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Abstract

Lattice code is a coded-modulation scheme defined over real numbers, con-
sidered as a candidate for next generation wireless communication. Lattice
codes provide error correction ability. It is also shown that lattice codes
can achieve lower transmission power compared to conventional QAM mod-
ulation. Besides, lattice codes preserve the linearity of codewords, therefore
can be applied for physical layer network coding. It has been shown that
lattice codes achieve the capacity of the Gaussian channel if lattice decoding
is performed using optimal decoding coefficient(s).

This research studies finite dimensional lattice codes for practical systems.
Single user transmission and multiple access relay using compute-forward
(CF) are considered as communication scenarios. The following three chal-
lenges are addressed. 1) Even with optimal coefficients, finite dimensional
systems have a non-zero error rate, which gives a room on improving error
rate. 2) Traditional CF relaying does not have error detection ability,
potentially forwarding erroneous packets into network, for which a error
detection scheme is required. 3) A lattice design is considered to achieve
lower error rate than classic designs.

In this work, a retry decoding scheme is proposed for both single user
scenario and CF relaying, which allows additional decoding attempts at
receiver to improve error rate by adjusting value(s) of decoding coefficient(s),
when errors are detected. A lower bound and an estimate on error probability
are derived for single user scenario. The CRC-embedded lattice/lattice
code are proposed having error detection ability for enabling retry decoding.
The CRC-embedded lattices/lattice codes rely on CRC codes, with modest
complexity on error detection. Besides, the error detection is applicable
for CF relaying, which was not feasible in conventional systems. For a 2-
user CF relay, numerical results show gains of 1.29dB, 1.31dB and 1.08dB
at equal error rate 10−5 are achieved by n = 64, 128, 256 polar lattice
codes at code rate R ≈ 1.6406, 1.7422, 1.8438, respectively, where only one
additional decoding attempt is required. At last, a lattice design approach
is provided using construction A and binary codes with known minimum
Hamming distance and codeword multiplicity, the number of minimum
weight codewords. Design examples consider extended BCH codes and polar
codes, where lower error rates are achieved than that by classic design rules.

Keywords: Lattices, lattice codes, finite dimensional transmission, CRC
codes, compute-forward relaying, construction A.
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Chapter 1

Introduction

1.1 Background

In wireless communications, a typical scenario is that a transmitter sends a
message through a noisy channel, and at the other side, a receiver aims to
recover this message to understand what the transmitter said. An error
correcting code adds redundancy to the message to protect against the
channel noise. By sharing the knowledge of the codebook, the receiver is
able to correct errors introduced by channel noise to recover the message.
Shannon showed that the error correction capability of channel codes is not
unlimited and reliable communication, with arbitrary small error probability,
is possible if and only if the code rate R is lower than the channel capacity C,
also known as R < C = 1

2
log(1 + SNR), where the term SNR is the signal-

to-noise ratio. In the past decades, various types of channel codes have been
developed and studied to approach the channel capacity. Binary codes, as
the most studied class of channel codes, use information represented using
bits 0 and 1. However, physical channels are usually real-valued. Due to the
restricted alphabet size of bits, the full capacity of real-valued channels is
not achieved by only using binary codes, for which other techniques, such as
modulation, are required to increase the transmission code rate.

The capacity-achieving analysis for channel codes requires the code length
goes to infinity. However, the performance of finite length codes is more
interesting for practical systems. The Ultra-Reliable Low-Latency Commu-
nications (URLLC) is one of key service categories in the 5G standard. This
requires channel codes achieves very low error rate, while having very low
decoding latency. Since most of decoding algorithms have time complexity
depending on the block length, short block length codes are expected to
achieve lower decoding latency than that of long block length codes. In
practice, control channels in the 5G standard applies polar codes, because of
their strong performance at short block lengths.

In a network having multiple users, the multiple access channel (MAC)
allows all users having access to the network. Traditional systems use
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orthogonal multiple access which designates a physical channel to two users
to establish a point-to-point (P2P) communication. In order to increase
throughput of the network, the non-orthogonal MAC is introduced, which
allows multiple users sending their messages simultaneously. In this disserta-
tion, we always assume the non-orthogonal MAC, for which the messages
are added over the air. And at the receiver side, multi-user detection
(MUD) is performed to recover individual users’ messages. Transmission
through MAC with MUD expands the achievable rate region compared to
orthogonal transmission, with increased decoding cost due to MUD. Another
way to increase the total throughput is to expand the network to involve
more users. It has a high cost to build physical links having long distance.
Instead, relaying techniques are considered to transfer messages to establish
a connection between users separated by long distances. Routing transfers
messages sequentially from a relay to another to establish the end-to-end
connections. In 2000, a novel physical layer relaying technique, called network
coding, is proposed, which uses multiple access nodes for transferring packets
and can significantly improve the network throughput by exploring the
linearity of codes [1]. With higher throughput, physical layer network coding
(PLNC) is able to improve transmission latency of P2P communications with
routing in a wireless network, such as a wireless relaying network.

This research studies finite dimensional channel codes for error correction
using on lattices, which is defined over the real number space. Lattices
share the same algebra as the real-valued physical channels and can also
be considered as a coded-modulation scheme for future communications.
Structure and design of short block length lattice are particularly interested
to improve error performance while maintaining low decoding latency. In
addition, lattices are linear, thus can be applied as a PLNC scheme to improve
latency caused by routing in wireless networks.

1.1.1 What is a lattice

Lattice is a mathematical concept, which is studied in geometry and group
theory. Intuitively, a lattice is an arrangement of points in n-dimensional
space. A lattice can also be seen as a partition of the space using a same
shape. Each area in this partition is associated with a lattice point.

1.1.2 Where we can find lattices

“Lattices are everywhere”, as literally stated by Zamir in [2], lattices appear
in many places in nature and in human lives. One of the most famous
example in nature is that the hexagonal honeycomb has a lattice structure

2



Figure 1.1: An example of lattice. From Wikipedia: Lattice(group).

in 2 dimension, as shown in Figure 1.2a. In human lives, an ideal coverage
of base stations in a cellular network has the same 2-dimensional lattice
structure as honeycombs, as shown in Figure 1.2b; an arrangement of cannon
ball has a lattice structure in 3 dimension, as shown in Figure 1.2c.

Lattice are studied in many academic areas. In mathematics, lattices
relate to various classic problems. Within a given space, the sphere packing
problem (an arrangement of non-overlapping spheres within a containing
space) and the sphere covering problems (minimum cost for covering a space
with no empty) are studied in a long history. Conway and Sloane summarized
lattices with dimension up to 24 which have the either optimal or the best
known packing and covering among lattices having the same dimension [3].
Recently, a breakthrough by Viazovska and et al. proved that the E8

lattice and Leech lattice, which were the best-known packing, are actually
the densest packing in 8 and 24 dimension [4, 5]. In practical scenarios,
the design of coverage of cellular network corresponds to the 2-dimensional
covering problem. On the other hand, lattices relate to the shortest vector
problem (SVP), which finds the shortest vector that connects two distinct
lattice points and is known as NP-hard. Similar problems, such as the closest
vector problem (CVP) and shortest independent vector problem (SIVP), are
also known as NP-hard. More details related to SVP/CVP/SIVP can be
found in [6].

Lattice-based cryptography is considered as one of the post-quantum
encryption schemes. Traditional public-key algorithms rely on mathematic
problems which are difficult, such as the integer factorization problem. As
the development of quantum computer, integer factorization can be solved
in polynomial time using a quantum computer running Shor’s algorithm.

3



(a) Honeycomb, by Matthew T
Rader. Wikipedia: Honeycomb.

F1 F1

F1

F2

F3 F4

F2

F3

(b) Cellular network, by Andrew pmk.
Wikipedia: Cellular network.

(c) Cannon ball, by Funkdooby.
Wikipedia: Cannonball problem.

(d) Crystal structure of diamond, by
Cmglee. Wikipedia: Bravais lattice.

Figure 1.2: Examples of lattices.

This gives a big challenge on finding a new encryption scheme, which should
be quantum-safe. The NTRU encryption algorithm, first proposed at [7], is
designed based on the lattice SVP, which is quantum-safe and has not yet
been broken using quantum computers.

Lattices are also studied in chemistry, which can be used to represent
the structure of crystals. Figure 1.2d shows the structure of diamond in
3-dimensional space, which is identical to a 3-dimensional cubic lattice.

At last, the area we are most interested in is lattices for information
theory and communications. As a lattice is an arrangement of points in
the real number space, it can be seen as a constellation of signal points for
studying in information theory and communications. Besides the packing and
covering problem described above, lattices are also studied for quantization
under mean-squared error (MSE) measurement and error correcting codes

4



through unconstrained additive white Gaussian noise (AWGN) channel from
the information theory perspective. The optimal or the best known lattices
for quantization and AWGN channel coding up to 24 dimension are also sum-
marized in [3]. The goodness of lattices for packing, covering, quantization
and AWGN channel coding, respectively, are studied in [2, 8].

1.2 Related works

This section gives a historical review of lattices in information theory and
communications related to this work. There is a long history of studying
lattices. By definition (will be given in Chapter 2), a lattice is an infinite
constellation, thus is power unconstrained. In [9], Poltyrev showed that
there exists a lattice with asymptotically large dimension which achieves
the capacity of power unconstrained AWGN channel. Later in [8], Erez,
Litsyn and Zamir showed the existence of lattices that achieve the Poltyrev’s
bound by applying construction A to a random linear code over a prime
size field of growing size for asymptotically large dimension (such lattices
are also simultaneously good for sphere packing, covering and quantization
as well). For power constrained communications, a lattice code can be
constructed using a coding lattice and a shaping lattice. A lattice code is a
finite constellation and satisfies a given power constraint. It was proven that
lattice codes with asymptotically large dimension achieve the capacity of the
AWGN channel with power constraint. This was first shown that the channel
capacity is achieved using maximum likelihood (ML) decoding by choosing
a shaping region as a n-dimensional thin shell [10, 11]. This result was then
extended by Urbanke, where the shaping region is extended to the whole n-
ball in [12]. This can be intuitively explained that in high dimensions, most
of codewords of a lattice code lie in the thin shell defined in [10,11]. However,
ML decoding has exponential complexity in terms of the dimension of lattices.
Lattice decoder is a nearest point decoder, which may or may not output a
codeword since it ignores the boundary of the codebook, and achieves lower
complexity than ML decoder. In [13], it has been shown that only part of
the channel capacity can be achieved with the rate R < 1

2
log(SNR), where

“+1” terms suggested by Shannon was dropped. More significantly, Erez and
Zamir showed that the full capacity can be achieved using lattice decoder, if
the received message is scaled using an minimum mean square error (MMSE)
factor, denoted as αMMSE = SNR/(1 + SNR), before decoding [14], i.e.
R < C = 1

2
log(1 + SNR) can be achieved.

Besides the excellent results from asymptotically analysis, there are also
studies related to the design of finite dimensional lattices/lattice codes. As
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shown in [8], di Pietro and et al. proposed the low density construction A
(LDA) lattices using prime size field LDPC codes with construction A, which
gives ≈ 0.7dB gap to the Poltyrev’s bound at dimension n = 10000 [15].
Later, it was shown that LDA lattice codes asymptotically achieve the power
constrained AWGN channel capacity [16], and are good for packing and
quantization [17]. Another type of lattices having excellent error performance
at large dimensions is the low density lattice code (LDLC) [18]. Inspired
by binary low density parity check (LDPC) codes, LDLC is defined by a
sparse check matrix and applies the belief propagation for decoding, which
achieves ≈ 0.5dB gap to the Poltyrev’s bound at dimension n = 100000.
The complexity of LDLC decoder is improved in [19] by reducing the number
of Gaussian mixtures at variable nodes. For short to medium dimensions,
good lattices with dimension up to 24 are summarized in [3], lattices
constructed by binary codes are studied using construction D/D’ based on
Bose–Chaudhuri–Hocquenghem (BCH) codes [20], polar codes [21, 22] and
LDPC codes [23,24] with excellent error performance and low complexity.

Regarding lattice codes, the design consists of coding lattice and shaping
lattice, which have different design purposes. The coding lattice aims to
provide good error correction capability, for which the studies introduced
in the previous paragraph apply to the design of coding lattices. On the
other hand, codebook with lattice shaping achieves lower average power
compared to the traditional quadrature amplitude modulation (QAM), which
is known as the shaping gain. The shaping gain relates to the MSE of
lattice quantization, with maximum value ≈ 1.53dB achieved by assuming
dimension n→ ∞ and a spherical shaping region [25]. The shaping operation
includes a decoding step of the shaping lattice, which might increase the
complexity for encoding messages. A trade-off exists between the shaping
gain and the complexity of shaping operation when designing the shaping
lattice. A typical shaping strategy is to use a scaled coding lattice for
shaping, known as the Voronoi shaping or self-similar shaping, for which
the shaping gain of the coding lattice is achieved. However, the Voronoi
shaping may not optimize the design of shaping lattice because: 1) the
design purposes of coding lattice and shaping lattice are different, where
coding lattice is to achieve low error rate but shaping lattice is to achieve
low MSE of quantization; and 2) the Voronoi shaping might be too complex
for encoding messages if the decoder of shaping lattice has high complexity.
A novel technique called rectangular encoding is proposed in [26], which
allows us to separate the design of coding lattice and shaping lattice. With
the extra freedom on design lattice code, the shaping lattice can be selected
appropriately to balance the trade-off between the shaping gain and the
complexity of shaping operation to match requirements of actual systems.
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This approach can be applied to design lattice codes with various shaping
lattices. For example, applying E8 lattice achieves 0.65dB shaping gain with
very a low shaping complexity [25]. By allowing an increase of shaping
complexity, gains with 1.03dB and up to 1.24dB can be achieved using Leech
lattice [27] and convolutional code lattices [28], respectively.

Lattice-based network coding is another topic studied in this disser-
tation. Lattices have linearity, from which linear combinations of lattice
points with integer coefficients are still in the constellation of the same
lattice. The linearity of lattice codes is studied with respect to its group
isomorphism property [26, 29]. The group isomorphism is important to
implement compute-forward (CF) relaying [30], which is a novel lattice-based
PLNC technique. For traditional relaying techniques, amplified-forward has
low relaying latency while also amplifies the channel noise; decode-forward
eliminates the influence of noise while having high complexity, particularly
for a multiple access relay performing MUD. CF relaying assumes a multiple
access relay. Instead of finding individual users’ messages as decode-forward,
CF relaying exploits the group structure of lattice codes and aims to decode
a linear combination of users’ messages with integer coefficients using a
single user decoding without MUD. Similar to single user transmission,
lattice decoder for CF relaying has decoding coefficients, which are a scaling
factor α and an integer coefficient vector a, denoted as {a, α}. The relay
transfers the linear combination and the integer coefficient vector to the
destination. Given sufficient number of linear combinations, the destination
recovers users’ messages by solving linear equations. In [30], Nazer and
Gastpar showed that a network using CF relaying can transmit messages
at rate as high as that indicated by the Poltyrev’s bound. By exploiting
the group structure of lattice codes in PLNC, CF framework gives a low
complexity relaying strategy, from which relay can be designed to achieve
low latency and high energy efficiency. There are extensions and variations of
the CF framework, such as CF with unequal power allocation [31], compute-
forward multiple access [32], MIMO compute-forward [33], integer-forcing
linear receiver [34–36] and etc. Practical application design of CF framework,
as well as code design, are studied in [37–40].

1.3 Motivations and contributions

1.3.1 Motivations

This research considers real-valued communications. Asymptotical analysis
showed that lattice codes achieve the capacity of power constrained AWGN
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channel with lattice decoding, if the received message is αMMSE-scaled
before decoding. However, the capacity-achieving analysis is only valid as
dimension n → ∞. In practical systems using finite dimensional lattice
codes, the receiver would have a non-zero error probability, that is the αMMSE

may still fail decoding even when R < C. The αMMSE is a real-valued
continuous variable, which scales the channel noise and affects the decoding
error performance, as studied in [12–14,41].

For single user transmission using lattice codes, assume some unlucky
noise realization that failed decoding using αMMSE. A conventional receiver
requests a retransmission, increasing the latency, which could be more signif-
icant than a local decoding process. Since αMMSE is a real-valued continuous
variable, an intuition is that, there might be a chance to correctly decode the
message using other scaling factors. This motivates us to study a decoding
strategy that allows the receiver to change value of the decoding coefficient
to retry decoding process, in order to improve the error rate compared to the
conventional one-shot decoder using αMMSE only and potentially reduce the
end-to-end latency by avoiding retransmission. This is also applied to CF
relaying scenario using a coefficient set {a, α}. The retry decoding allows the
receiver to change the value of α and/or a to improve the error rate of the
linear combination for CF relaying.

In order to implement retry decoding, a lattice construction is studied
which provides physical layer error detection ability and is applicable to both
single user case and CF relaying. Another reason motivated us to study this
lattice construction relies on the CF relaying. Since CF relaying works at
physical layer and a linear combination contains multiple users’ messages,
a stand-alone relay is not able to decode individual users’ messages from
a single linear combination for error detection, due to the underdetermina-
tion, and may forward erroneously decoded messages into network causing
decoding failure at the destination. This lattice construction is functional at
physical layer to detect errors from linear combinations directly at a stand-
alone relay even without the knowledge of individual users’ messages.

Additionally, for future communications, low latency becomes more and
more important in scenarios, such as the URLLC suggested in the 5G
standard. As introduced in the background, short block codes can achieve
low decoding latency so that is suitable for the URLLC scenario, e.g. the
short block length polar codes for control channels in the 5G standard. The
study of small to medium dimensional lattice design connects lattices to
future communications with low decoding latency.
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1.3.2 Contributions

The goal of this work is to give a simple design of error correcting codes and
decoding scheme to improve the error performance for reliable commu-
nications, while reduce the transmission latency. The contributions of
this work is divided into 3 parts and summarized in this subsection. First,
the retry decoding scheme is described for power constrained communications
using single user transmission scenario, which is also denoted as SU scenario
in following chapters, and CF relaying scenario, respectively. In this part,
a genie-aided error detection is assumed, where a genie is associated at the
receiver checking the validity of decoding results. Note that the genie only
tells whether the decoding result is correct or not without telling what the
true message is. For the single user transmission scenario, AWGN channel is
assumed and the contributions are as follows.

1. A retry decoding scheme for single user transmission is introduced using
a decoding coefficient list of α’s.

2. A recursive algorithm is proposed to generate a finite-length decoding
coefficient list, maximizing the probability of correct decoding given all
previous α’s failed. So α’s with high probability of correctly decode
would have high priority to be tested at the receiver.

3. A lower bound and an effective sphere estimate on word error prob-
ability are derived using an exhaustive search decoder by extending
the finite-length coefficient list to all real numbers, which considers the
covering sphere and effective sphere respectively. The formula is simple,
where only a single integral is involved.

4. The retry decoding, the lower bound and the effective sphere estimate
are evaluated using low dimensional lattice codes with known covering
radius. By appropriately selecting the decoding coefficient list, word
error rate (WER) of the exhaustive search decoder can be approached
by only using three decoding attempts so that additional complexity
of retry could be low.

5. Discussions are given regarding to the tightness of the lower bound, the
accuracy of the effective sphere estimate and the relationship between
the benefit of retry decoding and the dimension of lattice codes.

For the CF relaying scenario, a multiple access channel with fading is assumed
and the contributions are as follows.

1. Two retry decoding schemes are considered for CF relaying, that is:
scheme 1 changes the decoding coefficient set {a, α} for retry decoding;
scheme 2 fixes a and only changes α. Approaches for finding the
decoding coefficient list for the two schemes are also introduced.
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2. The lower bound and the effective sphere estimate discovered for the
SU scenario can be applied to the scheme 2.

3. A comparison is given for two retry schemes, by assuming fixed channel
with different values. It is shown that, if the channel can be easily
approximated by an integer vector, scheme 1 only achieves a modest
gain and scheme 2 achieves the larger gain; otherwise, scheme 1 achieves
the larger gain due to additional freedom on changing a.

4. Simulation results for random channel realizations are given using polar
lattice codes [22] with dimension n = 128, 256 to show the benefit of
retry decoding in practical scenarios. Gains of 1.51dB and 1.18dB are
achieved at n = 128, 256 respectively, with maximum two decoding
attempts.

Second, a lattice construction with physical layer error detection ability
is proposed to enable the retry decoding in practical systems. The proposed
lattice construction and related results are summarized as follows.

1. The error detection is implemented by embedded cyclical redundancy
check (CRC) code into the least significant bits (LSB) of the lattice
uncoded message, called the CRC-embedded lattice.

2. It is proven that the CRC-embedded lattice is indeed a lattice, therefore
forms a lattice code. A shaping lattice design is given so that errors
can be detected from linear combinations of a modified CF framework,
which is the ICF scheme described in [42], without requiring the
knowledge of individual users’ messages.

3. CRC optimization is considered to balance the cost of CRC parity bits
and error detection capability, including optimizing CRC polynomial
and CRC length. It is shown that optimizing the CRC polynomial
requires the structure of the underlying coding lattice and does not
affect as significantly as optimizing the CRC length.

4. A semi-analytical approach on optimizing the CRC length is introduced
to minimize the required signal-to-noise ratio (SNR) at a given target
WER. The optimization first estimates the WER after retry decoding
as a function of the CRC length. Then, the optimized CRC length is
obtained form curves of estimated WER of various CRC lengths.

5. Discussions regarding the implementation of retry decoding with CRC-
embedded lattice codes are given for: 1) trade-offs among lattice
dimension, SNR penalty, code rate and the improvement of retry
decoding; 2) a comparison of a conventional one-shot decoding receiver,
which requests a retransmission when decoding failed.

6. At last, implementation examples demonstrate the benefit of retry
decoding using CRC-embedded lattice codes in a SU scenario and CF

10



relaying network, respectively, with the optimized CRC length. In
particular, gains of 1.31dB and 1.08dB are achieved using 128 and 256
dimensional polar lattice codes at WER being 10−5, respectively, where
only one additional decoding attempt is needed.

Third, we give a study on designing finite dimensional lattices by applying
construction A to binary codes at medium dimensions. Lattices with
medium dimensions are expected to have low decoding latency and could
be considered for low latency communication scenario, such as in URLLC
scenario in 5G systems. The related results are summarized as follows.

1. Binary codes with known minimum Hamming distance and codeword
multiplicity, number of codeword at minimum weight, are considered
for this design.

2. A truncated series, defined in Chapter 2, of construction A lattice is
explicitly given, from which the truncated union bound can be compute
to estimate the WER.

3. The best lattice is obtained to minimize the required volume-to-noise
ratio (VNR) at a given target WER.

4. Design examples are given for 128 dimensional lattices using extended
BCH (EBCH) codes and polar codes, where EBCH code gives the best
construction A lattice among design examples. A comparison with
classic design rules and construction D lattice from previous research
are also given.

1.4 Organization

The topics and the corresponding main contents of chapters in this disserta-
tion are summarized as follows.

Chapter 1 gives an introduction of this dissertation, including high-level
background, motivation and contributions.

Chapter 2 is about lattices, which gives a review of basic definitions, some
low dimensional well-known lattices and construction A/D lattices.

Chapter 3 is about lattice codes. The basic definition, encoding/decoding
technique and transmissions scheme for SU scenario and multiple access
scenarios are given.

Chapter 4 proposes the retry decoding schemes for SU scenario and CF
relaying. This chapter also gives algorithms on finding decoding coef-
ficient list, an analytical bound for the SU scenario and a comparison
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between two different retry schemes for CF relaying. Error detection
is assumed to be genie-aided in this chapter.

Chapter 5 proposes the construction of the CRC-embedded lattice/lattice
codes. This chapter also gives a CRC optimization and discussions
related to practical implementation. Actual CRC codes are applied
for error detection in this chapter. Numerical results are given with
optimized CRC for SU scenario and CF relaying, respectively.

Chapter 6 gives a construction A lattice design approach using binary
codes with known minimum Hamming distance and codeword mul-
tiplicity for medium dimensions. Design examples are provided using
EBCH codes and polar codes, along with comparison with classic design
rules and previous research.

Chapter 7 gives a conclusion of this dissertation and discusses potential
applications as future works.

1.5 Notation

This section gives the rules of notations in this dissertation. Scalar variables
are denoted using italic font, e.g. code rate R and lattice dimension n;
vectors are denoted using lower-case bold, e.g. message vector x,y; matrices
are denoted using upper-case bold, e.g. generator matrix G; sets are denoted
using calligraphic font, e.g. codebook C. Vectors are column vectors, unless
stated otherwise. The cardinality of a set is denoted as | · |. The integer
and real number space are denoted using Z and R, respectively. Subscripts
of identity matrix I and all-zero matrix 0 indicate the size of matrices, e.g.
n-by-n identity matrix In and k-by-(n− k) all-zero matrix 0k×(n−k).
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Chapter 2

Lattices

This chapter introduces lattices as the basic to this dissertation. We start
from basic definitions and related properties. Then, some well-known low-
dimensional lattices are introduced, which are used in later chapters. At last,
lattice constructions from linear block codes are introduced.

2.1 Definitions and operations

Definition 2.1: (Lattice) An n-dimensional lattice Λ is a discrete additive
subgroup of the real number space Rn.

