

legs.

Conversely, during the transition from TSP to NSP, the state does not change abruptly. When

the constraint force exerted by the ground on the swing leg becomes less than zero, the swing

leg will lift, and the corresponding equation of motion will be replaced. This segmentation does

not affect the continuity of the state.

According to the Eq. (2.19), Eq. (2.24) and Eq. (2.26), the ground reaction force 𝑓𝑖 support

[N], 𝑖 ∈ [𝑎, 𝑏, 𝑐′] can be obtained as:

𝑓𝑖 support =
[
sin 𝜙 cos 𝜙

]
λ𝑖 . (2.28)

The triggering condition for the stance leg to become the swing leg is 𝑓𝑖 support < 0, 𝑖 ∈

[𝑎, 𝑏, 𝑐′], while the triggering condition for the swing leg to become the stance leg is 𝑧𝑖 <

𝑍land, 𝑖 ∈ [𝑎, 𝑏, 𝑐′], where 𝑍land is the corresponding ground height. Due to the unpredictability

of nonlinear motion, it is possible for the rear legs to re-collide with the ground as soon as they

leave the ground as explained in Figure 2.3. Here, Figure 2.3 (a) represents the initial state, as

forward movement (to the right) occurs, the swing leg lifts as shown in Figure 2.3 (b), and based

on its own elastic potential energy, its movement becomes nonlinear and unpredictable. It may

touch the ground again after being lifted, as shown in Figure 2.3 (c). Such a phenomenon of

repeated collision is easy to overlook and inevitable.
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It is important to note that despite the robot’s softness characteristics, the collision between

the legs and the ground is inelastic, and the collision equation is as follows:

M ¤q+ = M ¤q− + JT
𝑐 λ𝑐, (2.29)

J𝑐 ¤q+ = 02×1, (2.30)

where Leg C is the collision leg as mentioned and the superscripts “−” and “+” denote the

instances immediately before and after impact this collision, respectively. By solving Eqs.

(2.29) and (2.30) simultaneously, ¤q+ is given by:

¤q+ =

(
I9 −M−1JT

𝑐 X
−1
𝑐 J𝑐

)
¤q−, (2.31)

where X𝑐 := J𝑐M
−1JT

𝑐 .

2.3 Improvement of the Reality-based RWT Model

The advantages of minimal models lie in their ability to simplify problems and highlight

the essence of problems. However, some real-world problems may be unexpectedly ignored

due to the simplification of the model. In the case of robot locomotion, the reaction force of

the ground plays a vital role. Different foot shapes can lead to different motion performance,

and the optimal solution is often not just point contact. Therefore, it is necessary to consider

a smoother ground contact approach. Additionally, the influence of friction is also significant,

and how to walk on a smooth surface cannot be studied by the above model. Thus, this section

will transform the above model to make the RWT model more general.

2.3.1 Semicircular feet

As shown in Figure 2.4, the RTW that has semicircular feet with radius 𝑅 [m] and walks on a

gentle slope of 𝜙 [rad]. Compared to the previous model definition, it should be noted here that

(𝑥𝑖𝑔, 𝑧𝑖𝑔), 𝑖 ∈ [𝑎, 𝑏, 𝑐] represents the grounding point of different feet, while (𝑥′
𝑖
, 𝑧′

𝑖
), 𝑖 ∈ [𝑎, 𝑏, 𝑐]

represents the corresponding center of the circle.

After the modification of the foot shape, the constraint forces Fcon in Eq. 2.1 exerted on

the robot also changes. Since each leg is independent as proven previously, the ground reaction

force on each leg can be calculated separately and then added together. This decoupling property
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Figure 2.4: Mathematical model of RWT with semicircular feet

of the ground reaction force calculation simplifies the computation. Here, SSP is taken as an

example, and the calculation method for MSP is similar.

Constraint Forces

The velocity constraint condition of grounding point (𝑥𝑏𝑔, 𝑧𝑏𝑔) of stance leg, Leg B is de-

fined as follows: 
¤𝑥𝑏𝑔
¤𝑧𝑏𝑔

 =

−𝑅 ¤𝜃𝑏 cos 𝜙

𝑅 ¤𝜃𝑏 sin 𝜙

 . (2.32)

The coordinates of grounding point is shown below:
𝑥𝑏𝑔

𝑧𝑏𝑔

 =

𝑥𝑏 + 𝑅 sin 𝜃𝑏 − 𝑅 sin 𝜙

𝑧𝑏 + 𝑅 cos 𝜃𝑏 − 𝑅 cos 𝜙

 . (2.33)

The velocity of the grounding point can be obtained by differentiating Eq. (2.33) as:

d
d𝑡


𝑥𝑏𝑔

𝑧𝑏𝑔

 =
d
d𝑡


𝑥′
𝑏

𝑧′
𝑏

 =

¤𝑥𝑏 + 𝑅 ¤𝜃𝑏 cos 𝜃𝑏
¤𝑧𝑏 − 𝑅 ¤𝜃𝑏 sin 𝜃𝑏

 . (2.34)

By substituting Eq. (2.34) into Eq. (2.32), the holonomic constraint condition can be obtained

as 
¤𝑥𝑏 + 𝑅 ¤𝜃𝑏 cos 𝜃𝑏 − 𝑅 ¤𝜃𝑏 cos 𝜙

¤𝑧𝑏 − 𝑅 ¤𝜃𝑏 sin 𝜃𝑏 + 𝑅 ¤𝜃𝑏 sin 𝜙

 = 0. (2.35)
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Then, it can be further arranged as follows:

J𝑏𝑔 =


01×3 1 0 𝑅 (cos 𝜃𝑏 − cos 𝜙) 01×3

01×3 0 1 −𝑅 (sin 𝜃𝑏 − sin 𝜙) 01×3

 , (2.36)

J𝑏𝑔 ¤q = 0. (2.37)

By differentiating Eq. (2.37) with respect to time, we get:

J𝑏𝑔 ¥q + ¤J𝑏𝑔 ¤q = 0. (2.38)

Therefore, the constraint force λ𝑏𝑔 can be obtained by substituting the Eq. (2.38) into the

equation of motion for the SSP:

λ𝑏𝑔 = X−1
𝑏𝑔

(
J𝑏𝑔M

−1 (h − JFcou) − ¤J𝑏𝑔 ¤q
)
, (2.39)

where X𝑏𝑔 := J𝑏𝑔M
−1𝑱T

𝑏𝑔
. Then The constraint forces Fcon in Eq. 2.1 in DSP and TSP can be

defined as follows:

Fcon =
∑︁
𝑖=𝑎,𝑏

JT
𝑖𝑔λ𝑖𝑔 (2.40)

or

Fcon =
∑︁

𝑖=𝑎,𝑏,𝑐′
JT
𝑖𝑔λ𝑖𝑔 . (2.41)

Collision Equation

The semicircular foot also changes the contact point during collision, so the Jacobian matrix

J𝑐 in Eq. 2.30 will also change to

J𝑐 =


01×6 1 0 𝑅 (cos 𝜃𝑏 − cos 𝜙)

01×6 0 1 −𝑅 (sin 𝜃𝑏 − sin 𝜙)

 . (2.42)

2.3.2 Frictional constraints

During walking, the frictional force between the ground and the feet is an important envi-

ronmental factor that cannot be ignored. Previous research often regarded frictional force as

external interference and attempted to minimize its impact by improving the robustness of the

control system. However, utilizing frictional force can also bring many benefits. For example,

in some cases, utilizing the frictional force of the ground can help the robot walk more stably

and improve its walking efficiency and performance. Therefore, this section mainly introduces

the mathematical modeling of the system under consideration of frictional force.
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Equation of Motion

Taking single leg support as an example, the equations of motion can be written as follows.

M ¥q + h = JT
𝑏 𝑓 𝑓𝑔 + JT

𝜇𝑏 𝑓𝑔 + Fcou. (2.43)

Here, Fcon := JT
𝑏 𝑓

𝑓𝑔 + JT
𝜇𝑏

𝑓𝑔 is the holonomic constraint force vector and 𝑓𝑔 is the reac-

tion force in the vertical direction. Then, the reaction force on the contact surface vertical is

𝑓𝑔/cos 𝜙. JT
𝑏 𝑓

𝑓𝑔 constrains the grounding point to move along the slope, while JT
𝜇𝑏

𝑓𝑔 provides

the corresponding friction force.

Constraint Forces

The point foot model is a special case of the arc foot model with a radius R of 0. Therefore,

we use the arc foot model to model friction in order to ensure generality.

The velocity constraint condition of grounding point (𝑥𝑏𝑐, 𝑧𝑏𝑐) of leg B is defined as follows:

¤𝑧𝑏𝑔 = − tan 𝜙 · ¤𝑥𝑏𝑔 . (2.44)

The coordinates of grounding point and the velocity of it can be obtained from Eq. (2.33) and

Eq. (2.34). By substituting Eq. (2.34) into Eq. (2.44), the holonomic constraint condition can

be obtained as

¤𝑥𝑏 tan 𝜙 + ¤𝑧𝑏 + 𝑅 ¤𝜃𝑏 (cos 𝜃𝑏 tan 𝜙 − sin 𝜃𝑏) = 0. (2.45)

Then, it can be further arranged as follows:

J𝑏 𝑓 =

[
01×3 tan 𝜙 1 𝑅 (cos 𝜃𝑏 tan 𝜙 − sin 𝜙) 01×3

]
, (2.46)

J𝑏 𝑓 ¤q = 0. (2.47)

By differentiating Eq. (2.47) with respect to time, we get:

J𝑏 𝑓 ¥q + ¤J𝑏 𝑓 ¤q = 0. (2.48)

Therefore, the constraint force 𝑓𝑔 can be obtained by substituting the Eq. (2.48) into the equation

of motion for the SSP:

𝑓𝑔 = 𝑋−1
𝑏 𝑓

(
J𝑏 𝑓M

−1 (h − Fcou) − ¤J𝑏 𝑓 ¤q
)
, (2.49)

where 𝑋𝑏 𝑓 := J𝑏 𝑓M
−1ĴT

𝑏
and Ĵ𝑏 := J𝑏 𝑓 + J𝜇𝑏.
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Coulomb Friction Force

In the SSP, the Coulomb friction force 𝑓𝑏 [N] that is applied to the support leg B can be

defined by the following geometric relationships:

𝑓𝑏 = 𝜇
𝑓𝑔

cos 𝜙
. (2.50)

The signed friction coefficient 𝜇 is determined by the contact point velocity as as follows:

𝜇 = −𝜇0 tanh (𝜅𝑉) . (2.51)

Here, 𝑉 [m/s] is relative sliding speed and 𝜅 is a dimensionless parameter that adjusts the slope

of 𝜇 around𝑉 = 0. Here, we use ‘tanh()’ to ensure the continuity of 𝜇, so that it approaches 0 as

𝑉 approaches 0. This not only makes the segmented and discrete 𝜇 continuous for mathematical

convenience, but also reduces the integration cost in the computer’s discrete cycle processing.

When 𝑉 approaches 0, a large 𝜇 value can cause the computer to repeatedly jump around the

𝑉 = 0 point during the integration calculation, increasing the computational cost and possibly

leading to integration divergence and failure. However, the continuous change generated by

using ‘tanh()’ can reduce the stiffness of the differential equation, which will be specifically

discussed in the next chapter on simulator design. Here, the sliding velocity to the stationary

surface 𝑉 [m/s] is specified as:

𝑉 =
¤𝑥𝑏

cos 𝜙
− 𝑅 ¤𝜃𝑏 . (2.52)

It is important to note that friction forces have both rolling and sliding effects. Therefore, if the

rolling effect is not considered, then it will result in a misunderstanding of the force acting on

the central position of semicircular feet. Therefore, we use the following outer product approach

to calculate J𝜇𝑏.

The three-dimension friction force vector is
cos 𝜙

0

− sin 𝜙


𝑓𝑏 =


𝜇

0

−𝜇 tan 𝜙


𝜆𝑏 . (2.53)

Accordingly, the torque effect of 𝜃𝑏 is as follows:
𝑥𝑏𝑔 − 𝑥𝑏

0

𝑧𝑏𝑔 − 𝑧𝑏


×


𝜇

0

−𝜇 tan 𝜙


𝑓𝑔 =


0

𝜇𝑅 (cos (𝜙 − 𝜃𝑏) − 1) /cos 𝜙

0


𝑓𝑔 . (2.54)
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Figure 2.5: Three different morphologies, skipping, walking and crawling that corresponding to

different COM positions during locomotion, each representing an independent dynamic prop-

erty.

