JAIST Repository

https://dspace.jaist.ac.jp/

Title HAEROEHIR MG L Z DI
Author(s) B, 2R

Citation

Issue Date 2025-09

Type Thesis or Dissertation

Text version

ETD

URL http://hdl.handle.net/10119/20079
Rights
Description Supervisor: EJi B, SRl ARt se R, tdt

AIST

JAPAN
ADVANCED INSTITUTE OF
SCIENCE AND TECHNOLOGY

Japan Advanced Institute of Science and Technology



Doctoral Dissertation

Constant time enumeration of weighted trees and its applications

Mengze QIAN

Supervisor Ryuhei UEHARA

Graduate School of Advanced Science and Technology
Japan Advanced Institute of Science and Technology
(Information Science)

September 2025



Abstract

The enumeration problem is a fundamental issue across various disci-
plines, requiring the output of all elements from a specified set without
duplicates or omissions. In graph theory, the enumeration problem of the
graph class always restricted by the number of vertices for graphs. Since
graph structures form the backbone of many domains within computer sci-
ence, including algorithms, network theory, computational biology, and data
modeling, the enumeration of a specific graph class is an important prob-
lem in graph theory and combinatorics. In general, enumeration algorithms
are designed individually for each specific graph class. Our motivation is
to present a comprehensive framework for graph enumeration that is ap-
plicable to various graph classes. To address this, we introduce a modular
two-phase framework that is both expressive and widely applicable, capa-
ble of exhaustively and non-redundantly enumerating graphs under various
structural constraints.

The heart of this framework lies in the block-cutpoint tree (BC-tree).
Tree structures hold a central place due to their simplicity and power in rep-
resenting hierarchical relationships, dependencies, and decompositions. Of
particular importance are BC-trees, which are tree representations of con-
nected undirected graphs where the nodes correspond to either blocks (bi-
connected components) or cutpoints (vertices whose removal increases the
number of connected components).

A BC-tree reflects the global structure of a connected graph in terms
of its cutpoints and blocks. Given their relevance in areas such as network
analysis and graph decomposition, the ability to generate all BC-trees of a
fixed size under structural constraints is an essential foundational step to-
ward the enumeration of wider graph families. We propose the first constant
time enumeration algorithm for the class of BC-trees. The key feature of
this algorithm is its ability to enumerate each satisfied BC-tree exactly once,
without duplication, and with a constant time delay per output. The algo-
rithm operates by reverse search, which defines a parent-child relationship
among a target set of BC-trees and traverses this implicit family tree of all
solutions without constructing it explicitly. Theoretical analysis guarantees
the algorithm’s correctness and output sensitivity. Previous studies have not
thoroughly studied efficient enumeration algorithms for BC-trees, despite
their theoretical and practical significance.

To further enrich this framework and address the enumeration problems
for wider graph classes, we introduce an enumeration algorithm for rooted



vertex-weighted trees (referred to as weighted trees). A weighted tree is a
rooted tree where each vertex is assigned a non-negative integer weight. For
the enumeration problem of weighted trees, the tree structure and the total
weight are fixed. This model arises in practical domains such as hierarchical
clustering, compressed data structures, and frequency-based modeling. In
our framework, weighted trees can be used, for example, to determine the
number of vertices across the blocks in a graph corresponding to a BC-tree.

The weighted tree enumeration algorithm also uses the reverse search
technique and is capable of enumerating all possible weight assignments that
meet a specified structure and total weight condition with a constant time
delay per tree. The design of the algorithm carefully handles the partitioning
of integer weights for subtrees, especially for isomorphic subtrees, while keep-
ing parent-child relationships on weight sequences. The enumeration process
avoids redundant generation and guarantees exhaustiveness. Through the-
oretical analysis, we show that the algorithm is efficient and scalable and
that it can be smoothly integrated into the graph enumeration framework to
support weighted graph generation. Our framework thus becomes a powerful
and flexible tool for the generation of graph classes with specific constraints,
such as the vertex number of the graph.

Then, we propose the notion of the enumeration framework. The frame-
work consists of two phases: The first phase involves enumerating all possi-
ble BC-trees that represent the skeletons of the graphs in the target graph
class. More specifically, a BC-tree captures the connectivity structure among
blocks within a connected graph. This step generates the abstract structure
that underlies the target graphs. In the second phase, for each BC-tree ob-
tained, we enumerate all possible graphs belonging to the target class that
correspond to it. It leverages the fact that each undirected connected graph
corresponds uniquely to a BC-tree, which effectively prevents redundancy
in the enumeration. In other words, the output contains no isomorphism.
This phase ensures comprehensive coverage of the target graph class while
maintaining efficiency.

As described above, to realize this enumeration framework, the problem
can be decomposed into two subproblems: the enumeration of BC-trees and
the enumeration of vertex-weighted trees corresponding to each BC-tree. The
results of these two subproblems allow us to construct a unified and efficient
enumeration algorithm for a wide range of graph classes. Then, we show in-
stances for the application of the enumeration framework. In this framework,
the first phase leverages the constant time BC-tree enumeration algorithm.
The second phase depends on the specific graph class being targeted—such
as block graphs and cactus graphs—and involves the generation of concrete
block structures that satisfy class-specific constraints. For instance, in the



case of block graphs, each block must be a clique, while for cactus graphs,
each block must be a cycle or an edge. The realization phase may also include
conditions on cutpoint positions, block sizes, etc.

We outline the main contributions of this dissertation below. First, we
present the first known constant time enumeration algorithm for BC-trees
under the constraint of the number of vertices, providing a foundational tool
for graph decomposition and reconstruction. Second, we propose the first
constant amortized time enumeration algorithm for weighted trees with a
fixed weight sum and a tree structure, and demonstrate how it enhances the
expressive power and flexibility of our graph enumeration framework. Third,
we propose a notion of a two-phase enumeration framework for graph classes
that leverages BC-trees as structural skeletons and supports a wide variety
of graph classes by varying the block realization rules.

This research significantly advances the understanding of enumeration
problems in graph theory and opens new avenues for practical applications.
The combination of efficient enumeration techniques and a modular frame-
work enables the systematic study and enumeration of complex graph classes.
Potential applications include network analysis (where reliability and redun-
dancy depend on structural decomposition), bioinformatics (where molec-
ular structures are often represented as block graphs or trees), chemistry
(for enumerating feasible compound structures), and artificial intelligence
(for structured model space exploration). The proposed methods also have
implications for database design, compressed representation of hierarchical
data, and algorithmic testing through exhaustive instance generation.

In summary, this dissertation proposes the first known constant time
enumeration algorithm for BC-trees and the first known constant amortized
time enumeration algorithm for weighted trees. It also proposes the notion of
a brand-new framework for enumeration through weighted BC-trees, setting
the stage for future research into more general and expressive enumeration
frameworks.

Keywords— graph enumeration, reverse search, BC-tree, rooted vertex-
weighted tree, enumeration framework
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Chapter 1

Introduction and Backgrounds

Research on specific graph classes has always been of immense value in graph
theory. Many specialized graph classes have had extensive use across mul-
tiple fields. From an overall perspective, exploring applications of graph
theory, particularly for specific graph classes, shows a natural relation with
the outputs of the catalogs for these classes. This observation motivates an
investigation of the enumeration problem in graph classes. The enumeration
problem demands the generation of all graphs within specified constraints,
usually determined by the number of vertices. The enumeration ensures that
there is no duplication or omission for a specified graph class. Recent years
included a comprehensive study of the enumeration problem within graph
classes. Yamazaki et al. proposed an enumeration algorithm for interval
graphs and permutation graphs in [28]. Following that, they applied an iden-
tical framework to develop an enumeration algorithm for distance-hereditary
graphs and Ptolemaic graphs in [27]. The catalogs for these graph classes
have been updated on the website!. Nakano and Uno provided an algorithm
for enumerating trees with a specific diameter in [18], showing that each
tree can be enumerated with a constant time delay. All these algorithms
used reverse search [2] as the enumeration technique, a widely used method,
especially for enumeration problems, whereas the enumeration problem of
BC-trees is still unexplored.

The tree structure, a fundamental data structure and a specific graph
class in computer science, has been thoroughly studied over the past few
decades. Many disciplines extensively exploit various specific tree structures.
Moreover, specific tree structures are correlated with the enumeration prob-
lem. Beyer and Hedetniemi, in their work referenced as [4], proposed an al-
gorithm that generates all rooted trees containing n vertices. This algorithm

http://www.jaist.ac.jp/~uehara/graphs/



uses the successor function, which is based on the lexicographical order of the
tree’s depth sequence. Robert et al. extended upon the results of Beyer and
Hedetniemi in [26] by applying them for the generation of unrooted trees.
Furthermore, additional studies concentrate on tree enumeration, such as
[19, 14, 15]. Nonetheless, the enumeration of weighted trees has yet to be
presented.

In graph theory, a set of generation rules is essential for describing a
certain class of graphs. Such a set involves local operations, each generating
new vertices and edges in the graph in distinct ways, ensuring that both the
original graph and the resulting graph belong to the same target set. The
generation rules allow the construction of all graphs within the class based
on the most fundamental element, such as a single vertex and an edge. In
1986, Bandelt and Mulder developed a set of generation rules for the class
of distance-hereditary graphs [3]. Nakano et al. subsequently applied these
rules to develop an efficient enumeration algorithm for the class [16]. This
approach has also been applied to Ptolemaic graphs [27]. Brandstidt and Le
presented a set of generation rules for 3-leaf power graphs in [5], a class of
graphs relevant to computational biology. The generation rules play a role
in these graph classes (see [11]).