By the definition of lattices, the properties of groups also hold for lattices,
that is, for any a,b, c ∈ Λ,

• identity element: all zero vector 0 ∈ Λ,
• inverse element: −a ∈ Λ,
• associativity: (a+ b) + c = a+ (b+ c),
• commutativity: a+ b = b+ a,
• closure: a+ b ∈ Λ.

It is straightforward that for any m1,m2 ∈ Z, we have m1a + m2b ∈ Λ.
A lattice can be scaled by k ∈ R \ 0. The scaled lattice kΛ satisfies that
ka ∈ kΛ. Lattices can also be defined for complex numbers [3], while in this
dissertation, we consider the real number lattices.

2.1.1 Generator matrix and check matrix

A lattice Λ is commonly defined by a generator matrixG, with Rank(G) = n.
Let gi ∈ Rn be a column basis vector:

gi =


g1,i
g2,i
...
gn,i

 . (2.1)
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The generator matrix is formed by n linearly independent basis vectors as
G = [g1,g2, · · · ,gn]. A lattice point x ∈ Λ is an integer linear combination
of basis vectors as:

x = b1g1 + b2g2 + · · ·+ bngn, (2.2)

where b1, b2, · · · , bn ∈ Z. Denote the information vector b as:

b =


b1
b2
...
bn

 , (2.3)

a lattice is defined in the following form:

Λ = {Gb | b ∈ Zn } . (2.4)

For a scaled lattice kΛ, we have GkΛ = kG.
A lattice Λ has a check matrix, which is the inverse of the generator

matrix, defined as H = G−1. For x ∈ Rn, x is a lattice point of Λ if and
only if Hx is a vector of integers.

Example 2.1: Figure 2.1 illustrates an example of a 2-dimensional lattice,
also known as the A2 lattice or the hexagonal lattice, with a generator matrix

G =

[√
3/2 0
1/2 1

]
. (2.5)

It is also possible to define a lattice using an m×n generator matrix with
m ≥ n and Rank(G) = n. In this case, lattice points x ∈ Λ are located
in an n-dimensional hyperplane inside an m-dimensional space, as shown in
Example 2.2. For simplicity, we assume m = n in this dissertation.

Example 2.2: A scaled A2 lattice can be generated by

G =

 1 0
−1 1
0 −1

 . (2.6)

The lattice point x generated by (2.6) are located at a 2-dimensional plane
in the 3-dimensional space satisfying x1 + x2 + x3 = 0.

The generator matrix of a lattice is not unique. A simple example to
justify this is G = [g1,g2, · · · ,gn] and G′ = [gn,gn−1, · · · ,g1] generate the
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Figure 2.1: Example of A2 lattice.

same lattice. In general, for Λ with a generator matrix G, given an n-
dimensional unimodular matrix W, the lattice ΛI generated by GI = GW
is identical to Λ. We can also find an equivalent lattice ΛO (not identical) by
orthogonal transformation with generator matrix GO = QG, where Q is an
n-dimensional orthogonal matrix. In the 2-dimensional case, the orthogonal
transformation can be viewed as rotation. For example, using

Q =

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
, (2.7)

the resulting lattice ΛO is rotated from Λ by an angle θ.
In this dissertation, we prefer the generator matrix having a lower

triangular structure. For lattices with a full generator matrix G, a lower
triangular generator matrix GL of its equivalent lattice can be obtained by
the QL decomposition G = QGL, where Q is an orthogonal matrix.

2.1.2 Fundamental regions

For each lattice point x ∈ Λ, a fundamental region F is associated and
defined as follows.
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Definition 2.2: (Fundamental region) Given a lattice Λ, a region F is a
fundamental region of Λ if: for any distinct lattice points xi ̸= xj, (F +xi)∩
(F+xj) = ∅ and the real number space can be covered as Rn =

⋃
x∈ΛF+x.

From the definition, each F is associated to exactly one lattice point,
therefore it is valid to denote it as F(x). However, the shape of the
fundamental region of a lattice is not unique. Here, we introduce 2 important
fundamental regions, which are well-defined and will be used in later chapters:
the Voronoi region V(x) and the hypercube region H(x).

Definition 2.3: (Voronoi region) The Voronoi region V(x) is the set of
y ∈ Rn such that y is closer to x than any other lattice points, given as:

V(x) =
{
y ∈ Rn |

∥∥ y − x∥2 ≤ ∥y − x′∥2, x′ ∈ Λ \ x
}
. (2.8)

Definition 2.4: (Hypercube region) For lattices having a triangular
generator matrix with diagonal elements g1,1, g2,2 · · · , gn,n, the hypercube
region can be defined as:

H(x) =
{
y ∈ Rn | −gi,i

2
≤ yi <

gi,i
2
, i = 1, · · · , n

}
. (2.9)

Example 2.3: The hexagonal region illustrated in Figure 2.1 is the Voronoi
region of A2 lattice and the corresponding hypercube region is illustrated in
Figure 2.2.

Although there exist different shapes of fundamental region, the volume
of different fundamental regions of a lattice Λ is a constant, which is also
referred as the volume of the lattice as V (Λ).

Definition 2.5: (Volume of lattice) The volume of a lattice Λ is the absolute
value of determinant of its generator matrix G:

V (Λ) = | det(G)|. (2.10)

2.1.3 Spheres related to lattices

The fundamental region defined above helps us to study the geometric
properties of lattice. For example, the Voronoi region V(x) can be applied
as the decoding region of a closest point lattice decoder. However, the shape
of V(x) is typically irregular, thus is difficult to analyze. Instead, a series of
n-spheres centered at x are defined for analysis.

Definition 2.6: (Packing sphere) The packing sphere Sp(x) with radius
rp and center x is the sphere of maximal radius that is inside the Voronoi
region, i.e. Sp(x) ⊆ V(x).
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Figure 2.2: Hypercube region of A2 lattice.

Definition 2.7: (Covering sphere) The covering sphere Sc(x) with radius
rc and center x is the sphere of minimal radius that covers the whole Voronoi
region V , i.e. V(x) ⊆ Sc(x).

Definition 2.8: (Effective sphere) The effective sphere Se(x) with radius re
and center x is the sphere with volume V (Se(x)) being equal to the volume
of the Voronoi region V(x), i.e. V (Se(x)) = V (V(x)). The volume of the
n-sphere is given as

V (Se) =
πn/2rne
Γ(n

2
+ 1)

, (2.11)

where Γ(·) is the gamma function.

Geometrically, we have the following relationship:

• Sp(x) ⊆ V(x) ⊆ Sc(x),

• rp ≤ re ≤ rc,

When n = 1, equalities hold as the special case; for any finite n > 1, the ⊆
and ≤ should be replaced by ⊂ and <, respectively. Note that, as n → ∞,
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the asymptotic value of rp is known to be strictly less than re, on the other
hand re → rc [25].

Example 2.4: Figure 2.3 gives an example to show the relationship among
packing sphere Sp(x) (black solid line), covering sphere Sc(x) (black dashed
line) and effective sphere Se(x) (black dash-dotted line) with respect to a
Voronoi region (red solid line) of A2 lattice.
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Figure 2.3: Relationship among Sp(x), Sc(x) and Se(x).

Sp(x), Sc(x) are also related to the classic sphere packing and covering
problems. These problems are not studied in this dissertation and details
can be found in [3] and [25].

2.1.4 Lattice quantization and modulo

A lattice quantizer can be defined with respect to a fundamental region. In
this dissertation, the Voronoi region is considered, from which the lattice
quantizer QΛ(·) is also the lattice decoder, denoted as DECΛ(·).

Definition 2.9: (Lattice quantizer) Let y ∈ Rn. Lattice quantizer QΛ(·)
finds the closest lattice point of y and is defined as

ŷ = QΛ(y) = argmin
x∈Λ

∥y − x∥2 (2.12)

The modulo operation for lattices is defined as follows.

Definition 2.10: (Lattice Modulo) Given y ∈ Rn, the modulo operation
modΛ is defined as:

ymod = y mod Λ = y −QΛ(y) (2.13)
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The modulo operation gives the quantization error of y with respect to a
lattice quantizer QΛ. This can be applied to encode lattice codes introduced
in Chapter 3.

2.1.5 Lattices for communications

Lattices can be applied to communications as error correcting codes or
constellation shaping. In this section, we introduce related definitions of
lattices for communications.

2.1.5.1 Squared minimum distance

Since lattices are defined in the real number space, the Euclidean norm metric
is considered instead of the Hamming distance metric, from which the squared
minimum distance of a lattice Λ is

d2min = min
x∈Λ\0

∥x∥2. (2.14)

It is noticed the packing radius is rp = dmin/2.

2.1.5.2 Theta series

The theta series of a lattice is defined as the weight enumerator function of
lattice points x ∈ Λ using the squared length in the Euclidean space.

Definition 2.11: (Theta series) Let τd2i be the number of x ∈ Λ having

∥x∥2 = d2i . The theta series of Λ is

θ = 1q0 +
∞∑
i=1

τd2i q
d2i , (2.15)

where q is regarded as a dummy variable.
Since a lattice has infinite constellation, the theta series also has infinite

number of terms. In practical analysis, a truncated theta series is considered,
defined as follows.

Definition 2.12: (Truncated theta series) Let τd2i be the number of x ∈ Λ

having ∥x∥2 = d2i . A truncated theta series of Λ with finite m terms is

θ′ = 1q0 +
m∑
i=1

τd2i q
d2i , (2.16)

where q is regarded as a dummy variable.
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2.1.5.3 Channel model

For communications using lattices, the additive white Gaussian noise
(AWGN) channel is considered, such that the channel output is

y = x+ n, (2.17)

where x ∈ Λ and a Gaussian noise n ∼ N (0, σ2I) with equal variance σ2 for
all dimensions.

2.1.5.4 Volume-to-noise ratio

By Definition 2.1, a lattice Λ has an infinite constellation. The conventional
SNR, used for power constrained communications, is not applicable, since
the average power goes to infinity. Instead, the volume-to-noise ratio (VNR)
is defined to measure error performance for transmission using lattices.

Definition 2.13: (VNR) Let Λ have volume V = | det(G)| and σ2 be the
per-dimensional noise power. The volume-to-noise ratio is

VNR =
V 2/n

2πeσ2
. (2.18)

The definition normalized the volume by the dimension n, therefore it
gives a fair comparison of error performance among lattices with different
dimensions. The required VNR to achieve a fixed Pe depends on the structure
of lattice but is invariant to the scaling of the lattice, that is Λ and kΛ achieve
a same VNR vs. Pe performance. In this dissertation, VNR is commonly
given in decibels (dB) as VNR(dB) = 10 log10VNR.

It has been shown that lattices achieve unconstrained Gaussian channel
capacity [9]. The definition of VNR can be seen as the distance to the
Poltyrev limit. Asymptotically, for any fixed error rate Pe, there exists an
ensemble of lattices that can achieve Pe with VNR → 1 (or 0 dB) as n→ ∞.
This is known as the goodness for AWGN (or AWGN-goodness), see also
at [8, 25].

2.1.5.5 Normalized second moment

The second moment of a region F is defined as:

1

nV (F)

∫
F
∥x∥2 dx. (2.19)
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The second moment can be used to find the average quantization error for
a lattice by using the 0-centered Voronoi region V . However, the value of
second moment depends on the scaling of the lattice.

Definition 2.14: The normalized second moment (NSM) of lattice Λ is
defined as:

G(Λ) =
1

nV (V)1+ 2
n

∫
V
∥x∥2 dx, (2.20)

The value of NSM only depends on the structure of the lattice but is
invariant to the scaling, which gives a scaling-independent measurement of
quantization error for lattices. In general, computing the integral in (2.20)
is hard due to the shape of V . The NSM can be estimated using Monte-
Carlo method. Given a sufficient large number N , generate i.i.d. samples
x1,x2, · · · ,xN , which are uniformly distributed over the 0-centered Voronoi
region V , then the NSM is estimated by:

G(Λ) ≈ 1

nNV (V)1+ 2
n

N∑
i=1

V (V) · ∥xi∥2, (2.21)

The NSM is lower bounded by that of an n-sphere Bn [25, Chapter 3, 7]
as

G(Λ) ≥ G(B) = Γ(n/2 + 1)2/n

π(n+ 2)
. (2.22)

The value of G(B) asymptotically approaches

lim
n→∞

G(B) = 1

2πe
. (2.23)

The inequality in (2.21) is obtained by, assuming V and Bn with same volume,
for any x1 ∈ V \ Bn and x2 ∈ Bn \ V , their Euclidean norm satisfies ∥x1∥2 >
∥x2∥2. The asymptotically value of G(B) in (2.23) is obtained by the Stirling
approximation. It is referred to as goodness for quantization (or a good
quantizer) if the lattice satisfies limn→∞G(Λ) = 1

2πe
, for which [8, 43] show

the existence of such lattices.
Lattices can also be used for shaping the constellation to achieve a lower

transmission power compared to conventional modulation schemes, such
QAM. A shaping gain can be achieved and is defined as the ratio of NSM
between the lattice and an integer lattice Zn, with G(Zn) = 1/12, which is a
constant and independent of the dimension.
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Definition 2.15: (Shaping gain) The shaping gain of a lattice Λ is defined
as

γ(Λ)(dB) = 10 log10
G(Zn)

G(Λ)
= 10 log10

1

12G(Λ)
. (2.24)

Asymptotically, limn→∞ γ(Λ)(dB) = 1.53(dB) by considering a spherical
shaping region.

2.1.5.6 Sub-lattice and coset decoding

Definition 2.16: (Sub-lattice) Given a lattice Λ, if another lattice Λ′

satisfies Λ′ ⊆ Λ, then Λ′ is a sub-lattice of Λ.

Definition 2.17: (Lattice coset) Given a lattice Λ and a sub-lattice Λ′ ⊆ Λ,
a lattice coset is defined as the set { x+ Λ′ }, where x ∈ Λ is the coset leader.

It is clear that for given Λ and a sub-lattice Λ′, there only exists a finite
number of distinct lattice cosets. Let X = {x1,x2, · · · ,xI} be all distinct
coset leaders, then Λ can be expressed as⋃

x∈X

(x+ Λ′) . (2.25)

Note that the coset decomposition of a lattice could be difficult to find
in general. Fortunately, the coset decomposition for some low dimensional
lattices are known as we summarize in the next section.

Coset decoding can be applied if there is no efficient lattice decoder for
Λ, but exists an efficient lattice decoder of the sub-lattice Λ′. Let y ∈ Rn

and a lattice decoder of Λ′ be DECΛ′ , the coset decoding of Λ first finds

x̂i = DECΛ′(y − xi) + xi, (2.26)

for xi ∈ X ; then gives decision by finding the x̂i which is the closest to y as:

x̂ = argmin
i

∥y − x̂i∥. (2.27)

2.2 Well-known low dimensional lattices

In this section, some well-known low dimensional lattices that used in later
chapters are introduced. Low dimensional lattices are well-studied, which
have many known mathematical properties, such as minimum distance,
covering radius and etc. A generator matrix, squared minimum distance
and an optimal decoding algorithm are introduced as below. Most of the
results in this section are based on [3].
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2.2.1 Zn lattice

The n-dimensional Zn lattice, also known as the integer lattice, is generated
by the identity matrix In. We distinguish the integer lattice as Zn and the
n-dimensional integer space as Zn. Each lattice point x ∈ Zn is a vector
of integers. The squared minimum distance is d2min = 1. For y ∈ Rn, the
optimal decoding algorithm is simply the component-wised rounding as:

x̂ = ⌊y⌉. (2.28)

2.2.2 Dn lattice

The n-dimensional Dn lattice consists of points that satisfies:

Dn =

{
x ∈ Zn |

n∑
i=1

xi mod 2 = 0

}
. (2.29)

From the definition, a generator matrix of Dn lattice can be given as:

G =


1 0 0 · · · 0 0
0 1 0 · · · 0 0
0 0 1 · · · 0 0
· · · · · ·
0 0 0 · · · 1 0
1 1 1 · · · 1 2

 . (2.30)

The squared minimum distance of the Dn lattice by (2.30) is d2min = 2,
independent of the dimension. The optimal decoding algorithm ofDn lattices
is given in [44] as shown in Algorithm 2.1.

2.2.3 E8 lattice

The E8 lattice is an 8-dimensional lattice with a generator matrix:

G =



1/2 0 0 0 0 0 0 0
1/2 1 0 0 0 0 0 0
1/2 −1 1 0 0 0 0 0
1/2 0 −1 1 0 0 0 0
1/2 0 0 −1 1 0 0 0
1/2 0 0 0 −1 1 0 0
1/2 0 0 0 0 −1 1 0
1/2 0 0 0 0 0 −1 2


. (2.31)
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Algorithm 2.1: Dn lattice decoder, DECDn(·)
Input: y
Output: x̂

1 x̂1 = ⌊y⌉ ;
2 x̂2 = x̂1 ;
3 Find i = argmax |x̂2,i − yi| ;
4 if x̂2,i − yi > 0 then
5 x̂2,i = x̂2,i − 1 ;
6 else
7 x̂2,i = x̂2,i + 1 ;
8 end
9 if

∑
i x̂1,i mod 2 = 0 then

10 x̂ = x̂1 ;
11 else
12 x̂ = x̂2 ;
13 end

The squared minimum distance of E8 lattice by (2.31) is d2min = 2.

The optimal decoding algorithm of E8 lattice is given as follows. It has
been found that E8 lattice consists of 2 cosets of D8 lattice with coset leaders
[0, 0, · · · , 0]T and [1/2, 1/2, · · · , 1/2]T [3], given as

E8 = D8 ∪
(
D8 + [1/2, 1/2, · · · , 1/2]T

)
. (2.32)

The optimal decoding algorithm of the E8 lattice uses DECD8(·) given in
Algorithm 2.1 [44] as shown in Algorithm 2.2.

Algorithm 2.2: E8 lattice decoder, DECE8(·)
Input: y
Output: x̂

1 x̂1 = DECD8(y) ;
2 x̂2 = DECD8(y − 1

2
) + 1

2
;

3 if ∥x̂1 − y∥ < ∥x̂2 − y∥ then
4 x̂ = x̂1 ;
5 else
6 x̂ = x̂2 ;
7 end
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2.2.4 BW16 lattice

The Barnes-Wall lattices is class lattices with dimensional 2k for some
positive integer k [45]. In this dissertation, the 16-dimensional Barnes-Wall
lattice is considered, denoted as BW16 lattice. A generator matrix of BW16

lattice is given in (A.1) at Appendix A.1. The squared minimum distance of
BW16 lattice by (A.1) is d2min = 8. The BW16 lattice can be decomposed to
32 cosets of D16 lattice. The matrix C of coset leaders is given in (A.2) in
Appendix A.1. The optimal decoding algorithm of the BW16 lattice is given
in Algorithm 2.3.

Algorithm 2.3: BW16 lattice decoder, DECBW16(·)
Input: y
Output: x̂

1 emin = ∞ ;
2 for i = 1 : 1 : 32 do
3 c = C(:, i) ;
4 x̂′ = DECD16(y − c) + c ;
5 etemp = ∥x̂′ − y∥ ;
6 if etemp < emin then
7 emin = etemp ;
8 x̂ = x̂i ;

9 end

10 end

2.2.5 Leech lattice

The Leech lattice is a 24-dimensional lattice, which can be constructed in
many ways [46–48], [3, Chapter 24]. In this dissertation, the construction
in [48] is considered. A generator matrix is given in (A.3) at Appendix A.2,
where the 1√

8
appeared in standard form in [3] is dropped to give an integer

generator matrix. By this construction, a 24-dimensional vector of a Leech
lattice point can be divided into three 8-dimensional vectors as

x = [e1 + a+ t, e2 + b+ t, e3 + c+ t]T , (2.33)

where e1, e2, e3 are arbitrary vector in the 4E8 lattice, a,b are arbitrary
vector from A given in (A.4) at Appendix A.2 and t is an arbitrary vector
in the T given at (A.5) in Appendix A.2. The vector c ∈ A is constrained
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by

a+ b+ c mod 4E8 = 0. (2.34)

The Leech lattice can be decoded using coset decoding based on a lattice
with generator matrix

G′ =

4GE8 0 0
0 4GE8 0
0 0 4GE8

 (2.35)

and coset leaders specified by all possible combinations of a,b, c and t.
An implementation of the optimal Leech lattice decoder based on this
construction is given in Algorithm 2.4. There also exists other decoding
algorithms with lower complexity, such as [49, 50] (optimal), [51, 52] (non-
optimal, bounded distance).

2.3 Lattice constructions

In higher dimensions, it is more common to construct lattices using codes.
The Construction A and Construction D are 2 efficient ways to construct
lattice using linear block codes, respectively. In this chapter, we give the
structure of Construction A/D lattices.

2.3.1 Construction A

Construction A [3,25] forms a lattice by lifting a binary code to real number
space.

Definition 2.18: (Construction A lattice) For an (n, k) binary linear block
code Cb, a construction A lattice consists of all vectors of the form:

Λa = c+ 2z, c ∈ Cb, z ∈ Zn, (2.36)

or equivalently Λa = Cb + 2Zn.
This definition can be extended to q-ary linear block code Cq, from which

the construction A lattice is given as Λa = Cq + qZn, as known as modulo-q
lattice [25].

Let the n-by-k generator matrix of binary code have the structure Gc =[
Gt

P

]
, where Gt is a lower triangular matrix. A generator matrix of the
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Algorithm 2.4: Leech lattice decoder, DECΛ24(·)
Input: y
Output: x̂

1 # Decompose the received message into 3 vectors ;
2 y1 = y(1 : 8) ;
3 y2 = y(9 : 16) ;
4 y3 = y(17 : 24) ;
5 # Quantize using y1,y2,y3 individually ;
6 # for possible vectors in A and T ;
7 Initialize S as a 3-dimensional matrix with size (24, 16, 16) ;
8 for aa = 1 : 1 : 16 do
9 for tt = 1 : 1 : 16 do

10 a = A(:, aa) ;
11 t = T(:, tt) ;
12 s1 = DECE8((y1 − a− t)/4) ∗ 4 + a+ t ;
13 s2 = DECE8((y2 − a− t)/4) ∗ 4 + a+ t ;
14 s3 = DECE8((y3 − a− t)/4) ∗ 4 + a+ t ;
15 S(:, aa, tt) = [s1, s2, s3]

T ;

16 end

17 end
18 # Reconstruct estimate of codeword for possible combinations of

a,b, c and t ;
19 # Find the one closest to the received message ;
20 emin = ∞ ;
21 for aa = 1 : 1 : 16 do
22 for bb = 1 : 1 : 16 do
23 cc = Ctable(aa, bb) ;
24 for tt = 1 : 1 : 16 do
25 x̂1 = S(1 : 8, aa, tt) ;
26 x̂2 = S(1 : 8, bb, tt) ;
27 x̂3 = S(1 : 8, cc, tt) ;
28 x̂′ = [x̂1, x̂2, x̂3]

T ;
29 etemp = ∥x̂′ − y∥ ;
30 if etemp < emin then
31 emin = etemp ;
32 x̂ = x̂′ ;

33 end

34 end

35 end

36 end
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modulo-2 construction A lattice is given as [25]:

Ga =

[
Gc

0
2In−k

]
. (2.37)

From (2.37), the volume of Λa is

V (Λa) = 2n−k. (2.38)

Due to the presence of the 2Zn lattice, the squared minimum distance of a
construction A lattice is given by

d2min = min(4, dc), (2.39)

where dc is the minimum Hamming distance of Cb.
For asymptotically large dimension n, it has been proven that there exists

construction A lattices, constructed from a random linear code over a prime
field of growing size, can be simultaneously good for sphere packing, sphere
covering, AWGN channel coding and quantization [8].

The following are examples of finite dimensional lattices using construc-
tion A. 2E8 lattice can be seen as a construction A lattice formed using
the (8, 4) extended Hamming codes. The low-density construction A (LDA)
lattices is formed using a q-ary LDPC code, which achieves excellent error
performance for dimensions n ≥ 1000 [15]. It is also shown that LDA lattices
are capacity-achieving when n → ∞ [16]. In communications, construction
A can be seen as a shifted constellation of the widely used binary phase
shift keying (BPSK) [25, Chapter 8] or pulse-amplitude modulation (PAM)
scheme, from which a connection from lattice coding to conventional systems
is established, see [39,53] for implementation examples.

The encoding and decoding scheme of construction A lattices are given
in Chapter 6, where lattice design based on construction A is provided.

2.3.2 Construction D

Construction D, proposed in [54], forms a lattice using a family of nested
binary codes. Assume linearly independent binary basis g1,g2, · · · ,gn ∈
Fn
2 . Let Gi = [g1,g2, · · · ,gki ] generate a binary code Ci for i = 0, 1, · · · , a

with integer a > 1 and k0 < k1 < · · · < ka = n, from which a family of
nested binary codes C0 ⊆ C1 ⊆ · · · ⊆ Ca−1 ⊆ Ca = Fn

2 is generated from
G0,G1, · · · ,Ga.

Definition 2.19: (Construction D lattice) Let ψ(·) be a mapping from Fn
2

to Rn, such that 0 → 0, 1 → 1. A construction D lattice with a layers is
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defined by

Λd =
a∑

i=0

2i−1ψ(Gi)bi, (2.40)

where bi ∈ {0, 1}n.
Since Ca is the universal code, there exists a bijective mapping between

ψ(Ga)ba and z ∈ Zn. The construction D lattice given in (2.40) can be
equivalently given as

Λd =

(
a−1∑
i=0

2i−1ψ(Gi)bi

)
+ 2az. (2.41)

In [55], some expressions related to construction D lattice are given, for which
the condition on equivalency among them is discussed.