By summarizing Eq. (2.53) and Eq. (2.54), the Jacobian vector for Coulomb friction force can

be calculated as:

JT
𝜇𝑏 𝑓𝑔 =



03×1

𝜇

−𝜇 tan 𝜙

𝜇𝑅 (cos (𝜙 − 𝜃𝑏) − 1) /cos 𝜙

03×1


𝑓𝑔 . (2.55)

2.4 Summary and Discussions

The definition of morphology includes both structural characteristics and specific functions

generated based on the current structure and shape. The morphology of robots is an effective

direction for designing robots, which involves mechanical structure design, dynamic character-

istic analysis, and other contents.

Due to the characteristics of tensegrity structures, they not only can simulate biological

muscle tissue but also have unique properties such as lightness, toughness, and self-recovery,

making them very suitable as the structure of robots.

This chapter proposes the minimal model of robot morphology based on tensegrity struc-

tures and provides corresponding dynamic modeling. Furthermore, for practical problems, ex-
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panded structures and corresponding mathematical methods are presented.

First, this chapter provides a method for the dynamic modeling of tensegrity robots, which

is a challenging problem. The method enables tensegrity robots to achieve high-precision and

high-adaptation control based on mathematical models, thus highlighting the unique advan-

tages of tensegrity robots. Second, as the minimal model of robot morphology, this model can

not only achieve deformation characteristics by changing the relative positions of bars but also

change the inherent dynamic characteristics by adjusting the elasticity coefficient of strings.

Unlike structure, morphology is distinguished by whether the corresponding structure has spe-

cific functions. Modifying the elasticity and damping coefficients of strings can change the

structural characteristics, thus achieving different motion modes such as skipping, walking, and

crawling in different environments as shown in Figure 2.5.

As an example, structure of humans and chimpanzees is similar, but when running, humans

use two feet while chimpanzees use four. This difference is not only due to the different propor-

tions of limbs but also to the difference in muscle strength. Further, different muscle strength

responds differently to body weight, and modifying the elasticity and damping coefficients of

strings can simulate this response characteristic.

Based on this, the minimal model proposed in this chapter and its corresponding mathemat-

ical modeling can solve the dynamic modeling problem of tensegrity robots, enabling them to

achieve high-speed, high-precision, and high-adaptation motion. In addition, this model can

also serve as the minimal model of robot morphology, providing a platform for the study of

robot morphology.
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Chapter 3

Motion Simulation and Dynamic

Characteristics Analysis of RWT

3.1 Overview

Robot motion simulation is an essential process for testing the performance of robots in a

virtual environment without the need for physical prototypes. In recent years, it has become an

essential tool for robotics research, design, and development. Several mainstream robot motion

simulation tools are available, including Gazebo, V-REP, Webots, and ROS, each with unique

features, advantages, and disadvantages.

Nevertheless, currently, mainstream simulators are based on their own built-in algorithms,

such as motion computation and collision detection, which cannot be verified or modified, mak-

ing it difficult to obtain rigorous and detailed motion results, especially for systems that are

sensitive to initial conditions. Additionally, due to their encapsulation, users are unable to make

better calls, and cannot embed them as tools into their current working platforms. Moreover,

when verifying the motion characteristics of the minimal model, these simulators introduce

many objective and realistic physical interferences, which have the opposite effect on exploring

motion characteristics and can make it difficult to obtain corresponding theoretical conclusions.

This chapter presents the simulator design of RWT using MATLAB based on the mathe-

matical model introduced in the previous chapter, and gives the corresponding analysis.
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3.2 Simulator Design

In MATLAB, different ODE functions can be used to solve nonlinear differential equations,

among which commonly used ones include ode45, ode23, ode113, ode15s, etc. The differences

and advantages and disadvantages of these functions are as follows:

• ode45: This function uses the fourth-order Runge-Kutta method with adaptive step size

and high accuracy, which can quickly solve most non-stiff and stiff differential equations.

However, there may be difficulties in solving extremely stiff problems.

• ode23: This function uses the second-order Runge-Kutta method with adaptive step size,

which is faster than ode45 but has slightly lower accuracy. It is suitable for solving some

less stiff differential equations.

• ode113: This function uses a higher-order Runge-Kutta method and can more accurately

solve very complex nonlinear differential equations, but the computation time is longer.

• ode15s: This function uses an implicit solver based on the Backward Differentiation For-

mula (BDF), which is suitable for solving extremely stiff differential equations. However,

compared with other functions, the computation time is longer.

Stiff differential equations refer to a class of differential equations whose solutions change

slowly. This is usually due to the presence of some terms that change rapidly and some terms

that change slowly in the equation, which leads to numerical solution methods requiring very

small step sizes during calculation, resulting in a huge computational load. Strictly speaking,

stiff differential equations refer to equations in which the stability of the numerical solution is

greatly affected and may even diverge if the step size is not small enough during the solving

process.

For RWT, the existence of spring damping term on the string causes a decrease in its stiffness

when the coefficient is too large. Additionally, due to its physical characteristics, the numerical

solution of RWT does not diverge as the step size decreases but only affects the computation

time. Therefore, considering these factors, the ode45 method is adopted in this study to solve

the motion equation of RWT.
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Figure 3.1: Flow chart of the main program of the simulator

3.2.1 Main program design

Figure 3.1 illustrates the flowchart of the main program. Upon program initiation, user-

defined simulation parameters are first read for program initialization. Since ode45 is used as

the primary function for solving differential equations, simulation parameters specific to ode45

must be set. The specific parameters are listed in Table 3.1.

Note that TimeEnd here refers to the maximum value of a single continuous time simulation,

rather than the maximum time of the overall simulation. As legged locomotion is a hybrid

system that involves discrete events, i.e., collisions, the total simulation time should be the

38



Table 3.1: Simulation parameters

Parameters Value Description

TimeStart 0 Simulation start time

dt 10−2 Step length

TimeEnd 10 Simulation end time

RelTol 10−6 An optional parameter that specifies the relative error tolerance

for the solver. It controls the precision of the solver and defines

the threshold for a solution to be considered ”accurate enough”.

If the solver’s relative error exceeds this threshold, it will attempt

to adjust the step size to improve the accuracy of the solution.

Therefore, lower values of ”RelTol” can improve the accuracy of

the solver but may also increase computational cost and runtime.

AbsTol 10−6 Same as ’RelTol’

Refine 6 An optional parameter that specifies the maximum refinement

level of the internal solver used by ode45 at each time step.

Specifically, it controls how finely the solver resolves the differ-

ential equations within each time step. Higher values of ”refine”

can improve the accuracy of the solution but also increase com-

putational cost and runtime.

accumulation of each step. The parameter settings here ensure that the error is less than 10 to

the power of negative six at a time step of dt, thus ensuring the accuracy of the simulation.

3.2.2 Initial state design

In nonlinear systems systems, the initial state can affect the long-term behavior of the sys-

tem, leading to a close correlation between the system’s evolutionary path and its initial states.

Even if the dynamic equations of the system are known, it is difficult to accurately predict the

behavior of the system. This is because, in nonlinear systems, small perturbations or errors can

lead to very different behaviors of the system, making the prediction results unreliable.
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Continuous, but non-real state

Figure 3.2: Concept map for finding the initial state

In addition, initial conditions can also affect the stability, controllability, and observability

of the system. An unstable system may undergo significant changes under small variations

of initial conditions, while an uncontrollable system may not be able to be controlled or ad-

justed as required. Similarly, if the state of the system cannot be determined by observation or

measurement, the study and control of the system will also face great challenges.

Basin of attraction (BOA) refers to the region in a nonlinear system where the system will

eventually converge to stable points or periodic orbits when evolving from certain initial states.

Therefore, for initial states in this study relies on the system’s basin of attraction, in order to

find the most stable convergent state as the initial state of the system.

Figure 3.2 illustrates the concept of searching for the initial state. The blue line represents

the robot’s hybrid system, gradually converging within the BOA range, accompanied by dis-

crete and segmented events as shown in Figure 2.2, eventually converging to a limit cycle. At

this point, the stability is the highest, and it is the most suitable as the initial state for simulation.

Therefore, the design of the initial state should search for the ”suitable initial state” area indi-

cated by the black arrow. This range is not small, and some reasonable physical initial states can

satisfy it, such as standing on the ground with a little forward momentum. However, such initial

states may not satisfy all physical structures. For RWT, when the string tension is different, the

system’s BOA also changes. The same initial state may not guarantee that it is within the BOA.

Therefore, it is necessary to consider the ”Continuous, but non-real state” area on the left dotted

line.

Mathematically, the change of a motion equation is continuous, but considering the real sit-
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Figure 3.3: Flow chart of solving the equation of motion

uation as shown in Figure 2.2, it is necessary to deal with it in segments so that the range of

BOA becomes smaller with consider the real situation. However, in the process of searching

for the initial state, this part of the real situation can be completely ignored to ensure the conti-

nuity of the change, so that the system can converge to the final stable state in the BOA where

only mathematics is considered, and this part of the area range is very large. Specifically, for

example, selecting a situation where one stands on the ground with a large amount of kinetic

energy, any structure can complete one step, but in reality, this will cause jumping. However, if

we assume that it cannot jump, that is, the constraint force of the ground can be negative, then

as the gait converges, the final state can be stable and satisfy the positive constraint force of the

ground, which is the real situation.

3.2.3 Solving the equation of motion

ODE45 discretizes the ODE problem into a series of small time steps and estimates solutions

for different time steps using fourth and fifth order Runge-Kutta methods, adapting the step size
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based on the error to obtain more accurate solutions. Figure 3.3 illustrates the process of one

iteration of the calculation. First, the current ground constraint force is calculated based on the

robot configuration. Then, the current state is determined and the motion equation is calculated

according to the state transition diagram, i.e. Figure 2.2. During each iteration, collisions are

also checked to see if the robot’s motion state has changed, and if so, the ODE45 calculation is

terminated.

The collision detection of the robot involves calculating the positions of six endpoints of

the robot’s three legs. Based on the current state, the grounded endpoints are excluded, and the

remaining endpoints are compared with the real-time ground height. A collision is triggered

when the endpoint height is less than the ground height. It should be noted that in the compu-

tation process of ode45, to ensure accuracy, collision detection is triggered only when multiple

loops continuously satisfy the collision condition, resulting in a phenomenon where the robot’s

toes penetrate the ground. Although the degree of penetration can be negligible, it will affect

the next collision detection since the current state will be used in the next iteration of ode45.

The solution is to increase the simulation calculation accuracy.

In addition, when the robot experiences walking failure, such as being unable to cross a

potential energy barrier or collapsing due to a too-loose structure, corresponding error flag bits

need to be set, and then the mechanism in the collision detection module should be called to

end the ode45 calculation. As the simulation time is set to 10 seconds, which is enough time for

one step to be completed, if an exit is caused by the integration time limit, it indicates that the

robot cannot walk to the next step, and the corresponding error flag bits should also be written.

3.2.4 States update

After exiting ode45, the program determines whether to terminate or continue based on

whether an error occurred or not. If a collision occurred and the program exited normally, data

is recorded and the simulation continues.

Due to the occurrence of collision, it is necessary to calculate the velocity after collision and

reset the current position according to the collision equation as Eq. 2.30, in order to ensure the

normal operation of the next step.

In this context, there are two types of collisions: the first is a normal collision, which occurs

when a swing leg contacts the ground; the second is a backward re-collision, as shown in Figure
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2.3, which only results in a loss of kinetic energy without changing the corresponding position.

Also, inevitably, such collisions may occur multiple times within a single step.

In this way, the simulation of one step motion is achieved, and by using a loop, continuous

walking can be accomplished.

3.3 Simulation Results and Analysis

The simulation experiment on passive gait can be divided into two main parts. The first

part focuses on verifying the structural and dynamic characteristics of RWT, which includes the

influence of internal structure on walking. In this part, we validate the basic RWT model, the

semicircular foot model based on realistic improvements, and the model that considers friction,

all of which are based on the model presented in Chapter 2.

The second part aims to explore RWT as the minimal model of a robot morphology, includ-

ing its various morphologies and corresponding modes of movement.