In 1969, Harary established the notion of the block-cutpoint tree (BC-
tree) for a connected graph, as referenced in [13]. In a connected graph, a
vertex is called a cutpoint if its removal turns the graph disconnected, while
a block of a graph is defined as a maximal nonseparable subgraph, where a
nonseparable graph is biconnected and nontrivial. A BC-tree contains two
distinct types of vertices: block vertices and cutpoint vertices. A block vertex
represents a block, whereas a cutpoint vertex represents a cutpoint within the
graph. A block vertex is adjacent to a cutpoint vertex if the associated block
contains that cutpoint in the graph. The BC-tree concept has been utilized
across various fields, as shown by its application in chemistry, information
systems, and mathematics [20, 21, 7, 30, 29, 10, 24]. As far as the author
knows, a comprehensive set of generating rules for BC-trees has not been
established.

Our motivation stems from the practical application of the block-cutpoint
tree (BC-tree). The BC-tree is obtained from a graph whose structure has
been partially simplified. By considering the procedure in reverse, we may
initially enumerate the associated BC-trees for a graph class, and subse-
quently, for each enumerated BC-tree, we can fill in all the missing details
to enumerate the respective graph class. Thus, our primary objective is to
create an efficient enumeration algorithm for the BC-tree, which is based
on a set of generation rules of the BC-tree we proposed. Subsequently, we
go over the possibility of a graph derived from a BC-tree. Each block ver-



tex in a BC-tree corresponds to a block in the original graph, allowing for
straightforward reversion of a block vertex to a block with a certain number
of vertices based on its vertex number. Subsequently, we may enumerate the
graph class using the BC-tree, which directs us to the second purpose of this
study. We aim to enumerate every possible weighted BC-tree for a particular
BC-tree and the associated total weight; a weighted BC-tree is defined as a
BC-tree where each vertex is assigned a weight. This dissertation proposes
the enumeration of weighted trees rather than weighted BC-trees, as a BC-
tree is a particular form of tree structure. Numerous works are related to the
weighted tree problem, with the characterization of the weighted tree varying
significantly across different fields. The enumeration algorithm for weighted
trees has yet to be proposed, as the structure is limited to a tree structure
where only the vertices are assigned values.

1.1 Owur Contribution

The main result of this dissertation is as follows.

1.1.1 Enumeration on BC-trees

We firstly concentrate on the enumeration problem associated with BC-trees.
Here, we clear the enumeration problem of BC-trees. For the given integer n,
the algorithm enumerates all BC-trees where the number of block vertices in
each output is less than n. The BC-tree is regarded as a rooted tree, whereas
a specific vertex is designated as the root of the tree.

At first, we propose a set of generation rules for rooted BC-trees. In a
graph class, the set of generation rules involves a series of operations that
induce local changes in the graph, leading to a new graph that remains within
the same graph class as the original. For instance, we can generate any tree
from a single vertex by repeatedly adding pendant vertices. We define the
generation rules of BC-trees as a specialized tree structure to guarantee that
each operation adds exactly one block vertex to the BC-tree, resulting in a
newly generated tree that stays a BC-tree.

In addition, according to the generation rules, we investigated the enu-
meration problem of rooted BC-trees, which is divided into the enumeration
of ordered BC-trees and unordered BC-trees. An ordered tree T assigns a
specific order to each vertex’s descendants. Thus, exchanging the positions
of any two siblings in 7" may result in an entirely different tree. Conversely,
an unordered tree T is defined as a tree in which the descendants of any
vertex hold a free order. We use the reverse search technique [2] for enu-



meration. Reverse search is a useful technique, particularly in the context of
enumeration problems. By defining the family tree within the target set and
traversing it, every element within the target set can be enumerated without
omission or duplicates.

We presented the enumeration of both ordered and unordered BC-trees
by combining the generation rules for BC-trees with the reverse search tech-
nique. The enumeration of ordered BC-trees can be done by extending the
framework provided in [15], allowing the enumeration of each ordered BC-
tree in constant time. Additionally, we extend the framework provided in
[17] to construct an enumeration algorithm for unordered BC-trees, allowing
the enumeration of any unordered BC-tree in constant time, which is also
simpler to implement.

1.1.2 Enumeration on weighted trees

We then move to the enumeration algorithm for weighted trees. A weighted
tree, in this context, is defined as a tree in which each vertex is assigned
a weight. Furthermore, we clarify the enumeration problem with weighted
trees; for two given integers n and w, the algorithm enumerates all weighted
trees with a vertex number of no more than n and a total vertex weight w.
In this context, we consider weighted trees as rooted trees.

The enumeration of weighted trees has two steps. At first, it enumerates
all rooted trees containing no more than n vertices. Next, it enumerates
all weighted trees for each rooted tree, with a total weight of w. Numerous
previous studies discuss the efficient enumeration of trees (see [23, 15, 26, 17,
for example), allowing the linear time enumeration of rooted trees to be an
unchallenging task. Therefore, this study focuses mainly on the second step
of the algorithm. To clarify the problem, for a given ordered tree and a total
weight, our algorithm enumerates all possible weight sequences for weight
trees suited to such an ordered tree with the given total weight, where the
weight sequence consists of all weights of the tree’s vertices in pre-order
traversal. Afterwards, we can enumerate all weight sequences suitable for
the canonical tree with a total weight of w.

The reverse search technique is also used in the enumeration of weighted
trees. Specifically, we define a unique parent-child relationship among all
weight sequences that satisfy the criteria. Subsequently, the family tree can
be constructed using this relationship in a straightforward way. The al-
gorithm enumerates all weight sequences by outputting only the difference
from the previous sequence and achieves this objective in constant amortized
time. Afterwards, we can enumerate all weighted trees with a maximum of
n vertices and a total weight of w in constant amortized time.

4



1.1.3 Enumeration framework for graph classes

We propose a comprehensive and general notion of an enumeration frame-
work that systematically enumerates connected graphs using BC-tree repre-
sentations. This framework is based on the structural dissection of connected
graphs into their block-cutpoint trees (BC-trees), which represent the con-
nection among blocks of a graph as a tree with nodes corresponding to either
blocks (maximal biconnected subgraphs) or cutpoints (articulation vertices).
The primary innovation consists in dividing the graph enumeration process
into two different but interconnected phases: skeleton enumeration and graph
realization.

In the beginning, we enumerate all BC-trees that match the structural
constraints of the assigned graph class. This is achieved by an efficient al-
gorithm previously proposed in the dissertation, which, using the reverse
search technique , allows the constant time enumeration of rooted BC-trees.
These BC-trees serve as skeleton structures, abstractly representing the con-
nectivity and cutpoint arrangement without specifying particular graph-level
specifics such as block contents.

The second phase involves completing the implementation of each enu-
merated graph by creating graphs that correspond with the given BC-tree.
The resulting procedure should be modified for the specific type of graphs
under consideration. In block graphs, each block is required to be a complete
subgraph (clique), while in cactus graphs, blocks are restricted to either sim-
ple cycles or individual edges. The realization phase may additionally include
supplementary constraints, such as limitations on block size, regulations on
cutpoint distribution, or edge labeling methodologies, contingent upon the
application.

By abstracting the enumeration process into this two-phase framework,
we provide an integrated and scalable way of producing an extensive range
of graph classes. The separation between the construction of general BC-
trees and the inner structure of blocks allows flexible algorithm creation and
reuse. This framework generalizes the enumeration of BC-trees and provides
a practical, scalable method for solving enumeration problems for various
graph classes in graph theory.

1.2 Significance

Abstracting sets of closely related vertices in a graph is a significant task for
many different contexts. The BC-tree derived from a graph is a tree structure
that shows the relationships among blocks and cutpoints within the graph,



serving as its skeleton structure. The weighted BC-tree is an extension of a
BC-tree in which each vertex is assigned a weight. By extending the enumer-
ation algorithm of weighted BC-trees to deal with the enumeration problem
of more graph classes, a framework is expected to efficiently enumerate a
wider variety of graph classes. For instance, block graphs can be enumerated
under the same time complexity by creating a one-to-one correspondence
between the set of weighted BC-trees and block graphs; additional graph
classes, including cactus graphs and 3-leaf power graphs, can similarly be
enumerated using the same framework.

Unlike the counting problem, the enumeration problem requires the listing
of all feasible solutions to a certain problem, which is especially helpful when
the objective of the problem is unclear and requires a review of every possible
solution. The tree structure often serves as the fundamental data structure,
deeply investigated over the past decades and widely used across various
fields. Numerous varieties of tree structures exist. The weighted tree is a
distinct tree structure derived from cases in which members are influenced
by specific weights or costs. On the other hand, a weighted tree is defined as a
tree in which its edges or vertices are assigned weights. In the applications of
the weighted tree under our context, only the vertex weights are significant.
In this dissertation, we define a weighted tree as a tree in which only the
vertices contain weights; the total weight of the tree is the sum of the weights
of all its vertices. Due to its characteristic, this class of weighted trees has
naturally applied in wide areas; nevertheless, the enumeration algorithm for
this class has yet to be provided.

1.3 Organization of Dissertation

The dissertation is organized as follows:

Chapter 2 gives the preliminaries of the study. The majority of the notions
presented are based on the basic concepts related to graph theory, and we
will give their mathematical definitions. The remaining content provides
concepts relevant to this study, such as the weighted tree. The weighted
tree can be characterized as edge-weighted trees, vertex-weighted trees, and
trees where all edges and vertices are weighted, depending on the context;
however, this paper only focuses on vertex-weighted trees.

Chapter 3 concentrated on the enumeration of block-cutpoint trees. For
the given integer n, we proposed an algorithm that allows the enumeration
of BC-trees containing no more than n block vertices in constant time for
each tree. In our context, the block-cutpoint tree is recognized as rooted.

