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論文の内容の要旨 

The enumeration problem is a fundamental issue across various disciplines, requiring the output 
of all elements from a specified set without duplicates or omissions. In graph theory, the enumeration 
problem of the graph class always restricted by the number of vertices for graphs. Since graph 
structures form the backbone of many domains within computer science, including algorithms, 
network theory, computational biology, and data modeling, the enumeration of a specific graph class 
is an important problem in graph theory and combinatorics. In general, enumeration algorithms are 
designed individually for each specific graph class. Our motivation is to present a comprehensive 
framework for graph enumeration that is applicable to various graph classes. To address this, we 
introduce a modular two-phase framework that is both expressive and widely applicable, capable of 
exhaustively and non-redundantly enumerating graphs under various structural constraints. 

The heart of this framework lies in the block-cutpoint tree (BC-tree). Tree structures hold a central 
place due to their simplicity and power in representing hierarchical relationships, dependencies, and 
decompositions. Of particular importance are BC-trees, which are tree representations of connected 
undirected graphs where the nodes correspond to either blocks (biconnected components) or cutpoints 
(vertices whose removal increases the number of connected components). 

A BC-tree reflects the global structure of a connected graph in terms of its cutpoints and blocks. 
Given their relevance in areas such as network analysis and graph decomposition, the ability to 
generate all BC-trees of a fixed size under structural constraints is an essential foundational step 
toward the enumeration of wider graph families. We propose the first constant time enumeration 
algorithm for the class of BC-trees. The key feature of this algorithm is its ability to enumerate each 
satisfied BC-tree exactly once, without duplication, and with a constant time delay per output. The 
algorithm operates by reverse search, which defines a parent-child relationship among a target set of 
BC-trees and traverses this implicit family tree of all solutions without constructing it explicitly. 
Theoretical analysis guarantees the algorithm's correctness and output sensitivity. Previous studies 
have not thoroughly studied efficient enumeration algorithms for BC-trees, despite their theoretical 
and practical significance.  

To further enrich this framework and address the enumeration problems for wider graph classes, 



we introduce an enumeration algorithm for rooted vertex-weighted trees (referred to as weighted 
trees). A weighted tree is a rooted tree where each vertex is assigned a non-negative integer weight. 
For the enumeration problem of weighted trees, the tree structure and the total weight are fixed. This 
model arises in practical domains such as hierarchical clustering, compressed data structures, and 
frequency-based modeling. In our framework, weighted trees can be used, for example, to determine 
the number of vertices across the blocks in a graph corresponding to a BC-tree. 

The weighted tree enumeration algorithm also uses the reverse search technique and is capable of 
enumerating all possible weight assignments that meet a specified structure and total weight condition 
with a constant time delay per tree. The design of the algorithm carefully handles the partitioning of 
integer weights for subtrees, especially for isomorphic subtrees, while keeping parent-child 
relationships on weight sequences. The enumeration process avoids redundant generation and 
guarantees exhaustiveness. Through theoretical analysis, we show that the algorithm is efficient and 
scalable and that it can be smoothly integrated into the graph enumeration framework to support 
weighted graph generation. Our framework thus becomes a powerful and flexible tool for the 
generation of graph classes with specific constraints, such as the vertex number of the graph.  

Then, we propose the notion of the enumeration framework. The framework consists of two 
phases:  

The first phase involves enumerating all possible BC-trees that represent the skeletons of the 
graphs in the target graph class. More specifically, a BC-tree captures the connectivity structure 
among blocks within a connected graph. This step generates the abstract structure that underlies the 
target graphs. 

In the second phase, for each BC-tree obtained, we enumerate all possible graphs belonging to the 
target class that correspond to it. It leverages the fact that each undirected connected graph 
corresponds uniquely to a BC-tree, which effectively prevents redundancy in the enumeration. In 
other words, the output contains no isomorphism. This phase ensures comprehensive coverage of the 
target graph class while maintaining efficiency. 

As described above, to realize this enumeration framework, the problem can be decomposed into 
two subproblems: the enumeration of BC-trees and the enumeration of vertex-weighted trees 
corresponding to each BC-tree. The results of these two subproblems allow us to construct a unified 
and efficient enumeration algorithm for a wide range of graph classes. 