Table 3.2: Physical parameters setting for simulation

Symbol Unit Description

𝑚𝑖, 𝑖 ∈ [𝑎, 𝑏, 𝑐] 1 [kg] Weight of each leg

𝐼𝑖, 𝑖 ∈ [𝑎, 𝑏, 𝑐] 𝑚𝐿2/4[𝑘𝑔 · m2] Inertia moment of each leg

𝐿 1 [m] Length of each leg

𝑙𝑐 0 [m]
Length between connection point and

tip point of each leg

𝜙 0.1 [rad] Angle of gentle downhill

𝑘 1000 [N/m] Elasticity coefficient

𝑐 1 [N·s /m] Damping coefficient
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Figure 3.4: Gait descriptors versus natural length coefficient with different 𝜙
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3.3.1 Point-foot contact

Exploring the Relationship between Self-Structure and Locomotion

The most fundamental morphology of RWT involves point-foot contact. In this subsection,

we investigate the influence of the natural length of the internal string on gait performance,

based on the physical parameters presented in Table 3.2.

The regular hexagon is the equilibrium shape of RWT, and its natural length is denoted as 𝑙𝑛.

Therefore, we base our observations on the assumption that the natural length 𝐿𝑛 = (𝐿 − 𝑙𝑐)/2,

and examine the influence of various coefficients 𝐿𝑛 on gait performance.

The Figure 3.4 illustrates the relationship between the coefficient of natural length of strings

and gait performance. The x-axis represents the coefficient of natural length of strings, while

the y-axis represents gait performance,which are walking speed, step period and percentage of

SSP in one step.

Through Figure 3.4, we can see that as the natural length increases, i.e. becomes looser, the

gait of the RWT undergoes a sudden change, with the emergence of bifurcations and chaotic

behavior. This indicates that with the increase of natural length, RWT exhibits new character-

istics, and chaotic phenomena only arise during the transition from the current characteristics

to the new ones, breaking the constraints of the current characteristics. This result demon-

strates the necessary condition for RWT as a robot morphology, that is, as the relative structure

changes, the system exhibits new characteristics, which can be seen as products of different

morphologies, i.e. changes in morphology occur.

On the other hand, as the slope increases, we can see that bifurcation and chaotic phenom-

ena become less apparent, and at the minimum slope, bifurcation is most pronounced. In the

passive gait, slope can be seen as an input of external energy, where large slope or external

energy suppresses the characteristic of morphology, thus making chaotic phenomena less pro-

nounced in RWT’s motion. This shows that RWT’s motion behavior is the result of a balance

between internal characteristics and external energy input. When the input energy from the en-

vironment is not strong, the internal characteristics dominate, and thus chaotic phenomena are

more likely to occur, which is determined by internal characteristics. When the input energy

from the environment is high, the system characteristics are suppressed, but this cannot change

the change in morphology. Thus, in the process of morphological change, chaotic phenomena

are less pronounced.

45



7 8 9 10

8

9

10

11

12

13

(a) Variation of 𝑥 over time

7 8 9 10

-1

-0.8

-0.6

-0.4

-0.2

0

(b) Variation of 𝑧 over time

7 8 9 10

-3.1416

-1.5708

0

1.5708

3.1416

(c) Variation of angular positions over time

Figure 3.5: Variation of position in period-1 gait

Period-1 Walking Gait

Based on Figure 3.4, we discovered period-1 and period-2 gaits, and we conducted inves-

tigations on them separately. Figures3.5 and Figure 3.6 show the simulation results of the

period-1 gait, which are the changes in position and velocity, respectively. It is worth noting

that in the velocity plot, we observed the phenomenon of backward collision, as shown in the

zoomed-in Figure 3.6. Figure 3.7 is its phase plot, which shows a stable limit cycle motion,

indicating the stability of RWT’s movement. Figure 3.8 is its motion stick plot, which shows
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Figure 3.6: Variation of velocity in period-1 gait

the shape of its limit cycle motion. Moreover, from the angular velocity changes in Figure 3.6

(c), we can see that its velocity changes are very unstable, which is determined by its occasional

high non-linear elastic force. However, this strong internal instability can form a stable limit

cycle gait through continuous walking, which is a very interesting phenomenon.

Period-2 Walking Gait

Like the period-1 gait, Figures 3.9-Figure 3.12 illustrate the corresponding motion changes

of the period-2 gait, which show that compared with the period-1 gait, the period-2 gait has
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Figure 3.7: Phase diagram of period-1 gait
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Figure 3.8: Stick diagram of period-1 gait

a slower speed and a larger step period. The period-2 gait is evidence of the broken conver-

gence domain during the transition from morphology 1 to morphology 2, and also evidence that

although the RWT appears unchanged, its internal characteristics have been altered. This sug-

gests that changes in morphology are not necessarily obvious, so judging morphology changes

based solely on structural changes is inaccurate. Instead, changes in the characteristics of the

gait should be used to determine changes in morphology, based on changes in its underlying

properties on the basis of structural changes.
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Figure 3.9: Variation of position in period-2 gait

Relationship Between Connection Position and Locomotion

Apart from the natural length of the spring affecting its intrinsic characteristics and mor-

phology, another structural factor, the connection position 𝑙𝑐, also affects its morphology. Figure

3.13 shows its walking performance under different values of 𝑙𝑐.

It can be observed that a certain morphology is presented around 𝑙𝑐 = 0, which then abruptly

changes to another morphology. Furthermore, as 𝑙𝑐 increases, the step period increases and the

velocity decreases, and chaotic behavior gradually appears, indicating the end of the current
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Figure 3.10: Variation of velocity in period-2 gait

morphology. As shown in Figure 3.13(c), the proportion of DSP during the transition between

the two morphologies does not change abruptly, indicating the same walking posture. This sug-

gests that different morphologies can produce the same walking pattern, but the performance of

the motion under that pattern will be significantly different, i.e., morphology corresponds only

to the optimal way of motion. In addition, as the slope increases, i.e., the external energy in-

creases, there is still a phenomenon of excessive energy suppressing the internal characteristics.
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Figure 3.12: Stick diagram of period-2 gait

3.3.2 Semicircular feet

‘Semicircular feet’ is a typical real-world problem because ideal point contact does not

exist. The Relationship between the radius of semicircular feet and walking performance is

presented in Figure 3.14 and its walking gait is shown as Figure 3.15. It can be observed that

the variation in radius affects its internal characteristics, leading to changes in its morphology.

As the radius of the semicircle increases, the step period decreases. However, interestingly, the

speed does not increase and gradually decreases. This suggests that the radius of the semicircle

primarily affects its stride length, as the stride length decreases with increasing radius. This is
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Figure 3.13: Gait descriptors versus distance of connection with different 𝜙
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Figure 3.14: Gait descriptors versus radius of circular-feet with different 𝑟
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Figure 3.15: Stick diagram of RWT with semicircular feet
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Figure 3.16: Gait descriptors versus friction coefficient with different 𝜙

understandable as changes in foot shape are more likely to alter the mode of movement than the

morphology. Nonetheless, when the radius becomes too large, it affects its morphology, leading

to abrupt changes.

3.3.3 Low friction surfaces

Walking on a frictional surface is a realistic problem, and Figure 3.16 investigates the effect

of different levels of smoothness of the surface on gait at various inclinations. It can be seen

that RWT can achieve stable walking at a fairly smooth surface with 𝜇 = 0.1, and achieve a

stable gait (period-1 or multi-period). On a smooth surface, high-speed and stable walking can

be achieved by utilizing friction.

Figure 3.17 investigates the performance of different semicircular feet on various smooth
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Figure 3.17: Gait descriptors versus friction coefficient with different 𝑟

surfaces. When r is small, it is relatively easy to achieve period-1 gait, while with the increase

of r, it gradually shows multi-period. This is also understandable, as a too large semicircular

radius is more flexible on a frictional surface, but based on the self-convergence of RWT, its

gait will not fail.

3.3.4 Morphological exploration

Various Gaits Realization

We recorded the leg support states at each forward collision, mark as 0, 1, 2, 3. It is im-

portant to note that the morphological changes are continuous, 𝑖.𝑒., as shown Figure 2.2, and

non-sequential gait transition are unrealized, thus ultimately, the average value of the markers

55



can represent the current motion morphology that corresponds the specific motion as shown in

Table 3.3. Here, the check mark represents a definite need to occur in one step, the cross mark

represents a definite need not to occur in one step, and the question mark represents a possibility

of occurrence in one step. It means if the value after averaging is 𝑒.𝑔. 0.5, then it must consist

of a NSP and a SSP, and must not consist of a DSP and a TSP, it is therefore the morphology

corresponding to skipping according to the above definition.

As we can see in Figure 3.18, the vertical and horizontal axes indicate the RWT’s connection

method and the internal softness, which determine the structural properties, while the colors

represent the different states of ground contact. The blank area represents failures of movement,

such as collapsing because the structure is too soft to support itself, or being immobile due to

insufficient energy.

First of all, we can see that passive gait can be achieved which the slope 𝜙 = 0.03 [rad] is

relatively small. We use specific resistance 𝑆𝑅 = 𝑝/(𝑚𝑔𝑣) to represent energy efficiency, where

𝑝 is the average power of gravitational potential energy, and 𝑣 is the average speed of movement.

The smaller the value the higher the energy efficiency, and in passive gait, the magnitude of the

slope is equal to the magnitude of 𝑆𝑅, so we can see that the energy efficiency of RWT is also

very high unlike the other soft robots. Even though part of the kinetic energy will be converted

into elastic potential energy, the remaining kinetic energy can still make the RWT overcome the

potential energy barrier and complete the locomotion.

On the other hand, here we consider the gravitational potential energy as the external power

source, then as the slope becomes larger the RWT gradually changes to different morphologies

as the external power source increases. Consequently, it appears that the morphology corre-

sponding to walking is the basic morphology, while the morphology corresponding to crawling

is exhibited under high energy input, for stability and adaptability, and the morphology corre-

Table 3.3: Mapping relationship between markers and gaits

Gaits Marks

Skipping 0(✓) 1(?) 2(?) 3(×)

Walking 0(×) 1(✓) 2(?) 3(×)

Crawling 0(×) 1(?) 2(?) 3(✓)
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Figure 3.18: Various gaits emerged from passive locomotion under different slopes.

sponding to skipping are exhibited for high speed and agility.

The value of 𝑘 represents the tightness of the RWT. When 𝑘 is very small, it cannot support

its own structure and collapses, resulting in the move failing. While in Figure 3.18(a) and (b),

there is still a failure to move when 𝑘 is very large. This is due to the fact that under a small

energy input, large 𝑘 leads to an increase in elastic potential energy, thus consuming a large part

of the kinetic energy, and thus stopping the movement.

Crawling Gaits Realization and Analysis

According to Figure 3.18, the morphology corresponding to crawling exists in the region

of lower internal elasticity, which is associated with a higher degree of independence between

each leg’s dynamic properties. Figure 3.19 demonstrates the simulation results that shows the

emergence of morphology corresponding to crawling . The light yellow area indicates the

57



(a) Step period

0.1 0.2 0.3 0.4 0.5
0

50

100

P
er

ce
n
ta

g
e 

[%
]

NSP

SSP

DSP

TSP

(b) Percentage of leg support phases

(c) Leg-ground interactions per cycle of the COM

C
ra

w
li

n
g

 s
p

ee
d

 [
m

/s
]

(d) Crawling speed

Figure 3.19: Numerical simulation results of the emergence of crawling gaits.
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Figure 3.20: Variation of position over time of crawling gaits

morphology corresponding to crawling and it also can be seen from Figure 3.19(b) that the

TSP begins when 𝜙 exceeds 0.2 [rad]. First, it can be seen from Figure 3.19(a) that the gait

of the morphology corresponding to crawling is multi-periodic and tends to converge as the

external input energy increases. Legged robot forward locomotion generally involves periodic

changes in the trajectory of COM, so we counted the number of leg-ground interactions when

the COM cycle changes once, as can be seen in Figure 3.19(c). As a result of the morphology

corresponding to crawling , two times leg-ground interactions are maintained, resulting in the

multi-periodic gait pattern. Additionally, 1:2 resonance of the change in elastic potential energy

with the walking frequency is determined by the robot’s structural properties. This demonstrates

that resonance phenomena are highly correlated with morphology and can prove that it is based
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Figure 3.21: Variation of velocity over time of crawling gaits

on its own structural properties.

And the specific simulation results of crawling are shown in Figure 3.20-3.23.