In Section 3.1, we first established the generation rules for BC-trees. Each



generation rule adds precisely one block vertex to a BC-tree in a specified
manner, and the execution of any generation rule on a BC-tree results in
a newly formed BC-tree. Therefore, all rooted BC-trees can be derived by
continually using one of the generation rules from the simplest form of a BC-
tree, which is either a K; containing a single block vertex or a K5 containing
both a block vertex and a cutpoint vertex and rooted at the cutpoint vertex.

Following that, in Section 3.2, we concentrate on the enumeration of or-
dered BC-trees. An ordered BC-tree is a BC-tree in which the descendants
of each vertex are designated in a particular order. By combining the gener-
ation rules of BC-trees, we generate the family tree of ordered BC-trees by
reverse search, and an ordered BC-tree with no more than n block vertices
can be enumerated in constant time for each tree.

Next, in Section 3.3, we discuss the enumeration of unordered BC-trees.
Applying the enumeration algorithm of ordered BC-trees on unordered BC-
trees results in repeated outputs. Thus, we then define the canonical repre-
sentation of the unordered BC-tree, and by cataloging these canonical rep-
resentations, we can avoid duplicates. Likewise, an unordered BC-tree con-
taining no more than n block vertices can be enumerated in constant time
for each tree.

Next, we generalize the enumeration of weighted BC-trees to consist of the
enumeration of weighted trees. Chapter 4 concentrated on the enumeration
of weighted trees. We focus on the enumeration algorithm that, for given
numbers n and w, enumerates all weighted trees with a maximum of n vertices
and a total weight of w. The weighted tree is considered an ordered tree. We
divide the task into two steps: first, we enumerate all ordered trees containing
no more than n vertices; then, for each tree, we enumerate all weighted trees
corresponding to that tree with a total weight of w. As the first step is quite
uncomplicated, this dissertation will concentrate solely on the second step.

In Section 4.1, we proposed the concept of a reduced-set tree to enumerate
weighted trees for a certain tree and total weight. A reduced-set tree arises
from a tree by compressing all isomorphic subtrees rooted at a set of siblings
into a singular vertex. In a reduced-set tree, two subtrees deriving from a
pair of siblings must be distinct, a condition referred to as a sibling-distinct
tree.

Section 4.2 commences with the enumeration of weighted sibling-distinct
trees. Due to the property of the sibling-distinct tree, where no two sub-
trees rooted at a sibling pair are isomorphic, it is sufficient to enumerate the
weighted sibling-distinct tree as a sequence of integers with specified digits
and the sum of these integers. The sibling-distinct tree is considered a basic
instance of tree structure. Using reverse search, the weighted sibling-distinct
tree can be enumerated in constant time for each output.

7



Then, we generalize this result to a general tree structure in Section
4.3. By using the algorithm indicated in Section 4.1, a general tree can
be converted into its equivalent sibling-distinct tree. After that, utilizing
the enumeration algorithm described in Section 4.2, we can enumerate each
weighted tree in constant time.

Chapter 5 presents an extensive enumeration framework for connected
graph classes utilizing the structural representation provided by BC-trees.
This framework extends the constant time enumeration approaches to BC-
trees established in the preceding chapter by dividing the graph enumeration
process into two phases: skeleton enumeration and graph realization. Dur-
ing the initial step, all BC-trees, with the restriction of the number of block
vertices, are efficiently enumerated, functioning as abstract ”skeletons” that
depict the block-cutpoint structure of target graphs. In the second phase,
each BC-tree is transformed into actual graphs by allocating internal struc-
tures to blocks and establishing the distribution of cutpoints among these
blocks.

This chapter illustrates the adaptability and expandability of the frame-
work by showing how to apply it to many significant graph classes, such as
block graphs, cactus graphs, and 3-leaf power graphs. The system adjusts
to the unique block constraints and structural characteristics of each class,
demonstrating that enumeration may be dealt with via BC-tree representa-
tions. The chapter additionally presents concrete examples of graph classes
to elucidate the practical execution of each phase.

Chapter 6 presents the dissertation’s conclusion, followed by proposed
future work relating to this result, which includes improvements to the algo-
rithms and a discussion on the application of the enumeration of weighted
trees and weighted BC-trees.



Chapter 2

Preliminaries

We first clarify that the graph in the following context is considered as an
undirected finite graph.

In a graph G = (V, E), a sequence of vertices (v, v1,...,0y) is a path if
{vi,vi41} € Eforeach i =0,1,...,m—1. The length of a path is the number
of edges in the path. For two vertices v and v in a graph, the distance of the
vertices, denoted by dist(u,v), is the length of a shortest path joining u and
.

For two vertices u,v € V, we call that they are a pair of twins if
N(u)\{v} = N(v)\{u}. For a pair of twins v and v, we say that they
are strong twins if {u,v} € E, and weak twins if {u,v} ¢ E.

A graph G = (V, E) is a tree if it is connected and acyclic. In a tree, a
vertex is called a leaf if it has degree 1. It is known that any pair of vertices
on a tree is joined by a unique path (see, e.g., [13]).

A rooted tree T is a tree with one vertex r chosen as its root. A subtree
of T' is a tree that descends from a vertex in T". The subtree rooted at vertex
s is denoted by T'(s). The depth of a rooted tree is the maximum depth of
a leaf and it is denoted by d(T). The depth of a vertez v in a rooted tree is
the length of the path connecting v and root r, denoted by d(v). The height
of T is the maximum depth among leaves of T, denoted as height(T). In a
rooted tree, two vertices are called siblings if two vertices are connected to
the same vertex in the tree and have the same distance from the root. Two
subtrees T'(s) and T'(s") in T" are called sibling subtrees if s and s’ are siblings
inT.

An ordered tree is a rooted tree that the children of each vertex are
specified in left-to-right ordering. Given an ordered tree T, let (vy,vs, ..., vy)
be the sequence of the vertices of T in preorder, which is given by the depth-
first search from the root r (see, e.g., [8] for the details). The sequence
L(T) = (d(v1),d(vs), ...,d(vy,)) is called the depth sequence of T.



Let T7 and T; be two ordered trees, L(T1) = (a1, as,. .., a,) and L(Ty) =
(b1, b2, ...,by) be the depth sequences of T7 and Ty, respectively. If either
a; =b; foreach i =1,...,7 — 1 (possibly j = 1) and a; > b;, or L(T3) is the

prefix of L(T}), namely a; = b; for each i = 1,2,...,m and n > m, we say
that L(7}) is heavier than L(T5), denoted by L(T}) > L(T3). Ty and T5 are
isomorphic if n =m and a; = b; foreach 1 =1,... n.

A weighted tree is a tree in which each vertex has a non-negative weight.
Let T be a weighted tree and v be a vertex in T, the weight of vertex v is
denoted by w(v) where w(v) > 0. The weight of tree T is the sum of the
weights for all vertices in the tree, denoted by w(T) = > ., w(v). Given a
weighted ordered tree T with preorder (vq,vs, ..., v,), the sequence W (T') =
(w(vr),w(va),...,w(vy,)) is called the weight sequence of T.

For a given rooted tree T, let H be the ordered tree corresponding to
T that has the heaviest depth sequence L(H) among all the ordered trees
corresponding to T'. Then H is called the left-heavy embedding of T, and
L(H) is the left-heavy depth sequence of T'. Left-heavy embedding is uniquely
defined for any rooted tree T, and no two distinct rooted trees share the same
left-heavy embedding [19].
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Chapter 3

Enumeration on
Block-Cutpoint trees

In a connected graph G, a vertex v is called a cutpoint if the removal of v leads

to the disconnection of G. A block is a maximal connected subgraph of G free

of cutpoints. For a connected graph G, let B(G) denotes the set { By, Bo, ...}

of blocks, and C(G) denotes the set {c1, co, ...} of cutpoints of G. The block-

cutpoint graph T'(G) = (V(T), E(T')) of G is characterized by V(T') = B(G)U

C(G) and E(T) ={{¢,B} | c € C(G), B € B(G), ¢ belongs to B in G}.
Harary proved the following theorem in [13]:

Theorem 1. A graph T is a block-cutpoint graph of a graph G if and only
if T is a tree in which the distance between any two leaves is even.

We call the block-cutpoint graph T'(G) the block-cutpoint tree (BC-tree
in short) of G in the following context. It is easy to observe that any leaf of
a BC-tree is a block vertex, namely a vertex in B.

Let T denote a tree. The eccentricity of a vertex v in a tree T is defined as
the maximum distance from vertex v to any other vertex in 7. The maximum
eccentricity is the diameter of T.

A vertex v in T is designated as a center of T' if it contains the minimum
eccentricity. It is widely recognized that any tree possesses either a single
center or two adjacent centers (see, for instance, [25]). According to Theorem
1, we can directly obtain the ensuing lemma:

Lemma 1. Any BC-tree has one center.

From now on, we consider a BC-tree a rooted tree at its center.

11
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Figure 3.1: Two operations for the generation of BC-trees. The right side of
each BC-tree shows the corresponding graph structure.

3.1 Generation Rules for BC-trees

Let T denote a BC-tree with diameter 2k, and P = (vg, vy, . .., V9x) Tepresent
one of the longest paths in 7', which has a length of 2k. Then vertex vy, serves
as the center of 7.

In a rooted tree T, a subtree rooted at v is denoted by T'(v). In such a
way, T' can be denoted as T'(vy).

We are now able to propose the generation rules for BC-trees (go by
Figure 3.1 for illustration):

(1) For a BC-tree T', construct a tree 7" from T by adding a new block
vertex b to a cutpoint vertex in 7'.

(2) For a BC-tree T, construct a tree 1" from T' by adding a new cutpoint
vertex ¢ to a block vertex b in T', with a new block vertex b to c.

The following theorem relates to the generation rules above.

Theorem 2. A tree T is a BC-tree if and only if T contains a block vertex
or it is obtained by a sequence of the rules (1) and (2) from a tree contains
a block vertez.