Construction D is also applied to design finite dimensional lattices for
practical use, such as in [20–22,56]. Additionally, Barnes-Wall lattices can be
generated by construction D [45, Section III]. For example the BW16 lattice
consists of C0 = (16, 5), C1 = (16, 15) Reed-Muller codes as its component
codes.

The encoding and decoding scheme of construction D lattices follows [20,
22].

2.4 Summary and connection to other chap-

ters

This chapter first introduced lattices of their definitions, geometric proper-
ties, operations and the connection to communications. Then we introduced
some low dimensional lattices and constructions of lattice using binary codes.

Section 2.1 is the foundation of this dissertation, from which the defini-
tions and operations are applied in all later chapters. The lattices given in
Section 2.2 are mainly used in our studies for single user transmission case in
Chapter 4 and Chapter 5. Construction D lattices are used to evaluate retry
decoding for CF relaying scenario in Chapter 4 and Chapter 5, where medium
dimensional lattices are considered, such as n = 128, 256. Construction A is
considered for the design of finite dimensional lattices in Chapter 6.
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Chapter 3

Lattice codes

In the previous chapter, lattices with infinite constellation are introduced.
This chapter introduces lattice codes with finite constellation for power-
constrained communications.

3.1 Nested lattice codes

Definition 3.1: (Nested lattice codes) Let two lattice Λc and Λs satisfy
Λs ⊆ Λc and thus form a quotient group Λc/Λs. A nested lattice code C is
defined as the coset leader of quotient group Λc/Λs:

C = { x mod Λs | x ∈ Λc } . (3.1)

Equivalently, C also can be defined as the interaction of Λc and fundamental
region F of Λs.

C = Λc ∩ F (3.2)

The fine lattice Λc is called the coding lattice and the coarse lattice Λs is
called the shaping lattice. For a nested lattice code C = Λc/Λs with generator
Gc and Gs, the following sub-lattice condition is satisfied.

Lemma 3.1: [25, Chapter 8] A nested lattice code C = Λc/Λs can be
formed if and only if M = G−1

c Gs is a matrix of integers.

Proof. Since Λs is a sub-lattice of Λc, for any x ∈ Λs, it is also a lattice point
of Λc. Therefore, for any bs ∈ Zn, exists bc ∈ Zn, such that

x = Gcbc = Gsbs (3.3)

bc = G−1
c Gsbs. (3.4)

This is satisfied if and only if M = G−1
c Gs is a matrix of integers.
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Example 3.1: Figure 3.1 give an example of a lattice code C = A2/4A2.
The coding lattice is the A2 lattice and the shaping lattice is a scaled 4A2

lattice, with Gc =

[√
3/2 0
1/2 1

]
and Gs =

[
2
√
3 0

2 4

]
. The red dashed line

is the Voronoi region of 4A2 lattice and is the shaping region of this lattice
code. For x ∈ A2 at the boundary of the shaping region, only half of them
are included in the codebook for the fairness of tie-breaking.

0

0

Lattice point of A
2
 lattice

Lattice point of A
2
 / 4 A

2
 lattice code

Shaping region

Figure 3.1: Example of A2 lattice.

3.2 Encoding and decoding

Encoding of a lattice code C = Λc/Λs is to map an uncoded message b ∈ ZN

to a codeword x ∈ C as:

x = ENC(b) = Gcb mod Λs = Gcb−QΛs(Gcb). (3.5)

The modΛs is referred as the shaping operation for encoding lattice codes
and the QΛs(·) in (3.5) is a lattice quantizer of Λs.
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In this dissertation, the rectangular encoding proposed in [26] are applied
to design and encoding/decoding the lattice codes.

Definition 3.2: (Rectangular encoding) The lattice code C has a rectan-
gular encoding if there exists Gc and positive integers M1,M2, · · · ,Mn such
that the function

x = Gcb−QΛs(Gcb) (3.6)

is a bijective mapping between the integers bi ∈ {0, 1, · · · ,Mi − 1}, for i =
1, 2, · · · , n, and a codeword x ∈ C.

Each dimension of the uncoded message b can be defined over different
range independently by applying the rectangular encoding. The value log2Mi

indicates the number of bits that can be carried at the i-th dimension (Mi = 1
means this dimension cannot carry information). A simple way to construct
a lattice code using rectangular encoding is to use a diagonal matrix

M = diag(M1,M2, · · · ,Mn), (3.7)

and a generator matrix of the shaping lattice as Gs = GcM.
The message recovery process, also called indexing, is to find an estimate

of the uncoded message as:

b̂ = Index(x). (3.8)

From (3.5), we have

b̂′ = G−1
c x (3.9)

= b̂−G−1
c QΛs(Gcb)

= b̂−G−1
c Gss

= b̂−Ms. (3.10)

where there exists s ∈ Zn such that QΛs(Gcb) = Gss, since QΛs(Gcb) is
always a lattice point of Λs. For both Gc and Gs with lower triangular
structure (or equivalently both upper triangular structure), the matrix
M also has a lower triangular structure (or equivalently upper triangular
structure). Suppose that M is a lower triangular matrix, i.e. for any i < j,
Mi,j = 0. Equation (3.10) can be written as:

b̂′1
b̂′2
...

b̂′n

 =


b̂1
b̂2
...

b̂n

−


M1,1 0 · · · 0
M2,1 M2,2 · · · 0
...

...
. . .

...
Mn,1 Mn,2 · · · Mn,n



s1
s2
...
sn

 . (3.11)
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Then b̂ can be calculated by solving Diophantine equations for each row
of (3.11) recursively from dimension 1 to n as following [26, Section IV-B],
where for i = 1,

b̂1 = b̂′1 modM1,1 (3.12)

s1 =
b̂1 − b̂′1
M1,1

, (3.13)

and for i > 1

b̂i =

(
b̂′1 +

i−1∑
j=1

Mi,jsj

)
modMi,i (3.14)

si =

(
b̂i − b̂′1 −

i−1∑
j=1

Mi,jsj

)
/Mi,i. (3.15)

Furthermore, if M is a diagonal matrix, i.e. for any i ̸= j, Mi,j = 0, the

indexing could be even simpler. Each dimension of b̂ can be independently
expressed by

b̂′i = b̂i −Misi, (3.16)

for i = 1, 2, · · · , n. Then b̂i is obtained by

b̂i = b̂′i modMi. (3.17)

3.3 Shaping scheme

Given a coding lattice Λc, different lattice codes can be constructed by
selecting different shaping lattices Λs, for which the shaping gain of Λs

is achieved. A well-known technique is self-similar shaping (or called the
Voronoi shaping), where Λs = kΛc with integer k > 1. However, the Voronoi
shaping may have high complexity depending on the design of QΛs . Instead,
another important technique called hypercube shaping is considered to have
lower shaping complexity, for which Λs has a hypercube Voronoi region.
Assuming hypercube region of Λs have equal length L at each side, so thatGs

has a triangular form with diagonal elements being L. Let Gc have diagonal
element gi,i for i = 1, 2, · · · , n. From Lemma 3.1, integer Mi = L/gi,i and
therefore the value of L should take

L = K · lcm(g1,1, g2,2, · · · , gn,n), (3.18)
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where integer K ≥ 1 and lcm indicates the least common multiplier.

Hypercube shaping does not have shaping gain, however, it guarantees
the equal power allocation at each dimension, specified by L. This scheme is
also naturally applicable to construction A/D lattices. For lower triangular
Gc, the lcm of gi,i is 2 for construction A lattices and 2a for construction
D lattices, respectively. This allows us to form a lattice code that each
dimension contains integer number of bits by setting K = 2k, which can
achieve low shaping complexity and have good compatibility with current
digital systems.

Assuming a lower triangular Gs with element gs,i,j for i, j = 1, 2, · · · , n,
an algorithm of hypercube shaping is given in Algorithm 3.1.

Algorithm 3.1: Hypercube shaping algorithm

Input: Lower triangular Gs, x
Output: xs

1 a1 = ⌊x1/gs,1,1⌉ ;
2 e1 = xi − gs,1,1 · ai ;
3 for i = 2 : 1 : n do

4 ti = yi −
∑i−1

j=1 gs,i,j · aj ;
5 si = ti/gs,i,i ;
6 ai = ⌊si⌉ ;
7 ei = ti − gs,i,i · ai
8 end
9 xs = [e1, e2, · · · , en]T ;

Remark 3.1: For lattice points located at boundaries of the shaping region,
0.5 appears at the decimal part of xi/gs,i,i. Numerical issue may occur in
rounding function, with respect to step 1 and 6 in Algorithm 3.1, of some
programming languages. For example, in MATLAB language, round(0.5) =
1, rounding towards the larger integer, and round(−0.5) = −1, rounding
towards the smaller integer, from which some lattice points may be double-
counted and the size of the codebook may be larger than expected. A simple
method to avoid this issue is to shift lattice points by a small random vector,
such as (±0.01,±0.01, · · · ) before shaping. Note that it is not guaranteed to
move all lattice points from boundaries, but works in most cases.
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3.4 Lattice codes for communications

This section gives other related definitions and transmission scheme of lattice
codes for communications, considering single user transmission and multiple
access.

Definition 3.3: (Code rate) The code rate of a lattice code C = Λc/Λs is
given as:

R =
1

n
log2

| det(Gs)|
| det(Gc)|

. (3.19)

For a self-similar lattice code Λc/KΛc, the code rate is R = log2K. And
for rectangular encoding, the code rate can be obtained from the diagonal
matrix M as

R =
1

n
log2

n∏
i=1

Mi. (3.20)

By definition, it is possible to construct a lattice code with code rate R > 1,
and it can be seen as a coded-modulation scheme with codebook size |C| =
2nR.

Definition 3.4: (Message power) The message power of a lattice code is
defined as the average per-dimensional power of a codeword over the whole
codebook C as:

P =
1

n · 2nR
∑
x∈C

∥x∥2. (3.21)

Generally, computing exact power has high complexity if the size of the
codebook is large. In practice, the message power can be approximated by
the second moment, defined in (2.19), of the shaping lattice, or equivalently
using the NSM of the shaping lattice by

P ≈ V (Vs)
2/n ·G(Λs), (3.22)

where Vs is the Voronoi region of the shaping lattice. This estimate becomes
accurate as the code rate R increases. Considering the AWGN channel given
in Section 2.1.5.3, the signal-to-noise (SNR) is defined as follows.

Definition 3.5: (Signal-to-noise ratio) The SNR of a lattice-based trans-
mission through AWGN channel is defined as:

SNR =
P

σ2
, (3.23)
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where P is the message power given in Definition 3.4 and σ2 is the per-
dimensional variance of the Gaussian noise.

3.4.1 Single user transmission

Figure 3.2 gives a system model for a single user lattice-based transmission
through the AWGN channel with random dithering, suggested in [14]. Given
an uncoded message b ∈ Zn, a lattice point is obtained by

x′ = Gcb ∈ Λc (3.24)

Random dithering is applied before shaping and the transmitted message is
given as

x = (x′ − d) mod Λs, (3.25)

for which the dithering vector d ∈ Rn is uniformly distributed over the
shaping region Vs and is statically independent of x′. Additionally, the same
d used for encoding is shared at both the encoder and the decoder.

Lemma 3.2: [14, Lemma 1] For any x′ ∈ C, given d which is uniformly
distributed over Vs and is statically independent of x′, we have x = (x′ −
d) mod Λs is also uniformly distributed over Vs and is statically independent
of x′.

Proof. Given x′, by the arithmetic of modulo, we have

d = (x′ − x) mod Λs. (3.26)

It can be seen that the conditional probability Pr(x|x′) = Pr(d). This implies
that, for any given x′, the probability density of a lattice codeword x is a
constant over Vs.

As shown in Figure 3.1, the original lattice codebook typically has a
non-zero centroid, therefore it may not match the desired power constraint.
Dithering is a common randomization technique and assures average trans-
mission power matches the desired power constraint, which is particularly
important for theoretical analysis, see [8] for further details.

The AWGN channel model considered for single user transmission is given
in Section 2.1.5.3. The channel output at the receiver is given as

y = x+ n, (3.27)

where n ∼ N (0, σ2I) is the Gaussian noise.
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The decoding process is then given by:

b̂ = DECΛc(αy + d) mod Λs, (3.28)

where a real-valued scaling factor α ∈ R is applied at the decoder, instead of
decoding the received message y directly. The lattice decoder is defined in
Section 2.1.4, that is the closest point lattice quantizer. As we have discussed
in the Chapter 1, when n → ∞, there exists lattice codes that achieves
the Gaussian channel capacity using lattice decoding, if the scaling factor
obtained by MMSE is applied, given as:

αMMSE =
P

P + σ2
. (3.29)

Since we aim to study finite dimensional lattice codes, the random dither-
ing vector d could be removed without introducing a significant performance
loss. For simplicity of notation, random dithering is omitted in what follows.
However, note that, it should be considered for asymptotical analysis.

3.4.2 Multiple access

Due to the linearity of lattices, lattice codes can be considered as a physical
layer network coding (PLNC) technique for multiple access channels. Given a
lattice code C = Λc/Λs and x1,x2, · · · ,xL ∈ C, an integer linear combination

ŷ =
l∑

i=i

aixi ∈ Λc, (3.30)

for any a1, a2, · · · , aL ∈ Z. For lattice codes with group isomorphism [26,29],
it can be further obtained that

ŷ =
l∑

i=i

aixi mod Λs (3.31)

is a lattice codeword of C.
Nazer and Gastpar gave a novel relaying scheme, called compute-forward

(CF) relaying [30]. Instead of performing multiple user detection at a
multiple relay, CF relaying uses lattice-based PLNC and aims to compute an
integer linear combination of lattice codewords, which gives a low complexity
relay design while having excellent achievable rate. A similar idea can also
be applied to various multiple access scenarios, such as compute-forward
multiple access (CFMA) [32], multiple access relay channel (MARC) [37]
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and MIMO channel using integer forcing (IF) [35, 36]. Related research on
implementations of lattice-base PLNC can be found in [38,39,53,57,58].

CF relaying is considered for multiple access scenario to apply the
proposed retry decoding and the CRC embedded lattice codes. Details for CF
relaying will be introduced in Chapter 4 with the system model of multiple
access scenario.

3.5 Summary and connection to other chap-

ters

This chapter introduced lattice codes, consisting of a coding lattice and a
shaping lattice. The encoding/decoding and the shaping scheme are given.
In particular, the rectangular encoding and hypercube shaping are applied
for numerical evaluations and code design in later chapters. Even though
hypercube shaping does not have shaping gain, an equal power allocation
can be guaranteed on each symbol within a codeword. For construction
A/D lattices from binary codes, rectangular encoding and hypercube shaping
assure thatMi in (3.7) is a power of 2. This is a useful property to implement
the proposed CRC-embedded lattices/lattice codes to CF relaying scenario,
which will be introduced in Chapter 5.

A basic lattice-based transmission scheme for single user scenario is
introduced in this chapter. By applying the optimal scaling factor αMMSE,
lattice codes are shown to achieve the capacity of the AWGN channel using
lattice decoding as dimension n → ∞. However, it is also noticed that a
decoding error may still happen for finite dimensional lattice codes even
when R < C and the optimal decoding coefficient is applied. A novel
scheme to improve the error rate for this situation is proposed in Chapter 4,
where the decoder is allowed to retry decoding by adjusting the value of
the decoding coefficient. Due to linearity, lattice codes are also suitable
for PLNC in a multiple access network. Related applications to various
networks and implementations were briefly introduced in this chapter. In
particular, CF relaying is considered in a later chapter to implement our
proposed retry decoding in Chapter 4 and CRC-embedded lattices/lattice
codes in Chapter 5. The details of the system model and an overview of CF
relaying scheme are given in Chapter 4.
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Figure 3.2: System model for a lattice-based single user transmission through
the AWGN channel.
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Chapter 4

Retry decoding for finite dimen-
sional lattice codes

4.1 Introduction of this chapter

This chapter introduces a novel retry decoding for finite dimensional lattice
codes. In a conventional lattice decoder, a decoding coefficient, such as
αMMSE, is applied to achieve optimal error performance. However, the
optimal decoding may fail for finite dimensional lattice codes when R < C.
Given an error using the optimal decoding coefficient, it is shown that the
error might be corrected if the receiver can retry decoding by adjusting the
value of the coefficient.

This chapter is divided into two parts: point-to-point (P2P) single user
(SU) transmission and CF relaying. We start from the simple case, where the
retry decoding scheme is applied to point-to-point single user transmission
through AWGN channel, referred as SU scenario; then we move to multiple
access scenario using compute-forward (CF) relaying through fading channel.
Details of the decoding scheme and decoding coefficient search algorithm are
described for SU scenario and CF relaying, respectively. For the SU scenario,
we also give: 1) a lower bound on the error rate derived by allowing an infinite
number of retries using exhaustive search; 2) a discussion of the relationship
between the benefit of retry and the dimension of lattice code, where the Zn

lattice codes are used to illustrate such relationship; 3) a modified decoding
coefficient search strategy to reduce the search cost. For CF relaying, two
different schemes for retry decoding are introduced. A discussion is given
to compare two schemes by assuming fixed channel and random channel,
respectively. The numerical evaluations are given for SU scenario and CF
relaying at the end of each section, respectively, where we evaluate the benefit
of retry decoding and the discussion given for each scenario.

In this chapter, the error detection for retry decoding is assumed to be
genie-aided, where a perfect genie is associated with the receiver who knows
the true message and checks if the decoding result is correct. Note that the
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Figure 4.1: Simplified system model for single user transmission through the
AWGN channel.

genie only checks the correctness of the decoding result, while not telling
the decoder what the true message is. It is clear that genie is only valid for
analysis. In practical implementation, a lattice construction with physical
layer error detection is required to enable retry decoding, which will be given
in the next chapter.

4.2 Retry decoding for single user transmis-

sion

4.2.1 System model

For the SU scenario using a lattice code C = Λc/Λs, the point-to-point
AWGN channel is assumed. Since this research studies finite dimensional
lattice codes, random dithering is omitted in the transmission for simplicity
of notation. The system model in Figure 3.2 is simplified as Figure 4.1. The
decoding error is measured as x̂ ̸= x, where the decoding function is

x̂ = DECΛc(α · y). (4.1)

It is noticed that there may exist x̂ ̸= x such that x̂ mod Λs = x mod Λs,
which implies x̂ = xs + C with some xs ∈ Λs. However, by the Gaussian
distribution of the channel noise, the probability of such event is negligible
in practical decoding.

4.2.2 Decoding scheme

For the SU scenario using finite dimensional lattice codes with one-shot
decoding, the receiver applies the MMSE scaling factor αMMSE introduced
in (3.29) to received message for lattice decoding as

x̂ = DECΛc(αMMSE · y). (4.2)

If a decoding error is detected, the proposed retry decoding scheme allows
the lattice decoder to adjust the scaling factor α to achieve a lower error
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Figure 4.2: Redesigned decoder structure for retry decoding in SU scenario.

rate. Suppose the maximum number of decoding attempts is kmax using a
decoding coefficient list α1, α2, · · · , αkmax . Figure 4.2 gives a general structure
of the redesigned decoder, where the decoding coefficient list is pre-stored at
the decoder and the counter i is initialized to be 1 before the first decoding
attempt. The value of α1 is typically set to αMMSE. This decoder can also
be applied to power unconstrained communications using lattices, where the
optimal scaling factor can be seen as

αMMSE = P/(P + σ2) → 1, (4.3)

since the average power P → ∞.
In this section, the decoding coefficient list is further grouped into k non-

overlapping subsets A1,A2, · · · ,Ak. In order to perform retry efficiently,
the list is generated in the descending order based on reliability of α,
so that α with higher reliability would be tested before those with lower
reliability. Each subset indicates a decoding level and may contain multiple
α candidates. The decoding starts from α ∈ A1; then tests α candidates
in A2, · · · ,Ak sequentially. Error detection can be performed after each
decoding attempt, rather than the whole level, to terminate the decoding as
soon as no error is detected. If all α’s failed on error detection, the decoder
may output a decoding failure to request a retransmission. The technique
on generating the decoding coefficient list, including how to find reliable α’s
and how to group them, will be discussed in the next subsection.

4.2.3 Decoding coefficient search algorithm

An algorithm to find the decoding coefficient list is considered, which also
shows how we group the list and the number of elements in each subset of
A using genie-aided decoding and Monte-Carlo-based search. To perform
efficient decoding, A1,A2, · · · ,Ak are generated in the order to maximize
the probability of correct decoding given the previous candidates failed.

Let x ∈ C be a non-zero, randomly generated lattice codeword. The
probability of correctly decoding the received message y = x+n is a function
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of α:

P (α) = Pr(DECΛc(α · y) = x). (4.4)

Given a search space [αmin, αmax], this algorithm is performed level-by-level
to find a subset A at each level. The first step of the algorithm finds α1,1

that maximizes

α1,1 = argmax
αmin≤α≤αmax

P (α). (4.5)

The result of the first step is given as A1 = {α1,1}. Empirically, we have
α1,1 ≈ αMMSE [14], [41], which could alternatively be used with almost no
loss of error performance.

The second step of search is performed by assuming a decoding failure
using A1, i.e. DECΛc(α1,1 ·y) ̸= x. The algorithm maximizes the conditional
probability

argmax
αmin≤α≤αmax

P (α|DECΛc(α1,1 · y) ̸= x). (4.6)

By the assumption, we already have P (α1,1|DECC(α1,1 · y) ̸= x) = 0. The
search space is then divided into two part as [αmin, α1,1) and (α1,1, αmax],
from which two α candidates can be found in this step as:

α2,1 = argmax
αmin≤α<α1,1

P (α|DECΛc(α1,1 · y) ̸= x) (4.7)

α2,2 = argmax
α1,1<α≤αmax

P (α|DECΛc(α1,1 · y) ̸= x). (4.8)

The result of the second step is given as A2 = {α2,1, α2,2}. The algorithm
is then performed recursively to generate the decoding coefficient list. It
can be seen that the algorithm finds 2k−1 α candidates at the k-th step to
generate Ak. As a result, the number of decoding coefficients for retry in a
list A1,A2, · · · ,Ak is

k∑
i=1

|Ai| = 2k − 1. (4.9)

A generalization of this algorithm is given as follows. At the (k + 1)-
th (k ≥ 1) step, let A1,A2 · · · ,Ak be the decoding coefficient list found in
previous steps. To find Ak+1, we define:

1. an event ek is the event that all α in A1,A2, · · · ,Ak as

∀α ∈
k⋃

i=1

Ai, DECΛc(α · y) ̸= x, (4.10)
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2. a sorted list A′
k = sort({αmin, αmax}∪

⋃k
i=1Ai), such that elements are

in ascending order as

αmin = α′
1 < α′

2 < · · · < α′
2k < α′

2k+1 = αmax. (4.11)

Define a conditional probability of correct decoding given the event ek
occurred as

P (α|ek) = Pr(DECΛc(α · y) = x|ek). (4.12)

By the recursive structure, it is clear that P (α|ek) = 0 for any α ∈
⋃k

i=1Ai.
The search space is then split into 2k intervals bounded by adjacent elements
in A′

k. From each interval, the algorithm finds a local optimum α that
maximizes (4.12) as:

αk+1,j = argmax
α′
j≤α<α′

j+1

P (α|ek), (4.13)

where α′
j, α

′
j+1 ∈ A′

k for j = 1, 2, · · · , 2k. The result of the (k + 1)-th step of
algorithm is Ak+1 = {αk+1,1, αk+1,2, · · · , αk+1,2k}.

Figure 4.3 illustrates P (α) and P (α|ei) for i = 1, 2 using an E8 lattice
code, from which α candidates for A1,A2 and A3 are found, where

α1,1 = αMMSE ≈ 0.9786

{α2,1, α2,2} ≈ {0.9103, 1.0555}
{α3,1, α3,2, α3,3, α3,4} ≈ {0.8676, 0.9445, 1.0128, 1.1153}.

It is shown that the search space in the (k+1)-th step is split into 2k intervals
between α’s for which P (α|ek) = 0. It is also observed that, within each
subset Ai+1, the values of P (α|ei) for different candidates are close. This
implies that the test order within a subset Ai+1 could be arbitrary for retry
decoding. In particular, for i = 1, the two maximum values of P (α|e1) are
approximately 0.2477 and 0.2996 using α2,1 and α2,2, respectively, indicating
a fraction of 0.5473 of messages failed decoding using αMMSE can be corrected
by retry decoding using A2 = {α2,1, α2,2}.

For a given lattice code C, the decoding coefficient list only depends on
SNR. Therefore, the algorithm can be performed offline to generate a look-up
table of decoding coefficients for all required SNR values in advance. The
practical implementation complexity can be further reduced by optimizing α
candidates only for one SNR value, and then using them across all SNR values
for decoding, instead of generating an SNR-dependent decoding coefficient
list. This also reduces the size of look-up table which stores the decoding
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Figure 4.3: P (α), P (α|e1) and P (α|e2) curve for E8 lattice code with
hypercube shaping and code rate R = 2. SNR = 17dB so that 1 −
P (αMMSE) ≈ 10−3. The αMMSE and search results α1,1 · · ·α3,4 are marked
at the corresponding curves.

coefficient list. An error performance loss may occur due to the mismatch
between values of α and SNR. This will be evaluated in Section 4.2.5.3, where
we observed the performance loss could be negligible in practice.