Walking Gaits Realization and Analysis

As the basic morphology, walking is more easily recognizable as the light yellow area in

Figure 3.24. From Figure 3.24(a), we can see that the typical limit cycle gait is achieved. This

gait is efficient and stable and is determined by its own morphology. The abrupt change around

𝜙 = 0.1 [rad] is the result of the different slopes, namely the external power source, that affect

the resonance and lead to changes in gait. Such a change in gait can be clearly seen in 3.24(b),
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Figure 3.22: Phase diagram of crawling gaits

13 13.5 14 14.5 15 15.5 16 16.5 17 17.5 18 18.5 19

-2

-1.8

-1.6

-1.4

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

Figure 3.23: Stick diagram of crawling gaits

where the percentage of SSP and DSP crosses about this point. Accordingly 1:1 resonance is

a relatively stable state, which can be used as evidence that the morphology corresponding to

walking is a very basic morphology.

Skipping Gaits Realization and Analysis

As shown in Figure 3.18, as 𝜙 increases, morphology corresponding to skipping will ap-

pear in the lower middle of the graph and then disappear, which we call it typical morphology

corresponding to skipping , while morphology corresponding to skipping will also appear in

the upper right corner when 𝜙 is relatively large. A large slope, that the large external power
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Figure 3.24: Numerical simulation results of walking gaits.
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Figure 3.25: Numerical simulation results of skipping gaits appearances and disappearances
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source, will result in the robot yielding to the morphology corresponding to skipping . Such

yielding can reasonably dissipate the excess energy and express as morphology corresponding

to skipping , but it does not indicate that the morphology corresponding to skipping is general

at this time based on its extremely low energy efficiency, thus only the typical morphology

corresponding to skipping is reasonable and general, so we investigated it specifically.

Figure 3.25 shows the results of morphology corresponding to skipping and the left light

yellow area is the typical morphology corresponding to skipping which is generated due to

1:4 resonance as shown in Figure 3.25(c). We can see that the morphology corresponding to

skipping also includes SSP and DSP, which indicates that the robot will not pick up immediately

after landing, but will have a boosting process, which is the difference between skipping and

running.

3.4 Summary and Discussions

In this chapter, a simulator was first designed using MATLAB, which not only validated the

mathematical model but also explored the motion characteristics of the RWT. Passive walking

can ingeniously convert energy into motion through its own structural characteristics, and the

current morphological characteristics make full use of external energy to produce corresponding

walking movements. This study found that the structural characteristics of the RWT do not

have continuity through passive walking, indicating that the change in its structure leads to

the production of different characteristics, i.e., different morphologies. This demonstrates the

RWT’s ability to serve as a minimal model for robot morphology research. On the other hand, in

the simulation results, period-1, period-2, and chaotic gaits were also observed, which appeared

in the morphological transitions, supporting the above views. Based on this, this study delved

into the different morphologies of the RWT, finding that different morphologies were suitable

for different types of movement, such as crawling, walking, and skipping, and provided specific

differentiation and analysis. The content of this chapter validated the mathematical model of

the RWT and demonstrated its feasibility as a model for robot morphology research.

In addition, it is also necessary to improve the minimal model to study special scenarios.

Therefore, in this chapter, we provide specific analyses and corresponding conclusions on semi-

circular feet and frictional surfaces.
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Chapter 4

Morphology-Based Control and Analysis

4.1 Overview

Traditional control methods often rely on reducing the order or using approximation tech-

niques for higher-order nonlinear systems. However, these methods are only applicable to sys-

tems with weak nonlinearity or lower order. When it comes to systems with higher order or

strong nonlinearity, traditional control methods are often inadequate. Nevertheless, higher-

order nonlinear systems are not unsolvable. Although the precise state changes may be elusive,

their ultimate convergence trends, known as attractors, may objectively exist. The proposed

MBC in this study takes into account the morphological characteristics to generate or mod-

ify the attractors of the system, enabling control of high-order nonlinear systems towards the

desired state. Due to the inherent presence of time and uncertainty in converging towards at-

tractors, MBC control faces challenges such as low response and precision. However, these

challenges are unavoidable when dealing with higher-order nonlinear systems. The tensegrity

robot studied in this research is a typical example of such a higher-order nonlinear system,

with its internally coupled elastic elements introducing higher nonlinearity and complexity to

its motion. Therefore, MBC is the appropriate approach to address the control of the tensegrity

robot.

In this chapter, firstly MBC is applied to the control of a spring-mass car model in order to

achieve different types of locomotion, from walking to crawling, by transforming the morphol-

ogy of the system. The effectiveness of this method is demonstrated through experiments on

a RWT system, where MBC is used to control the transition from one morphology to another,

65



x

u
k

c

Figure 4.1: Spring-mass-damper system

resulting in different types of locomotion.

Furthermore, the authors propose a simpler SRWT model that is capable of moving on

flat terrain, and exhibit typical period-1 and period-2 gaits with stability analysis. Finally, the

authors provide several examples of potential applications, such as walking on uneven terrain

or in low gravity environments.

Compared to traditional position control methods, MBC is more indirect in that it controls

the morphology of the system rather than the posture directly. This approach has the advantage

of being more adaptable and requiring less complexity.

4.2 Introduction of MBC Through Simple Model

As shown in Figure 4.1, a spring-mass-damper system is considered with a distance of 𝑥

from the fixed point, 𝑘 and 𝑐 representing its elastic and damping coefficients, respectively.

The natural length of the spring is denoted as 𝑙1. The input 𝑢 controls its movement in the 𝑥

direction.

Morphology refers to the characteristics that correspond to a certain structure, and the most

common spring-damper system can also be seen as the smallest unit that makes up the morphol-

ogy. The position x can represent its structure, and k and c can determine its characteristics.

The morphology of rigid robots is fixed due to the absence of the spring-damper term, or

the negligible effect of this term, which prevents changes in their characteristics. On the other

hand, soft robots can exhibit multiple morphologies because their corresponding characteristics

can change with alterations in their structure.
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Figure 4.2: Phase diagram, it exhibits the motion characteristics, namely the spiral convergence,

of the system. The four solid lines in the diagram represent the motion behaviors under differ-

ent initial conditions, while the dashed lines show the trajectories under two different control

strategies.

Then considering a mass 𝑚 on a frictionless surface, the equation of motion is given by:

𝑚 ¥𝑥 + 𝑐 ¤𝑥 + 𝑘 (𝑥 − 𝑙1) = 𝑢. (4.1)

Therefore, its state-space equation can be written as:
¤𝑥1

¤𝑥2

 =


0 1

− 𝑘
𝑚

− 𝑐
𝑚



𝑥1

𝑥2

 +

0
1
𝑚

 𝑢 +


0
𝑘𝑙1
𝑚

 , (4.2)

where

𝑥1 := 𝑥, 𝑥2 := ¤𝑥. (4.3)

As the spring-damper system is the smallest unit of morphology, we can refer to the current

system as morphology No. 1.

It can be easily observed from Eq. 4.2 that without external input, the morphology No. 1

will ultimately converge to state [𝑙1, 0]T by its own dynamic characteristics when 𝑚, 𝑘 and 𝑐

are positive.

Its simulation results are shown by the solid line in Figure 4.2, where the simulation param-

eters are set as follows: 𝑚 = 1, 𝑐 = 10, 𝑘 = 100, 𝑙1 = 5.
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In this figure, points A, B, D, and E represent four different arbitrary initial states, and it

can be observed that under the dynamic characteristics of the current morphology, all states

converge to point C. If we want to control state A to reach state B, there are generally two

typical control methods, corresponding to the two dashed lines (1) and (2) in Figure 4.2.

The dashed line (1) refers to PID control, which uses the difference between the current

state and the target state as feedback to directly reach point B. From the phase diagram, this

trajectory is the shortest. However, this type of control can be seen as a real-time confrontation

between control and system characteristics, just like constantly resisting the vortex convergence

characteristics of the system during the process from A to B. This real-time resistance will

increase the control cost and reduce the control effect. In addition, PID control is heavily

dependent on feedback coefficients. After tuning a set of feedback coefficients, it only adapts to

the current system, which means it balances and resists the system’s convergence characteristics.

When replaced with another system, the control effect brought by the current PID feedback

coefficients also drops significantly.

This type of control does not need to consider the system characteristics, which is both a

disadvantage and an advantage. It is a disadvantage because it lacks repeatability and accuracy,

but it is an advantage because it is straightforward and can be used in situations where precision

is not critical.

Control that takes into account the system characteristics, as shown by the dashed line (2),

is often based on the solution or approximate solution of the system’s motion equations, to

determine the motion or motion trend, and to design the target trajectory or control input. Al-

though such control involves complex calculations and high difficulty, it produces good control

effects by utilizing the system characteristics. Dashed line (2) uses the characteristic of spiral

convergence, and although the distance seems much longer than (1), it works with the system’s

tendencies and produces better results with less effort.

MBC is different from these two types of control. Its ultimate goal is to change the cur-

rent system’s dynamic characteristics by manipulating the inputs, in this case, the convergence

characteristics, to enable the system to converge to state B from any initial state A.

This is an example of controlling the morphology No. 1 , the spring-damping system with

nature length 𝑙1, to reach the state [𝑥𝑑 , 0]T through MBC.

Here, considering the control target as [𝑥𝑑 , 0]T, we can design the morphology No. 2, i.e., a
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spring-damper system with natural length 𝑥𝑑 without any external input. Its state-space equation

can be written as 
¤𝑥1

¤𝑥2

 =


0 1

− 𝑘
𝑚

− 𝑐
𝑚



𝑥1

𝑥2

 +


0
𝑘𝑥𝑑
𝑚

 , (4.4)

It will naturally converge to the target [𝑥𝑑 , 0]T as mentioned before. In practical situations,

it is not feasible to change the morphology of a spring by replacing it. Therefore, the core idea

of MBC is to control the input to transform morphology 1 into morphology 2. To make Eq. 4.2

equal to Eq. 4.4, we can obtain 𝑢 in Eq. 4.2 as follows:

𝑢 = 𝑘 (𝑥𝑑 − 𝑙1). (4.5)

This means that by adding input 𝑢 to morphology No. 1, it can have the same characteristics

as morphology No. 2, thus changing its morphology characteristics, namely the convergence

characteristics, through control input, and naturally achieving the control target.

Here, as a summary of the MBC method, the first step is to determine the self-morphology,

which is morphology No. 1. The second step is to design the ideal morphology No. 2, so

that it can achieve the control objective through its own characteristics, and its self-convergence

characteristics should meet the requirements of control, such as response speed and control

precision. The third step is to use the control input 𝑢 of morphology No. 1 to transform it into

morphology No. 2, thereby obtaining the self-convergence characteristics of morphology No.

2.

4.3 Morphological Changes of RWT

In the previous chapter, the morphologies corresponding to walking and crawling are dis-

covered and discussed separately. In this section, we use the aforementioned MBC to achieve

the morphological changes of the RWT, and validate them through passive gaits.

The implementation of different morphologies is based on different structural characteris-

tics, so we provide the equations of motion for the morphology and the crawling morphology

separately:

M ¥q + h = F𝑤−con + F𝑤−cou, (4.6)

M ¥q + h = F𝑐−con + F𝑐−cou. (4.7)
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The subscripts 𝑤 and 𝑐 represent morpholog corresponding to walking and crawling mor-

phology, respectively. Based on Eq. 2.2 in Chapter 2, the motion equations can be rewritten as

follows:

M ¥q + h = F𝑤−con + S𝑤f𝑤, (4.8)

M ¥q + h = F𝑐−con + S𝑐f𝑐 (4.9)

where

S𝑤 := JT
𝑤D𝑤T𝑤, (4.10)

S𝑐 := JT
𝑐 D𝑐T𝑐 . (4.11)

Considering the control input as the tension in each string, denoted by u𝑤/u𝑐, the motion equa-

tions can be written as:

M ¥q + h = F𝑤−con + S𝑤 (f𝑤 + u𝑤), (4.12)

M ¥q + h = F𝑐−con + S𝑐 (f𝑐 + u𝑐). (4.13)

Here, we set the control objective as using the control input u𝑤 to enable the morphology

of RWT that corresponding to walking change to crawling.

The first step is to determine the current morphology, which is represented by Eq. 4.12.