Proof. We demonstrate the claim by applying induction to the number n
of block vertices. When T is a tree that contains a block vertex, T could
be either K; with one block vertex as its root or Ky with one block vertex
as a leaf and rooted at a cutpoint vertex. Each situation corresponds to a
BC-tree. Thus we assume that n > 1.

We first show that any tree T' generated by a sequence s of the rules is a
BC-tree. When the last rule in the sequence s is (1), let b be the block vertex
added by the rule. We consider the tree 7" obtained from 7" by removing the

12



block vertex b from T'. Then T" is a tree with n—1 block vertices generated by
a sequence s’ from a block vertex, where s’ is the sequence of rules obtained
by removing the last rule (1) from s. By the inductive hypothesis, 7" is a
BC-tree, and b is attached to a cutpoint vertex ¢ in T'. Since T" is a BC-tree,
any distance between ¢ and ' is odd, where b is any leaf in T'. Therefore,
the distance between b and b is even, which implies that 7" is a BC-tree by
Theorem 1. On the other hand, when the last rule in s is (2), let b and ¢ be
the block and cutpoint vertices added by the rule. We consider the tree T”
obtained from 7" by removing b and c. Then, by a similar argument, we can
observe that 7" is a BC-tree, and any distance between b and ' for any leaf
vertex b’ in T" is even. Thus any tree T generated by a sequence s of the
rules is a BC-tree.

We next show that any BC-tree T" with n > 1 vertices can be obtained
by a sequence of the rules. Let [ be any leaf of T'. Then [ is a block vertex
since T is a BC-tree. Since n > 1, [ has a neighbor ¢, which is a cutpoint
vertex with deg(c) > 1. We consider two cases.

e Case 1: deg(c) > 2. Let 7" be a tree obtained from 7" by removing I.
Since deg(c) > 2, [ holds at least one sibling. Then, removing [ from T’
does not break the properties of BC-tree; namely, 7" is a BC-tree with
n — 1 block vertices. Thus, by the inductive hypothesis, it is obtained
by a sequence s’ of the rules. It is easy to see that we can obtain T'
from 7" by adding [ according to rule (1).

e Case 2: deg(c) = 2. Let I’ be the other neighbor of ¢. That is,
N(c) ={l,l'}. Let T" be a tree obtained from T by removing [ and c.
Then in the same argument, 7" is a BC-tree with n — 1 block vertices,
which can be obtained by a sequence of rules. We can obtain 7" from
T' by using the rule (2).

]

It is important to observe that in the generation rules of BC-trees, both
(1) and (2) lead to the increase of precisely one block vertex. In the rest of
this paper, the term ”adding a block vertex” denotes the implementation of
either generation rule (1) or (2).

3.2 Enumeration on Ordered BC-trees

In this chapter, our aim is to enumerate all ordered BC-trees with at most
n block vertices.

13
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3.2.1 Family Tree

In [2], Avis and Fukuda introduced the reverse search technique for enumer-
ation problems. In reverse search, the target set’s parent-child relationship
forms the family tree. Except for the root, each family tree vertex is in the
target set and has a unique parent. After traversing the family tree, all target
set elements are enumerated to avoid duplicates and omissions.

Nakano proposed an enumeration algorithm for ordered trees that outputs
in constant time for each instance in [15]. We here extend this algorithm to
enumerate ordered BC-trees, resulting in a constant enumeration algorithm
for ordered BC-trees.

Consider an ordered BC-tree T" with root . Let P = (r = vy, v1,v2,...,0;)
represent a path in 7. Then P is called the right path of T if, for 1 < 5 <,
v; is the rightmost vertex among its siblings and v; is a leaf in 7.

Observe that in the context of BC-trees, v; always corresponds to a block
vertex. Then, by repeatedly removing such v; (and the cutpoint vertex ad-
jacent to v; if necessary), we finally obtain a BC-tree that contains exactly
one block vertex; see Figure 3.2.

By Lemma 1, any rooted BC-tree has exactly one root. Note that the
root of a BC-tree could be either a block vertex or a cutpoint vertex. Let .S,
be the set of ordered BC-trees with at most n vertices; we define 7, (7.,
respectively) as the family tree of all ordered BC-trees with at most n vertices
and rooted at a block vertex (rooted at a cutpoint vertex, respectively). Then
we have S,, = V( YU VI(TE).

Let T, 71" € (7;?, respectively), we define 7" as the parent of 7" in 7"
(T2, respectlvely) if 7" can be obtained from 7" by removing the rightmost
block vertex. Let the BC-tree with one block vertex be the root of 7, and
the BC-tree with a cutpoint vertex as its root and a block vertex be the root
of 7. Easy to observe that the element with depth d in either 7," or 7.
represents an ordered BC-tree with d + 1 block vertices.

14



3.2.2 Enumeration Algorithm

Based on the previously discussed definition of family trees, we propose an
enumeration algorithm for ordered BC-trees.

Algorithm 1 Enumeration on Ordered BC-trees

Input: An integer n

Output: All Ordered BC-trees with at most n block vertices
1: Initial 77 as K; and Ty as Py = (vg, v1) rooted at vy
2: Enum-Ordered-BCTree(77)
3: Enum-Ordered-BCTree(75)

procedure Enum-Ordered-BCTree(T)
Output T
if |V(T')] < n then
for each v in the right path of 7" do
add a block vertex on v to obtain T’
Enum-Ordered-BCTree(1")
end for
end if
end procedure

Theorem 3. Ordered BC-trees with at most n block vertices can be enumer-
ated by Algorithm 1 in constant time for each.

Proof. Our algorithm enumerates BC-trees rooted at block vertices and cut-
point vertices as separate classes. We maintain the depth sequence of T
while outputting only the difference from the previous one in Line 1 of the
procedure Enum-Ordered-BCTree, specifically the depth of the leaf on
the right path of the current tree. By recursively generating and outputting
BC-trees, all satisfied ordered BC-trees can be output in constant time for
each. O

3.3 Enumeration on Unordered BC-trees

3.3.1 Canonical Representation

Section 4 gives Algorithm 1, which enumerates all satisfied ordered BC-trees.
Using Algorithm 1 to enumerate unordered BC-trees leads to duplicate out-
puts. We propose the canonical representation of unordered BC-trees for
avoiding duplicate cases.
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Figure 3.3: Three isomorphic unordered BC-trees. When considered as or-
dered BC-trees, the left one serves as the canonical representation due to the
definition.

In an unordered BC-tree T, the canonical representation refers to the
BC-tree structure characterized by a left-heavy embedding, as illustrated in
Figure 3.3. The set of unordered BC-trees is considered a subset of the set
of ordered BC-trees.

3.3.2 Family Tree

The canonical representation allows the definition of the family tree for un-
ordered BC-trees in a manner similar to that of ordered BC-trees.

Let S;, be the set of unordered BC-trees in canonical representation with
at most n vertices, T,” (T2, respectively) as the family tree of all unordered
BC-trees in canonical representation with at most n vertices and rooted at a
block vertex (rooted at a cutpoint vertex, respectively). Assume T,7T" € S/
then the children of any vertex in 7" and 7" are assigned an order. Let
(r = v, v1,v9,...,v;) be the right path of 7. We say 7" is the parent of
T in either 7" or 7] if T" can be obtained from 7" by removing v; (and
the cutpoint vertex adjacent to v; if necessary). By repeatedly applying the
remove operation, we finally obtain a BC-tree that contains exactly one block
vertex.

It has been observed that when enumerating unordered BC-trees using the
same technique as for ordered BC-trees, the addition of a block vertex to T”
could end up in a BC-tree that is not in canonical representation in particular
cases. Consequently, we extend the enumeration algorithm proposed in [17]
through the enumeration of unordered BC-trees.

Let T € S!, v be a vertex in the right path of 7', and v be the left sibling
of vin T, if it exists. We consider all three cases for depth sequences L(7T'(v))
and L(T(v")) as follows:

e Case 1: L(T(v)) = L(T(V")).
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In such a case, adding a block vertex on any vertex on the right path
of T" breaks the left-heavy manner at vertex v.

e Case 2: L(T(v)) is not the prefix of L(T(v")).

Note that L(T'(v)) < L(T'(v")) satisfies since 7" is in canonical repre-
sentation. In such a case, adding a block vertex on any vertex on the
right path of 7" does not break the left-heavy manner on v.

e Case 3: L(T(v)) # L(T(v")) but L(T'(v)) is the prefix of L(T'(v")).

Assume [ is the length of L(T'(v)) and let d be the (I + 1)th element in
L(T(v")). Then it is obvious that the depth of the next vertex should
be less equal than d.

Due to the case analysis, we have the following lemma.

Lemma 2. Let T € S/, and (vo,v1,--- ,v;) be the right path of T, v, be the
left vertex of v; if exists. The following propositions are equivalent:
(1) T' obtained from T by adding a block vertex on v; is in canonical

representation;
(2) L(T(v;)) < L(T'(vj)) for2 < j <.

Proof. (1) — (2). Let T" is obtained from 7' by adding a block vertex on
v; in canonical representation. Namely, for 2 < j <, L(T'(v;)) < L(T(v}))
satisfies in 7" for any j. Obviously, L(T (v;)) < L(T'(v})) establishes in T

(2) = (1). Let 2 < j < i, since T € S, L(T(v;)) < L(T(v})) holds.
Assume there exists such j that satisfies L(T'(v;)) = L(T'(v})), then adding a
block vertex on v; leads to L(T'(v;)) > L(T(v})), namely T is not in canonical
representation, a contradiction.

]

3.3.3 Enumeration Algorithm

Here, we are able to propose the enumeration of unordered BC-trees.