Additionally, the follow proposition is given for retry decoding using the
list A1,A2, · · · ,Ak found above and genie-aided error detection.

Proposition 4.1: Suppose all α ∈
⋃k−1

i=1 Ai failed decoding, there exists at
most one α ∈ Ak can correctly decode the received message.

Proof. Since the case that all α ∈ Ak fail decoding is trivial, this proof is given
by showing the contradiction that there does not exist distinct αk,a, αk,b ∈ Ak

such that the estimate x̂a = DECΛc(αk,a ·y) and x̂b = DECΛc(αk,b ·y) satisfy
x̂a = x̂b = x.

Suppose existing αk,a < αk,b that both of them can correctly decode the
message. The lattice decoder DECΛc is a closest point quantizer, from which
we have αk,a · y, αk,b · y ∈ V(x). Since the Voronoi region V of a lattice is a
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convex polygon, it implies that, for all 0 < t < 1 and α′ = t·αk,a+(1−t)·αk,b,
we have:

α′ · y ∈ V(x), (4.14)

i.e. the received message can be correctly decoded using any αk,a < α′ < αk,b.
However, by the structure of the algorithm, there must exist at least one
α candidate satisfying αk,a < α < αk,b belongs to

⋃k−1
i=1 Ai, which failed

decoding by the assumption. This leads to a contradiction and concludes the
proof.

4.2.4 Lower bound on error rate

A lower bound on error probability for retry decoding is derived by assuming
a genie-aided exhaustive search decoder when the search space is extended
from a finite-length list to all non-zero α ∈ R.

4.2.4.1 Decodable region

By the genie-aided exhaustive search decoder, a non-zeo transmitted message
x can be correctly decoded from the received message y if and only if ∃α ∈
R \ 0, DECΛc(α · y) = x. This implies that the line connecting y and the
origin 0 passes through the Voronoi region V(x). We refer to any such y as
decodable and define the union of all decodable y as the decodable region
with respect to x.

Definition 4.1: (Decodable region) Given a non-zero lattice point x, the
decodable region is

D(x) = { 1
α
u|α ∈ R \ 0,u ∈ V(x)}. (4.15)

Geometrically, D(x) forms an n-dimensional cone region with vertex at
the origin 0. A 2-dimensional example is illustrated in Figure 4.4. Suppose
x1 = [5, 0]t is transmitted, then y1 is decodable and y′

1 is non-decodable.
The decoding error probability of the genie-aided exhaustive search decoder
for a given x is obtained as

Pe,Dec = 1− Pr(y ∈ D(x)). (4.16)

However, the area of D(x) depends on the value of x (not only the underlying
lattice Λ and the message power ∥x∥2). For example, as shown in Figure 4.4,
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x1 = [5, 0]T and x2 = [4, 3]T with ∥x1∥2 = ∥x2∥2, the area of D(x1) and
D(x2) are different since the angle θ1 ̸= θ2. Therefore Pe,Dec is hard to find
in general.

In order to give an analytical study, using the covering sphere Sc(x), we
define

Dc(x) = { 1
α
u|α ∈ R \ 0,u ∈ Sc(x)}. (4.17)

The error probability with respect to Sc and Dc can be defined as:

Pe,cover = 1− Pr(y ∈ Dc) (4.18)

For finite dimensional lattices, we have V(x) ⊂ Sc(x), by whichD(x) ⊂ Dc(x)
and Pe,Dec is strictly lower bounded by

Pe,Dec > Pe,cover. (4.19)

The probability Pr(y ∈ Dc(x)) only depends on the message power ∥x∥2 and
covering radius rc. Similarly, using the effective sphere Se(x), we can define

De(x) = { 1
α
u|α ∈ R \ 0,u ∈ Se(x)}, (4.20)

from which an effective sphere estimate of error probability is given by:

Pe,Dec ≈ Pe,effc = 1− Pr(y ∈ De(x)). (4.21)

4.2.4.2 Lower bound and effective sphere estimate of error proba-
bility

An analytical form of the lower bound on error probability in (4.19) and
the effective sphere estimate in (4.21) are derived for AWGN transmission in
Theorem 4.1. We first introduce the following lemma, which gives a closed
form to compute integral of Gaussian noise over a zero-centered sphere.

Lemma 4.1: [59] Given an n-dimensional Gaussian noise n ∼ N (0, σ2I)
and a zero-centered sphere S with radius re. Let t = r2e/2σ

2, the probability
of a noise sample falls outside of the sphere has a closed form as:

Pe = e−t

(
1 +

t

1!
+ · · ·+ tn/2−1

(n/2− 1)!

)
(4.22)

for n even; while for odd n, we have:

Pe = erfc(t
1
2 ) + e−t

(
t1/2

(1/2)!
+

t3/2

(3/2)!
+ · · ·+ tn/2−1

(n/2− 1)!

)
. (4.23)
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Theorem 4.1: Let non-zero x be a lattice point of an n ≥ 2 dimensional
lattice Λ having covering radius rc. Let P = ∥x∥2/n and σ2 be per-
dimensional message and noise power, respectively. With the restriction
r2c < nPx, the word error probability for retry decoding is lower bounded by:

Pe,Dec > 1−
∫ ∞

−∞

1√
2πσ2

e−
n2
1

2σ2 (1− h(n1))dn1 (4.24)

where if n is odd:

h(n1) = e−t

(n−3)/2∑
k=0

tk

k!


and if n is even:

h(n1) = erfc(t1/2) + e−t

(n−2)/2∑
k=1

tk−1/2

(k − 1/2)!


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with t = f 2(n1)/(2σ
2) and f(n1) =

∣∣∣∣ rc√
nPx−r2c

n1 +
√

nPxr2c
nPx−r2c

∣∣∣∣.
Proof. Denote gn(n) as the density function of an n-dimensional Gaussian
noise n ∼ (0, σ2I). The probability that y falls into Dc in (4.19) is:

Pr(y ∈ Dc) = Pr(n ∈ D′
c) =

∫
D′

c

gn(n) dn (4.25)

where D′
c = Dc − x. Due to the circular symmetry of the Gaussian noise

and the covering sphere, it is equivalent to consider a rotated coordinate
system where the z1 axis corresponds to the line connecting the vertex
of the decodable region and x, where the coordinate of the vertex of the
decodable region is (−

√
nPx, 0, 0, . . . , 0). (See Figure 4.5 for an example in 2

dimensions). The Euclidean distance rn between the boundaries of decodable
region and n1 axis is a function of n1 as

rn = f(n1) =

∣∣∣∣∣ rc√
nPx − r2c

n1 +

√
nPxr2c
nPx − r2c

∣∣∣∣∣ . (4.26)

Due to the independence among dimensions of Gaussian noise, (4.19) can
be written as:

Pe,cover = 1−
∫ ∞

−∞

1√
2πσ2

e−
n2
1

2σ2Ps(rn)dn1 (4.27)

with

Ps(rn) =

∫
Sn−1(rn)

gn−1(n2, n3, . . . , nn) dn2 . . . dnn. (4.28)

The region Sn−1(rn) can be considered as a truncated slice of a n dimen-
sional Gaussian which is the intersection of the decodable region D′

c and a
hyperplane orthogonal the n1 axis, which gives an n− 1 dimensional sphere
with radius rn. By Lemma 4.1, the integral of Ps(rn) = 1 − Pe has a closed
form given in (4.22) and (4.23) with dimension n− 1 as:

Ps(rn) =

1− e−t
(
1 + t

1!
+ t2

2!
+ · · ·+ t(n−3)/2

((n−3)/2)!

)
n is odd

1− erfc(t1/2)− e−t
(

t1/2

1/2!
+ t3/2

(3/2)!
+ · · ·+ t(n−3)/2

((n−3)/2)!

)
n is even

,

(4.29)

where t = f 2(n1)/(2σ
2). Note that the integration in Ps(rn) is taken over n−1

dimensions, the even and odd are opposite of (4.22) and (4.23). By combining
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Figure 4.5: Example of rotated Dc(x)−x in 2 dimensions. The vertex of the
decodable region is (−

√
nPx, 0), where Px is the message power. rc is the

covering radius.

(4.27) and (4.29), the probability of correct decoding Pr(n ∈ D′
c) is obtained.

Then the lower bound on the WER using the genie-aided exhaustive search
decoder follows by Pe,Dec > Pe,cover = 1− Pr(n ∈ D′

c).

Corollary 4.1: The effective sphere estimate in (4.21) can be obtained
using the same form as (4.24) by replacing the covering radius rc with the
effective radius re.

Since there is only single integral contained in (4.24), the lower bound and
the effective sphere estimate can be calculated easily by numerical methods.
Theorem 4.1 and Corollary 4.1 are given with respect to a lattice Λ, but the
result can be extended to lattice codes C = Λc/Λs under lattice decoding,
where the P is the average per-dimensional power of C and radius rc (or re)
is corresponding to the coding lattice Λc.

Note that Theorem 4.1 and Corollary 4.1 are meaningful only when r2 <
nPx is satisfied, or equivalently Px > r2/n. Because when r2 < nPx, the
sphere covers the origin 0, by which Dc is the whole real number space thus
doesn’t form a cone-like region and Pe,cover = 0.
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4.2.4.3 Discussions

The lower bound and effective sphere estimate are derived for finite dimen-
sional lattices/lattice codes. From a theoretical point of view, as n → ∞,
there exists a lattice code that achieves the Gaussian channel capacity by
using αMMSE [14]. Also, the existence of lattices with good for covering and
quantization are demonstrated in [8, 17], which implies Pe,Dec = Pe,cover =
Pe,effc and the benefit of retry decoding approaches 0. On the other hand,
for finite n, the only noise component in the SU scenario is the additive white
Gaussian noise. As dimension n increases, it is known that the probability
density of Gaussian noise is concentrated in a thin annulus with radius√
nσ2 [60], i.e. there exists ϵ > 0 such that

Pr
(√

nσ2 − ϵ < ∥n∥ <
√
nσ2 + ϵ

)
→ 1. (4.30)

By letting the Voronoi region V cover a sphere with radius
√
nσ2/αMMSE,

the improvement of retry decoding decreases as n increases. A hypothesis is
considered that the benefit of retry decreases as n increases, and approaches
0 when n→ ∞.

In particular, the lower bound and effective sphere estimate are suitable
for analyzing error probabilities of low dimensional lattices, which have
known covering radius and well-studied geometric properties. Since the
covering sphere only satisfies V(x) ⊂ Sc(x) for finite n, the lower bound
may not be tight. The tightness depends on the lattice covering thickness
defined as Θ(Λ) = V (Sc)/V (Λ), from which the bound is good if a lattice
is good for covering, that is Θ(Λ) ≈ 1. For finite n, an upper and a lower
bound on the thinnest covering are given in [3, Chapter 2] as

n

e
√
e
⪅ Θ ≤ n lnn+ n ln lnn+ 5n, (4.31)

where the lower bound, implying the best achievable covering thickness
increases as n grows. However, to give an analytical description of the
relationship between the covering thickness and the tightness of the lower
bound is still an open question. On the other hand, the accuracy of the
effective sphere estimate in Corollary 4.1 depends on the NSM, defined in
(2.20), of the lattice. The estimate is good if a lattice is good for quantization,
that is G(Λ) ≈ G(B), implying the shape of Voronoi region is close to a
sphere. For such lattices, the effective sphere estimate gives an accurate
estimate of WER under the genie-aided exhaustive search decoder.
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4.2.5 Numerical results

Now, we give numerical evaluations for the retry decoding, the lower bound
and effective sphere estimate discussed above using E8, BW16 and Leech
lattice codes. A numerical example is also given to illustrate the relationship
between benefit of retry and dimension of lattice code using Zn/4Zn lattice
codes. We also give an evaluation by assuming an SNR-independent decoding
coefficient list.

4.2.5.1 Evaluation of the lower bound

Figure 4.6-4.8 evaluates the retry decoding scheme for SU scenario, along
with the lower bound in (4.19) and the effective sphere estimate in (4.21).
E8, BW16 and Leech lattice codes are considered where hypercube shaping is
applied. For comparison, genie-aided exhaustive search decoding is evaluated
to indicate the best retry decoding can achieve. A large search space of
[0.15, 1.85] for E8, [0.4, 1.6] for BW16 and Leech lattice codes are assumed,
respectively, in which 200 α candidates are allocated uniformly. The SNR
gains of 0.5dB, 0.4dB and 0.24dB are achieved at WER= 10−5, respectively,
compared to the one-shot decoding using αMMSE only. Since E8, BW16

and Leech lattices are the best-known quantizers among 8, 16 and 24
dimensional lattices [3] respectively, this implies a sphere-like Voronoi region
from which (4.21) gives a relatively accurate estimate of WER of the genie-
aided exhaustive search decoding. The WER performance of decoding using
a finite length coefficient list A1 and A2 are also evaluated, which approaches
that of exhaustive search decoding. This indicates that, by appropriately
generating the decoding coefficient list, only a small number of decoding
attempts is needed to approach the error performance of the exhaustive
search decoding.

4.2.5.2 Relationship between benefit of retry and dimension

From Figure 4.6-4.8, it is observed that the gain of exhaustive search decoding
decreases as dimension increases. However, the underlying coding lattices
have different structure, which gives different coding gain in communications.
A numerical example is provided to illustrate the relationship between
benefit of retry decoding and dimension of lattice codes using Zn/4Zn lattice
codes for dimension n = 2, 4, 8, 16, 24, 32, 48, 64, 80, 96, 128, 256, 500, 1000.
Although Zn lattices are not good for communications, the structure of
Zn lattice allows us to give a fair comparison for benefit of retry decoding
across various dimensions, compared to one-shot decoding. Let the target
WER be 10−5. The SNR gain obtained by the genie-aided exhaustive search
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Figure 4.6: Numerical evaluation of the retry decoding using E8 lattice code,
along the corresponding lower bound and effective sphere estimate. The code
rate is R = 2.

decoding, compared to the one-shot decoding using αMMSE only, is illustrated
in Figure 4.9. It is observed that the gain decreases as the dimension n
increases, which agrees with the discussion given in Section 4.2.4.3.

4.2.5.3 Using SNR-independent coefficient list for decoding

Section 4.2.3 gives an offline algorithm using exhaustive search to generate
an SNR-dependent decoding coefficient list for retry decoding. However,
the high complexity of exhaustive search may affect code design efficiency
and the SNR-dependent list requires storage space at the receiver. Instead, a
modified strategy of retry decoding for SU scenario is considered, which finds
one set of decoding coefficients for a specific SNR and applies to all SNRs for
decoding, to reduce the search cost and required storage space at received.
A WER performance loss could be expected due to the mismatch between
decoding coefficient and SNR values. Figure 4.10 and Figure 4.11 show
numerical examples using E8 and BW16 lattice codes as used in Figure 4.6
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Figure 4.7: Numerical evaluation of the retry decoding using BW16 lattice
code, along the corresponding lower bound and effective sphere estimate.
The code rate is R = 2.25.

and Figure 4.7. It can be seen that the modified strategy only has a small
performance loss. Particularly, when A2 = {α2,1, α2,2} optimized for a high
SNR is used across all SNRs, the performance loss is negligible.

4.3 Retry decoding for multiple access

In this section, we consider the multiple access scenario using CF relaying.
An overview of CF relaying is first given along with the system model used
in this section.

4.3.1 Overview of compute-forward

Compute-forward is a lattice-based multiple access relaying scheme [30]
where one or more relays aim to decode one or more linear combinations
(or called linear equations) of users’ messages instead of decoding them
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Figure 4.8: Numerical evaluation of the retry decoding using Leech lattice
code, along the corresponding lower bound and effective sphere estimate.
The code rate is R = 2.5.

individually. In [30], the uncoded message b ∈ Fn
q , where q is a prime number.

An L-user J-relay system model, with J ≥ L, is given in Figure 4.12 for CF
relaying.

Suppose all users share the same codebook C = Λc/Λs with equal power
allocation P . The users send lattice codewords xi = ENC(bi), for i =
1, 2, · · · , L, through a multiple access channel. The received message at the
j-th relay is

yj =
L∑
i=1

hi,jxi + nj, (4.32)

where hi,j ∈ R is the channel coefficient between the i-th user and the j-
th relay and nj ∼ N (0, σ2In). In the following, the vector form of the
channel from users to the j-th relay is denoted by a column vector as
h = [h1,j, h2,j, · · · , hL,j]T . As in the single user transmission case, random
dithering for CF relaying [30] is omitted.
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Figure 4.9: SNR gain of Zn lattice codes at WER= 10−5, between one-shot
decoding using αMMSE and genie-aided exhaustive search decoding.

A single-user lattice decoder estimates a desired linear combination∑L
i=1 ai,jxi mod Λs by

ŷj = DECΛc(αjyj) mod Λs, (4.33)

with ai,j ∈ Z and αj ∈ R. Then relays forward ŷj and aj = [a1,j, a2,j, · · · , aL,j]T ,
for j = 1, 2, · · · , J , to the destination. The users’ messages b̂1, b̂2, · · · , b̂L can
be recovered by solving linear equations, if and only if the integer coefficient
matrix ([a1, a2 · · · , aJ ] mod q) has rank L over Fq.

The original CF [30] considers a power-constrained relay with mod Λs

decoding. This restricts the uncoded message and decoding operations to a
prime-size finite field Fq, which limits flexibility on lattice code design. In [39]
and [42], authors investigated an alternative CF relaying strategy, called
incomplete-CF (ICF) in [42], where the relay is power unconstrained with
the desired linear combination being

∑L
i=1 ai,jxi. The linear combination is

estimated without mod Λs in (4.33) as follows:

ŷj = DECΛc(αjyj). (4.34)
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Figure 4.10: E8 lattice code with mismatch between SNR and decoding
candidates α2,1 and α2,2. Error detection is genie-aided.

Under ICF, the destination only requires [a1, a2 · · · , aJ ] to have rank L in the
real number field. Since the operation is over real numbers, the ICF scheme
allows uncoded messages b ∈ Zn and gives more flexibility on lattice code
design to match system requirements of error performance and complexity.

4.3.1.1 Coefficient search

The coefficient set {a, α} of CF relaying is selected to maximize the achievable
rate of the system, which is called the computation rate and is defined as
follows.

Definition 4.2: (Computation rate) The computation rate is the maximum
of achievable rate with given h and a over α ∈ R, defined as

Rc(h, a) = max
α∈R

1

2
log+

(
P

α2σ2 + P∥αh− a∥2

)
, (4.35)

where log+(x)=̇max(log(x), 0).
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Figure 4.11: BW16 lattice code with mismatch between SNR and decoding
candidates α2,1 and α2,2. Error detection is genie-aided.

The maximization in (4.35) can be uniquely obtained by choosing the
MMSE coefficient as [30, Theorem 2]:

αopt =
PhTa

σ2 + P∥h∥2
. (4.36)

Substituting (4.36) to (4.35), we have

Rc(h, a) =
1

2
log+

((
∥a∥2 − P (hTa)2

σ2 + P∥h∥2

)−1
)
, (4.37)

from which the values of a are selected as

aopt = argmax
a∈ZL

Rc(h, a), (4.38)

The integer coefficients a are restricted by

0 < ∥a∥2 < σ2 + ∥h∥2P (4.39)
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Figure 4.12: System model of multiple access network compute-forward with
L users and J relays.

to have non-zero computation rate [30, Lemma 1].
The most common strategy to find the coefficient set is exhaustive search.

For a given h, a search space of a, denoted as Sa, is initialized according to
(4.39). The receiver finds an integer coefficient vector a that maximizes
(4.38), and compute the corresponding MMSE α using (4.36). However,
the complexity of exhaustive search grows exponentially with the number of
users. It has been shown that finding the optimal coefficient is equivalent
to solve lattice SVP [29], which is NP-hard to find the exact solution.
There exists algorithms to reduced the complexity of exhaustive search,
such as applying lattice reduction [61,62], sphere decoding [63–65], quantized
exhaustive search [66] and half integer [67,68].

4.3.2 System model

In this dissertation, a 2-hop network using ICF is considered. In a CF
network, lattice decoding is performed at the relay node, therefore, we
concentrate on the user-relay links and the error performance at one of relay
nodes, as indicated by the red frame in Figure 4.12. The relay index j
is omitted for simplicity in later discussions. The transmitter and channel
models follow that described in the Section 4.3.1. The total channel gain
is normalized to be ∥h∥ = 1, by which the SNR at receiver is a constant
as SNR = P/σ2. At the receiver, the ICF scheme aims to decode a linear
combination of messages as

L∑
i=1

aixi, (4.40)
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without mod Λs. The equation error rate (EER) at one of relay nodes, that
is ŷ ̸=

∑L
i=1 aixi, is measured for evaluation.

4.3.3 Decoding scheme

With a give coefficient set {a, α}, the received message in (4.32) is scaled by
α at decoder as:

αy =
L∑
i=1

aixi +
L∑
i=1

(αhi − ai)xi + αn, (4.41)

from which the equivalent noise is defined as

ñ =
L∑
i=1

(αhi − ai)xi + αn. (4.42)

A decoding error happens if ñ ̸∈ V(0).
Assume the current coefficient set {a, α} failed decoding. Now we have

freedom to change a and/or α for retry decoding so that the new equivalent
noise ñ′ ∈ V(0) to reduce error rate. Two possible schemes are considered:

1. select a new integer coefficient a′, compute its MMSE α′ using (4.36);

2. keep integer coefficient a unchanged, select a new α′;

4.3.3.1 Scheme 1

For scheme 1, a k-level retry decoding is considered using a length-k coeffi-
cient list as {a1, α1}, {a2, α2}, · · · , {ak, αk}. The list is generated and sorted
using computation rate (4.37) satisfying

Rc(h, a1) ≥ Rc(h, a2) ≥ · · · ≥ Rc(h, ak). (4.43)

For j = 1, · · · , k, the scaling factor αj is obtained by (4.36) using the corre-
sponding aj. The decoding starts from {a1, α1} and tests {a2, α2}, · · · , {ak, αk}
sequentially, where error detection is performed after each decoding at-
tempt. At the j-th attempt using {aj, αj}, the estimated linear combination
x̂j = DECΛc(αjy) is obtained by the lattice decoder for Λc. The decoding
terminates as soon as x̂j passes error detection or all candidates are tested.
If all candidates fail, the decoder may output a decoding failure and request
a retransmission without forwarding the erroneous message into the network.
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4.3.3.2 Scheme 2

Since CF relaying uses a single user lattice decoder and scheme 2 only changes
α for retry decoding, it is similar to the retry decoding scheme for the SU
scenario in Section 4.2.3. For a k-level retry decoding, the decoding coefficient
list is given as {a,A1, · · · ,Ak}. And the decoding steps follow that given in
Section 4.2.2.

4.3.4 Decoding coefficient search algorithm

4.3.4.1 Scheme 1

The exhaustive search is considered to find a decoding coefficient list for the
scheme 1. For a given channel h, the Sa is first initialized according to (4.39).
Differing from only finding the optimal coefficient, a size reduction of Sa is
performed before searching.

Lemma 4.2: For any ai ∈ Sa, all aj’s that satisfy aj = mai, with integer
m = −1 or |m| > 1, does not improve error performance and are eliminated
from Sa.

Proof. Recall that α is obtained by (4.36). For m = −1, it is trivial that
aj = −ai and αj = −αi resulting in equal error performance. For |m| > 1,
we have aj = mai and αj = mαi. Within a same transmission, messages
xi, for i = 1, 2, · · · , L, are unchanged. The equivalent noise for {ai, αi} and
{aj, αj} satisfy ñj = mñi > ñi, while the direction of noise vector does not
change. If ñi ̸∈ V(0), then ñj ̸∈ V(0) is also satisfied. Therefore, we have
Pr(ñj ̸∈ V(0)) ≥ Pr(ñi ̸∈ V(0)), that is the decoding error probability using
{aj, αj} is never smaller than that using {ai, αi}.

Using the size reduced search space Sa, an exhaustive search is performed
to first test all a ∈ Sa using (4.38) and select the integer coefficients
a1, a2, · · · , ak with the k greatest computation rates. The corresponding
α1, α2, · · · , αk are computed using (4.36) to generate the decoding coefficient
list {a1, α1}, {a2, α2}, · · · , {ak, αk}. It is noticed that, compared to only
finding the optimal {a1, α1}, a sorting process is required to find multiple
coefficients. The additional complexity is minimal compared to the exhaus-
tive search which may have exponential complexity in the number of users.

For systems with large number of users, exhaustive search may have
unacceptable complexity. The coefficient list searching could be implemented
more efficiently by converting the maximization given in (4.38) into a
lattice shortest independent vector problem (SIVP). It is notice that the
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denominator of (4.38) can be expressed as

∥a∥2 − P (hTa)2(σ2 + P∥h∥2)−1 (4.44)

=aT
(
I− Ph(σ2 + PhTh)−1hT

)
a (4.45)

=aT

(
I+

PhhT

σ2

)−1

a (4.46)

=∥D−1/2Va∥2, (4.47)

whereD andV are obtained from the eigendecompositionVDVT = I+PhhT

σ2 .
Since a ∈ Zn, (4.47) can be seen as the Euclidean norm of a lattice point
generated by D−1/2V. Then (4.38) is equivalent to minimizing (4.47). The
derivation technique follows [35], where integer-forcing MIMO using lattice
codes are considered. Now, it can be seen that finding linearly independent
a1, a2, · · · , ak ∈ Sa is equivalent to find k shortest linearly independent
vectors from a lattice generated by D−1/2V, which is also known as the
lattice SIVP. Such connection is also examined at [29]. The original SIVP
problem is NP-hard. However, at finite dimension, it could be implemented
by lattice reduction [36,61] or lattice list sphere decoding [63–65].