The second step is to identify the target morphology, represented by Eq. 4.13. It should be

noted that the implementation of crawling is achieved through self-convergence characteristics

without any external input in this morphology, so u𝑐 is set to 0. The third step is to design

u𝑤 to add to the morphology corresponding to walking, in order to achieve the crawling gait

characteristics. So we obtain the equation for morphology of walking:

¥q = M−1(F𝑤−con + S𝑤 (f𝑤 + u𝑤) − ℎ). (4.14)

We set the motion of crawling morphology as our target motion, then

¥q𝑡 = M−1(F𝑐−con + S𝑐f𝑐 − ℎ), (4.15)

Here, the subscript ”t” represents the target. Then, to achieve ¥q → ¥q𝑡 , the control inputs u𝑤

can be obtained. After obtaining the crawling morphology characteristics by controlling the

morphology of walking, it can achieve crawling gait with a different initial state than that of the

crawling morphology through its own convergence properties.
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Figure 4.3: Percentage of different support phases over the number of steps

Through the simulations presented in the previous chapter, we selected stable limit cycle

gaits for different morphologies that correspondinng to walking and crawling. They correspond

to our current and target morphologies, respectively. Starting from an arbitrary initial state in

the current morphology, we first achieved the limit cycle gait, which has the highest stability.

Then, we applied control input u to change its characteristics and observed the gait pattern.

Figure 4.3 shows the corresponding simulation results, where the x-axis represents the step

number, and the y-axis represents the percentage of each support phase in each step. We can

observe that the walking gait consists of SSP and DSP, gradually forming a stable limit cycle

gait before 20 steps. After that, we applied input u𝑤, and in the current step, the morphol-

ogy began to transform. The transition is accomplished by the DSP reaching 100% and later

evolved into a crawling gait consisting of DSP and TSP. As the step number increased, the gait

gradually formed a stable limit cycle gait, indicating that we successfully achieved the crawling

gait characteristics in the current morphology by applying control input u𝑤 and implemented

the corresponding movement. This demonstrates that MBC can enable a transformation of one

morphology to another single morphology.
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Figure 4.4: Simplified RWT model for control

4.4 A Simplified RWT Model and Flatland Locomotion

MBC can not only transform one morphology into another as demonstrated in the previous

section but also be used to track continuous changes in morphology/shape. Therefore, in this

section, we will utilize MBC to control the SRWT to achieve different morphologies/shapes and

thus enable locomotion.

4.4.1 Model introduction

As the minimal model of passive gaits, RWT requires that the leg angle at touchdown is

less than 90 degrees to preserve some kinetic energy when the swing leg collides with the

ground, hence the necessity of three legs. However, as a control model, this condition is no

longer required, and therefore, two rods are sufficient, which can further simplify the model’s

complexity.

As depicted in Figure 4.4, the Simplified RWT (SRWT) consists of two identical rods,

labeled as Leg A and Leg B, which are connected by four massless flexible strings. These

strings can be pulled by an actuator using a control input 𝑢 𝑗 [N], where 𝑗 ∈ [1, 4]. The distance

from the connection point to the end of each rod is 𝑙 [m]. The rods have a length of 𝐿 [m],

weight of 𝑚 [kg], and moment of inertia of 𝐼 [kg·m2]. Additionally, their angular positions with

respect to the vertical axis are denoted as 𝜃𝑎 [rad] and 𝜃𝑏 [rad], respectively.
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Let q =

[
𝑥𝑎 𝑧𝑎 𝜃𝑎 𝑥𝑏 𝑧𝑏 𝜃𝑏

]T
be the generalized coordinate vector, and the equation

of motion for the robot during the SSP or DSP is given by:

M ¥q + h = Fcon + Su. (4.16)

The specific constraint force calculation and collision calculation are consistent with the

methods described in the second chapter, and the detail of control inputs is same as Eq. 4.8-

4.11, therefore it will not be repeated here.

Here we have four inputs, but there is no direct correlation between the four inputs and the

forward motion. Therefore, we will focus on exploring the relationship between the inputs and

forward motion. We use the clockwise torque of the stance leg as the standard for forward

movement. For the control matrix Su, the bottom row represents the impact of the four control

inputs on the forward torque.

𝜏 =


05×6

11×6

 Su, (4.17)

The 𝜏 represents the clockwise torque on the stance leg, then taking the partial derivatives

of a with respect to u yields the influence of the control inputs on the clockwise torque, which

can be calculated as followed. 

𝜏𝑢1

𝜏𝑢2

𝜏𝑢3

𝜏𝑢4


=



𝜕𝜏
𝜕𝑢1

𝜕𝜏
𝜕𝑢2

𝜕𝜏
𝜕𝑢3

𝜕𝜏
𝜕𝑢4

.


(4.18)

Figure 4.5 illustrates the influence of the four inputs on the clockwise moment of the stance

leg for various postures based on Eq. 4.18. The red color represents positive influence, while

the blue color represents negative influence. To calculate 𝑖-th percentage, we use the following

formula:

𝑖−th Percentage =
𝜏ui∑4

i=1 |𝜏ui |
. (4.19)

In Figure 4.5, the vertical leg represents the stance leg. It can be observed that the tension

in the two strings to the right of the stance leg contributes to the forward motion of the SRWT,

but the effect varies depending on the SRWT’s posture.

Based on Figure 4.5, we can design its shape change to actively maximize the utilization of

the contraction of the two strings on the right and achieve forward motion. It should be noted

that here we can only ensure the necessary condition for forward movement: the forward torque
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Figure 4.5: Effect of tension on the forward torque in different postures.

of the supporting leg, while other factors such as the motion of the swing leg are unknown.

Therefore, the overall stability of SRWT still needs to be ensured by its own characteristics.

4.4.2 Design of motion postures

To achieve an arbitrary posture, only a maximum of three string tensions (control inputs) are

needed. Any additional control inputs will be set to zero during the robot’s continuous motion.

Note that this indeterminate redundancy in control inputs is unavoidable, therefore we need to
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simplify its degrees of freedom.

The length of the four strings y can be determined by three parameters: 𝑙𝑎 [m], 𝑙𝑏 [m], and

𝜃 [rad], as shown in Figure 4.4. The geometric relationships are as follows:

y :=



𝑦1

𝑦2

𝑦3

𝑦4


=



√︃
𝑙2𝑎 + 𝑙2

𝑏
− 2𝑙𝑎𝑙𝑏 cos 𝜃√︃

𝑙2
𝑏
+ 𝑙𝑎

2 − 2𝑙𝑏𝑙𝑎 cos (𝜋 − 𝜃)√︃
𝑙𝑎

2 + 𝑙𝑏
2 − 2𝑙𝑎𝑙𝑏 cos 𝜃√︃

𝑙2𝑎 + 𝑙𝑏
2 − 2𝑙𝑎𝑙𝑏 cos (𝜋 − 𝜃)


, (4.20)

where

𝑙𝑎 := 𝐿 − 2𝑙 − 𝑙𝑎, (4.21)

𝑙𝑏 := 𝐿 − 2𝑙 − 𝑙𝑏 . (4.22)

In this study, the variation of string length is to follow a fifth-order function of time, given

by:

y𝑑 (𝑡) =

∑5

𝑘=0 𝑎𝑘 𝑡
𝑘 , 0 < 𝑡 ⩽ 𝑇𝑠𝑒𝑡∑5

𝑘=0 𝑎𝑘𝑇
𝑘
𝑠𝑒𝑡 , 𝑡 > 𝑇𝑠𝑒𝑡

, (4.23)

where 𝑇𝑠𝑒𝑡 [s] is the target control period and determined with the consideration of smoothly

connecting the initial position and initial velocity. Thus following boundary conditions should

be satisfied:

y𝑑 (0) = y(0), ¤y𝑑 (0) = 0, ¥y𝑑 (0) = 0,

y𝑑 (𝑇𝑠𝑒𝑡) = y(𝑇𝑠𝑒𝑡), ¤y𝑑 (𝑇𝑠𝑒𝑡) = 0, ¥y𝑑 (𝑇𝑠𝑒𝑡) = 0.
(4.24)

Accordingly, each coefficient of Eq. (4.23) can be obtained by combining Eq. (4.23) and Eq.

(4.24). Here, y(0) represents the current position after one step, while y(𝑇𝑠𝑒𝑡) represents the

target position that the robot should reach after one control period.

In order to achieve cyclic walking of SRWT, it is necessary that the posture after one step is

equal to the posture at the beginning of the next step, as shown in Figure 6.9. However, since

the coordinates are reset after each step, i.e., 𝐿 − 2𝑙 − 𝑙−𝑎 → 𝑙+
𝑏
, 𝑙−

𝑏
→ 𝑙+𝑎 , 𝜋 − 𝜃− → 𝜃+. A

fixed target posture can ensure continuous cyclic walking, i.e., limit cycle gait. Through the

geometric relationship in Figure 4.5, we can conclude that an increase in 𝑙𝑎 during one step is a

necessary condition, while a smaller 𝑙𝑏 can provide enough space for 𝑙𝑎 to increase in the next

step.
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(d) 𝑙𝑏 = 0.12

Figure 4.7: Simulation results of walking based on different target postures

4.4.3 Implementation of mobility

Based on the above variation criteria, we investigated the walking outcomes of various target

postures under MBC with the parameter setting as Table 4.1. The results are shown in Figure
76



4.7. Here, the variation speed of the target posture is constrained by 𝑇𝑠𝑒𝑡 , while the convergence

speed of the corresponding posture is determined by its own ideal characteristics. The range

of 𝑇𝑠𝑒𝑡 is from 0.3 [s] to 2 [s] with an interval of 0.1. The colorbar in the graph represent the

number of successful trials which indicate the convergence range of the corresponding posture,

with higher values indicating larger convergence range, and 0 indicating a failed trial.

4.4.4 Typical gait

Among these feasible regions, we also observed period-1 gait, period-2 gait, and chaotic

gait. Figure 4.8 shows the simulation results of period-1 gait. From this simulation results,

we can observe that the velocity curve is not very smooth, which is determined by its own

convergence characteristics. Compared to traditional position control, actively utilizing its own

convergence characteristics can greatly enhance the adaptability of the robot and reduce control

complexity.

Similarly, Figure 4.9 shows the typical simulation results of its period-2 gait, where two

steps are completed within one period. As mentioned earlier, although the robot can converge

from any state to the target posture, the process from the current posture to the target posture

may not necessarily lead to successful walking due to the conditions required for actual walking

and the discrete impact from collisions. The appearance of the period-2 gait is a sign of failure

in this regard.

Table 4.1: Physical parameters setting of SRWT for simulation

Symbol Unit Description

𝑚𝑖, 𝑖 ∈ [𝑎, 𝑏, 𝑐] 1.5 [kg] Weight of each leg

𝐼𝑖, 𝑖 ∈ [𝑎, 𝑏, 𝑐] 𝑚𝐿2/4[𝑘𝑔 · m2] Inertia moment of each leg

𝐿 0.5 [m] Length of each leg

𝑙𝑐 0.1 [m]
Length between connection point and

tip point of each leg
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Figure 4.8: Simulation results of period-1 gait
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Figure 4.9: Simulation results of period-2 gait
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4.4.5 Stability analysis

The Poincaré mapping method is a commonly used dynamic analysis method, widely ap-

plied in the research of robot gait stability. In a robot’s single-cycle gait, the Poincaré mapping

method describes the robot’s motion trajectory by mapping each state vector in one gait to the

next. Typically, the Poincaré mapping method is applied immediately after the leg collision to

ensure the robot’s periodic motion. By analyzing the Poincaré mapping method, the stability

of the robot’s single-cycle gait can be obtained. Specifically, by introducing slight perturba-

tions, the perturbation vectors corresponding to each state vector can be obtained, and then the

Jacobian matrix of the state vector can be calculated based on the relationship between the per-

turbation vector and the mapped state vector. The eigenvalues of the Jacobian matrix can be

used to determine whether the robot’s single-cycle gait is stable. The Poincaré mapping method

provides an effective analytical tool for the study of robot gait stability, with high theoretical

research and practical value.

Q𝑛+1 = P (Q𝑛). (4.25)

The state vector at the beginning of the 𝑛𝑡ℎ step is denoted as Q𝑛, as the Poincaré section

of the Poincaré map of leg motion is typically defined as the instant immediately after the leg

collision. The Poincaré map P represents the state vector Q from the current step 𝑛 to the next

step 𝑛 + 1. The state vectors are selected in the following manner.

Q∗ = P (Q∗). (4.26)

In the case of periodic motion, the state vectors are self-mapped and the step count is disre-

garded. However, when a small disturbance is introduced to the steady-state dimension 𝑖𝑡ℎ, the

resulting output of the Poincaré map can be expressed as follows.