Algorithm 2 Enumeration on Unordered BC-trees

Input: An integer n

Output: All Unordered BC-trees with at most n block vertices
1: Initial Ty as K; and Ty as Py = (vg, v1) rooted at vy
2: Enum-Unordered-BCTree(77)
3: Enum-Unordered-BCTree(T5)
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procedure Enum-Unordered-BCTree(T")

1: Output T > Assume (vg, vy, -+ ,v;) be the right path of T
2: if |[V(T)| < n then

3: end <[

4: for i < 1 to end do

5: if L(T(v;)) = L(T(v})) then > Case 1
6: Break

7 end if

8: Update informations related to v;

9: if L(T'(v;)) is the prefix of L(T'(v])) then
10: end < d—1 > Case 3
11: end if
12: add a block vertex on v; to obtain 1"
13: Enum-Unordered-BCTree(7")
14: end for
15: end if

end procedure

Theorem 4. Unordered BC-trees with at most n block vertices can be enu-
merated by Algorithm 2 in constant time for each.

Proof. The proof simply corresponds to that of Algorithm 1, with an em-
phasis on the distinct parts. In Case 3 (lines 8-9), we update end to prune
the process and avoid obtaining BC-trees that are not in canonical represen-
tation.

Each BC-tree in canonical representation is derived from the subtree con-
taining one block vertex (K7 or K5), corresponding to Case 3. Increasing the
block vertex repeatedly maintains Case 3 or transitions to Case 1 or Case 2.

We maintain the depth sequence of the current BC-tree T', and we also
maintain the start and end indexes of L(T'(v")) for each vertex v with d in
Case 3, if applicable. We can then complete lines 5 and 8 in constant time.

Lines 5-6 indicate the break from the current loop in Case 1. In line 7,
we update L(T(v;)) and the case related to the current v;. Additionally, we
update L(T'(v})) and d if v; is in existence. Subsequently, we can amortize the
update of the right path from linear time to constant time for each output.
In particular, each output requires constant time, while the algorithm uses

O(n) space. O

Here, we would like to point out an important detail regarding line 3 of
Algorithm 2. When enumerating BC-trees that are rooted at cutpoint ver-
tices, consider the relationship between a BC-tree and its associated graph,
not all of these trees correspond to actual graphs. Specifically, among all
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the BC-trees enumerated by line 3, those in which the root vertex vy, a
cutpoint vertex, has only one child node v; do not correspond to any graph
(other newly added cutpoint vertices must be adjacent to two block vertices).
While these tree structures are valid in terms of the BC-tree definition, they
should be handled with care in practical applications.
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Chapter 4

Enumeration on Weighted
Trees

In order to enrich the framework, we focus on the details of the second stage
in this chapter. Specifically, in this chapter, we generalize the enumeration
problem of weighted BC trees in the second stage into the enumeration prob-
lem of weighted trees for discussion, and proposed an enumeration algorithm
for weighted trees such that each satisfied weighted tree can be enumerated
in amortized constant time for each.

4.1 Reduced Set Trees

4.1.1 Reduced Set Tree

For a given rooted tree T'= (V, E) in left-heavy embedding, the reduced set
tree (RSTree for short) T of T is a tree structure that compacts isomorphic
subtrees in 7.

The RSTree T" is obtained from a given tree T as follows.

For T', we recursively iterate vertices by their depth. For depth d, a
temporary list is constructed to store the vertex-label pairs (v, () for vertices
in V; ordered from left to right, where [ encodes the label of the subtree
rooted at v and Vj is the set of vertices with depth d. Leaves are assigned
empty labels [], while the labels of internal nodes are formed from the labels of
their children in order. These labels are essentially representations of subtree
structures, constructed recursively from the leaves up. Next, we map each
distinct label to a unique integer identifier to compress the representation
for each label. Such compressed labels allow us to check whether two sibling
subtrees are isomorphic in linear time. Note that the steps above do not
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Figure 4.1: An illustration for Algorithm 3 when d = height(T') for a given
rooted tree T'.

change the order for vertices in T. At last, we compare the compressed
labels for pairs of siblings to check the isomorphism of the corresponding
sibling subtrees. Once multiple sibling subtrees are isomorphic, we remove
all these subtrees and store them into a newly obtained vertex called the
set verter. For a set vertex sv, the corresponding subtrees that are removed
are denoted by a subtree set S(sv) = {T'(v1),T(v2),...,T(vm)}. Due to all
subtrees in such a set being isomorphic, it is not necessary to keep their
order. By recursively applying such operations from bottom to top, we can
obtain the RSTree T from T.

Our idea above is based on the AHU algorithm (see Example 3.2, [1]),
which is able to determining the isomorphism of two rooted trees in linear
time. Hereafter, for a given rooted tree T' in left-heavy embedding, we give
Algorithm 3 to obtain an RSTree T” from T'. Figure 4.1 gives an illustration
for the process when d = height(T) for a given rooted tree T.

Thus we have Theorem 5.

Theorem 5. For a given ordered tree T', Algorithm 3 generates the RSTree
T" of T in O(n) time.

Proof. In lines 3-12, all vertices with depth d are traversed only once to
construct ', a temporary list of vertex-label pairs for vertices in V. In line
13, the time cost for sorting L in lexicographical order is proportional to the
number of tuples in L.

Then in lines 16-20, each label constructed above is compacted into inte-
gers by their order to construct a new vertex-label list.
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Algorithm 3 Generation of the reduced set tree of a given tree

Input: Tree T

Output: The reduced set tree 17" of T
1: L < empty list
2: for d < height(T) to 0 do

3: L' + empty list

4: for pair (v, k) in L do

5: p < parent of v

6: if p is a vertex in L’ then

7: Append k to the label of p in L'
8: else

9: Append new pair (p, [k]) to L’
10: end if

11: end for

12: for v in V; do

13: if v is a leaf then

14: Append pair (v, []) to L'

15: end if

16: end for

17: L < L' and sort L in lexicographical order

18: L' < empty list
19: 1dx < 0, label < label of first pair in L

20: for pair (v,l) in L in order do
21: if [ # label then

22: vdx < udx + 1

23: label <1

24: end if

25: Append pair (v,idz) to L'

26: end for
27: L+ I

28: for pair (v,l) in L in order do

29: if v~ exists and [ = [~ then

30: if v not exists or [ # [T then

31: add set vertex v, as the right sibling of v

32: Veur & U, loyr <1

33: while v_,, exists and l.,, = [, do

34: remove subtree T'(vey,) and add T(vey,) t0 S(vVser)
35: Veur < UV, Loy 17

36: end while

37: remove subtree T'(ve,,) and add T (vey,) 10 S(Vser)
38: end if

39: end if

40: end for
41: end for
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Lastly, in lines 22-30, we traverse pairs in L to check if isomorphic subtrees
exist. If so, we remove isomorphic subtrees and store them at a newly added
set vertex.

The correctness of our algorithm can be referenced by the AHU algorithm.
The time complexity for both assigning labels and integers to all vertices is
proportional to the number of vertices in T'. Also, each subtree rooted at a
vertex in 7' is possibly removed at most once by lines 28-30. Namely, the
operation to each vertex is restricted within constant time, and for a given
ordered tree T, Algorithm 3 can be done in O(n) time. O

It is easy to see that the RSTrees 77 and T}, are with the same structure
if and only if 7} and 75, are isomorphic. We here note that two subtrees 77
and Ty with set vertices are defined to be isomorphic only when the original
corresponding subtrees of T} and T5 are isomorphic.

Lemma 3. For a given rooted tree T in left-heavy embedding and an arbitrary
weight sequence suited toT', there is precisely one corresponding weighted tree
if and only if the RSTree T" is isomorphic to T.

Proof. We first consider the if part. Then, for 7" and weight sequence W,
there is precisely one corresponding weighted tree. Thus, there are no two
isomorphic sibling subtrees in 7. Namely, T" is isomorphic to the RSTree of
T.

The only-if part is proved by contradiction. Assume 7T is not isomorphic
to the RSTree of T', and for a given arbitrary weight sequence W (T') suited
to T, there is precisely one corresponding weighted tree.

Let (U1, ..oy Uiy Vi 1y o« oy Vil - - 3 Ujy Ujds - - - s Ujitky - - - » Uy ) De the preorder
of T, there must exist at least one pair of siblings v; and v; such that subtrees
induced by (v;, vit1, ..., visg) and (vj, Vi1, . . ., Vj4x) are isomorphic for some
k. Let W(T) = (U)h ey Wiy, Wig 1y oo oy Wiy oo oy Wiy Wig1y ooy Wiy v v e ,wm),
consider [ that satisfies w; # w4, for ¢ <1 < i+ k, namely by changing
the order of subtrees induced by (v;, viy1, ..., viyx) and (vj, Vi1, ..., Vjpk), We

. e
can obtain W (T) = (wl, ey Wi Wig1y e e ey Wiy + ooy Wiy Wit 1y -+ oy Wigkey - - - ,U)m>,

another weight sequence of 7. It is obvious that W (T') # W'(T") since there
exists such [ which satisfies w; # w44 for ¢ < 1 <@+ k, which gives a
contradiction. O

For an RSTree T" isomorphic to its original tree T', T is called the sibling-
distinct tree.
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4.2 Enumeration on weighted sibling-distinct
trees

Here, we first deal with the enumeration algorithm of weighted sibling-
distinct trees. The enumeration of the weighted sibling-distinct trees is based
on the reverse search. We denoted by 7,(T) = (V,,(T), E,(T)) the family
tree for all possible weight sequences of a given sibling-distinct tree T with
weight w.

We first give the definition of binary relations =, > and < on pairs of
weighted sibling-distinct trees. Note that for weighted single vertices v; and
vg, we simply define v, > vy (V1 = vy and v, < vy, respectively) if w(vy) >
w(ve) (w(v1) = w(vy) and w(vy) < w(vy), respectively).