Note that the Lemma 4.2 only requires two distinct ai and aj are
pairwise linearly independent. Meanwhile, solving SIVP gives up to L fully
linearly independent vectors, which is a stronger condition than Lemma 4.2.
This implies solving SIVP may eliminate a, satisfying Lemma 4.2 but not
satisfying SIVP, from the coefficient list.

4.3.4.2 Scheme 2

As we mentioned in Section 4.3.3.2, the decoding coefficient search for scheme
2 also follows that used for the SU scenario in Section 4.2.3. Note that
Lemma 4.2 does not apply to scheme 2, since the direction of the equivalent
noise vector changes for different α’s. For example, suppose α′ = mα, the
equivalent noise of α′ is

ñ′ =
L∑
i=1

(α′hi − ai)xi + α′n

=
L∑
i=1

(mαhi − ai)xi +mαn

= mñ+ (m− 1)
L∑
i=1

aixi, (4.48)
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where ñ′ is not a scaled version of ñ. The two terms in (4.48) may have
different directions so that vector cancellation may happen resulting a smaller
equivalent noise even for |m| > 1.

4.3.5 Discussions

Next, discussions related to retry decoding for CF relaying are given, includ-
ing the lower bound on error probability and a comparison between scheme
1 and scheme 2.

4.3.5.1 Lower bound on error probability

It is natural to ask if we can obtain a lower bound on error probability for
CF relaying as we did for the SU scenario. Unfortunately, it is still an open
question to give such a lower bound for scheme 1.

However, for scheme 2 with fixed channel, it is possible to apply The-
orem 4.1 in Section 4.2.4. For given channel h and integer coefficient a,
by Theorem 5 and Lemma 8 of [30], as dimension N → ∞, the density
function of the equivalent noise (4.42) is upper bounded by an i.i.d. zero-
mean Gaussian distribution whose variance approaches

σ2
eq = P∥αh− a∥2 + ασ2, (4.49)

where P and σ2 are per-dimensional message and noise power. The scaled
message in (4.41) can then be considered as an integer linear combination
plus Gaussian noise:

αy =
L∑
i=1

aixi︸ ︷︷ ︸
message

+
L∑
i=1

(αhi − ai)xi + αn︸ ︷︷ ︸
additive Gaussian noise

. (4.50)

Theorem 4.1 can be applied with Px = P∥a∥2 and σ2 = σ2
eq. Note that we

omitted random dithering in this dissertation for simplicity of notation. The
linear combination and the equivalent noise in (4.50) is not independent due
to the presence of message xi in both parts. To ensure independence for
analysis, random dithering, suggested in [14] and [30], must be implemented.

4.3.5.2 Scheme 1 vs scheme 2

In the previous subsection, we gave decoding schemes for CF relaying, where
the decoder has freedom to change a and/or α. It is noticed that the optimal
α obtained in (4.36) depends on the channel coefficient h. This implies that
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a decoding coefficient list for scheme 2 should be generated for each h, which
might be impractical if the channel is random and time variant. Therefore,
scheme 2 is only suitable for assuming a fixed channel; while scheme 1 works
for both fixed channel and random channel.

Recall the equivalent noise ñ in (4.42). Except the scaled Gaussian noise
αn, another term

∑L
i=1(αhi− ai)xi, referred to as the integer approximation

error, is nonnegligible in CF relaying. Since large α amplifies the Gaussian
noise, it is desired to use a relatively small α by which αh approximates to
an integer vector a. Retry decoding is to use new coefficient set to reduce ñ
by reducing either αn or (αh− a).

Given a channel h, we say a “good” approximation exists if a “small”
integer approximation error can be achieved by using a “small” MMSE α.
First, suppose a good approximation exists for a given h with a coefficient
set {a, α}. Retry using a different a′ may significantly increase the integer
approximation error; and having no guarantee to reduce the scaled Gaussian
noise to overcome the integer approximation error. If good approximation
does not exist, the decoder needs to select a coefficient set {a, α} with small
integer approximation error but large α; or large integer approximation error
but small α, where either contributes to the equivalent noise ñ in a different
way. This simultaneously changes both the length and direction of integer
approximation error term

∑L
i=1(αhi − ai)xi, and the length of the scaled

Gaussian noise αz with direction unchanged. In this case, changing a and α
as a set explores more possibilities of ñ to correct more errors. It is noticed
that for scheme 1, changing the direction of integer approximation error may
lead to a significantly change of equivalent noise due to a possible vector
cancellation against the Gaussian noise, which can be seen as a relatively
aggressive strategy. On the other hand, scheme 2 is relatively conservative
since the equivalent noise is changed continuously as α is continuous over the
real number space.

Intuitively, we expect that scheme 2 is more suitable for retry decoding
than scheme 1 if a good approximation exists for a given h; otherwise scheme
1 is more suitable.

4.3.6 Numerical results

Numerical evaluations are given for fixed channel scenario and random
channel scenario, respectively. For the fixed channel scenario, a comparison
between scheme 1 and scheme 2 is given by assuming a two-user relay with
different channel values using BW16 lattice codes as with in Figure 4.7.
For the random channel scenario, the channel values are time variant and
randomly generated for each message. The numerical evaluation is given
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using construction D polar lattice codes with dimension n = 128 and 256,
designed in [22]. The genie-aided error detection is assumed.

4.3.6.1 Fixed channel

Consider two-user case with normalized channel gain ∥h∥ = 1. Let the fixed
channel have coefficients h1 = [0.6095, 0.7928]T and h2 = [0.4299, 0.9029]T ,
where h1 has a poor approximation with h1,1/h1,2 ≈ 1/1.3 and h2 has
a good approximation with h2,1/h2,2 ≈ 1/2.1. Suppose SNR=30dB and
Gaussian noise variance σ2 = 1. The optimal and second-best coefficient set
for h1 are {[3, 4]T , 4.9946} and {[1, 1]T , 1.4009}; for h2 are {[1, 2]T , 2.2334}
and {[2, 5]T , 5.3688}, respectively. Compute the equivalent noise variance
using Ne = α2σ2 + P∥αh − a∥2 [30], where P is given in (3.21). For h1,
Ne,1,opt ≈ 28.5230 and Ne,1,sec ≈ 35.5625; for h2, Ne,2,opt ≈ 6.8416 and
Ne,2,sec ≈ 147.1523. When scheme 1 is applied, for h1, due to the poor
integer approximation, the optimal coefficient set gives larger Ne than h2.
However, the increase of Ne for h1 is less significant when the second-best
coefficient set is applied for retry. Figure 4.13 and Figure 4.14 illustrate the
EER for h1 and h2 using BW16 lattice code as used in Figure 4.7. It is
observed that for h1, scheme 1 achieves larger gain than scheme 2; for h2,
the gain obtained by scheme 1 is negligible, while scheme 2 achieves a gain,
which is same as that of h1. This justifies the discussion we give in the
Section 4.3.5.2.

4.3.6.2 Random channel

Figure 4.15 illustrates the EER performance at a CF relay using scheme 1,
assuming random and time variant channel model. Polar lattice codes with
dimension n = 128, 256 are applied as the coding lattices with hypercube
shaping to form the lattice code, denoted as C. The coding lattice design and
lattice decoder structure follows [22]. The decoding algorithm of component
polar codes are the successive cancellation (SC) decoding. The ICF scheme
is applied and the number of users is 2. The messages x1,x2 ∈ C are sent
through a Rayleigh fading channel, with an additional constraint on total
channel gain as ∥h∥ =

√
h21 + h22 = 1 in order to keep a constant received

SNR. The received message y = h1x1 + h2x2 + n is decoded using a single
user lattice decoder following ICF and retry decoding using scheme 1. Since
the number of users in this numerical evaluation is only 2, exhaustive search
is performed to find the decoding coefficient list. The maximum number
of decoding attempts is set to be 2 and 3. It is observed that gains of
approximately 1.51 dB and 1.18 dB are achieved at a target EER = 10−5,
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Figure 4.13: Comparison of EER performance for h1 = [0.6095, 0.7928]T .
Maximum number of decoding attempts is set to be sufficient large for each
scheme. BW16 lattice code is applied as used in Figure 4.7 and error detection
is genie aided.

by adding only one decoding attempt with genie-aided error detection. For
lattice codes we applied here, no further gain is observed when giving the
third decoding attempt.

4.4 Summary of this chapter

In this chapter, the retry decoding scheme for SU scenario and CF relaying
are given, by which lower error rate can be achieved if the decoder is allowed
to retry by adjusting the value of decoding coefficient(s). The decoder is
assumed to be genie-aided to provide a perfect error detection.

For SU scenario, we first give procedure on retry using a decoding
coefficient list A1,A2, · · · ,Ak, which is sorted based on reliability. A subset
Ai contains 2i−1 α’s, for i = 1, 2, · · · , k. An algorithm is introduced to
generate such list using exhaustive search, from which the list only depends
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Figure 4.14: Comparison of EER performance for h2 = [0.4299, 0.9029]T .
Maximum number of decoding attempts is set to be sufficient large for each
scheme. BW16 lattice code is applied as used in Figure 4.7 and error detection
is genie aided.

on SNR values and could be generated offline. A lower bound on error
probability is derived for the proposed retry decoding scheme by extending
the decoding coefficient list to all α ∈ R, using covering sphere of the
coding lattice. Similarly, an effective sphere estimate is considered to give an
estimate on error probability using exhaustive search decoding. Discussions
are given for

• the tightness of the lower bound and the accuracy of the effective sphere
estimate are related to the covering thickness and NSM of the coding
lattice, respectively,

• the benefit of retry decoding might decrease as the dimension of lattices
increasing, due to the property of Gaussian noise.

In numerical simulations, gains are achieved using low dimensional lattice
codes. Since the lattice codes for numerical simulations have the best-known
quantizers among lattice having the same dimension, the effective sphere
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Figure 4.15: EER performance for n = 128, 256 polar lattice codes using
retry decoding. The maximum number of decoding attempts is 2.

estimate is shown to be accurate. The WER of exhaustive search decoding
can be approached by only applying a 2-level retry decoding using A1,A2

(with maximum 3 decoding attempts), if the decoding coefficients list is
generated appropriately. A numerical example using Zn lattice codes for n
up to 1000 is given, which justifies the benefit of retry decoding decreases
as the dimension increases as we discussed above. At last, a modified retry
strategy is considered for SU scenario, where, instead of the SNR-dependent
coefficient list, decoding coefficients are found for one SNR and applied across
all SNRs for retry to reduce the searching cost, from which performance loss
due to the mismatch between α’s and SNRs is negligible when the α’s are
found for a high SNR value.

For CF relaying using ICF, 2 different schemes for retry decoding are
considered

• scheme 1: change decoding coefficient {a, α} as a set for retry,

• scheme 2: fix the integer coefficient a and only change α for retry.

Since scheme 2 is similar to what used in SU scenario, the decoding coefficient
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search algorithm, the lower bound and the effective sphere estimate of SU
scenario can be modified and applied to CF relaying using the scheme 2.
However, finding such a lower bound for scheme 1 is still an open question.
For scheme 2, since the channels are assumed to be time variant and randomly
generated for each message, decoding coefficient search algorithm has to be
found for each h individually. It might be impractical to implement scheme
2 in the random channel scenario. Meanwhile, scheme 1 works for both fixed
channel and random channel. A discussion is given to compare scheme 1
and scheme 2 assuming fixed channel with different channel coefficients. An
intuitive explanation is given that

• if “small” integer approximation error ∥αh− a∥ can be achieved by a
relatively “small” α, the gain of scheme 1 becomes small compared to
that of scheme 2;

• if such approximation is hard to obtain, scheme 1 gives a larger gain.

In numerical simulations, we first verified the comparison between scheme
1 and scheme 2 for fixed channel discussed above. For the random channel
scenario, polar lattice codes with larger dimension as n = 128 and 256 are
considered to show the potential of retry decoding in a practical CF relaying
system, where 1.51dB and 1.18dB gain are obtained at EER= 10−5 by only
adding at most one more decoding attempt, respectively.

Due to the extra freedom on changing integer coefficient a, a more
significant improvement of error rate is observed for CF relaying compared
to the SU scenario, implying the potential use of lattice codes with retry
decoding in lattice based PLNC using CF or, similarly, IF MIMO.
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Chapter 5

Lattice construction for self-error
detection

5.1 Introduction of this chapter

In this chapter, we give a lattice construction which has physical layer error
detection ability to enable the retry decoding introduced in Chapter 4. Error
detection is enabled by embedding binary CRC codes into the least significant
bits (LSB) of the lattice uncoded message, referred as the CRC-embedded
lattice/lattice code. In general, it will be shown that any binary linear block
code (LBC) is feasible for this construction, for which it can be extended
to a boarder class referred as LBC-embedded lattice/lattice code. Since the
purpose of this chapter is to study lattices/lattice codes with physical layer
error detection, CRC codes are considered to give lattice designs, which have
low complexity and are commonly used for error detection. The basics of
CRC-embedded lattices/lattice codes are introduced in this chapter, along
with applications for both the SU scenario and CF relaying, where the ICF
scheme is assumed for CF relaying.

This chapter is divided into three parts. In the first part, we give
the construction of CRC-embedded lattices and the corresponding CRC-
embedded lattice codes. The CRC codeword is embedded into the LSB of the
lattice uncoded message. It is shown that this embedding ensures linearity,
so that the CRC-embedded lattice indeed forms a lattice. Generator matrix
and encoding/decoding schemes of the CRC-embedded lattices/lattice codes
are introduced. In particular, as we discussed in the end of last chapter, a
stand-alone CF relay does not have error detection ability, since one linear
combination contains multiple unknown users’ messages. A condition on
shaping lattice design is described, by which the CF relay is able to detect
errors from a linear combination directly without knowing individual users’
messages. Such shaping lattices can be easily adopted to construction A/D
lattices.

The second part considers CRC optimization for the CRC-embedded
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lattices to balance the rate loss due to the parity bits and the error detection
capability, which affects the benefit of retry decoding. Optimization is
considered for: 1) the CRC generator polynomial/position of parity bits
with a fixed length l and 2) the CRC length. To evaluate the optimization
result, the probability of undetected error for CRC-embedded lattices is
defined, along with two methods to estimate this probability. One method
considers the lattice structure to give a better estimate, while the other
gives the estimate only considering the CRC length, which is convenient
for high dimensional lattices whose structure is unknown. It is found that
increasing CRC length gives more significant improvement on the probability
of undetected error than optimizing CRC polynomial. To maximize the gain
obtained by retry decoding, a semi-analytical algorithm on optimizing the
CRC length is given, by which simulation across all possible CRC lengths is
not required.

The third part gives numerical simulations to implement the CRC-
embedded lattice codes with retry decoding for SU scenario and CF relaying,
where actual CRC codes are deployed for error detection. A discussion of
the trade-offs related to implementation is given, including lattice dimension,
code rate and the choice of lattices for each scenario. Then error performance
and gain obtained by CRC-embedded lattice codes with retry decoding are
illustrated for SU scenario and CF relaying with the optimized CRC length.

This chapter combines the proposed retry decoding and CRC-embedded
lattice codes, which shows the potential of implementation in practical lattice
based transmission. When CRC codes are applied for error detection, the
gain for CF relaying is more significant than that of SU scenario, as we have
shown using genie-aided error detection. The gain of retry decoding increases
as the code rate increases, implying the potential use of high rate lattice codes
in systems using high order modulations.

5.2 CRC-embedded lattices/lattice codes

The construction is first given with respect to a lattice and then extended to
a lattice code. In this chapter, we consider the CRC bits are only embedded
in the coding lattice.

The notations for CRC codes are first given. Denote CCRC as a CRC
code. In many papers (or books), CRC refers only to the padded parity bits.
To define the CRC-embedded lattice, CCRC is considered as an (n, k) binary
linear block code, where the information bits are also involved. We denote
the generator polynomial of a CRC code as GCRC(x), which may also be
written in binary representation or in hexadecimal representation using the
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reversed reciprocal format with the same notation, and a generator matrix
of a CRC code as GCRC . Example 5.1 and Example 5.2 give examples for
the format of GCRC(x) and GCRC considered in this chapter.

Example 5.1: This example is about the CRC generator polynomial
GCRC(x). Suppose a CRC-6 code has generator polynomial

GCRC(x) = x6 + x+ 1. (5.1)

The binary representation is the coefficient of x6, x5, · · · , 1 given as:

GCRC(x) = [1, 0, 0, 0, 0, 1, 1]. (5.2)

The hexadecimal representation is obtained from the binary representation
using the reversed reciprocal format. First group every 4 bits in (5.2), exclude
the last bit, from less significant bit, then convert to hexadecimal value as

1, 0︸︷︷︸
2

, 0, 0, 0, 1︸ ︷︷ ︸
1

, 1 (5.3)

The hexadecimal representation is given as

GCRC(x) = 0x21. (5.4)

Equation (5.1), (5.2) and (5.4) might be used equivalently to indicate the
generator polynomial of CRC codes.

Example 5.2: This example is about the CRC generator matrix GCRC by
considering a CRC-l code CCRC as an (n, k) linear block code, with number
of information sequence being k = n − l bits. Suppose CCRC has generator
GCRC(x). Given an information sequence u ∈ Fk

2, CRC parity bits p are
calculated using polynomial GCRC(x). The CRC codeword c ∈ CCRC can
then be formed as:

c =

[
u
p

]
. (5.5)

The generator matrix is formed by k linear independent CRC codeword
c1, c2, · · · , ck as:

GCRC = [c1, c2, · · · , ck]. (5.6)
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5.2.1 Lattice construction

Let Λ be a lattice with a generator matrix G and b be the uncoded message.
The LSB vector is defined as follows.

Definition 5.1: (LSB vector) The LSB vector of a uncoded message b is
obtained as

bLSB = b mod 2. (5.7)

The constellation of CRC-embedded lattice is formed by restricting the
LSB vector as a CRC codeword. The lattice Λ before embedding CRC is
referred as the base lattice to distinguish from the CRC-embedded lattice.

Definition 5.2: (CRC-embedded lattice) Let Λ be an n-dimensional base
lattice with a generator matrix G, and CCRC be a binary CRC code with
block length n, the constellation Λ′ after embedding CCRC into Λ is defined
as:

Λ′ = {Gb | b ∈ Zn,bLSB ∈ CCRC } . (5.8)

Although Definition 5.2 does not explicitly show that Λ′ forms a lattice,
Theorem 5.1 states that Λ′ is indeed a lattice by showing that Λ′ forms an
additive subgroup as given in Definition 2.1.

Theorem 5.1: The constellation Λ′ given by Definition 5.2 is a sublattice
of its base lattice Λ.

Proof. First, Λ′ ⊆ Λ is straightforward from (5.8) as the domain of uncoded
messages of Λ′ is a subset of that of Λ.

By Definition 2.1, Λ′ is a lattice if Λ′ forms an additive subgroup in
Rn that has: a) identity element; b) inverse element; c) associativity; d)
commutativity; e) closure.

Let x ∈ Λ′ and the corresponding uncoded message be b = G−1x. The
identity element is 0 ∈ Λ′ because the LSB vector of the all-zero vector is
always a codeword of CCRC . For the inverse element, given x ∈ Λ′, −x has
same LSB vector as x under modulo 2, by which −x ∈ Λ′. Associativity and
commutativity are trivial because the addition operation of lattice points is
over the real number space. Closure is obtained by the linearity of CCRC .
Let x1,x2 ∈ Λ′, b1 = G−1x1 and b2 = G−1x2. The LSB vector of b1+b2 is:

(b1 + b2) mod 2 =(b1 mod 2 + b2 mod 2) mod 2

=(b1,LSB + b2,LSB) mod 2, (5.9)
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where b1,LSB and b2,LSB are the LSB of b1 and b2. By the linearity of CCRC ,
the LSB vector of b1 + b2 is also in CCRC . Therefore, x1 + x2 ∈ Λ′. This
concludes the proof.

5.2.1.1 Generator matrix of Λ′

Since Λ′ is a lattice, a generator matrixG′ is found using the generator matrix
of the base lattice Λ and binary code CCRC . By Definition 5.2, the uncoded
message b in (5.8) can be written as cCRC + 2z, where cCRC ∈ CCRC and
z ∈ Zn. This indicates that such b is a lattice point obtained by construction
A using CCRC as Λa = CCRC + 2Zn.

Proposition 5.1: Let base lattice Λ have a generator matrix G and binary

code CCRC have a lower triangular generator matrix GCRC =

[
T
P

]
, where T

is a k×k lower triangular matrix. A generator matrix of the CRC-embedded
lattice Λ′ is:

G′ = G

[
T 0k×(n−k)

P 2In−k

]
, (5.10)

where 0k×(n−k) is k×(n−k) all-zero matrix and In−k is the (n−k)-dimensional
identity matrix.

Proof. For CCRC having a lower triangular GCRC , a generator matrix of
construction A lattice Λa = CCRC + 2Zn is given as [25]:

Ga =

[
T 0k×(n−k)

P 2In−k

]
. (5.11)

The uncoded message satisfying the condition in (5.8) can then be expressed
as b = Gab

′ with b′ ∈ ZN , from which the lattice point of Λ′ is x = GGab
′.

By Definition 2.1, a generator matrix of Λ′ is given as G′ = GGa.

5.2.1.2 Embedding CRC codes with block length n′ ≤ n

The CRC code considered in Definition 5.2 has block length n. It is also
feasible to consider a CRC code C ′

CRC with block length n′ ≤ n, so that the
constraint is only given to a subsequence of the LSB vector. Denote a set of
index as I = {1, 2, · · · , n} and a subset I ′ ⊆ I with cardinality |I ′| = n′ ≤ n.
Let bLSB,I′ be a subsequence of bLSB whose indices is specified by I ′. Use
C ′
CRC and I ′, we can define the CRC-embedded lattice in a more general way,

where only a subsequence of the LSB vector is constrained by a CRC code.
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Figure 5.1: Encoder model.
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Figure 5.2: Decoder model.

Definition 5.3: (CRC-embedded lattice with partial constraint) Let C ′
CRC

be a binary CRC code with block length n′ ≤ n. Let I ′ be a subset of
I = {1, 2, · · · , n} indicating the indices that are constrained by C ′

CRC . The
CRC-embedded lattice with respect to C ′

CRC is given as:

Λ′ = {Gb | b ∈ Zn,bLSB,I′ ∈ C ′
CRC } . (5.12)

It shall be seen that Definition 5.3 is equivalent to Definition 5.2 when
I ′ = I. Meanwhile, it is clear that the Λ′ given in Definition 5.3 also satisfies
Theorem 5.1, i.e. Λ′ in (5.12) is also a lattice. Without loss of generality, we
consider the CRC-embedded lattices as defined in Definition 5.2 in the rest
of this chapter, unless stated otherwise.

5.2.2 Encoding and decoding scheme

Next, encoding and decoding schemes are introduced to implement the
CRC-embedded lattices. The encoder and decoder models are shown in
Figure 5.1 and Figure 5.2. Embedding CCRC is equivalent to removing
some lattice points from the base lattice; however, the receiver uses the base
lattice for decoding followed by a parity check of CCRC . ENCΛ/DECΛ and
G−1 corresponds to the base lattice Λ, not the CRC-embedded lattice Λ′,
and ENCb/DECb are the binary encoder/parity check of CCRC for error
detection. Denote Iinfo as a set of indices of bLSB indicating the information
bits for encoding CCRC .

At the encoder side, the user’s message b′ = [b′1, b
′
2, · · · , b′n]T before
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embedding CCRC satisfies {
b′i ∈ Z, i ∈ Iinfo

b′i ∈ 2Z, i ̸∈ Iinfo.
(5.13)

The LSB vector bLSB is obtained by mod 2. The Trunc function truncates
bLSB into bLSB,info according to Iinfo to generate the input of binary encoder
ENCb. Then, an ⊕ operation combines b′,bLSB and the binary codeword
c ∈ CCRC to obtain the lattice uncoded message as b = b′+ c−bLSB, where
the addition and subtraction are in real number space.

At the decoder side, since the lattice decoder DECΛ uses Λ instead of Λ′,
a decoding algorithm for Λ′ does not need to be specified and the estimate
is x̂ ∈ Λ. The parity check DECb following gives a 1-bit pass/fail output e
indicating if b̂LSB ∈ CCRC and x̂ ∈ Λ′.

5.2.3 Lattice codes using CRC-embedded lattices

Forming lattice codes using CRC-embedded lattices is straightforward. In
this paper, the CRC code CCRC is only embedded into the coding lattice,
that is, with respect to a base lattice code C = Λc/Λs, the CRC-embedded
lattice code is C ′ = Λ′

c/Λs. Consider the rectangular encoding described in
Section 3.2 with the diagonal matrix M defined in (3.7). The i-th component
of uncoded message of C ′ is defined as:{

bi ∈ Mi, i ∈ Iinfo

bi ∈ {b|b ∈ Mi, b mod 2 = 0}, i ̸∈ Iinfo

(5.14)

where Iinfo is set of indices of bLSB indicating the information bits for
encoding CCRC and Mi = {0, 1, · · · ,Mi − 1} for i = 1, 2, · · · , n. The
encoding/decoding scheme follows Figure 5.1 and Figure 5.2 by additionally
including the shaping operation.