Q∗ + δ𝑖1 = P (Q∗ + δ𝑖0) ≈ P (Q∗) + 𝜕P

𝜕Q

����
Q∗

δ𝑖0 (4.27)

Represented by the vector δ𝑖0, the perturbations in the steady-state 𝑖𝑡ℎ dimension give rise to

a resulting deviation defined as δ𝑖1. By replacing equation (4.26) with equation (4.27) and

applying it to the perturbations in each dimension separately, we can obtain the gradient matrix.

𝜕P

𝜕Q

����
Q∗

≈
[
δ1

1 δ2
1 · · · δ𝑛1

] [
δ1

0 δ2
0 · · · δ𝑛0

]−1
(4.28)
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Figure 4.10: Different stability under various target postures

To determine the local stability of the gait of the robot under entrainment control, we examine

the eigenvalues 𝜆𝑖 of the matrix 𝜕P
𝜕Q

����
Q∗

, which define the response of the 𝑖𝑡ℎ dimension to a

perturbation. If max |𝜆𝑖 | < 1, then the gait is considered locally stable. By applying a small

perturbation at the instant after the leg collision and calculating the maximum eigenvalue, we

can determine if the gait is stable under entrainment control.

Compared to Figure 4.7, Figure 4.10 incorporates the analysis using the Poincaré map,

where blank spaces represent non-periodic gaits or failed walking. The colors less than 1 in-

dicate stability, while the parts of the figure greater than 1 are all represented by 1 to indicate

non-convergence. This Figure 4.10 further explains the degree of stability under different con-

trol target postures.
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Figure 4.11: Various gravities affect walking success range

4.4.6 Application of SRWT: walking on low-gravity and uneven terrain.

The simulation results of SRWT are presented in Figure 4.7, where the color scale indicates

the number of successful trials, demonstrating the range of successful control. Among them,

the best result is shown in Figure 4.7(d), which is used as a reference to explore the success

rate under different gravities in Figure 4.11. The color scale in Figure 4.11 ranges from 0 to

50, compared to the original range of 0 to 10, showing that SRWT performs better in low-

gravity environments. This advantage is based on its self-convergence property, which can

better balance various internal forces, such as the constraint force with the ground or the internal

coupling elastic force.

We generated the height of the uneven terrain randomly at a ratio of one-tenth of the robot’s

height and simulated its walking performance. Figure 4.12 (a) displays the altitude of the robot’s

contact points while walking, while Figure 4.12 (b) shows the speed of each step. The results

indicate that the robot can walk on uneven terrain utilizing its own dynamic properties with a
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Figure 4.12: Landing height over steps

forward moment.

4.5 Summary and Discussions

Morphology-based control (MBC) is applicable to higher-order or difficult-to-linearize sys-

tems, which are often challenging to control directly. In the case of the model in this study, its

motion equations are more complex and nonlinear compared to traditional second-order equa-

tions due to the high coupling of internal elastic elements. Direct control of such systems is not

feasible; however, the convergence characteristics, including convergence speed and target con-

vergence state, can be altered by controlling the inputs. Despite its indirect nature, MBC offers

a viable approach. Employing conventional control methods would lead to significant structural

variations in this highly sensitive nonlinear system, even if control were achieved, due to any

slight disturbance during the experimental process. Optimization can enhance control stability,

but it does not bring about substantial changes to such systems. On the other hand, with the use

of MBC, the control objective shifts from controlling the position to managing the convergence

characteristics of the system. This enables the elimination of any disturbance through the sys-

tem’s inherent convergence property. Though indirect, this method ensures the achievement of

the target state and controls the convergence speed, i.e., the motion speed, indirectly.

This is chapter, MBC is applied to the RWT, enabling it to transform its shape from passive
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walking to different movement modes, such as crawling, which demonstrates the effectiveness

of the control method. This approach enables the control of RWT’s single-morphology-to-

another-morphology transformation. Moreover, MBC can also realize continuous tracking of

the target morphology, achieving the transformation of its posture. Therefore, a simpler SRWT

model is proposed based on this approach, which can move on flat ground. The typical period-1

and period-2 gaits are demonstrated and their stability analysis is provided. Finally, some spe-

cial applications are given, such as adaptation to uneven terrain or better walking performance in

low-gravity environments. Compared with traditional position control, MBC is more indirect.

It does not directly control the posture, but rather the morphology, which affects the posture

through the convergence properties of the morphology. This method has higher adaptability

and lower control complexity.
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Chapter 5

Necessary Conditions for Limit Cycle Gait

5.1 Overview

The previous chapter introduced the implementation of gait based on MBC and the stability

of gait under different desired postures, while the reasons why gait is stable will be described

in detail in this chapter.

As previously mentioned, the difference between MBC and general rigid-body robot control

lies in the fact that MBC controls the morphology, and through morphological characteristics

such as convergence, achieves the desired posture. This is because the presence of elastic ele-

ments leads to a higher-order nonlinear relationship between the control inputs (force or torque)

and the control outputs (trajectory position), due to the high coupling of elasticity, resulting in

strong nonlinear characteristics. Thus, conventional methods like position control cannot be

used, and instead, the system’s characteristics must be utilized. MBC leverages the unique

properties of the morphology, specifically its convergence properties, to control the conver-

gence position of a high-order strongly nonlinear system by modifying the morphology, thereby

achieving changes in position.

In this study, the proposed method controls the magnitude of elasticity by controlling the

length of the string, which in turn allows for different morphological characteristics and ulti-

mately achieves different equilibrium postures, i.e., controlling the desired posture. Although

the system obtains different morphological characteristics through control, its behavior is man-

ifested in the change of its own posture, and the influence on gait is solely related to changes

in self-posture. To further study the necessary conditions for posture changes and gait stability,
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the control effect produced by MBC can be ignored, and only the rigid structural changes can

be considered. Hence, this study proposes the following rigid model, where the posture changes

can be equivalent to the control results generated by MBC, thus enabling the investigation of

factors affecting gait.

Using this model allows us to avoid the influence of elastic elements on control and focus

more on the variations in motion. Furthermore, the motion variations can be achieved through

virtual inputs, which provide control results similar to MBC but in a simpler and more imple-

mentable manner. In the previous chapter, controlling the SRWT required four inputs, and due

to the complex mapping relationship between the inputs and generalized coordinates caused by

controlling only the strings, it was challenging. However, the rigid model proposed in this chap-

ter reduces the redundancy and complexity of the mapping by lowering the number of inputs.

Additionally, although the inputs of this rigid model are virtual based on MBC, meaning the

effect of four redundant actual inputs can be achieved through three virtual inputs, these virtual

inputs still possess general physical significance and can be implemented in practice, making

them reasonable.

Therefore, in this chapter, the proposed model is used to validate the achievement of limit

cycle gaits for different control objectives, thereby demonstrating the necessary conditions for

generating limit cycle gaits.

5.2 Mathematical Modeling

The model shows in Figure 5.1 consists of two rods with the same degrees of freedom as

SRWT, with the only difference being the absence of elastic elements and the method of input.

There are three control inputs in this case, each controlling the length of 𝑙𝑎, 𝑙𝑏, and the angle of

𝜃.

Let q =

[
𝑥 𝑧 𝜃1 𝑙𝑎 𝑙𝑏 𝜃2

]T
be the generalized coordinate vector, the robot equation of

motion then becomes:

M ¥q + h = JTλ + Su, (5.1)

where M represents the inertia matrix, h represents the combination of central force, Coriolis

force and gravity terms. JTλ is the constraint forces term. In this case, the three control inputs

respectively govern the lengths of 𝑙𝑎 and 𝑙𝑏 as well as the angle 𝜃 := 𝜃1 − 𝜃2. Then the control
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Figure 5.1: Mathematical model for rigid structures

torque vector Su is then determined as

S𝑢 =


0 0 0 1 0 0

0 0 0 0 1 0

0 0 1 0 0 −1


T 

𝑢1

𝑢2

𝑢3


. (5.2)

Considering the constraint that the grounding point do not experience relative sliding, ac-

cording to the previous method, the constraint force λ can be determined as

λ = −X−1JM−1(Su − h), (5.3)

where X := JM−1JT and

J =


1 0 0 0 0 0

0 1 0 0 0 0


T

. (5.4)
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The control output is

y =


𝑙𝑎

𝑙𝑏

𝜃


. (5.5)

By taking the second derivative of the control output with respect to time, we can get

¥y = ST ¥q. (5.6)

Therefore, for achieving v := [𝑣1, 𝑣2, 𝑣3]T → ¥y, the control inputs can be derived as

u = A−1 (v +B) , (5.7)

where

A := STM−1Y S, (5.8)

B := STM−1Y h, (5.9)

Y := I6 − JTX−1JM−1. (5.10)

In this model, we have three control inputs, and for the sake of example, let’s focus on

𝑢1 to explain the control method. Considering the effectiveness of control during trajectory

variations, we employ Discrete-time Output Deadbeat Control (DODC). We define

𝜉 := 𝑙𝑎 − (𝑙𝑎 (𝑇) − 𝑙𝑎 (0)). (5.11)

Here, 𝑇 is defined as the control period. It’s important to note that the real-time variable 𝑡 is

reset after each step, and its range is limited to 0 to 𝑇 . When 𝑡 exceeds 𝑇 , the system will be

locked to ensure the maintenance of its own posture. During this time, the control does not

generate any energy output as it is effectively inactive.

The first and second derivatives of 𝜉 are

¤𝜉 = ¤𝑙𝑎, (5.12)

¥𝜉 = ¥𝑙𝑎 = 𝑣1. (5.13)

Then the state equation is

d
dt


𝜉

¤𝜉

 =

0 1

0 0



𝜉

¤𝜉

 +

0

1

 𝑣1. (5.14)
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To satisfy the conditions for Eq. (5.14), the following criteria must be met:

The initial state:

𝜉 (0) = −(𝑙𝑎 (𝑇) − 𝑙𝑎 (0)), ¤𝜉 (0) = ¤𝑙𝑎 (0). (5.15)

The target state:

𝜉 (𝑇) = 0, ¤𝜉 (𝑇) = 0. (5.16)

By discretizing the state equation Eq. (5.14) with respect to 𝑇/2, we can obtain
𝜉 [𝑖 + 1]
¤𝜉 [𝑖 + 1]

 =

1 𝑇/2

0 1



𝜉 [𝑖]
¤𝜉 [𝑖]

 +

𝑇2/8

𝑇/2

 𝑣1 [𝑖] . (5.17)

Here,

𝜉 [𝑖] = 𝜉 (𝑖𝑇/2), ¤𝜉 [𝑖] = ¤𝜉 (𝑖𝑇/2), 𝑣1 [𝑖] = 𝑣1(𝑖𝑇/2). (5.18)

Thus, the discretized state space Eq. (5.17) can be organized as

x[𝑖 + 1] = A𝑑x[𝑖] +B𝑑𝑣1 [𝑖] . (5.19)

Let’s define control output as 𝑣1 [𝑖] = Fx[𝑖], in order to satisfy condition x[2] = 0 all

eigenvalues of A𝑑 +B𝑑F should be equal to 0. In this case, the feedback gain F is

F =

[
−4/𝑇2 −3/𝑇

]
. (5.20)

Based on this method, we can obtain the v for each control output.

5.3 Control Purpose and Numerical Results

The stability of limit cycle gait can be reflected using the following formula for the variation

of kinetic energy.

𝐸−
𝑘 [ 𝑗 + 1] = 𝜅 [ 𝑗]𝐸−

𝑘 [ 𝑗] + Δ𝐸 [ 𝑗 + 1] . (5.21)

In this equation, 𝐸−
𝑘
[ 𝑗 + 1] represents the kinetic energy at the end of the 𝑗 + 1 step, just before

the swing leg collides with the ground. 𝜅 [ 𝑗] denotes the proportion of kinetic energy loss due

to collisions in the 𝑗-th step, ranging from 0 to 1 where a value closer to 1 indicates less energy

loss, the value of 𝜅 [ 𝑗] is related to the posture at the moment of collision, specifically the

position of the instantaneous center of mass relative to the contact point of the swing leg with
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the ground. Δ𝐸 [ 𝑗] represents the recovered energy obtained in the 𝑗-th step, such as energy

provided by the motor.