Let T7 and T, be two weighted isomorphic sibling-distinct trees with the
same weight w, namely, W (T}) and W (T5) are in the same family tree T, (7).
We say Ty = Ty if W(T}) = W(Ty). T} > Ty if W (Ty) appears before W (T3)
in the pre-order traversal on T, (7). T} <T 5 is defined in the same way.

Let W € V,,(T) with W = (wy,wa, ..., wp, ..., w,) and p be the maximal
index that satisfies w, > 0, that is, wy1; = - -+ = w,, = 0. Consider the weight
sequence (wy,ws, ..., wy—1 +1,w, —1,...,w,), which is obtained from W.
Then we have the following lemma.

Lemma 4. Let W € V,(T) with W = (wy,ws, ..., wy,...,wy,), then the
weight sequence (wy, wa, ..., wy—1 + 1, w, —1,... w,) which is derived from
W is also in Vi, (T).

Proof. The obtainment does not change the total weight and the length of
the sequence. Thus, the newly obtained weight sequence is also in V,,(T"). O

In the context of the family tree of the weighted tree, the weight sequence

(wy,wa, ..., wp—1 + 1w, —1,...,w,) is defined to be the parent sequence of
W in T,(T), denoted by P(W). W is called the child sequence of P(W) in
Tu(T).

For any weight sequence W € T, (T), by repeatedly generating P(W), we
can obtain a unique sequence W, P(W), P(P(W)) ... of weight sequences in
the family tree 7,(7T"). All these sequences eventually ended at the weight
sequence (w,0,0,...,0). By merging all these sequences, we can construct
Tw(T). The enumeration of all weight sequences with the given 7" and weight
w can be applied by traversing 7,,(7") and outputting all elements in 7, (7).
Note that once T is restricted to a sibling-distinct tree, it is not necessary to
consider L(7T) when enumerating the weight sequence of T'. Figure 4.2 shows

24



N
(0,0,0,3)

Figure 4.2: An illustration of the family tree for all weight sequences of the
weighted sibling-distinct tree with total weight 3 and 4 vertices.

an illustration of the family tree for all weight sequences of the weighted
sibling-distinct tree with total weight 3 and 4 vertices.

Hereafter, we consider the parent-child relationship in the family tree,
namely the generation from the parent sequence to the child sequence. We
have the following lemma:

Lemma 5. Let W,\W' € T,(T) with W = (wy,ws, ..., wp,...,w,), where
p is the mazimal index that satisfies w, > 0 for 1 < p < n. Then W' is
the child sequence of W if and only if either (1) W' = (wy, wa, ..., wp—1 —
Lw,+1,...,w,) whenp > 1 and w,_y >0, or (2) W' = (wy,ws, ..., w, —
1,1,...,w,) when p < n.

Proof. 1t is easy to observe that the parent sequence of (wy,ws, ..., w,—1 —
Lwy+1, ... ,wy,) and (wy, we, ..., wpy—1,1,... wy) is (wy,wa, ..., Wy, ..., wy)
based on the definition of the parent-child relation in the family tree, which
proves the necessity of the lemma. For sufficiency, assume W’ is the child
of W with W' = (wy,...,w),...,w,), then we have W = (wy,...,w),_; +
Lw, —1,...,w,) due to the definition of the parent-child relationship. We
consider the weight w;, — 1 in W in two cases: (1)w;, —1 > 0. In such a case,
W and W’ hold the same p. Due to W and W', wj, ; > 0 and p—1 > 1
hold, namely w),_, +1 > 1 and p > 1, which corresponds to (1) in Lemma 5;
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(2)w;, —1 = 0. In such a case, p is increased by 1 from W to W’. Therefore,
p < n holds in W, which corresponds to (2) in Lemma 5. ]

Here, we propose Algorithm 4 to enumerate all possible weight sequences
for suit T" and weight w in constant time. Note that each output corresponds
to a pair of index and weight of a vertex.

Algorithm 4 Enumeration on weighted sibling-distinct trees
Input: T a sibling-distinct tree with order n; w: the total weight T.
Output: all weighted trees suit to T" of weight w.
1: Initial W(T) = (w,0,0,...,0) > |[W|=n
2: Enum-SDTree(W(7T), 1)

procedure Enum-SDTree(W, p) > W = (wy, wa, ..., Wy, ..., w,) is the
current weight sequence, p is the maximal index that satisfies w, > 0

1: if p =1 then

2: Output pair (1, wy)

3: else

4: Output pairs (p — 1, w,—_1) and (p, w,)

5: end if

6: if p > 1 and w,_; > 0 then

7: Enum-SDTree((wy, ws, ..., wy—1 — Liw, +1,...,w,), p)
8: end if

9: if p < n then

10: Enum-SDTree((wy, wa, ..., w, —1,1,...,w,), p+ 1)
11: end if

end procedure

Theorem 6. For a given sibling-distinct tree T and weight w, Algorithm /
enumerates all weighted trees that suit T and weight w in constant time per
tree.

Proof. Algorithm 4 initializes the weight sequence as the root of the fam-
ily tree and calls the procedure Enum-SDTree(). In procedure Enum-
SDTree(), time complexity follows the cost of applying DFS on the fam-
ily tree. In lines 1-5, it only outputs the difference from the previous one,
which outputs at most two vertex weights and the corresponding vertex in-
dex for each output. Based on Lemma 5, lines 6-11 recursively call procedure
Enum-SDTree() to traverse the whole family tree. It is simple to observe
that each recursion runs in only constant steps. Thus, each weight sequence
can be enumerated in constant time. [
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4.3 Enumeration on Weighted RSTrees

The fundamental strategy of the RSTree enumeration, which relies on the
concept of mutual recursion, is illustrated in this section.

4.3.1 Enumeration on Weighted Set Vertices

For a given weighted set vertex sv of weight w, the enumeration of a weighted
set vertex can be separated into two parts. We first enumerate the weight
sequence of sv, then enumerate the weighted RSTrees of S(sv) in canonical
order.

Weight Sequence of Set Vertex

Firstly, we consider the enumeration of the weight sequences of a weighted
set vertex. For the set vertex sv of weight w, we aim to output all weight
sequences satisfying sv with sum w, where the length of the weight se-
quence corresponds to the number of subtrees in sv. The enumeration of
the weighted set vertex uses a similar framework as the enumeration of the
weighted tree.

Let sv be a set vertex that corresponds to the subtree set S(sv) =
{T(v1),T(va),...,T(vy)}. Even subtrees T(vy),T(ve),...,T(vy) are iso-
morphic, the weight sequence consists of the weight sequences of such sub-
trees with different orders that are numerous. In such a case, we define

the canonical order of isomorphic subtrees as T'(v;) § T(viyq) for 1 <@ <
m — 1, and the weight sequence of the set vertex is denoted as W (S(sv)) =
(w(T (1)), w(T(v2)), - .., w(T (Vm)))-

We define the family tree T, (sv) = (Vi,(sv), Ey(sv)) such that all possible
weight sequences suiting S(sv) of weight w are elements in 7,(sv). For
weighted set vertices sv; and svg, the weight sequence of sv; is denoted as
W(S(sv1)) = (w(T(v1)), w(T(v2)),...,w(T(vy))) and the weight sequence
of svy is denoted as W(S(sv1)) = (w(T(v1)), w(T(ve)), ..., w(T(vy))) with
W(S(s11)), W(S(sv2)) € Vin(sv). We say svy = svy if T(v;) = T(v)) for
1 <i<m, and sv; > svy if (L)W (S(sv1)) shows before W (S(sv2)) in the
pre-order traversal on Ty, (sv), or (2)W (S(sv1)) = W(S(sv2)), T(v;) = T(v})
and T'(vi41) < T(vi, ) for some 1 <i <m. sv; < svy 1s defined in the same
way.

Now we focus on the parent-child relationship in 7y, (sv).

Let WS = (wy,wa, ..., wp,...,wy,) where p is the maximal index that
satisfies w, > 0. Recall that w; > w;;; holds for 1 <7 < m — 1. Consider
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DO OB06

Tl T2

Figure 4.3: An illustration showing two weighted RSTrees, 17 and T3, where
T > T holds. Despite T} and 75 containing identical weight sequences, the

disparity in the weight sequence of sv results in 7} ST 5, as defined in Case
3, Section 3.2.

the weight sequence (w; + 1,wa,...,w, —1,...,wy,,), which is derived from
WS. We have the following lemma:

Lemma 6. Let WS € V,,(sv) with WS = (wy,wa, ..., Wy, ..., wy,), then the
weight sequence (wy + 1, wa, ..., w, — 1,... wy,) which is derived from WS
is also in Vi, (sv).

Proof. The operation does not change the total weight or the length of the
sequence. Thus, the newly obtained weight sequence is also in V,,(sv). O

The weight sequence (wy + 1, ws, ..., w, — 1,...,w,y,) is called the parent
sequence of WS in the context of the weighted set vertex. It is indicated by
P(WS) in T,(sv). For every weight sequence WS € V,,(sv), we can generate
a unique sequence WS, P(WS),... in the family tree 7, (sv) by repeatedly
creating P(W.S). Furthermore, all of these sequences eventually arrive at the
endpoint (w(sv),0,...,0). Similarly, we can generate the family tree Ty, (sv)
by combining all of these sequences. The weight sequence (w(sv),0,...,0) is
considered to be the root of T, (sv). Figure 4.4 shows an illustration.

Pay attention that we implement a distinct parent-child relationship com-
pared to the case of the weighted sibling-distinct tree. In the weighted sibling-
distinct tree, the weights assigned to vertices are independent, while in the
weighted set vertex, the weight sequence has to retain canonical order. Uti-
lizing the same parent-child relationship results in instances that contradict
the canonical order, specifically a series of duplicated outputs. Consequently,
we use a different definition on the family tree of the weighted set vertices to
ensure that the weight sequence is consistently ordered in canonical order.