Then, we show instances for the application of the enumeration framework. In this framework, the 
first phase leverages the constant time BC-tree enumeration algorithm. The second phase depends on 
the specific graph class being targeted—such as block graphs and cactus graphs—and involves the 
generation of concrete block structures that satisfy class-specific constraints. For instance, in the case 
of block graphs, each block must be a clique, while for cactus graphs, each block must be a cycle or 
an edge. The realization phase may also include conditions on cutpoint positions, block sizes, etc.  

We outline the main contributions of this dissertation below. First, we present the first known 
constant time enumeration algorithm for BC-trees under the constraint of the number of vertices, 
providing a foundational tool for graph decomposition and reconstruction. Second, we propose the 
first constant amortized time enumeration algorithm for weighted trees with a fixed weight sum and 



a tree structure, and demonstrate how it enhances the expressive power and flexibility of our graph 
enumeration framework. Third, we propose a notion of a two-phase enumeration framework for graph 
classes that leverages BC-trees as structural skeletons and supports a wide variety of graph classes by 
varying the block realization rules.  

This research significantly advances the understanding of enumeration problems in graph theory 
and opens new avenues for practical applications. The combination of efficient enumeration 
techniques and a modular framework enables the systematic study and enumeration of complex graph 
classes. Potential applications include network analysis (where reliability and redundancy depend on 
structural decomposition), bioinformatics (where molecular structures are often represented as block 
graphs or trees), chemistry (for enumerating feasible compound structures), and artificial intelligence 
(for structured model space exploration). The proposed methods also have implications for database 
design, compressed representation of hierarchical data, and algorithmic testing through exhaustive 
instance generation. 

In summary, this dissertation proposes the first known constant time enumeration algorithm for 
BC-trees and the first known constant amortized time enumeration algorithm for weighted trees. It 
also proposes the notion of a brand-new framework for enumeration through weighted BC-trees, 
setting the stage for future research into more general and expressive enumeration frameworks. 
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論文審査の結果の要旨 
特定の条件を満たす構造をすべて列挙する問題を列挙問題と呼ぶ．列挙問題は，データベースやプロ

グラムのテスト入力など，様々な分野に応用を持つ基本的な問題である．単に個数を数える数え上げ

問題と違って，具体的に異なる例を漏れなく重複なく，すべてを列挙するには，多くのアルゴリズム

的工夫が必要となる．一般に指数関数的に増加する対象を効率よく列挙するため，直前の出力との差

分だけを出力するといった工夫が一般的であり，こうした差分を遅延と呼び，理論的には定数時間遅

延列挙が最も効率の良い列挙アルゴリズムであると言える．特にグラフ理論における列挙問題では，

特定の条件を満たすグラフをすべて列挙することが求められるが，同型性を排除して効率よく列挙

するには，同型性判定問題を効率よく解く必要があり，木をはじめとする限定的なグラフクラスにつ

いてしか知られていない． 
  こうした現状において，重み付きの木の列挙については，これまで効率の良い列挙アルゴリズムは

知られていなかった．与えられた数の分割の列挙や，重みの付いていない木についてはわかっていた

ものの，これらを組み合わせる方法は明らかではない．つまり同型性を考慮した上での重み付き木の

効率の良い列挙は，非常に基本的でありながら，これまで未解決のままであった．その一方，重み付



きの木は，他のいくつかのグラフクラスを特徴づけることができることもあり，重み付き木を効率よ

く列挙できれば，他のいくつかのグラフクラスへの拡張も容易に達成できる． 
  本論文では，与えられた木と重みの総和に対して，重みも考慮した非同型な木を１つあたり定数時

間遅延で全列挙するアルゴリズムを与えている．すでに知られている木の列挙アルゴリズムと組み

合わせれば，例えば与えられた自然数 n,W に対して，「高々n 頂点からなる重みの総和が W となる非

同型な木」といった対象を定数時間遅延で全列挙できる． 
  また本論文では，提案したアルゴリズムをブロックカットポイント木(BC 木)へ拡張する方法も与

えている．BC 木は，グラフの接続構造を表すデータ構造としてしばしば用いられる木構造であり，

他のいくつかのグラフクラスを特徴付けるために用いられる．本提案アルゴリズムによる BC 木の

定数時間遅延列挙をフレームワークと考えれば，これを拡張する形で，他のいくつかのグラフクラス

についても効率よく列挙できることが示された． 
以上、本論文は、重みつきの木を効率よく列挙するアルゴリズムを確立したものであり、学術的に

貢献するところが大きい。よって博士（情報科学）の学位論文として十分価値あるものと認めた。 

 