It is evident that the convergence condition for the series in this equation is for 𝜅 [ 𝑗] or

Δ𝐸 [ 𝑗] to be constant. The physical interpretation of this convergence is the achievement of a

limit cycle gait. Therefore, in this study, the aim is to investigate the necessary conditions for

the limit cycle gait of the current structure by employing different control strategies to make

𝜅 [ 𝑗] and Δ𝐸 [ 𝑗] constant. The objective is to demonstrate the stability conditions for the gait.

5.3.1 Landing posture constant control

The objective of this control is to ensure a consistent posture upon landing. However, mobile

robot models are generally underactuated, making it challenging to maintain their motion states.

Therefore, this study divides the control into two stages. The first stage focuses on controlling

the posture change, aiming to achieve the target posture at time 𝑇 . It is important to note that

the current step cannot end at this point, allowing for transition to the second stage. The second

stage aims to maintain the current posture, enabling the robot to fall onto the ground in a fixed

posture. This ensures a consistent posture at each collision during the gait.

The physical parameters and control parameters presented in Table 5.1. Here, the setting

of the target position is based on the conclusions from the previous chapter, and choosing a

relatively small value for T ensures the smooth execution of the first stage.

Table 5.1: Physical parameters and control parameters setting for simulation

Symbol Unit Description

𝑚 1 [kg] Weight of each leg

𝐼 𝑚𝐿2/4[𝑘𝑔 · m2] Inertia moment of each leg

𝐿 1 [m] Length of each leg

𝑇 0.3 [s] Control period

𝑙𝑎 (𝑇) 0.6𝐿 [m] Target position

𝑙𝑏 (𝑇) 0.4𝐿 [m]] Target position

𝜃 (𝑇) 𝜋/3 [rad] Target position
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Figure 5.2: Step periods over the number of steps
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Figure 5.3: State difference over the number of steps

Starting the simulation from any reasonable physical initial state, the simulation results

shown in Figure 5.2 illustrate the time for each step, while the dashed line represents the set

control period T. It can be observed that the actual time for each step is greater than T, indicating

the presence of the two aforementioned stages, namely the control stage and the lock-in stage,

which ensure the fixed posture upon touchdown. From the results, a converging trend in the gait

can be observed. Figure 5.3 displays the state difference, where we use 𝛾 to represent the state
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Figure 5.4: Proportion of kinetic energy loss over the number of steps
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Figure 5.5: Phase diagram with landing posture constant control

difference, specifically defined as follows:

𝛾 [ 𝑗 + 1] =
√︃
(𝑙𝑎 [ 𝑗 + 1] − 𝑙𝑎 [ 𝑗])2 + (𝑙𝑏 [ 𝑗 + 1] − 𝑙𝑏 [ 𝑗])2 + (𝜃 [ 𝑗 + 1] − 𝜃 [ 𝑗])2. (5.22)

It is evident that the state difference converges to zero, indicating that the state of each step

has achieved complete consistency, forming a limit cycle gait. The same landing posture results

in the same kinetic energy loss ratio, 𝜅. Therefore, from Figure 5.4, it can be observed that when

the landing posture is the same, indicating the achievement of the control objective, 𝜅 becomes

a constant value.

Additionally, Figure 5.5 provides a direct visualization of the realization of the limit cycle

gait.

The above results demonstrate the achievement of the control objective, which is to ensure

a fixed posture upon landing, thereby ensuring the stability of 𝜅. The fixation of 𝜅 enables the
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Figure 5.6: Recovered energy over the number of steps
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Figure 5.7: Control period over the number of steps

realization of a limit cycle gait, as evidenced by the simulation results. This indicates that for

the current shape, maintaining consistent landing postures can contribute to achieving a stable

limit cycle gait.

5.3.2 Recovered energy constant control

Given a constant control objective, which is the desired posture, different control periods

will result in different amounts of recovered energy. The purpose of this control is to adjust
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Figure 5.8: Proportion of kinetic energy loss over the number of steps
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Figure 5.9: Phase diagram with recovered energy constant control

the control period in such a way that the recovered energy for each step remains consistent and

matches a predetermined value.

Here, based on the previous control approach, we introduce feedback adjustment of the

control period, as described by the following formula:

𝑇 [ 𝑗 + 1] = 𝑇 [ 𝑗] + 𝑘 𝑝Δ𝐸 [ 𝑗], (5.23)

where 𝑘 𝑝 is the gain that we set it as 0.01, 𝛿𝐸 [ 𝑗] is the error between the recovered energy

of current step and the target energy input, and the recovered energy is obtained the following

formula:

Δ𝐸 [ 𝑗] =
∫ 𝑇 [ 𝑗]

0
( | ¤𝑙𝑎𝑢1 | + | ¤𝑙𝑏𝑢2 | + | ¤𝜃𝑢3 |)dt. (5.24)

Here we set the target input energy is 5 [J], starting the simulation from any initial state, Figure

5.6 represents the input energy for each step. As observed in the figure, the input energy tends
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to approach the dashed line, which represents the set value of target input energy 5 [J]. This

indicates that the current control objective has been achieved.

Figure 5.7 depicts the adjustment of the control period through feedback, and Figure 5.8

depicts the proportion of kinetic energy loss over the number of step, which are ultimately

stabilizes. This results in the achievement of the limit cycle gait shown in Figure 5.9.

This control demonstrates that when the recovery energy for each step is consistent, the

achievement of a limit cycle gait can be realized.

5.4 Summary and Discussions

This chapter primarily aims to verify the generation conditions of the limit cycle gait of

SRWT. Due to the soft characteristics of tensegrity, namely, the strong nonlinearity resulting

from the internal coupling elasticity, its motion is difficult to be directly controlled. The MBC

proposed in this study indirectly controls the position by manipulating its morphological char-

acteristics, specifically convergence position and convergence velocity.

The stability of the gait is related to both morphological characteristics and the target po-

sition. The previous chapter provided a method for finding the target position and numerically

simulated the optimal target position that can achieve the limit cycle. However, the fundamental

reasons behind it were not thoroughly explored.

In order to explain the essence of the limit cycle occurrence, this chapter focuses on the

kinetic energy variation and proposes two necessary conditions for the limit cycle gait: the

kinetic energy loss rate during collisions, determined by the landing posture, and the recovery

energy in each step, determined by the motor. To investigate these two necessary conditions,

a model composed of rigid structures is proposed in this chapter, enabling precise control. By

achieving different control objectives, we discover that both necessary conditions can realize

the limit cycle, demonstrating that the determinants of the limit cycle are the consistent landing

posture and constant input energy, thus providing guidance for gait trajectory design.
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Chapter 6

Experimental Validation

6.1 Overview

Robot experiments play a crucial role in the development and advancement of robots.

Through experiments, researchers can test the performance, accuracy, and safety of robots,

as well as identify areas for improvement. Additionally, experiments help researchers validate

theoretical concepts and models, which is crucial for designing and developing robots. There-

fore, robot experiments are essential for improving their performance, reliability, and safety.

This chapter discusses two types of experiments: validation experiments and engineering ex-

periments. Validation experiments aim to test the correctness of theoretical concepts and mod-

els through passive gaits. On the other hand, engineering experiments aim to demonstrate that

RWT, as a robot platform, can perform dynamic walking.

6.2 Preliminary Experimental Study

As shown in Figure 6.1, we constructed three interlocking frames using aluminum alloy,

connected by rubber bands. The three interlocking frames ensure stability in the Y direction,

thus ensuring motion in the XOZ plane, as in the planar model of RWT discussed in Chapter

2. The rubber bands act as strings, providing only tensile forces. It is about 25cm tall and

weighs less than 1kg. The sequence photographs of experimental passive dynamic walking in

one cycle are shown in Figure 6.3, where one can observe that the limbs keep rotating during

the DSP phase by comparing the first and second sequence of Figure 6.3.

96



Figure 6.1: Prototype planar RWT.

Our study focuses on investigating the effect of string tension on walking periods using nu-

merical simulations. To achieve this goal, we compare two sets of tension levels while varying

the slope angle of the ground, as it is easier to manipulate the slope angle than the tension ex-

perimentally. We collect more than 50 sets of data for each state, and the results are presented

in Figure 6.2.

From the mean values presented, we observe that a slack string results in a longer walking

period compared to the tight string condition. When the robot is in the tightly strung state and

walking on a low slope, the data exhibits a large standard deviation, indicating a multi-cycle

gait. However, as the slope increases, the energy generated by collisions increases, resulting in

a rapid decrease in standard deviation, and eventually reaching a stable value after 𝜙 = 0.085,

indicating a limit cycle gait. On the other hand, when the string is slack, the standard deviation

remains constant, indicating that the robot has reached a limit cycle gait state.
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Figure 6.2: Experimental results of crawling morphology

These experimental results demonstrate that the robot exhibits chaos, but the energy gener-

ated by collisions can cancel out the chaos. We conclude that as the slope angle increases, the

standard variance decreases, suggesting that chaotic gaits are suppressed and converge towards

limit cycles. These observations are in agreement with the simulation results, and provide new

insights into the effect of string tension on walking gaits.

6.3 Morphological Verification

To validate the mathematical model and the numerical simulation results, we conducted a

preliminary experimental study using the prototype machine depicted in Figure 6.4 and Figure

6.5. Although adjusting all structural parameters to search for the optimal design is impracti-

cal, we were able to successfully identify crawling and walking morphologies, even when the

physical parameters of the experiment differed greatly from those in the theoretical simulation.

Interestingly, the crawling and walking morphologies produced 1:1 and 1:2 resonances, respec-

tively, which facilitated implementation. However, the skipping morphology required a 1:4

resonance, making it more challenging to achieve. Overall, our findings confirm the validity of

the mathematical model and the accuracy of the numerical simulation results.
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Figure 6.3: Sequence photographs of experimental passive dynamic walking in one cycle
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Figure 6.4: Prototype of the morphology that corresponding walking gait

Figure 6.5: Prototype of the morphology that corresponding crawling gait

Morphology corresponding to walking

To construct the leg mechanisms, we employed resin material to create three individual

frames each with a length of approximately 0.3 [m]. These frames were then connected using

rubber bands. To optimize the design of the connection point, we referred to the trend and ulti-

mately selected a connection point located one-quarter of the length of each leg. The elasticity

coefficient of each set of rubber bands was carefully measured and found to be approximately

585 [N/m].

The landing time of each step was determined by analyzing the sound of walking, and the
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Figure 6.6: Experimental results of walking gaits

results are presented in Figure 6.6. The figure shows that the walking morphology exhibits a

limit-cycle gait, as there is minimal variation in the landing time of each step. Interestingly,

there is a noticeable jump in the landing time around 𝜙 = 0.85 [rad], which was detected

through fitting local averages using a Cubic Hermite spline. This phenomenon is consistent

with the observations in numerical simulation results, thus further confirming the accuracy of

the simulation.

Morphology corresponding to crawling

The trends observed in the previous experiments led us to conduct further experiments with

reduced elasticity coefficient and placing the connection points at the end points of the legs.

The results are presented in Figure 6.7.

When the slope angle exceeds 0.3 [rad], we observed a bifurcation phenomenon where the

robot transitions from walking to a TSP, which is the crawling morphology. This phenomenon

is also observed in the simulation results, confirming the accuracy of the simulation. However,

in this crawling morphology, the gait does not exhibit a limit-cycle, as there is a large range of

variation in the walking period. This result is consistent with the simulation, which predicted

that the robot cannot maintain a limit cycle gait beyond a certain slope angle.

Through these experiments, we were able to demonstrate the validity of the numerical sim-

ulation results, as we observed the same tendency even with different physical parameters. This
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Figure 6.7: Experimental results of crawling gait generation

suggests that our mathematical model is robust and can accurately predict the behavior of the

robot under different conditions.

We have previously presented the experimental results of robot walking, and now we show-

case the experimental results of robot crawling, as shown in Figure 6.8. The experimental

results indicate that, under the current robot morphology, the crawling of the robot consists of

two configurations: DSP and TSP.
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Figure 6.8: Sequence photographs of experimental passive dynamic walking of crawling Mor-

phology
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Figure 6.9: Motion controller and its communication structure

6.4 Walking Realization of SRWT

This section validates the engineering application of the robot through experiments, achiev-

ing large strides in walking by means of electric motors.

The robot body is made of steel and aluminum to ensure maximum light weight while

maintaining rigidity. It has a height of 0.5 [m] and weighs approximately 2.635 [kg]. To

simulate the structure in the mathematical model, two frames are used to eliminate the effect of

the Y-direction. The frames are connected by two linear bearings that allow for rotation against

each other, ensuring free movement of the frames in the XOZ plane. The winder is attached

to the motor and has a radius of 0.02 [m], which is used to control the length of the strings.