Consider generating the weight sequence of the sibling subtree sequence
from its parent sequence; we have Lemma 7.
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Figure 4.4: The family tree for all weight sequences in the set has four
isomorphic subtrees, and the total weight of the corresponding set vertex is
8.

Lemma 7. Let WS, WS" € V,(sv) with WS = (wy,ws,...,wp,..., W),
where p is the maximal index that satisfies w, > 0. Then WS is the par-
ent sequence of WS’ in Ty(sv) if and only if either (1) WS = (w; —
Liwsg,...;wy+1,...,wy) when p > 2, w, < w1 and wy > wy, (2) WS' =
(w1 — Lwa, ..., wp, 1, ... wy,) when 1 < p < s and wy > wy, or (8) WS =
(wy — Lwe +1,...,wy) when 1 < p <2 and wy > wy + 1.

Proof. The necessity is obvious. We demonstrate sufficiency. Assume WS’
is the child of WS with WS" = (w},...,w,, ... ,w;,), then we have WS =
(w) +1,...,w, —1,...,w;,) due to the above definition of the parent-child
relationship. In the following cases, we consider the weight w;, — 1 in WS:
(1) p > 2 and w), — 1 > 0. Then we have w; — 1 > wy and w, ; > w, — 1.
Therefore, w} > wy and w;,_; > w;, hold. This corresponds to (1) in Lemma
7. (2) p>2and w, —1 = 0. In this case, p is increased by 1 from WS to
WS’ indicating that p of WS can be at least 2. This case corresponds to
(2) in Lemma 7. (3) p = 2. Specifically, w} +1 > w) — 1 is held by W'
Note that in this case, p of WS can be either 1 or 2. Therefore, we have
w) > wy+1in WS when 1 < p <2 which corresponds to (3) in Lemma 7.
The three cases encompass all situations, demonstrating their sufficiency. [

By Lemma 7, we can enumerate all possible weight sequences for a set
vertex sv of weight w, and S(sv) contains m subtrees.
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Weight Sequences of Isomorphic Subtrees

First, we need to extend the notions of =, > and < to the case of weighted
RStrees. Let T} and T, be two weighted isomorphic RSTrees of the same

weight, also W (T7), W(T3z) € T)(T) holds. Assume (vq, vy, ..., v,) and (v}, v}, ...

are the pre-orders of Ty and T, respectively. We say Ty = Ty if v; = v, for
1 <i < n. Note that v; and v} can be either a single vertex or a set ver-

tex. Ty > Ty if (L)W (T}) appears before W (T3) in the pre-order traversal on

To(T), or (2)W(T1) = W(T3), v; = v} and vj4 > v}, for some 1 < j < n.

T < T is defined in the same way.

Consider a set vertex sv of weight w. Let S(sv) = {T1,Ts,...,T,} repre-
sent the set of isomorphic subtrees associated with sv. Next, in this part, we
aim to figure out the approach for enumerating the subtrees in S(sv). In par-
ticular, given a tree T and its RSTree T”, where sv € T” contains vertices from
Vg t0 v, in T, the aim is to enumerate all possible (w(vy,), w(vay1), ..., w(vy))
combinations with a total weight of w. For any two isomorphic subtrees T;

and T;yq in S(sv), where 1 < i < n, since T; § T; 1 holds, we analyze the
relationship between T; and 7}, in two situations:

Case 1: w(T;) > w(T;11). In this situation, 7; and T}, can be individ-
ually enumerated with their respective weights.

Case 2: w(T;) = w(T;+1). To ensure that 7T; > T;+1 in this situation, we
must handle the weight sequence of T; with care. It is important to observe
that since T; is isomorphic to Tjy1 and w(T;) = w(T;41), the family trees
obtained while enumerating 7; and 7;,, are the same. In other words, by
storing the results when enumerating weighted tree T;, all satisfied weight
sequences of T; 1 can be enumerated efficiently.

4.3.2 Enumeration on Weighted Reduced Set Trees

In Section 5.2, we investigated a case of enumerating sibling-distinct trees.
In this context, we easily extend the application to include the method of
enumeration of the weighted RSTree with set vertices. Note that there is no
such lexicographical order that exists among vertices in an RSTree, all set
vertices are able to be enumerated separately.

4.3.3 Enumeration Algorithms

Hereafter, we propose the enumeration algorithm of the weighted RSTrees.
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Algorithm 5 Enumeration on weighted reduced-set trees

Input: A reduced-set tree T' with order n; w the total weight of T
Output: all weighted trees suit T of weight w.

1: Initial W(T) = (w,0,0,...,0)
2: Enum-RSTree(7, 1)
procedure Enum-RSTree(T, p) > Let
W(T) = (w(vy), w(ve), ..., w(v,)) be the weight sequence of tree T
1: if p =1 then
2: Output w(vy) with index
3: else
4: fori - p—1topdo
5: if v; is a set vertex then
6: Enum-SV ((w(v;),0,...,0),1)
7 else
8: Output w(v;) with index
9: end if
10: end for
11: end if
12: if p > 1 and w,—; > 0 then
13: Enum-RSTree((wy, wy, ...,wy_1 — Lw, +1,...,w,), p)
14: end if
15: if p < n then
16: Enum-RSTree((wy, ws,...,w, —1,1,...,w,), p+ 1)
17: end if
end procedure
procedure Enum-SV (W, p) >
W = (w(Th), w(Ty), ..., w(Ty),...,w(T,)) is the weight sequence of the
current set vertex, and w be the sum of w(7T;) for all 1 <i < m.
1: if w =0 then
2: return
3: end if
4: Enum-RSTree((w(71),0,...,0), 1)
5. if w(Ty) = w(13) then
6: for i — 2 to p do
7: if w(T;) = w(T}) then
8: Enumerate all W (T;) satisfies T; < Ti 1
9: end if
10: end for
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11: end if
12: if w(Ty) # w(7,) then
13: if w(T)—1) = w(T,) then

14: Enumerate all W(7},) satisfies 7},_4 < T,
15: else

16: Enum-RSTree((w(7},),0,...,0), 1)

17: end if

18: end if

19: if p < 2 and w; > wy + 1 then
20: Enum-SV((w(Ty) — L,w(Ty) =14+ 1,...,w(Ty)), 2)
21: end if
22: if p > 2 and w, < w, — 1 and w; > wy then
23: Enum-SV((w(Ty) — 1,w(T%),...,w(T,) + 1,...,w(T)), p)
24: end if
25: if 1 < p <m and w; > wy then
26: Enum-SV((w(Th) — L, w(T3),...,w(Ty) +1,...,w(Ty)), p+ 1)
27: end if
end procedure

Our algorithm consists of two procedures. Procedure Enum-RSTree
corresponds to the analysis in Section 5.3.2, which enumerates all possible
weight sequences of 7. Note that in line 4, we only recursively enumerate
and output v,_; and wvp; all results of v; for 1 < j < p — 2 have already
been enumerated and stored to avoid repeatedly enumerating the same sub-
problems. The procedure Enum-RSTree degrades into procedure Enum-
SDTree when T is sibling-distinct.

Procedure Enum-SV corresponds to the analysis in Section 5.3.1, which
enumerates all possible weight sequences of sv and recursively enumerates
each weighted RSTree in sv. Lines 7 and 10 correspond to Case 2 in the
weight sequences of isomorphic subtrees in Section 5.3.1. Note that we only
recursively enumerate 77 and 7,, two subtrees whose weights are changed.
Lines 5-7 correspond to the case when w(1y) = w(T3) = --- = W(1}) for
some 2 < j < p. In such a case, the results of T5,...,T; need to be re-
outputted to satisfy the canonical order.

Thus, we put forward the following theorem:

Theorem 7. For a given RSTree T' and weight w, Algorithm 5 enumerates
each wewghted tree that suits T of weight w in constant amortized time.

Proof. Observe that each new result is enumerated only in the procedure
Enum-RSTree in constant time, as demonstrated in Theorem 6. We then
concentrate on the procedure Enum-SV. Line 7 executes just when w(T;) =
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w(Ty), indicating that all satisfied W (T;) have been enumerated throughout
the enumeration of W (T}). Consequently, each output costs a constant time
delay. In a worst-case scenario where w(7T1) = w(Ts) = --- = w(7}), it re-
quires O(n) time to output the specific weight sequence W (11), W(T3), ..., W(1},),
while the output is able to be amortized to O(1) time by following outputs.
Line 10 can be executed similarly. Lines 13-18 originate from Lemma 7. [

Note that in Algorithm 3, all satisfied RSTrees can be enumerated in
linear time for each, and converting each result over to a tree can be done
as well in linear time. By combining Algorithm 3 and Algorithm 5 with the
linear time enumeration of ordered trees, we reach the following corollary:

Corollary 1. For a given pair of positive integers n and w, we can enumerate
all weighted trees of wvertices less than or equal to n of total weight w in
constant amortized time for each.
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Chapter 5

Enumeration Framework by
BC-tree

While Chapter 3 concentrated on the enumeration of BC-trees—both ordered
and unordered—our objective exceeds simply the enumeration of BC-trees.
In numerous graph classes, BC-trees can serve as structural foundations for
the graph through cutpoints and blocks. To utilize this structure for the
enumeration of wider graph classes, we present an extensive framework in
this chapter. This framework extends BC-tree enumeration by systemati-
cally constructing graphs from their BC-tree skeletons, allowing the efficient
enumeration of classes such as block graphs and cactus graphs according to
restraints.