Since CRC codes have linearity, the lattice points removed from Λc due
to CCRC are distributed over the whole constellation, rather than being
concentrated within a certain area. This implies that the average codebook
power of C ′ approximates to that of C. The code rate is reduced since lattice
codes only contain a finite number of bits per message. The loss of code rate
is evaluated by the SNR penalty, defined as follows.

Definition 5.4: (SNR penalty) Let a base lattice code C have code rate R
and CCRC for embedding have l parity bits. The SNR penalty SNRp of the
CRC-embedded lattice code C ′ is:

SNRp = 10 log10
R

R′ (dB), (5.15)
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where R′ = nR−l
n

is the code rate of C ′.

5.2.3.1 An example of CRC embedded lattice/lattice code

A numerical example is given as following to illustrate the relationship among
lattices and lattice codes before and after embedding CRC, respectively.

Example 5.3: Let the base lattice be A2 lattice with

G =

[√
3/2 0
1/2 1

]
. (5.16)

Suppose CRC-1, which is also the single parity check code, is embedded
into the base lattice. Figure 5.3 illustrates the constellation of Λ′ and the
corresponding lattice code with shaping lattice 4A2. For Λ′, a generator
matrix is given as:

G′ =

[√
3/2 0
3/2 2

]
(5.17)

5.2.4 Shaping lattice design for CF relaying

This section gives a condition on design shaping lattice when applying the
CRC-embedded lattice to CF relaying using ICF, which has been discussed
in Section 4.3.2.

For the SU scenario, the shaping lattice does not affect the CRC em-
bedding process, since the indexing function can recover the estimate of
uncoded message b̂ using the shaping lattice. However, for CF relaying using
ICF, the estimate x̂ =

∑L
i=1 aixi obtained by a stand-alone relay contains

multiple unknowns x1,x2, · · · ,xL, which are unsolvable from a single linear
combination. Additionally, the indexing function can not be applied to x̂,
since x̂ is a member of coding lattice Λc but not necessarily a member of
lattice code C.

Instead, the estimate of the uncoded message corresponding to the linear
combination x̂ is given as

b̂ = G−1
c x̂, (5.18)

and the LSB vector is obtained by b̂LSB = b̂ mod 2. The validity of the
parity check of the users’ uncoded messages b1,b2, · · · ,bL, corresponding to
x1,x2, · · · ,xL, needs to be preserved at b̂LSB after transmission.
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Figure 5.3: A2 lattice/lattice code with single parity check code embedded.

First, Lemma 5.1 shows the validity is preserved if the transmission is
uncoded, that is linearly combining uncoded messages bi directly.

Lemma 5.1: If bi mod 2 ∈ CCRC for i = 1, 2, · · · , L, then
∑L

i=1 aibi mod
2 ∈ CCRC for arbitrary integers a1, a2, · · · , aL.

This lemma was justified for L = 2 and a1 = a2 = 1 when proving Theo-
rem 5.1. The generalization to L > 2 and arbitrary integers a1, a2, · · · , aL is
straightforward.

Now, we consider the lattice coded case. Let C = Λc/Λs, be the base
lattice code before embedding binary code CCRC . LetGc andGs be generator
matrices of Λc and Λs, respectively. By Lemma 3.1, there exists anM ∈ Zn×n

by which Gs = GcM.
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Proposition 5.2: Let uncoded messages bi have bi,LSB ∈ CCRC and cor-

responding lattice codeword xi for i = 1, 2, · · · , L. The LSB vector b̂LSB =(∑L
i=1 aiG

−1
c xi

)
mod 2 ∈ CCRC is satisfied for arbitrary a1, a2, · · · , aL ∈ Z,

if M only consists of even integers.

Proof. From (3.5), a lattice codeword xi is encoded from bi as:

xi = Gcbi −QΛs(Gcbi) = Gcbi −Gssi, (5.19)

where si ∈ Zn so that QΛs(Gcbi) = Gssi. The LSB vector b̂LSB is:

b̂LSB =
L∑
i=1

aiG
−1
c xi mod 2

=

(
L∑
i=1

aibi − aiMsi

)
mod 2

=

(
L∑
i=1

aibi mod 2

)
⊕

(
L∑
i=1

aiMsi mod 2

)
, (5.20)

where ⊕ is addition over the binary field. Lemma 5.1 shows that(
L∑
i=1

aibi mod 2

)
∈ CCRC . (5.21)

By linearity, b̂LSB ∈ CCRC if and only if(
L∑
i=1

aiMsi mod 2

)
∈ CCRC (5.22)

for arbitrary ai ∈ Z and si ∈ ZN for i = 1, 2, · · · , L. If all elements of M

are even integers,
(∑L

i=1 aiMs mod 2
)
is the all-zero vector, indicating the

membership of CCRC , which concludes the proof.

Note the design ofM given in Proposition 5.2 is valid only for ICF scheme
but does not work for the original CF in [30]. It is noticed that the validity of
CRC is preserved only when all elements ofM are even integers. This implies
the i-th dimension of the uncoded message is defined over 0, 1, · · · , 2K for
some integer K, which does not form a prime-size finite field required for the
original CF.

In Section 5.2.1.2, we have discussed constructing CRC-embedded lattice
using CCRC with block length n′ < n. For a CRC-embedded lattice Λ′ given
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by Definition 5.3, the constraint of the CRC code only exists at a subset of the
LSB vector bLSB,I′ , specified by an index subset I ′. For such CRC-embedded
lattice codes, only rows ofM with index specified by I ′ affect the LSB vector.
Therefore, Proposition 5.2 is modified as follows for CRC-embedded lattices
constructed by Definition 5.3.

Corollary 5.1: Let C = Λc/Λs be the base lattice code, and Λ′
c be the

CRC-embedded coding lattice obtained from Definition 5.3 with CRC code
C ′
CRC and index subset I ′. The LSB vector b̂LSB,I′ is a codeword of C ′

CRC

for arbitrary a1, a2, · · · , aL ∈ Z, if rows of M, with row index specified by I ′,
only consists of even integers.

5.3 CRC optimization

As the key technique proposed in this chapter, CRC codes for embedding
is studied in this section. It is noticed that CRC-aided error detection is
not perfect. A better error detection capability, i.e. lower Pud, implies
more erroneous messages would be retried, from which a lower error rate
could be achieved. In practice, a longer CRC usually provides better error
detection capability, while resulting in a larger SNR penalty. Optimization
of CRC codes is considered in this section with respect to: (1) the CRC
polynomial/position of parity bits with a fixed length l, and (2) the CRC
length.

5.3.1 Probability of undetected error

Error detection using finite dimensional CCRC is imperfect and false positives
may occur, that is for a transmitted x ∈ Λ′, the event x̂ ∈ Λ′ for x̂ ̸= x.
This event is referred to as an undetected error event which has probability
Pud. The analysis of probability Pud is valid for evaluation of both CRC-
embedded lattice Λ′ and lattice code C = Λ′/Λs, if the influence of codewords
on codebook boundary could be ignored.

Definition 5.5: (Probability of undetected error event) Given a desired
decoding result x ∈ Λ′ and x̂ ̸= x, the probability of an undetected error
event is:

Pud = Pr(x̂ ∈ Λ′|x̂ ̸= x) =
Pr(x̂ ∈ Λ′, x̂ ̸= x)

Pr(x̂ ̸= x)
. (5.23)

Due to the linearity of lattices, Pud defined in (5.23) can be equivalently
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expressed as:

Pud =

∑
e∈Λ′,e̸=0 p(e)∑
e∈Λ,e̸=0 p(e)

, (5.24)

where e = x̂ − x is the quantized error vector with probability p(e).
Computing p(e) exactly requires integrating the noise density function over
V(e), which depends on the geometric properties of lattices and is impractical
in most cases. Instead, we give two methods to estimate Pud considering
the shortest vectors of the base lattice Λ and the parity length of CCRC ,
respectively.
Method 1: This method considers shortest vector of a lattice and its kissing
number. Denote T as the set of shortest non-zero vectors of Λ and |{·}| as
the cardinality of set. The kissing number is the number of shortest non-zero
vectors, that is |T |. Assume the error vector e is uniformly distributed over
T , then Pud can be estimated as:

Pud ≈
|T ∩ Λ′|

|T |
. (5.25)

Method 2: This method considers the CRC length l to give an average
value of Pud. For CCRC having l parity bits, a fraction of 2−l lattice points
in Λ have valid LSB vectors, which could cause an undetected error event.
Then, Pud can be estimated as:

Pud ≈ 1/2l. (5.26)

Method 1 is more suitable for low dimensional lattices for which the set T
is either known or can be found by numerical techniques such as list sphere
decoding. The assumption on the distribution of e in Method 1 follows
the truncated union bound and circular symmetry of Gaussian noise, thus is
good for medium to high SNR of the AWGN channel. For higher dimensional
lattices with unknown kissing number, Method 2 gives a convenient estimate
of Pud.

5.3.2 Optimizing CRC with fixed length l

Given a fixed length l, this section considers CRC optimization of polynomi-
als and the position of parity bits. Using the probability of undetected error,
the Equ. (5.25) of Method 1 can be seen as a target function here. That is to
find a CRC code CCRC from the set Call, containing all possible CRC-l codes,
such that:

CCRC = argmin
Call

|T ∩ Λ′|
|T |

, (5.27)
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where the set T of lattice is required. Since the lattice shortest vector problem
(SVP) is NP-hard in general, finding the set T may be impractical for high
dimensional lattice. Therefore, this optimization is considered only for low
dimensional lattices.

First, we consider CRC polynomial optimization. The BW16 lattice code
with hypercube shaping, as with in Figure 4.7, is used to illustrate the
relationship between CRC polynomials and Pud given a fixed CRC length
l = 4, 5, 6, as shown in Figure 5.4. BW16 lattice has 4320 shortest vectors,
which can be found by list sphere decoding. The value of Pud is estimated
using Method 1, i.e. the ratio of lattice points with valid CRC among 4320
shortest vectors. Evaluation is given at SNR = 18.3dB, where the WER for
one-shot decoding using αMMSE is approximately 10−3. All possible CRC-
4, CRC-5 and CRC-6 codes are evaluated and the polynomials of CRC-5
are marked in the figure using hexadecimal representation. The average
Pud is calculated using Method 2 without considering the structure of the
lattice, as Pud = 1/2l. The best CRC-l polynomial is selected to achieve the
lowest Pud among all possible CRC-l codes. For example, the best CRC-5
for BW16 lattice has polynomial GCRC = 0x15, which has Pud ≈ 0.0259, and
will be used as the CRC-5 polynomial in the CRC length optimization and
implementation using BW16 lattices/lattice codes.

From Figure 5.4, following observations are obtained.

1. Embedding CRC-l removes a fraction of (1− 1/2l) lattice points from
the constellation, therefore CRC polynomials with a fixed length give
Pud close to 1/2l.

2. A slight lower Pud can be achieved by appropriately selecting the
polynomial.

3. The improvement obtained by optimizing polynomial may not be as
large as to increase the CRC length by 1 bit.

4. There may exist a “good” CRC-l code that have Pud as low as a “bad”
CRC-(l + 1) code. For example, a CRC-5 code with GCRC,5 = 0x15
and a CRC-6 code with GCRC,6 = 0x2C have the similar Pud ≈ 0.0259.

On the other hand, changing position of parity bits also gives a different
value of Pud according to (5.25). However, the fraction of lattice points, which
are removed from the constellation, is kept the same as (1−1/2l). Therefore,
optimizing position of parity bits gives a similar result as we obtained for
polynomial optimization.

To conclude above, optimizing CRC polynomial/position of parity bits
requires the shortest vectors of a lattice, which may be impractical for
large dimensional lattices. Therefore, the optimization in this subsection
is only considered for low dimensional lattices. For large dimensional lattice,
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Figure 5.4: Probability of undetected error Pud of all possible CRC codes with
l = 4, 5, 6. The base lattice code is BW16 lattice code used in Figure 4.7.

CRC polynomials are selected randomly. In [69], authors suggested CRC
polynomials for various lengths that are used in practical systems, though
they are optimized for binary codes but not particularly for lattices.

5.3.3 Estimate the probability of undetected error

Table 5.1 evaluates the value of Pud by Monte-Carlo simulation using (5.23)
and the estimate by (5.25) and (5.26) using the same BW16 lattice code used
in Figure 4.7, with CRC of various lengths embedded. The CRC polynomials
for each length l are selected to further minimize Pud by (5.27). The numerical
results show that both (5.25) and (5.26) give a close estimate of Pud. Since
BW16 lattice code has known set T , Method 1 gives a better estimate than
Method 2. With the CRC polynomial optimization, a slightly lower Pud

is achieved compared with the average value using (5.26). However, it is
observed that the value of Pud is dominated by the length l, which agrees
with the observation obtained from Figure 5.4.
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Table 5.1: Evaluation of Pud of CRC-embedded BW16 lattice codes and CRC
length l = 4, 5, 6, 7, 8. All-zero codeword is assumed and SNR is set so that
WER≈ 10−3 for decoding using αMMSE.

CRC length(l) 4 5 6 7 8

CRC polynomial(GCRC) 0xC 0x15 0x25 0x55 0x8A

Pud

Monte-Carlo(5.23) 5.619e-2 2.625e-2 1.205e-2 4.201e-3 1.386e-3
Kissing number(5.25) 5.556e-2 2.593e-2 1.204e-2 4.167e-3 1.389e-3
Parity length(5.26) 6.250e-2 3.125e-2 1.563e-2 7.813e-3 3.906e-3

5.3.4 Optimization of CRC length

From Section 5.3.2 and Section 5.3.3, it can be seen that optimizing CRC
length has more significant effect on Pud comparing to optimizing CRC poly-
nomial with a fixed length. This section gives a semi-analytic CRC length
optimization to balance the trade-off between error detection capability and
benefit of retry decoding to maximize the SNR gain, involving the SNR
penalty, for a given target error rate. This optimization considers average
probabilities of events happened during error detection and retry decoding,
which is valid for both single user transmission and CF relaying.

The optimization consists of two steps: first, estimate the WER/EER

after k-level retry decoding, denoted as P
(k)
e,total, as a function of CRC length

l; then obtain the gain from the WER/EER curve using the estimated P
(k)
e,total

with the SNR penalty included. The optimal l gives the lowest SNR for a
given target WER/EER. The P

(k)
e,total is first derived as a function of the

probability of undetected error Pud defined in (5.23):

f : Pud → P
(k)
e,total. (5.28)

Using (5.24)-(5.26), define a mapping between CRC length l and Pud, g : l →
Pud. Then P

(k)
e,total given in (5.28) is further written as:

f ◦ g : l → P
(k)
e,total. (5.29)

Notations for deriving f : Pud → P
(k)
e,total are defined as follows. Let P

(i)
e be

the word error probability at the i-th decoding level, for i = 1, 2, · · · , k. After
decoding, a CRC check splits these error events into detected and undetected
errors with probability P

(i)
e,CRC and P

(i)
e,ud, respectively, where events with

probability P
(i)
e,ud are not retried in future decoding. The total word error
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Figure 5.5: Events and probabilities for retry decoding with 2 levels.

probability P
(k)
e,total for k > 1 is:

P
(k)
e,total =

k−1∑
i=1

P
(i)
e,ud + P (k)

e , (5.30)

due to the mutually exclusivity of events. For k = 1, P
(1)
e,total = P

(1)
e is the word

error probability of the one-shot decoder. For i = 2, 3, · · · , k, another new
term P

(i)
re is defined to indicate the word error probability at the i-th decoding

level given a detected error from the (i − 1)-th level. Figure 5.5 illustrates
an example of the structure of events and corresponding probabilities for a
2-level decoding.

Proposition 5.3: For decoding with k > 1 levels, given P
(1)
e and P

(i)
re , for

i = 2, 3, · · · , k, of the CRC-embedded lattice code, the function f : Pud →
P

(k)
e,total is expressed as:

P
(k)
e,total =

k−1∑
i=1

(
P (i)
e Pud

)
+ P (k)

re P
(k−1)
e (1− Pud), (5.31)
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where P
(i)
e for i > 1 is obtained recursively as:

P (i)
e = P (i)

re P
(i−1)
e (1− Pud). (5.32)

Proof. By the structure shown in Figure 5.5, P
(i)
e,CRC can be estimated on

average as P
(i)
e,CRC = P

(i)
e (1 − Pud), by which P

(i)
e (i > 1) can be recursively

obtained as:

P (i)
e = P (i)

re P
(i)
e,CRC = P (i)

re P
(i−1)
e (1− Pud). (5.33)

Similarly, we have P
(i)
e,ud = P

(i)
e Pud. Substituting P

(i)
e,ud and P

(i)
e into (5.30), it

is obtained that:

P
(k)
e,total =

k−1∑
i=1

(
P (i)
e Pud

)
+ P (k)

re P
(k−1)
e (1− Pud). (5.34)

With given P
(1)
e and P

(i)
re for i = 2, 3, · · · , k, we can see (5.34) as a function

of Pud, that is, f : Pud → P
(k)
e,total.

The CRC length optimization is a semi-analytical method because esti-
mating using f requires numerically evaluated P

(1)
e and P

(i)
re , i = 2, 3, · · · , k.

Fortunately, the values of P
(1)
e and P

(i)
re , for i = 2, 3, · · · , k depend on the

value of decoding coefficients but are independent of the embedded CRC
code, thus numerical evaluation over different CRC polynomials and/or
length l is not needed. To justify this, recall that the lattice decoder uses the
base lattice but not the CRC-embedded lattice. First, P

(1)
e is the word error

probability of the conventional one-shot decoding so that it is independent of
the embedded CRC code. The lowest P

(1)
e is achieved by selecting the optimal

decoding coefficient, such as αMMSE for single user transmission. Second,
P

(i)
re is the transition probability between a detected error with probability
P

(i−1)
e,CRC and a decoding error of next decoding attempt with probability P

(i)
e ,

see Figure 5.5 for i = 2. It can be seen that the measure of P
(i)
re starts from

an error that is already detected; passes through the retry decoding using the
base lattice decoder; then ends at an error event before error detection which
includes both detected and undetected errors at the i-th error detection.
Since no knowledge of the CRC code is involved during this transition, the
probability P

(i)
re is independent of the embedded CRC codes, as well as the

CRC length l. Similar to P
(1)
e , the value of P

(i)
re also depends on the choice

of retry decoding coefficient, see Figure 4.3 as an example of P
(2)
re for the SU

scenario using E8 lattice code.
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Numerically, P
(i)
re can be evaluated using

P (i)
re = P (i)

e /P
(i−1)
e,CRC (5.35)

by embedding arbitrary CRC code for error detection, or equivalently using

P (i)
re = P (i)

e /P (i−1)
e (5.36)

by assuming genie-aided error detection with Pud = 0.
By letting Pud = 0, the estimate of P

(k)
e,total = P

(k)
re P

(k−1)
e indicating

the word error probability using genie-aided error detection, which gives a
lower bound of WER/EER for k-level retry decoding with no SNR penalty
included.

5.4 Discussions

5.4.1 Trade-offs on implementing CRC-embedded lat-
tice code and retry decoding

In the previous section, we addressed the trade-off between CRC error
detection capability and SNR penalty, from which a CRC length optimization
was given. Here we introduce some other trade-offs related to implementation
of the proposed CRC-embedded lattices/lattice codes.

5.4.1.1 Lattice dimension n vs. SNR penalty SNRp

The first trade-off is between lattice dimension and SNR penalty for fixed
CRC length l and code rate R of the base lattice code C = Λc/Λs. The
SNR penalty in (5.15) can be written as SNRp = 10 log10(1 + l/(nR − l)).
For lattice codes with different dimension n but the same rate R, the SNR
penalty decreases when n increases. Also, from the definition of SNRp, the
increase of SNR penalty is more significant for low dimensional lattice codes
when adding 1 CRC bit. This means for low dimensional lattice codes, a
short CRC length is preferred to achieve small SNR penalty by sacrificing
error detection capability. When n increases, longer CRC can be applied to
have better error detection capability without increasing the SNR penalty
too much.

5.4.1.2 Code rate R vs. improvement of retry decoding

The second trade-off is between code rate R of the base lattice code C =
Λc/Λs and the improvement of retry decoding for fixed dimension n and
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CRC length l. When code rate R increases, the ratio of the number of CRC
parity bits over total number of bits decrease, so that SNR penalty is reduced.
This implies that for an n-dimensional lattice code, one possible direction to
increase the improvement of retry decoding is to increase the code rate by
expanding the shaping region.

5.4.1.3 Lattice dimension n vs. improvement of retry decoding

Another notable trade-off is between lattice dimension and improvement of
retry decoding. From theoretical perspective, as n→ ∞, there exists a lattice
code that achieves the Gaussian channel capacity by using αMMSE [14] in the
SU scenario and a lattice code achieves Poltyrev’s bound by using coefficient
set {a, α}, which maximizes the computation rate [30], in the CF relaying.
This implies the improvement of retry decoding asymptotically goes to 0 as
n→ ∞.

For the SU scenario, the only noise component is the additive white
Gaussian noise. For finite dimensional noise, as n increases, it is known that
the probability density of Gaussian noise is concentrated in a thin annulus
with radius

√
nσ2 [60], i.e. there exists ϵ > 0 such that

Pr
(√

nσ2 − ϵ < ∥z∥ <
√
nσ2 + ϵ

)
→ 1. (5.37)

In the SU scenario, by letting the Voronoi region V cover a sphere with
radius (

√
nσ2 + ϵ)/αMMSE, the improvement of retry decoding decreases as

n increases. This trade-off was illustrated in Figure 4.9 using Zn lattices.
From (4.50), since the equivalent noise of CF relaying can also be seen as
a Gaussian component, applying the discussion of trade-off CF relaying is
straightforward.

5.4.1.4 Summary of trade-off discussion

Overall, the SNR penalty can be reduced by increasing lattice dimension n or
code rate R of the base lattice code C = Λc/Λs. However, even though lower
SNR penalty can be achieved, increasing n also reduces the improvement
of retry decoding. It is important to select an appropriate dimension when
implementing the CRC-embedded lattice codes to practical applications.

Numerically, for the SU scenario, gains of WER, by applying retry decod-
ing with the CRC-embedded lattices, can be observed for low dimensional
lattice codes and becomes marginal for medium dimensional lattice codes.
For example, as shown in [70, Fig. 7], even though an SNR penalty is as
small as 0.078dB using an n = 128 polar lattice code with a CRC-4 code
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embedded, the gain is still marginal using A1 and A2 for retry decoding. For
CF relaying, due to the extra freedom on changing integer coefficient a, the
improvement of retry decoding can still be observed for medium dimensional
lattice codes.

To implement CRC-embedded lattice codes, low dimension lattice codes,
such as E8 and BW16 lattice codes, are considered in the SU scenario; medium
dimensional lattice codes, such as n = 64, 128, 256 polar lattice codes, are
considered in CF relaying. Since the SNR penalty is significant for low
dimensional lattice codes, high code rates are considered for the SU scenario,
which can be seen as high-order modulations in communications.

5.4.2 Comparing to receiver with retransmission

A discussion for comparing between the retry decoding scheme and a conven-
tional scheme with retransmission is given for: 1) the message is successfully
recovered after a decoding attempt, 2) the message is erroneous after a
decoding attempt, 3) the average number of decoding attempts over all
messages.

Recall that the proposed retry decoding applies to the decoder of the base
lattice, rather than the CRC-embedded lattice, followed by error detection
consisting of a mod 2 operation to obtain the LSB vector and a CRC
check. In the first case, further retry decoding and retransmission are
not needed. Error detection is additionally needed for the proposed retry
decoding after the decoding attempt. However, both mod 2 operations and
CRC check in error detection are low complexity, from which only a modest
increase of decoding complexity is introduced. In the second case, another
decoding attempt is always needed to recover the message. The conventional
scheme requests a retransmission before making another attempt; while the
proposed retry decoding can make another attempt immediately by using
other decoding coefficient(s) in the candidate list, from which lower latency
can be expected. However, it shall be noticed that the conventional scheme
may achieve higher diversity gain due to the channel reuse. In the third case,
at the range of WER for practical code design (e.g. Pe = 10−5), the average
number of decoding attempts becomes more important, which converges to
1 for small WER. The average complexity of retry decoding approaches that
of one-shot decoding, while a lower WER can be achieved.
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5.5 Implementation of CRC-embedded lattice

codes

Numerical results on implementation of CRC-embedded lattice codes are
given in this section for SU scenario and CF relaying. We first give the retry
decoding scheme using CRC-embedded lattice codes and evaluation of Pre.
The error performance are evaluated using E8 and BW16 lattice codes for SU
scenario and construction D polar lattice codes for CF relaying to:

1. verify the validity of Pe,total estimate given in Proposition 5.3;

2. give the optimized CRC length and the maximized gain of retry decod-
ing and CRC-embedded lattice codes based on the Pe,total estimates.