Springs shown in Figure 6.11 are employed to increase the internal elasticity and achieve the

elastic properties of the strings. This construction allows for guaranteed intrinsic compliance.

6.4.1 Motor drive

This experiment used Maxon motors, which are high-performance brushless DC motors

with characteristics such as high efficiency, high precision, and high reliability, making them

suitable for various fields such as robotics, medical equipment, industrial automation, and
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Figure 6.10: Program interface
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aerospace.

The Epos4 that we used in the experiment as shown in Figure 6.9 is a high-performance

motion controller developed by Maxon Motor that can be used to control Maxon motors. It

uses the CANopen communication protocol and supports various control modes, such as speed

mode, position mode, current mode, etc., enabling high-precision motion control. Addition-

ally, the Epos4 has various features and communication interfaces, such as digital input/output,

analog input/output, USB interface, Ethernet interface, etc., which can meet the requirements

of different application scenarios. The communication in this experiment is based on its USB

interface.

We have developed a graphical user interface (GUI) program using C# as shown in Figure

6.10 to communicate with the EPOS4 motion controller. The GUI provides a user-friendly way

to send commands to the controller and receive data from it.

The communication between the GUI and the EPOS4 is based on the CANopen communi-

cation protocol, which is widely used in the field of motion control. In our implementation, we

use the PCAN-USB adapter to connect the computer and the EPOS4, and we use the PCAN-

Basic library to handle the communication.

The communication process starts by initializing the CAN bus and setting up the connection

between the PCAN-USB adapter and the EPOS4. The EPOS4 is configured to use the CANopen

protocol and assigned with a unique node ID. The GUI sends commands to the EPOS4 by

constructing CAN messages and sending them over the CAN bus. The messages contain the

necessary information for the EPOS4 to perform the desired action, such as setting the motor

velocity or position.

The EPOS4 responds to the commands by sending back CAN messages with the requested

data. The GUI receives these messages and extracts the data, which is then displayed on the

GUI. The GUI also provides real-time feedback of the motor status, such as its position and

velocity.

To ensure reliable communication, error handling mechanisms are implemented in the GUI

program. The program checks for errors such as communication timeouts or incorrect responses

from the EPOS4, and displays error messages to the user.
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6.4.2 Control Realization

Morphology-based control (MBC) is applicable to higher-order or difficult-to-linearize sys-

tems that are often challenging to control directly. However, for such systems, direct control is

not feasible. Nevertheless, the convergence characteristics of the system, such as convergence

speed or target convergence state, can be altered by controlling the inputs. Despite its indirect

nature, this type of control offers a viable approach.

In the case of SRWT, its motion equations are more complex and nonlinear compared to

traditional second-order equations due to the high coupling of internal elastic elements. Em-

ploying conventional control methods would lead to significant variations in the structure of this

highly sensitive nonlinear system, even if control were achieved, due to any slight disturbance

during the experimental process. Although optimization can enhance control stability, it does

not bring about substantial changes to such systems. However, with the use of MBC, the control

objective shifts from controlling the position to controlling the convergence characteristics of

the system. This enables the elimination of any disturbance through the system’s inherent con-

vergence property. Although indirect, this method ensures the achievement of the target state

and controls the convergence speed, i.e., the motion speed, indirectly.

During simulation, we have already established the method for setting the target posture. In

the experiment, we utilize the simulation results to control the lengths of the four strings, thereby

generating different elastic forces and achieving variations in morphological characteristics.

This leads to different convergence states or target states, allowing for control.

At the beginning of the control process, the four strings quickly reach their designated po-

sitions in minimal time, facilitated by the motor’s position control. This involves real-time

feedback of the motor’s position through a Hall sensor, creating a closed-loop negative feed-

back control system. After reaching the target position, imbalanced tension within the system

arises due to the presence of elastic elements. This tension is caused by the elastic elements,

disrupting the current equilibrium state and moving towards the target state. This change al-

ters the morphological characteristics of the system, namely, the convergence state. Based on

its inherent convergence speed, SRWT gradually achieves changes in its attitude, leading to

movement.

Based on previous theories, such attitude changes result in a forward moment, which, in

turn, can generate a limit cycle gait when accompanied by consistent restoring energy or con-
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sistent landing posture. Therefore, the experimental results have also demonstrated the achieve-

ment of stable limit cycle gaits, as detailed in the following section.

6.4.3 Experimental results

Drawing from the theory outlined above, we selected appropriate arbitrary parameters, to

generate the target landing posture for every step. We adopted position control mode and set the

parameter 𝑇𝑠𝑒𝑡 to 0.4 [s]. However, due to the motor’s acceleration limitation, the actual time

required to complete the trajectory will exceed the set 0.4 [s]. The objective of the control is to

generate a forward moment, and thus, a tracking error is permissible for the robot.

As the presented motion is periodic, consisting of four steps to complete one cycle, the

presented data consist of four-step sequences. Figure 6.12 presents an image sequence of the

walking gait, showing four steps arranged in a circle. Correspondingly, Figure 6.13 and Figure

6.14 demonstrate the associated data form the winder during the gait. To ensure data accuracy,

a sampling interval of 0.03 [s] is used for data collection. However, due to communication

delay, we could not guarantee precise adherence to this sampling interval, resulting in an error

of several millimeters.

Figure 6.13 clearly shows that the motor does not achieve zero velocity during the transition

between four steps. This observation indicates that the motor has not yet reached its intended

target position upon landing and is in the process of adjusting its posture. This dynamic behav-

ior can produce a positive response to collisions during landing and generate forward torque.

Nevertheless, to ensure experimental rigor, the motor can be operated in reverse to facilitate

string release and match the contraction of the other strings. By doing so, all motors can work

simultaneously, as depicted in Figure 6.13 (c), which displays their combined output torque of

approximately 0.3 [Nm].

Figure 6.14 displays the phase diagram for the physical experiment involving all four mo-

tors. Due to mechanical constraints, the string lengths associated with each motor cannot be

perfectly identical. As a result, the phase diagram is horizontally shifted, with only the po-

sitions varying. Nevertheless, the phase diagram clearly depicts a limit cycle with a period-1

gait.

The physical parameters of the experimental setup differ from those used in the simulation.

In particular, the physical experiment cannot ensure an exact initial state of motion. However,
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Motor

Motor driver

Spring

Power & USB cable

Power & data cable

Steel wire

Computer

(d)

(a)

(c)

(b)

Figure 6.11: Experimental prototype. (a) is the physical prototype, which consists of two

frames. (b) is two linear bearings that can rotate with each other connect the two frames,

ensuring that the two frames move freely in the XOZ plane, while the frame structure ensures

the limitation in the Y direction. (c) is a kit that includes a motor reducer and a Hall sensor. (d)

is the structure diagram, four motors are installed in the top of the frame, and the motor drive

which is installed in the middle, connected to the computer via USB. The computer acts as a

controller to send commands to the drivers and receive data.
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(a) s

(b) .46 s

(c) .93 s

(d) 1.40 s

(e) 1.86 s

(f) 2.33 s

Figure 6.12: Image sequence of a walking gait with four steps in a circle

the system’s intrinsic compliance allows it to exhibit the desired gait in both cases. This not

only demonstrates the achievability of stable walking through this property, but also highlights

its independence from high-precision control.
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Figure 6.13: Physical experiment results. (a) shows its the time evolution of the angular position

of the winder. (b) is the time evolution of the angular speed of the winder. (c) is the motor output

torque.

6.5 Summary and Discussions

This chapter presents two sets of physical experiments based on the previous chapters. The

first set is a verification experiment that validates the morphology characteristics of RWT and
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Figure 6.14: Phase diagram of physical experiment

discovers the regularity of its motion characteristics, consistent with the simulation, thus prov-

ing the effectiveness of the mathematical model and simulation. On the other hand, an engineer-

ing experiment is conducted to achieve the planar walking of SRWT through MBC method. The

data shows that stable limit cycle gaits can be generated, consistent with the simulation results,

demonstrating the effectiveness and stability of the control, as well as the practical engineering

significance of the minimal model proposed in this study.
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Chapter 7

Conclusion and Future Works

7.1 Summary

In recent years, considering the morphology of robots has become a criterion for robot

design. However, there is currently no systematic framework to guide specific robot tasks.

Based on this, in this study, a feasible method for robot morphology is provided by selecting

tensegrity robots as the carrier.

The first step based on the tensegrity robot includes the following:

• A minimal model RWT is proposed to solve the problem of difficult dynamic modeling

of tensegrity robots.

• In dynamic modeling, the coupling of internal elastic forces and environmental constraint

forces during MSP is emphasized, and modeling methods are provided for each case.

• Improved models such as curved feet and frictional surfaces are discussed to expand the

model’s applicability.

The second step is to verify the correctness of the modeling and explore the characteristics

of RWT:

• A simulator is designed using MATLAB to demonstrate the existence of forward colli-

sion phenomena during motion that are difficult to observe objectively. Periodic passive

walking is ultimately achieved.

• Period-1, period-2 or chaotic gaits are observed, demonstrating that RWT has multiple

convergence properties and provides a basis for morphology research.
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• The conditions and most suitable movement modes for different morphologies, such as

crawling, walking, and skipping, are further analyzed.

The third step proposes MBC, which changes the posture and characteristics of the original

model by controlling the input, i.e., changes in posture by characteristics of the morphology.

• The control concept and implementation process of MBC are introduced using the sim-

plest model of a spring cart system.

• MBC is used on passive gaits to achieve changes in morphology, i.e., crawling-walking.

• MBC can be used not only for single morphology/posture changes but also for continuous

morphology/posture changes. Thus, this study further simplifies RWT and proposes the

SRWT model.

• By simulating the convergence of morphology, SRWT posture changes are achieved, thus

realizing walking on flat ground.

• Based on walking on flat ground, typical gaits are discussed, and its stability is analyzed.

• The applications of SRWT are given, such as walking on uneven ground and its suitability

for low-gravity environments.

The fourth step is experimental verification:

• The Simple experiments verify the relevant conclusions of RWT under passive gaits,

demonstrating the significance of the minimum model of robot morphology research.

• Based on MBC, SRWT’s walking on flat ground is achieved, demonstrating the effective-

ness of the control and dynamic characteristics of the model.

7.2 Contribution and Conclusion

This study proposes a novel minimal model, RWT, based on tensegrity structures that unifies

the characteristics of both rigid and soft robots. Due to its unique features, RWT can serve as

the minimal model for robot morphology design and offer theoretical insights in academia.

Through passive gait, this study demonstrates that RWT possesses various characteristics and
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can take on different forms. RWT can serve as a fundamental platform for robot morphology

design.

Moreover, this study is based on the RWT dynamics model and proposes a modeling method

that overcomes the difficulties in tensegrity robot dynamics modeling. Due to this difficulty,

tensegrity robots have not been widely utilized in engineering applications despite their unique

features. However, with this modeling method, model-based control can be achieved, greatly

improving the practicality of this type of robot.

This study proposes a new control method based on morphology control, which aims to

change the system characteristics by controlling the input. Compared to traditional control

methods, which directly change the posture of rigid robots, this method relies on the conver-

gence properties of the system to change posture. Such control reduces control complexity and

improves the adaptability of the robot by relying more on its own structural characteristics for

motion implementation.

7.3 Future Works

Regarding the current work of this study, there are still some tasks that need to be completed.

First, although the proposed RWT model has shown great potential in robot morphology study

and motion control, there is still room for improvement. One possible direction is to investigate

how to optimize the design parameters of the RWT model for specific tasks. For example, how

can we adjust the tension and compression elements to achieve better stability and mobility for

different types of terrains or environments?

Second, although the proposed control strategy based on morphology control has shown

advantages over traditional posture control for RWT, its performance can be further improved.

One possible direction is to explore the integration of reinforcement learning or other machine

learning techniques to enhance the adaptive capability of the RWT model.

Thirdly, while the proposed modeling method has filled the gap in the dynamic modeling of

tensegrity robots, it is still limited to simple tensegrity structures. Therefore, another possible

direction is to extend the proposed modeling method to more general tensegrity structures and

investigate how to apply the method to other types of tensegrity robots.

Finally, conducting experimental validation of the proposed RWT model and control strat-

egy in real-world scenarios will also be of significant value. This study only proposed walking
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experiments, and in future work, experiments for movement in various forms will also need to

be completed.
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