5.1 Enumeration Framework

Consider the enumeration problem for a graph class G; specifically, we aim
to enumerate all graphs G € G containing no more than n vertices. Our
framework contains two phases: the first phase enumerates all BC-trees con-
taining no more than n’ block vertices, and the second phase enumerates
every possible graph G resulting from each BC-tree enumerated as the final
output. The results we obtained in Chapter 3 match seamlessly with the first
phase of the framework; we will now concentrate on the second phase.

Assume T = {V, E} is a vertex-weighted BC-tree that is derived from
G € G, where a vertex-weighted BC-tree is a BC-tree such that each vertex
in the tree is assigned a number. For block vertex bv € V', w(bv), the weight
of buv is assigned as the number of vertices in the corresponding block in G,
and for cutpoint vertex cv € V, w(cwv) is always 1 since it always corresponds
to a unique cutpoint in G.
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Directly, we have the following lemma:

Lemma 8. For a given weighted BC-tree T = {V, E} derived from a graph
G, we have w =Y, ., w(v) — |E|, where w is the number of vertices in G.

Proof. Let BV be the set of block vertices and C'V' be the set of cutpoint
vertices in V'; we have V' = BV UCYV. The total weight of block vertices (cut-
point vertices, respectively) is D, _py w(bv) (3., cov w(cv), respectively).
In GG, every cutpoint vertex belongs to multiple blocks. Correspondingly,
in 7', cv had been counted deg(cv) times by the adjacent block vertices in
> wepy w(bv), and every edge adjacent to a cutpoint vertex and a block
vertex in T'. Therefore, we have w = 3", _pv w(bv) + > oy w(cv) — |E| =
S ey w(v) = |E].
O

The previous lemma establishes a connection between the enumeration
problem of graph classes and that of weighted BC-trees. In the second phase
of the proposed framework, the most basic information required is the number
of vertices in each block.

This framework is extremely useful for enumeration problems in specific
graph classes, particularly ones that emphasize the relationships between
blocks rather than the internal structure of the blocks. Below, we provide
some graph class examples:

5.1.1 Enumeration on Block Graphs

We first focus on the class of block graphs. A characterization of the block
graph is first proposed by Harary in [12]. A block graph is defined as a graph
in which its blocks are cliques. Namely, a block graph is a connected graph
consisting of several cliques organized by cutpoints. The BC-tree distinctly
shows the structure of the block graph. As a result, we initially present an
approach for enumerating the class of block graphs by the use of BC-trees.

Let T be a BC-tree with n block vertices, with a specified number of
vertices for each block. Observe that in this context, the weight of each
block vertex in 7" is an integer no less than 2 and its degree, but the weight
of each cutpoint vertex in T is precisely 1. So it is simple to enumerate all
block graphs that are isomorphic to the given BC-tree T.

In short, for the second phase of the framework, let T" represent a BC-
tree enumerated in the first phase. For a specified weight w, our objective
is to enumerate all weighted BC-trees in suit 7' having a total weight of
w. Since T is provided, we can determine the number of vertices for the
corresponding graph using Lemma 8. By constraining the weight of cutpoint
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Figure 5.1: An illustration for the correspondence between a weighted BC-
tree and a block graph. The number on the left-bottom of each vertex in the
weighted BC-tree is the weight of the corresponding vertex. Note that in the
weighted BC-tree, each cutpoint vertex has weight 1, and the degree of each
block vertex should be not less than its weight, which is at least 2.

vertices to 1 and the weight of block vertices to an integer not less than 2 and
its degree, each result holds a one-to-one correspondence with block graphs,
which contain w + |E(T")| vertices.

5.1.2 Enumeration on Cactus Graphs

Then we focus on the class of cactus graphs. A graph G is classified as a
cactus graph if each edge belongs to no more than one cycle. It is, in addition,
characterized as a connected graph in which each block is either an edge or
a cycle. A cactus graph can be seen as a combination of many cycle graphs.
In particular, a cycle graph with two vertices is denoted as K5, while a cycle
graph with one vertex is represented as Kj.

Unlike block graphs, a weighted BC-tree may correspond to multiple cac-
tus graphs, depending on the arrangement of cutpoints within each block.
Figure 5.2 shows the weighted BC-tree associated with two unisomorphic
cactus graphs. As a result, we require not just the number of vertices but
also the arrangement of cutpoints for each block to reconstruct a specific cac-
tus graph. From an enumeration perspective, the arrangement of cutpoints
within a block is also necessary in the second phase of the framework.

5.1.3 Enumeration on 3-leaf power graphs

Here we introduce how the framework works on the class of 3-leaf power
graphs. A connected graph is a 3-leaf power if and only if it results from a
tree by replacing every vertex by a clique of arbitrary size. Many studies are
related to the class of 3-leaf power graphs [9, 6, 22]. In particular, Gioan and
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Figure 5.2: An illustration for the correspondence between a weighted BC-
tree and two cactus graphs.

Figure 5.3: An illustration for the correspondence between a weighted BC-
tree and a 3-leaf power graph.
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Paul present a set of generation rules for the class of 3-leaf power graphs in
[11]. A 3-leaf power graph can be constructed by (1) adding a certain number
of vertices and (2) obtaining strong twins in a certain number. Yamazaki et
al. proposed an enumeration algorithm for the class of 3-leaf power graphs
based on this generation rule set, which enumerates 3-leaf power graphs in
O(n?) time for each graph.

According to the generation rules of 3-leaf power graphs, it is obvious
that a cutpoint in a 3-leaf power graph G is unable to have strong twins.
Specifically, for a block B = {Vp, Eg} in G, the number of vertices having
strong twins should be |Vp| — ¢, where ¢ denotes the number of cutpoints in
B of G. Figure 5.3 illustrates that the block of 4 vertices has just a pair of
strong twins, while the other two vertices serve as cutpoints.

Using the BC-tree to import the enumeration framework allows for the re-
cursive resolution of the enumeration problem concerning 3-leaf power graphs
through its subproblem, the enumeration problem of biconnected 3-leaf power
graphs, which reduces the time required for enumeration. On the other hand,
adding the constraint of connectedness significantly reduces the solution com-
pared to the original problem. In conclusion, an efficient enumeration ap-
proach for the class of 3-leaf power graphs is anticipated.
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Chapter 6

Conclusion and Future works

This dissertation addresses the enumeration problem for two fundamental
graph structures: block-cutpoint trees and rooted vertex-weighted trees.
These structures possess theoretical importance and serve as the foundations
for more complex graph classes that arise in practical applications, including
bioinformatics, network analysis, and data modeling.

We propose two efficient enumeration algorithms for both ordered BC-
trees and unordered BC-trees, which ensure constant time delay for each
output. This outcome is significant, as BC-trees contain the division of con-
nected graphs into components and cutpoints, and their enumeration es-
tablishes the structural basis for numerous graph classes. Our approach uses
the reverse search technique to prevent duplication and guarantee scalability,
even with substantial input quantities.

Next, we introduced the enumeration of rooted vertex-weighted trees sub-
jected to both structural and weight-sum constraints. Weighted trees repre-
sent cases in which vertices possess functional weights, which are common
in areas such as hierarchical or biological data. We proposed an algorithm
for constant amortized time delay enumeration that efficiently enumerates
all such trees under specified constraints. The algorithm fits easily into the
second phase of our framework, thereby improving its applicability to graph
enumeration.

Based on the enumeration of BC-trees and weighted trees, we provided
the notion of an extensive two-phase framework for graph enumeration. In
the first phase, BC-trees are enumerated as abstract graph skeletons. During
the second phase, each BC-tree is enhanced into complete graph instances
through the addition of essential block-level data, such as vertex numbers.
This approach extends the enumeration process, allowing its use to other
graph classes, such as block graphs, cactus graphs, and 3-leaf power graphs.
The framework distinguishes structure enumeration from detail instantiation,

39



making it both extensible and flexible.

Our research provides a cohesive viewpoint on graph enumeration by
connecting tree-based structures with broader graph classes. The suggested
algorithms and framework give both theoretical insights and practical tools
for algorithm design and data manufacture.

There are also some promising directions related to this research.

First, in the context of enumerating weighted trees, a possible enhance-
ment involves improving the enumeration of weight sequences. At present,
our technique achieves constant amortized time for the enumeration of all
weighted trees with a given tree structure and a total weight. By apply-
ing Gray code in the enumeration of weight sequences, we contend that
it is possible to achieve true constant time for each output. The addition
of Gray codes, which allow minimal-change traversal through combinatorial
spaces, to the enumeration of weight distributions in tree topologies should
significantly improve performance while ensuring correctness. A theoretical
investigation into this approach, accompanied by practical execution, could
result in significant improvements in weighted tree enumeration.

Second, although we have considered the case where weights can be zero in
the enumeration of weighted trees—and in this context, setting the minimum
weight to 0 or 1 makes little difference in practice—setting the minimum
weight to 1 aligns better with typical use cases. Therefore, we consider
developing an enumeration algorithm for weighted trees with a minimum
weight of 1 as one of our future research directions.

Also, the natural progression of our existing research is to change our at-
tention from weighted trees to weighted BC-trees. Since BC-trees generalize
graphs by representing the block-cutpoint structure of graphs, modifying our
current enumeration algorithm of weighted trees to reflect the vertex weights
in BC-trees could be considered a significant improvement. This work in-
volves investigating the efficient assignment and transmission of weights to
block and cutpoint vertices while maintaining the characteristics of different
vertex types. This algorithm will also enhance the enumeration framework
we proposed.

At last, the enumeration framework proposed in this research allows the
design of specific enumeration algorithms for various graph classes, including
block graphs and cactus graphs. Although we have introduced how this
framework applies to the enumeration of these classes, future studies may
concentrate on establishing specific enumeration algorithms and improving
these implementations. Furthermore, exploring the framework’s application
to more complicated classes could yield new theoretical insights and useful
tools for enumeration problems in graph theory.
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