5.5.1 Implementation in single user transmission

A k-level decoding procedure follows Section 4.2.2 using a listA1,A2, · · · ,Ak.
Here, CRC codes are applied for error detection instead of the genie used in
the analysis, thus the SNR penalty is non-negligible. After each decoding
attempt, the estimate of the uncoded message b̂ is recovered by the indexing
function in (3.8) from which the LSB vector is extracted for CRC check. In
simulations, a CRC check is performed after each decoding attempt, rather
than after the whole level, in order to terminate the decoding process as soon
as the CRC check passes to output the result. Another strategy, that might
be considered, is that the decoder first finishes the whole decoding level to
produce multiple estimates using a set A and then performs CRC check for
all estimates. The decoding result is selected from the estimates having valid
CRC with the maximum likelihood. Numerically, the improvement from this
strategy is negligible while the decoding complexity is increased. Therefore,
it is not further considered.

5.5.1.1 Estimating P
(k)
e,total

To estimate P
(k)
e,total, the value of P

(1)
e is evaluated by one-shot decoding using

αMMSE. By the recursive structure of retry decoding, P
(i)
e can be calculated

using P (α|ei−1) defined in (4.12) as:

P (i)
e = P

(i−1)
e,CRC −

2i−1∑
j=1

P (αi,j|ei−1)P
(i−1)
e,CRC . (5.38)
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re and P
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re for E8 and BW16 lattice codes.

By (5.35), P
(i)
re can then be obtained without requiring extra numerical

evaluation as:

P (i)
re = 1−

2i−1∑
j=1

P (αi,j|ei−1). (5.39)

Figure 5.6 illustrates numerical evaluation of P
(i)
re , with i = 2, 3, for E8

and BW16 lattice codes at R = 2 and 2.25, respectively. It is observed
that P

(2)
re > 0.7 in the high SNR regime, indicating the ratio of errors that

can be corrected by retry decoding using A2. However, further retry using
A3 only corrects errors from the second decoding level using A2, with a
fraction of < 0.3, even though A3 has been optimized based on (4.12). This
implies that the room left for improving WER using retry becomes small
after decoding using A2. This agrees with the numerical evaluations shown
in Figure 4.6 and Figure 4.7, where error performance of decoding using
A1 = {αMMSE},A2 = {α2,1, α2,2} approaches that of the exhaustive search
decoding.
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5.5.1.2 Numerical results

The WER performance is given using E8 and BW16 lattice codes with
hypercube shaping. Since the shortest vector of the E8 and BW16 lattices
are known, for each CRC length l, a CRC polynomial optimization is first
performed using (5.27) through a search over all possible CRC-l polynomials
to minimize Pud. After that, the CRC length is optimized to balance the error
detection capability and SNR penalty using Proposition 5.3. With the SNR
penalty in (5.15) included, Figure 5.7 verifies the accuracy of the estimate

of P
(k)
e,total using Proposition 5.3 for SU scenario. For target WER= 10−5 and

2-level decoding, the best achievable gain and the optimized CRC length l for
E8 and BW16 lattice codes are shown in Table 5.2 and Table 5.3, respectively,
where R in tables are the code rates of based lattice code C = Λc/Λs before
CRC being embedded. Regarding the first and second trade-offs discussed
in Section 5.4.1, the optimized CRC lengths are short, since low dimensional
lattice codes are applied. On the other hand, high rate codes are considered
to reduce the SNR penalty to achieve larger gain. When R = 2, 3, 4 for
E8 lattice codes and R = 2.25 for BW16 lattice codes, the expected gain
is less than 0 for which embedding parity bits and retry decoding are not
recommended.

Table 5.2: The expected gain and optimized CRC for E8 lattice code with
hypercube shaping and 2 decoding levels.

R Gain (dB) Optimized l CRC polynomial
2, 3, 4 < 0 - -

5 0.0060 1 SPC code
6 0.0352

2 x2 + 1
7 0.0621
8 0.0845

3 x3 + x+ 1
9 0.1082
10 0.1270
11 0.1424
- 0.3270 Upper bound on the gain.

93



66 67 68 69 70 71 72 73 74

SNR(dB)

10 -5

10 -4

10 -3

10 -2

10 -1

100
W

E
R

One-shot decoding

P
e, total
(2)  with CRC (Estimate)

P
e, total
(2)  with genie (Estimate)

P
e, total
(2)  with CRC (Simulation)

P
e, total
(2)  with genie (Simulation)

E8 lattice code
CRC-3
R= 10.625

BW16 lattice code
CRC-4
R= 11

Figure 5.7: Estimated and actual P
(2)
e,total for single user transmission using E8

and BW16 lattice codes. The CRC polynomials are x3+x+1 and x4+x3+1,
respectively. The total decoding level is 2 using A1 = {αMMSE}, A2 =
{α2,1, α2,2}.

5.5.2 Implementation in CF relaying

For implementation in CF relaying using ICF, a 2-user multiple access relay
is considered. The retry decoding strategy follows scheme 1 in Section 4.3.3.1
but a CRC code is applied for error detection instead of a genie. Let
C = Λc/Λs be the base lattice code before CRC embedding and the users’
messages x1,x2 ∈ C. The received message is y = h1x1 + h2x2 + z.
The Rayleigh fading channel is assumed. The value of channel coefficients
are generated randomly and time variant, where the total channel gain is
normalized to ∥h∥ = 1 to keep a constant received SNR. Using ICF, the
estimate of the linear combination is x̂ ∈ Λc (not necessarily in C). The
corresponding uncoded message is recovered by b̂ = G−1

c x̂, from which the
LSB vector is extracted by mod2 operation for CRC check. The EER of the
linear combinations is measured at the relay, when x̂ ̸=

∑L
i=1 aixi.

Construction D polar lattice codes with n = 64, 128, 256 and hypercube
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Table 5.3: The expected gain and optimized CRC for BW16 lattice code with
hypercube shaping and 2 decoding levels.

R Gain (dB) Optimized l CRC polynomial
2.25 < 0 - -
3.25 0.0197 1 SPC code
4.25 0.0484 2 x2 + 1
5.25 0.0741

3 x3 + x2 + 1
6.25 0.0997
7.25 0.1182
8.25 0.1322
9.25 0.1431
10.25 0.1528

4 x4 + x3 + 1
11.25 0.1624
- 0.2880 Upper bound on the gain.

shaping are used for channel coding. The coding lattice design follows [22],
where for n = 64, component codes are (64, 1), (64, 40) polar codes; for n =
128, component codes are (128, 7), (128, 88) polar codes and for n = 256,
component codes are (256, 24), (256, 192) polar codes. The code rate for the
base lattice codes are R64 ≈ 1.6406, R128 ≈ 1.7422 and R256 ≈ 1.8438.
The standard successive cancellation (SC) decoder is applied to decode polar
codes.

5.5.2.1 Estimating P
(k)
e,total

To estimate P
(k)
e,total in (5.31) for CRC length optimization, Pud is estimated

by (5.26) as Pud ≈ 2−l, and both P
(1)
e and P

(i)
re , for i = 2, 3, · · · , k, are

numerically evaluated using Monte-Carlo method. Figure 5.8 illustrates
numerical evaluation of P

(2)
re for the construction D polar lattice codes we

considered for here.

5.5.2.2 Numerical results

Figure 5.9 verifies the accuracy of the estimate of P
(k)
e,total using Proposition 5.3

for CF relaying, where CRC-4 and genie-aided error detection are considered
with two decoding attempts for retry decoding using n = 128, 256.

Then, the expected gain for n = 64, 128, 256 polar lattice codes and
retry decoding with two attempts are shown in Figure 5.10 for CRC length
l = 1, 2, · · · , 16. The value of Pud is obtained using method 2 given in
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Figure 5.8: P
(2)
re for n = 64, 128, 256 polar lattice codes.

Section 5.3.1 as Pud ≈ 1/2l, where CRC polynomials are selected randomly
without further optimization due to the high dimension of lattices. The
upper bound on gains are obtained using genie-aided error detection, which
has Pud = 0 and no SNR penalty. The gaps between the actual gains to
the upper bound are due to the imperfect error detection of the finite length
CRC codes and the SNR penalty.

The maximum gains by CRC-embedded lattice codes are approximately
1.29dB, 1.31dB and 1.08dB, using CRC length of 7–8, 8–9 and 9–11 for
n = 64, 128, 256, respectively. For longer CRC lengths, the gain decreases
because the increasing SNR penalty overcomes the improvement on error
rate. From the gain using genie-aided error detection, the improvement
of retry decoding reduces as dimension increase, as we have discussed in
Section 5.4.1. However, larger dimensional lattice codes also have smaller
SNR penalty. Because of the smaller SNR penalty, n = 128 dimensional
lattice codes achieves a larger gain than that of n = 64, when CRC is applied
for error detection.
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Figure 5.9: Estimate and simulation results of P
(2)
e,total for 2-user CF relay

using ICF with CRC-4 and genie-aided error detection. n = 128, 256 polar
code lattice and hypercube shaping is used.

5.6 Summary of this chapter

In this chapter, a lattice construction with physical layer error detection
ability was introduced. The error detection is deployed by embedding CRC
codes into the LSB vector of the lattice uncoded messages, thus this lattice
construction is called CRC-embedded lattices.

We first gave the definition of the construction, and showed this constric-
tion forms a lattice in general. The encoding/decoding scheme of the CRC-
embedded lattices was then given. For power constrained communications,
the CRC-embedded lattice codes were introduced, which applies the CRC-
embedded lattice as the coding lattice. In CF relaying using ICF, a stand-
alone relay cannot detect errors from a linear combination since multiple
unknowns (users’ message) are included. A condition on shaping lattice
design was given for the CRC-embedded lattice codes, which allows a stand-
alone relay to detect error from a linear combination without requiring
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Figure 5.10: Expected gain for 2-user CF relay using n = 64, 128, 256 polar
code lattice with CRC length from 1 to 16. The achievable gains are 1.29dB
for n = 64 with CRC length being 7, 8; 1.31dB for n = 128 with CRC length
being 8, 9; 1.08dB for n = 256 with CRC length being 9, 10, 11.

individual users’ messages.

CRC optimization was considered for practical code design with respect
to CRC polynomial/position of parity bits and CRC length. The probability
of undetected error Pud was defined to evaluate the error detect capability for
CRC-embedded lattices. Two methods on estimating Pud were given, which
consider:

1. the set of shortest vector of lattice;

2. only the CRC length regardless of the structure of lattice.

From the numerical, both methods give good estimate of Pud verified by
BW16 lattice code with various CRC lengths. In particular, Method 1
gives an more accurate estimate than Method 2 and allows us to optimize
CRC polynomial/position of parity bits. However, it is only feasible for low
dimensional lattices whose shortest vectors are known. On the other hand,
Method 2 gives a convenient estimate of Pud, which is applicable to large
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dimensional lattices, only introducing a modest loss on estimation accuracy.

The CRC optimization was given for CRC polynomial and CRC length,
respectively. It was shown that, optimizing CRC length affects Pud more
significantly than optimizing CRC polynomial. The CRC length optimization
was given to maximize the gain obtained by retry decoding using CRC-
embedded lattice codes. This is given as a semi-analytical method obtained
by estimating the WER after retry decoding as a function of Pud or,
equivalently, as a function of CRC length l. In numerical evaluations of
this chapter, the CRC codes for embedding have the optimized length for
the underlying coding lattices, while the CRC polynomial optimization is
only applied for low dimensional lattices.

Discussions were then given for trade-offs related to implementation of
CRC-embedded lattices/lattice codes, and comparison to conventional re-
ceiver with retransmission. The trade-offs considered lattice code dimension,
code rate, SNR penalty due to CRC bits and the benefit of retry decoding,
which gives an insight on designing CRC-embedded lattice codes with appro-
priate lattice dimension and code rate. In the comparison with conventional
receiver, given an error happened, a receiver would have to give another
decoding attempt, from which a lower transmission latency can be expected
using CRC-embedded lattice code with retry decoding by avoiding retrans-
mission. However, it is also noticed that the conventional receiver achieves
higher diversity gain due to the channel reuse. A comprehensive study
can be considered to compare the conventional receiver with retransmission
and CRC-embedded lattice code with retry decoding from a system-level
perspective, involving the transmission/decoding latency analysis and/or
overall system performance under same WER/latency requirement.

In numerical evaluations, we first verified the CRC length optimization
to shown the accuracy on estimating P

(k)
e,total, the WER/EER after retry

decoding. Then, by considering the estimated WER/EER as a function of
CRC length l, the optimized CRC length and the maximized gain are given.
According to the discussion given in Section 5.4.1, we applied low dimensional
E8 and BW16 lattice codes for SU scenario and medium dimensional polar
lattice codes, with n = 64, 128, 256, for CF relaying. From numerical
evaluations, we have the following observations.

1. For the SU scenario, since the effect of SNR penalty is significant
when n is small, high rate lattice codes are required to achieve a
gain using CRC-embedded lattice code with retry decoding, which can
be considered a competing scheme with high order QAM to reduce
constellation power.

2. For CF relaying, a more significant gain than that of SU scenario is
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observed. At a 2-user relay, gains up to 1, 29dB, 1.31dB and 1.08dB
are achieved at EER ≈ 10−5 by only adding one more decoding attempt
using n = 64, 128, 256 construction D polar lattice codes, respectively,
with optimized CRC length.

3. The trade-off between dimension and improvement of retry is demon-
strated by CF relaying. Even though increasing dimension reduces the
gain of retry, with the lower SNR penalty, n = 128 lattice codes gives a
larger gain than that of a lower dimensional lattice codes with n = 64.
This implies that, for a practical application, a range of dimensions
can be found to balance the improvement of retry and SNR penalty
to maximize the gain obtained by retry decoding and CRC-embedded
lattice codes.

Additionally, it is noticed that polar codes applied for CF relaying have
CRC-aided successive cancellation list (SCL) decoding to improve error
performance compared with SC decoding [71]. The CRC for SCL decoding
performs error detection at the component binary codeword level; while the
proposed CRC-embedded lattice code performs error detection at the lattice
codeword level. Even though SCL achieves better error performance than
SC on decoding polar codes, the standard SC decoder is considered in this
chapter to avoid ambiguity between two types of CRC codes. However, it is
valid to implement both CRC-embedded lattice codes and CRC-aided SCL
decoding to achieve lower error rate.
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Chapter 6

Finite dimensional lattice design
using binary code

6.1 Introduction of this chapter

This chapter considers finite dimensional lattice design. In particular,
construction A using binary code is considered to design medium dimensional
lattice, such as at n = 64 ∼ 256. Binary codes with such block length
have low decoding latency, which is one of key requirements for future
wireless communications; while having good error performance. On the
other hand, construction A has lower complexity than construction D by
using only one component code. There were studies on construction A
lattices using non-binary codes and for high dimensional lattices, such as the
low-density construction A (LDA) lattices [15], and construction D lattices
at medium dimension [20] [22]. However, there has been relatively little
study using construction A at medium dimensions. Binary codes have well-
studied distance properties, and have codeword Hamming weight equal to
their Euclidean norm, which is not true for non-binary codes. Therefore,
binary codes are considered as the component code for medium dimensional
construction A lattices, which allow us to give analytic lattice designs for low
latency communications. In this chapter, the square d2 denotes the Euclidean
norm and the non-square d denotes the Hamming distance, to distinguish the
distance in the real number field and the binary field.

This chapter is divided into 3 parts. In the first part, we give a design
method. Construction A lattices can be seen as a special case of multilevel
codes, consisting of a coded layer and an uncoded layer. Various classic
rules are suggested in [72] to design multilevel codes, such as the balanced
distance rule and the equal error probability rule, which are considered for
comparison in this chapter. A new design rule is proposed using the truncated
union bound, which gives lattices to achieve the best error performance under
maximum likelihood (ML) decoding. Binary codes with known minimum
Hamming distance dc and the codeword multiplicity τc, i.e, the number of
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codeword at minimum Hamming weight, are assumed to apply the proposed
design approach. A truncated theta series, introduced in Definition 2.12,
is explicitly given, from which the truncated union bound is computed to
estimate the WER of lattices under ML decoding.

In the second part, the design examples are given using n = 128
dimensional lattices. Extended BCH (EBCH) codes and polar codes are
selected as the component codes, since EBCH codes have a large minimum
Hamming distance and polar codes [73] are accepted as a part of the channel
coding scheme in the 5G standard, respectively. In addition, the dimension
n = 128 is almost the largest possible dimension to deploy a (near) ML
decoder with reasonable complexity to evaluate design results. The ordered-
statistics decoding (OSD) algorithm [74] is considered to decode binary codes.
The OSD algorithm achieves a near-ML performance by letting the order
o = ⌈dc/4 − 1⌉, where dc is the minimum Hamming distance and ⌈·⌉ is the
ceiling function. Numerical evaluations are given using binary codes with
different minimum Hamming distance and/or codeword multiplicity to find
the best construction A lattice, which has the lowest VNR to achieve a target
WER.

At last, a comparison of the WER between our design with classic rules
and construction D are given for unconstrained lattices and lattice codes.
At n = 128, the balanced distance rule and the equal error probability rule
are considered as the classic design rules. And construction D lattices are
from [20] and [22].

This chapter gives a design approach for finite dimensional lattices using
binary codes, which can be considered as the base lattice of CRC-embedded
lattices to implement the retry decoding. The structure of construction A
can be implemented by BPSK and PAM, see [25, 39, 53]. Meanwhile, the
proposed design connects the binary codes in conventional systems and the
lattice codes. This implies potential applications of lattice coding in practical
systems with optimized error performance under the ML decoding.

6.2 System model

Since binary codes are used to form the lattice, the mod-2 construction
A, given in Definition 2.18, is applied for the lattice design. The AWGN
channel is assumed as the channel model. The system model is given in
Figure 6.1. The binary code is denoted as Cb with code parameter (n, k, dc).
The module “Enc” and “Dec” are the binary encoder and decoder of Cb.
Denote a mapping function ψ(·) : Fn

2 → Rn, such that 0 → 0, 1 → 1.
At the transmitter, a binary sequence u ∈ Fk

2 is first encoded to c =
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û

2

−

0.5

xc x

round( )

yc

x̂c

yz ̂z

ψ

ψ
c

̂c

Figure 6.1: System model for transmission of mod-2 construction A lattices
through AWGN channel.

Enc(u) ∈ Cb, then mapped into real number space using xc = ψ(c). A lattice
point is generated as x = xc+2z, where z ∈ Zn. The AWGN channel output
is

y = x+ n, (6.1)

where the Gaussian noise n ∼ N (0, σ2I).
At the receiver, successive cancellation decoding is applied, which is

optimal to decode construction A lattices [3]. Before decoding Cb, a modulo
operation, introduced in [3] and simplified in [20], is performed to preserve
distances to (0, 1) as:

yc = mod∗(y) = |(y + 1) mod 2− 1|, (6.2)

where operations are component-wise. The binary decoder finds an estimate
of uncoded message û and the corresponding coded message ĉ, which is then
mapped to real number space to obtain x̂c = ψ(ĉ). The estimate x̂c is
subtracted from the received message to obtain

yz = (y − x̂c)/2, (6.3)

from which an estimate of integer ẑ is obtained by the rounding function.

6.3 Design method

This design is based on the truncated union bound. To compute it, a
truncated theta series θ′, introduced in Definition 2.12, is given consisting
of first m non-zero term with d2m = dc. The lattice is designed to have the
lowest VNR to achieve a given target WER.
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It is noticed that, if x ∈ Λa and ∥x∥2 ≤ dc, then x can be expressed
as either an even integer vector 2z ∈ 2Zn with ∥2z∥2 ≤ dc or a binary
codeword xc at minimum Hamming distance dc. This can be shown that,
for any x′ = x′

c + 2z with non-zero x′
c and z, its Euclidean norm ∥x′∥2 > dc.

Therefore, the truncated theta series θ′ is obtained by finding a truncated
theta series of 2Zn lattice with d2i ≤ dc and adding one term contributed by
the minimum weight codeword of Cb.

The 1-dimensional 2Z lattice consists of even integers and has the theta
series:

θ2Z = 1q0 + 2
∞∑
i=1

q4i
2

. (6.4)

The theta series of 2Zn lattice can be obtained exactly by taking n-th power
of θ2Z as θ2Zn = (θ2Z)

n. Let θ2Zn,d2m
be the truncated theta series of 2Zn

lattice with terms having d2i ≤ d2m. This can be computed by polynomial
multiplication using a truncation of θ2Z and dropping the terms with d2i > d2m.

Example 6.1: Let n = 4 and d2m = 16. Using θ2Z,16 = 1q0 + 2q4 + 2q16, it
can be computed that

(θ2Z,16)
4 = (1q0 + 2q4 + 2q16)4 (6.5)

= 1q0 + 8q4 + 24q8 + 32q12 + 24q16 + 48q20 + · · · . (6.6)

The truncated theta series is obtained by dropping the terms with di > 16
as:

θ2Z4,16 = 1q0 + 8q4 + 24q8 + 32q12 + 24q16. (6.7)

Note that the truncation of θ2Z should not be too short, otherwise the result
of θ2Zn,d2m

may not be accurate. It can be shown by assuming a truncation
θ2Z,4 = 1q0 + 2q4. In this case, we have

(θ2Z,4)
4 = 1q0 + 8q4 + 24q8 + 32q12 + 16q16, (6.8)

where the coefficient for q16 is 16, smaller than its actual value 24.
Assume the binary code Cb has known minimum Hamming distance dc

and codeword multiplicity τc. A truncated theta series of the construction
A lattice Λa = Cb + 2Zn, until d2m = dc, can be explicitly given as in the
following proposition.

Proposition 6.1: The truncated theta series θ′ of Λa with d2i ≤ dc is as
follows. For dc ≤ 4,

θ′ =

{
1q0 + τc2

dc · qdc dc < 4

1q0 + (τc2
dc + 2n) · qdc dc = 4.

(6.9)
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For dc > 4, let L be the integer part of dc/4, then

θ′ =

{
θ2Zn,4L + τc2

dc · qdc , dc mod 4 ̸= 0

θ2Zn,4(L−1) +
(
τc2

dc + τ2Zn,dc

)
· qdc , dc mod 4 = 0.

(6.10)

Proof. Since lattice is defined over the real number space, a binary codeword
at minimum weight corresponds to 2dc distinct lattice points by adding +
or − sign at each position of ‘1’. Therefore, all minimum weight codewords
contribute τc2

dc lattice points for θ′. And, as we justified above, θ′ is obtained
by adding one term contributed by the minimum weight codewords of Cb to
θ2Zn,4L. This concludes the proof.

Use θ′, the truncated union bound is computed as

Pe ≈
m∑
i=1

τd2i ·Q

(√
d2i
4σ2

)
, (6.11)

wherem is the number of terms of θ′. By (2.18) and (2.38), the noise variance
is

σ2 =
41−Rb

2πe · VNR
, (6.12)

where Rb is the code rate of Cb. Substituting (6.12) into (6.11), we have

Pe ≈
m∑
i=1

τd2i ·Q

(√
d2i · 2πe · VNR

4 · 41−Rb

)
. (6.13)

It is noticed that Pe depends on Rb and θ
′ which are decided by the binary

code Cb. Therefore, Pe can be seen as a function of binary code Cb and VNR,
denoted as

Pe = f(Cb,VNR). (6.14)

Denote the inverse function as

VNR = f−1(Cb, Pe). (6.15)

Since (6.13) consists of multiple Q functions, the inverse function is obtained
numerically.

Consider Call as the search space of binary codes. The best component
code Cb is found by minimizing the required VNR for a target Pe:

Cb = argmin
C′
b∈Call

f−1(C ′
b, Pe), (6.16)
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Table 6.1: The code parameter of the best EBCH codes for construction A
at given target Pe, with its required VNR to achieve Pe.

Pe Required VNR(dB) Code parameter τc
10−4 2.86

(128, 106, 8) 77419210−5 3.38
10−6 3.95
10−7 4.45

(128, 113, 6) 341376
10−8 4.81

or equivalently, minimizing the estimate Pe for a target VNR:

Cb = argmin
C′
b∈Call

f(C ′
b,VNR). (6.17)

In the next section, equation (6.16) is considered as the target function to
give design examples.

6.4 Design examples

The lattice design examples are given using EBCH codes and polar codes,
with block length n = 128. The target WER to design the lattice is set
to Pe ≤ 10−4, since the truncated union bound becomes accurate for small
Pe. The OSD algorithm is applied to decode binary codes, which achieves a
near-ML performance to evaluate the truncated union bound.

6.4.1 Design using EBCH codes

EBCH codes have fixed configurations with given n and dc. The codeword
multiplicity τc are found for most of EBCH codes with n up to 256 [75, 76]
and are summarized in [77]. EBCH codes with n = 128 and dc = 4, 6, 8, 10
are considered to give lattice design examples. The order of OSD algorithm
is set to be 2, which is possible to give a near-ML performance for EBCH
codes with dc ≤ 10.

Figure 6.2 verifies the truncated union bound in (6.13) using Monte-Carlo
simulation. According to (6.16), Table 6.1 gives the best EBCH codes for
different target Pe from which the lattices achieve the given Pe with the
lowest VNR.

The numerical results show that using (128, 120, 4) EBCH code as the
component code, as suggested by the balanced distance rule, gives higher
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Figure 6.2: The truncated union bound estimate and numerical evaluation
of Pe for EBCH code lattice with dc = 4, 6, 8, 10. Order-2 OSD algorithm is
used to decode EBCH codes.

Pe than other lattices using component codes with dc > 4. This can be
justified from the value of τ4, which is the number of lattice points at d2 = 4.
Since (128, 120, 4) EBCH code has τc = 85344, then τ4 = 1365760 by (6.9);
meanwhile for EBCH codes with dc > 4, τ4 is only 256, from which smaller
Pe is achieved, as shown in Figure 6.2. As VNR grows, the contribution from
high order terms of the truncated theta series θ′ reduces for computing the
truncated union bound. At a relatively high VNR, estimate Pe using lattice
points with d2min becomes sufficient and, for lattices with same τ4, the lattice
with the smallest volume, equivalently the largest rate Rb of the component
code, gives the lowest Pe. This can be observed from Figure 6.2 as well,
that is the lattice using (128, 113, 6) EBCH code achieves lower Pe than that
using (128, 106, 8) EBCH code when Pe ≤ 10−7. However, for very high
VNR, since the Q function in (6.13) decreases exponentially as Rb increases,
the component code with highest Rb, that is the (128, 120, 4) EBCH code
here, will eventually become the best. However, it occurs at VNR ≈ 11.8dB
with Pe ≈ 10−47 computed from the truncated union bound, which is beyond
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the scope of practical lattice design.

6.4.2 Design using polar codes

Polar codes have more flexibility on selecting the code parameter (n, k, dc)
than EBCH codes. The code rate Rb can be adjusted by a step as small as
1/n and, for given (n, k, dc), polar codes with different τc can be constructed
by selecting different information set. Additionally, polar codes also include
the Reed-Muller codes and the extended Hamming code by properly selecting
the information set.

To reduce the search space for finding good polar codes, a class of polar
codes, described in [78,79], is considered. Such polar codes are defined based
on the partial order of the binary representation of bit-channel indices, which
is referred as partial order property in [78] and decrease monomial codes
in [79,80]. The codeword multiplicity τc of polar codes satisfying the partial
order property can be calculated analytical. Let Ip ⊆ {0, n − 1} be the
information set of an (n, k, dc) polar code and a subset I ′

p ⊆ Ip indicate the
rows in the polar transformation matrix with row weight dc.

Proposition 6.2: [78] Consider an (n, k, dc) polar code satisfying the
partial order property in [78, Definition 2]. For all i ∈ I ′

p, let

Ki = { j ∈ [i+ 1, n− 1] | wt(gj) ≥ wt(gi ⊕ gj) = wt(gi) } , (6.18)

where wt(gi) is the weight of the i-th row of the polar transformation matrix.
The codeword multiplicity is found by:

τc =
∑
i∈I′

p

2|Ki|. (6.19)

Proposition 6.2 implies that τc only depends on the subset I ′
p. Based on

this fact, information set Ip of a (n, k, dc) polar code is select as follows:

• select all rows from the polar transformation matrix with row weight
larger than dc to avoid rate loss,

• select rows with weight dc to form the information set to fit the desired
code rate Rb = k/n while satisfying the partial order property.

There may exist multiple polar codes having different τc for a given code
parameter (n, k, dc) according to the selection of I ′

p. This results in different
truncated theta series θ′ at the term with d2 = dc. For polar codes with small
dc, smaller τc may more significantly affect the Pe computed by (6.13) than
that of larger dc, due to the property of the Q function. This is evaluated
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Figure 6.3: Truncated union bound of construction A lattices using polar
codes with different τc for dc = 4, 8.

for polar code lattices with component code having parameter (128, 105, 4)
and (128, 95, 8), as illustrated in Figure 6.3. For lattices using (128, 105, 4)
polar codes, choosing the component code with smaller τc improves ≈ 0.2dB
at Pe = 10−4; however, for (128, 95, 8), such improvement is negligible.

Figure 6.4 verifies the truncated union bound in (6.13) for polar code
lattices with dc = 4, 8 as a function of k at VNR = 2.5, 3, 3.5dB using the
order-2 OSD, where only polar codes satisfying the partial order property
are considered. For polar codes with same k, the one with the smallest τc is
selected as the candidate code for evaluation.

At VNR = 2dB with Pe ≈ 10−3, a mismatch of Pe between the estimate
and the simulation is observed, where the best component code has dc = 8
from the simulation but not 4 from the estimate using (6.13). This is because,
at low VNR regime, the lattice points with d2 > 4 may still contribute to
Pe, which is not involved in (6.13) for polar codes with dc = 4. For error
rate Pe ≤ 10−4, the contribution of lattice points with d2 > 4 to Pe becomes
small and the estimate becomes accurate.

Even though the (128, 99, 8) polar code has very large τc = 188976, it
reduces τ4 from 768, using the (128, 100, 4) polar code, to 256 with only 1/128
of rate loss, by which a better error performance is achieved at Pe ≤ 10−4.
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Figure 6.4: The truncated union bound estimate and numerical evaluation
of Pe for polar code lattice with different code rates for dc = 4, 8. Order-2
OSD algorithm is used to decode polar codes.

The best component polar code has code parameter (128, 99, 8), which is
also the RM(7, 4) Reed-Muller code, for Pe = 10−4 to 10−8 as summarized
in Table 6.2.

6.4.2.1 Polar codes that do not satisfy partial order property

Using polar codes satisfying the partial order property, the (128, 99, 8) polar
code gives the best construction A polar code lattice. A study over polar
codes not satisfying the partial order property is performed to investigate if
there exists a better polar code.

Polar codes with k close to 99 are considered, which have rate close to
the best polar code we found above. The value τc is found by numerical
method. Since polar codes with k close to 99 have high code rate, the value
of τc is obtained by: first find the weight enumerator function (WEF) for
the dual code; then convert it to the WEF of the original code using the
Macwilliams’ theorem, see [81, Chapter 3], [82]; the value of τc is obtained
from the coefficient of the WEF. This study is given for polar codes having
dc = 8 with k = 97, 98, 99 and dc = 4 with k = 100, 101, 102, 103. Smaller τc,
than that of polar codes satisfying the partial order property, are found at k =
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Table 6.2: The code parameter of best polar codes for construction A for a
given target Pe and the required VNR to achieve that Pe.

Pe Required VNR(dB) Code parameter τc
10−4 3.05

(128, 99, 8) 188976
10−5 3.67
10−6 4.27
10−7 4.82
10−8 5.31

97, 101, 102, 103. However, better component codes exceeding the (128, 99, 8)
polar code have not been found, as illustrated in Figure 6.5. Additionally, as
discussed for Figure 6.3, smaller τc of polar codes with dc = 4 gives a non-
trivial gain of Pe at k = 101, 102, 103, while for dc = 8, the gain is negligible
at k = 97.

6.5 WER performance

This section compares the WER performance for construction A lattices
designed by the proposed truncated union bound analysis with that by the
classic balanced distance rule and the equal error probability rule, suggested
in [54] and [72]. For the balanced distance rule, the component EBCH code
and polar code are selected with dc = 4, giving the same Euclidean norm as
d2min of the 2Zn lattice. For the equal error probability rule, the binary codes
are selected following [22], such that the WER of Cb with noise variance σ2

is equal to that of 2Zn with noise variance σ2/4 through additive modulo
Gaussian noise channel. Since EBCH codes only have fixed configurations,
the equal error probability rule is applied only to polar code lattices. The
order of OSD algorithm is set to 2 for decoding all binary codes, which aims
to give a fair comparison by using the same decoder and also to achieve a
near-ML performance.

Figure 6.6 shows WER of n = 128 lattices and lattice codes using EBCH
codes and polar codes. Since the target is to compare the underlying coding
lattice, the 8Zn lattice is applied as the shaping lattice for all lattice codes,
in order to avoid the influence of shaping gain caused by using the Voronoi
shaping. For lattice codes, SNRnorm suggested in [59] and [83] is also
considered as an alternative to VNR, which allows one to compare lattice
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Figure 6.5: Truncated union bound for polar code not satisfying the partial
order property for k = 97 to 103.

codes of different rates on the same scale, defined as

SNRnorm =
P

(22R − 1) · σ2
, (6.20)

where P and R are the per-dimensional power and the code rate of the lattice
code, respectively. One way to explain SNRnorm is given as follows. From
the Gaussian channel capacity

R < C =
1

2
log(1 +

P

σ2
), (6.21)

the definition in (6.20) implies that Pe → 0 can be asymptotically achieved as
SNRnorm → 1, which is a constant independent of code rate R. However, for
other definitions, such as EsN0 = P/σ2 or EbN0 = P/(R · σ2), the required
SNR to achieve arbitrary small Pe depends on R. The relationship between
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Figure 6.6: WER performance for construction A lattices with different
design rules. Order-2 OSD is used to decode component codes of construction
A lattices.

VNR and SNRnorm is given as follows by combining (2.18) and (6.20):

SNRnorm(dB) =VNR(dB) + 10 log10(2πe · P )
− 10 log10[(2

2R − 1) · V (Λ)2/n]︸ ︷︷ ︸
affected by code rate

. (6.22)

Among construction A lattices, the proposed design approach achieves
lower WER than that of the balanced distance rule or the equal error
probability rule. At WER = 10−5, lattices using the (128, 106, 8) EBCH code
and the (128, 99, 8) polar code are the best construction A lattices among
design examples using EBCH codes and polar codes, respectively; and the
(128, 106, 8) EBCH code lattice is the best-known construction A lattice.
Construction D lattices in previous studies are also plotted for comparison
using: EBCH code [20], with component codes C0 = (128, 78, 16) and
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C1 = (128, 120, 4), using order-(4, 1) OSD; polar code [22], with C0 = (128, 7)
and C1 = (128, 95), using successive cancellation list (SCL) decoding. Gaps
remain from our best construction A (128, 106, 8) EBCH code lattice to
construction D lattices. However, our design has lower decoding complexity
and design cost. For EBCH code lattices, our best lattice only needs∑2

i=1

(
106
i

)
= 5671 OSD reprocessing computations in maximum for one

decoding, compared to
∑4

i=1

(
78
i

)
+
(
120
1

)
= 1505702 of the corresponding

construction D EBCH code lattice. On the other hand, the proposed
design gives an analytic approach to optimize the component codes using
the truncated union bound; while the construction D polar code lattices
with SCL are optimized using the Monte-Carlo method, resulting in a higher
design cost.

6.6 Summary of this chapter and discussions

This chapter considered finite dimensional lattice design using construction A
and binary codes with known minimum Hamming distance dc and codeword
multiplicity τc. This design is targeted for coding lattices at low to medium
dimensions for low latency decoding.

The proposed design is based on truncated union bound analysis, from
which the lattice is expected to achieve the lowest WER under ML decoding.
A truncated theta series θ′ of the construction A lattice is explicitly given,
consisting of a truncated theta series of 2Zn lattice and a term from minimum
weight codewords of binary code. The truncated union bound is computed
from θ′ to estimate the WER. The OSD algorithm is considered for decoding
binary codes to achieve a near-ML error performance.

Design examples are given using n = 128 EBCH codes and polar codes,
where polar codes described in [78] are considered. Numerical evaluations
showed that the truncated union bound analysis gives an accurate estimate of
the decoding error probability at Pe ≤ 10−4. Since the 2Zn lattice dominates
the error performance very quickly, high rate binary codes are suggested to
form the lattice for Pe = 10−4 to 10−8. It is noticed that the all suggested
codes have dc > 4, which implies that the balanced distance rule is not the
best for the design scenario we considered here. In particular, at dimension
n = 128, (128, 106, 8) EBCH code forms the best construction A lattice at
Pe = 10−5, among our design examples.

A comparison with the classic balanced distance rule and the equal
error probability rule is given. Unconstrained lattices and lattice codes are
considered for this comparison, respectively. Simulation results showed that
our design achieves lower WER than that of the classic balanced distance rule
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and the equal error probability rule. The best construction A lattice obtained
from design examples does not achieve lower WER than that of construction
D lattices in [20] and [22]. However, for EBCH code lattices, the proposed
construction A lattice achieves much lower decoding complexity compared
to construction D in [20]. On the other hand, for polar code lattices, the
proposed design gives an analytic approach to optimize the component codes,
while the construction D lattices in [22] are designed based on Monte-Carlo
simulations.

Some observations and extensions for this design are discussed as follows
to conclude this chapter.

1. For polar codes described in [78], τc can be found analytically for any
valid n. The design for polar code lattices can be extended to high
dimensions to apply the capacity rule, which is another classic rule
suggested in [72], and considered in [21] for designing construction D
polar code lattices.

2. It is observed that the best polar code is also the RM(4, 7) Reed-Muller
code. The study for higher dimensions may help us to understand this
relationship.

3. From the numerical simulation, construction D lattices achieve lower
WER than that of construction A. A valid extension is to apply this
approach to construction D lattices at n = 128 with all component
codes having known dc and τc. Even though the decoding complexity
might be increased using construction D, this could lead us to find the
lattice achieving the lowest WER at dimension n = 128.

4. At last, in this chapter, only EBCH codes and polar codes are
considered. There exists other good-performing binary codes, such
conventional codes, LDPC codes and etc. It could be worthwhile to
explore more types of component codes to give the lattice design.
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Chapter 7

Conclusion and future works

7.1 Conclusion

This dissertation provided a study of finite dimensional lattice codes for wire-
less communications. The point-to-point single user transmission through
AWGN channel and multiple access relay performing compute-forward
through fading channel are considered as the communication scenarios for
evaluation and implementation.

Instead of conventional one-shot lattice decoder using the optimal de-
coding coefficient(s), a new retry decoding scheme is proposed for finite
dimensional lattice codes. It is shown that the error performance can be
improved, if the receiver is allowed to retry decoding by adjusting the
value(s) of decoding coefficient(s) when error is detected. CRC-embedded
lattices/lattice codes are then introduced, which enable the retry decoding
by adding physical layer error detection ability to lattices/lattice codes.
By appropriately designing the shaping lattice, retry decoding with CRC-
embedded lattice codes is feasible for PLNC using CF relaying. This can not
only improve the error performance, but also prevent forwarding erroneous
packets into network, since a CF relay was not possible to detect decoding
errors from a single linear combination. Lattice codes design for the proposed
retry decoding scheme was discussed, from which: 1) for the SU scenario, low
dimensional lattice codes with high code rate are suitable; 2) for the CF re-
laying, medium dimension lattice codes can be implemented to achieve a non-
trivial gain. More significantly, using the CRC-embedded lattice codes, gains
of 1.29dB, 1.31dB and 1.08dB at a 2-user CF relay can be achieved by using
n = 64, 128, 256 polar lattice codes with code rate R ≈ 1.6406, 1.7422, 1.8438,
respectively, where only one additional decoding attempt is required. At last,
a truncated union bound based construction A lattice design was considered
for future lattice-based communications, which optimizes the lattice design
with respect to maximum likelihood decoding. Lower error rate can be
achieved by applying the proposed design approach, compared to that by
the classic balanced distance rule and the equal probability rule.
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7.2 Future works

Besides the contributions we mentioned above, there are also other interesting
topics and extensions, which can be considered as possible future works.

Lattice codes vs. QAM
Shaping gain is one the advantage of lattice codes, which reduces the
codebook power compared to conventional QAM constellation. It could
be interesting to investigate the performance of lattice codes vs. QAM
constellation showing the potential of lattice codes for next-generation
wireless communications.

Retry vs. retransmission
In this work, it was demonstrated that retry decoding by adjusting the
value(s) of decoding coefficient(s) can improve the error performance
without requesting a retransmission. Since retry decoding is a local
process, a lower decoding latency can be expected compared to re-
transmission. However, requesting retransmission may achieve higher
diversity gain due to the channel reuse. A trade-off exists between the
decoding latency and error performance for receivers considering retry
decoding and retransmission, respectively.

Application in other CF-like scenarios
The proposed retry decoding with CRC-embedded lattice codes is fea-
sible for CF relaying if the shaping lattice design follows Section 5.2.4.
It is valid to consider the extension to apply retry decoding with CRC-
embedded lattice codes to other CF-like scenarios, such as compute-
forward multiple access [32], IF MIMO receiver [35] and other lattice-
based PLNC scenarios [53].

Comparing to other CRC-aided decoding algorithms
There are other CRC-aided decoding algorithms, such as CRC-aided
successive cancellation list (SCL) decoding for polar codes [71, 84]. It
could be interesting to study the two different CRCs. It is noted that
the proposed CRC-embedded lattice codes detects errors from a lattice
codeword and CRC-aided SCL detects errors from a binary codeword.
It could be possible to consider new schemes, such as 1) using the CRC
for SCL decoder to apply retry decoding if all the candidates output
from SCL decoder failed parity check; 2) designing dual CRC-embedded
lattice codes, for SCL and retry decoding individually, to provide extra
error detection for binary and lattice codeword respectively.

Construction A lattice design in larger dimensions
The design of construction A lattices in Chapter 6 considered medium
dimensional lattices. The codeword multiplicity of polar codes, de-
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scribed in [78], can be found for any valid n. The design for larger
dimensions can be considered using polar codes, at which the classic
capacity rule [72] can be applied.

Learning-based coefficient selecting algorithm
In this work, retry decoding requires a coefficient list at decoder, where
exhaustive search based algorithms are implemented to generate the
list. For single user transmission, the coefficient list is only related to
the lattice code and the SNR values; while for CF relaying, channel
fading coefficients are additionally involved. Learning-based coefficient
selection algorithms can be considered which explores the relationship
between physical coefficients, such as SNR and fading coefficient, and
decoding coefficient, in order to reduce the complexity of generating
the list using exhaustive search.
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Appendix A

Generator matrices and coset
leaders of BW16 lattice and Leech
lattice

A.1 BW16 lattice

A generator matrix of the BW16 is given as:

G =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 2 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 2 0 0 0 0 0 0 0 0 0
1 1 0 1 1 0 0 2 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 2 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 2 0 0 0 0 0 0
1 1 1 0 1 0 0 0 0 0 2 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 2 0 0 0 0
1 1 1 1 1 0 0 0 0 0 0 0 2 0 0 0
1 0 1 1 1 0 0 0 0 0 0 0 0 2 0 0
1 0 0 1 1 0 0 0 0 0 0 0 0 0 2 0
1 0 0 0 1 2 2 2 2 2 2 2 2 2 2 4



. (A.1)
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For G given above, the matrix of coset leaders for decoding the BW16

lattice is given as following, where each row ci indicates the transpose of a
coset leader.

CT =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 −1 1 −1 −1 1 −1 1 −1 −1 1 −1 −1 1 −1 1
0 −1 0 0 −1 −1 0 1 0 −1 1 −1 −1 0 0 0

−1 0 1 −1 0 0 −1 0 −1 0 0 0 0 −1 −1 1
0 0 1 0 0 1 −1 0 −1 0 1 −1 −1 1 0 0

−1 −1 0 −1 −1 0 0 1 0 −1 0 0 0 0 −1 1
0 −1 1 0 −1 0 −1 1 −1 −1 0 0 0 −1 0 0

−1 0 0 −1 0 −1 0 0 0 0 1 −1 −1 0 −1 1
0 0 0 −1 0 0 −1 1 0 −1 0 −1 −1 1 −1 0

−1 −1 1 0 −1 1 0 0 −1 0 1 0 0 0 0 1
0 −1 0 −1 −1 −1 −1 0 0 0 1 0 0 1 −1 0

−1 0 −1 0 0 0 0 1 −1 −1 0 −1 −1 0 0 1
0 0 1 −1 0 1 0 1 −1 −1 1 0 0 0 −1 0

−1 −1 0 0 −1 0 −1 0 0 0 0 −1 −1 1 0 1
0 −1 1 −1 −1 0 0 0 −1 0 0 −1 −1 0 1 0

−1 0 0 0 0 −1 −1 1 0 −1 1 0 0 1 0 1
0 0 0 0 −1 0 0 1 −1 0 1 0 −1 1 −1 1

−1 −1 1 −1 0 1 −1 0 0 −1 0 −1 0 0 0 0
0 −1 0 0 0 −1 0 0 −1 −1 0 −1 0 1 −1 1

−1 0 1 −1 −1 0 1 1 0 0 1 0 −1 0 0 0
0 0 1 0 −1 1 −1 1 0 0 0 −1 0 0 −1 1

−1 −1 0 −1 0 0 0 0 −1 −1 1 0 −1 1 0 0
0 −1 1 0 0 0 1 0 0 −1 1 0 −1 0 −1 1

−1 0 0 −1 −1 −1 0 1 −1 0 0 −1 0 1 0 0
0 0 0 −1 −1 0 −1 0 −1 −1 1 −1 0 0 0 1

−1 −1 1 0 0 1 0 1 0 0 0 0 −1 1 −1 0
0 −1 0 −1 0 −1 −1 1 −1 0 0 0 −1 0 0 1

−1 0 1 0 −1 0 0 0 0 −1 1 −1 0 −1 −1 0
0 0 1 −1 −1 1 0 0 0 −1 0 0 −1 1 0 1

−1 −1 0 0 0 0 −1 1 −1 0 1 −1 0 0 −1 0
0 −1 1 −1 0 0 0 1 0 0 1 −1 0 −1 0 1

−1 0 0 0 −1 −1 −1 0 −1 −1 0 0 −1 0 −1 0


(A.2)
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A.2 Leech lattice

A generator matrix of the Leech lattice is given as:

G =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 2 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 2 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 2 2 2 2 2 2 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 2 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 2 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0
1 2 2 2 0 0 0 0 2 2 2 4 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 2 0 0 0 2 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0
1 2 0 0 0 2 0 0 0 2 0 0 2 4 0 0 0 0 0 0 0 0 0 0
1 0 2 0 0 0 2 0 0 0 2 0 2 0 4 0 0 0 0 0 0 0 0 0
1 2 2 2 2 2 2 0 2 2 2 0 2 0 0 4 0 0 0 0 0 0 0 0
1 0 0 0 0 0 2 0 2 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0
1 0 0 0 2 0 0 0 0 2 0 0 0 0 0 0 2 4 0 0 0 0 0 0
1 0 0 0 0 2 0 0 0 0 2 0 0 0 0 0 2 0 4 0 0 0 0 0
1 0 0 2 2 2 2 0 2 2 2 0 0 0 0 0 2 0 0 4 0 0 0 0
1 0 0 2 0 2 0 0 2 0 0 0 2 0 0 0 2 0 0 0 4 0 0 0
1 0 0 2 0 0 2 0 0 2 0 0 2 0 0 0 2 0 0 0 0 4 0 0
1 0 0 2 2 0 0 0 0 0 2 0 2 0 0 0 2 0 0 0 0 0 4 0
−3 0 0 0 2 2 2 4 2 2 2 4 2 4 4 4 2 4 4 4 4 4 4 8



.

(A.3)
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The transpose of matrices A, T and the cross reference table on indexing
c for implementing Leech lattice decoding proposed in [48] are given as
following.

AT =



0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0
2 2 2 2 0 0 0 0

−2 2 2 2 0 0 0 0
2 2 0 0 2 2 0 0

−2 2 0 0 2 2 0 0
2 2 0 0 0 0 2 2

−2 2 0 0 0 0 2 2
2 0 2 0 2 0 2 0

−2 0 2 0 2 0 2 0
2 0 2 0 0 2 0 2

−2 0 2 0 0 2 0 2
2 0 0 2 2 0 0 2

−2 0 0 2 2 0 0 2
2 0 0 2 0 2 2 0

−2 0 0 2 0 2 2 0



. (A.4)

TT =



0 0 0 0 0 0 0 0
2 2 2 0 0 2 0 0
2 2 0 2 0 0 0 2
2 0 2 2 0 0 2 0
0 2 2 2 2 0 0 0
2 2 0 0 2 0 2 0
2 0 2 0 2 0 0 2
2 0 0 2 2 2 0 0

−3 1 1 1 1 1 1 1
3 −1 −1 1 1 −1 1 1
3 −1 1 −1 1 1 1 −1
3 1 −1 −1 1 1 −1 1
3 1 1 1 1 −1 −1 −1
3 −1 1 1 −1 1 −1 1
3 1 −1 1 −1 1 1 −1
3 1 1 −1 −1 −1 1 1



(A.5)
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Cindex =



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15
3 4 1 2 7 8 5 6 11 12 9 10 15 16 13 14
4 3 2 1 8 7 6 5 12 11 10 9 16 15 14 13
5 6 7 8 1 2 3 4 13 14 15 16 9 10 11 12
6 5 8 7 2 1 4 3 14 13 16 15 10 9 12 11
7 8 5 6 3 4 1 2 15 16 13 14 11 12 9 10
8 7 6 5 4 3 2 1 16 15 14 13 12 11 10 9
9 10 11 12 13 14 15 16 1 2 3 4 5 6 7 8
10 9 12 11 14 13 16 15 2 1 4 3 6 5 8 7
11 12 9 10 15 16 13 14 3 4 1 2 7 8 5 6
12 11 10 9 16 15 14 13 4 3 2 1 8 7 6 5
13 14 15 16 9 10 11 12 5 6 7 8 1 2 3 4
14 13 16 15 10 9 12 11 6 5 8 7 2 1 4 3
15 16 13 14 11 12 9 10 7 8 5 6 3 4 1 2
16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1


(A.6)

For example, assuming a = [2, 2, 2, 2, 0, 0, 0, 0]T and b = [−2, 2, 2, 2, 0, 0, 0, 0]
are selected. This indicates the row index of a is ia = 3 and the row index
of b is ib = 3, from which the row index of c can be referred from (A.6) as
ic = Cindex(ia, ib) = 2 and c = [4, 0, 0, 0, 0, 0, 0, 0]T .
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