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Goal-Oriented Wireless Sensor Networks: Error Exponent
and Outage Analyses with Distributed Hypothesis Testing

Fatemeh Khaledian , Member, IEEE , Reza Asvadi , Senior Member, IEEE , Ismaila Salihou Adamou,

Wensheng Lin , Member, IEEE , Tad Matsumoto , Life Fellow, IEEE
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Abstract— This paper presents an analytical framework for
characterizing and evaluating the rate-threshold (RT) region
in distributed hypothesis testing (DHT) against independence,
assuming a binary symmetric source (BSS) model. We con-
sider a single sensor–single decision center (DC) setting,
where a lossy source encoder (SE) compresses its observa-
tions using a binary linear block code and transmits them
over a fading wireless channel. The DC, in turn, has perfect
side information via an ideal (error-free, non-fading) channel
and performs hypothesis testing using the Neyman–Pearson
criterion, as shown in the graphical example. In a finite-length regime, we derived lower and upper bounds on the Type-II
error probability and determined the sufficient number of samples (SNS) and the corresponding decision threshold, for
which the bounds are tight and yield an exponential approximation to the Type-II error probability under an ideal channel.
Next, we define the admissible RT region by considering the critical relationship between the source coding rate and
the decision threshold, an essential factor that influences the achievable Type-II error exponent. The impact of channel
fading is then analyzed through the lens of the lossy source–channel separation theorem, leading to an outage probability
expression. Numerical results are provided under the Nakagami fading model, illustrating how the outage probability is
affected by the fading severity, decision threshold, and the correlation level between the source and side information.

Index Terms— Distributed hypothesis testing (DHT), error exponent, decision threshold, sufficient number of samples,
Type-II error approximation, admissible rate-threshold region, outage probability, wireless sensor networks (WSNs).

I. INTRODUCTION

HYPOTHESIS testing (HT) is a fundamental component
of statistical inference, significantly contributing to

decision-making, health monitoring, security alerts, and many
other applications [1]–[4]. In a centralized context, HT draws
inferences from the data collected at a single source (or
location), providing a robust framework for identifying the
underlying distribution of the observations from a specific set
of hypotheses. With the growing use of distributed sensing
technologies and wireless networks, such as Internet of Things
(IoT) systems, wireless sensor networks (WSNs), and cloud
radio access networks, an increasingly volume of data is
being collected by spatially distributed sensors and/or agents.
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The sensors transmit their observations to a decision center
(DC) while adhering to strict communication constraints [5],
within the framework of a distributed hypothesis testing (DHT)
problem. The implementation of DHT becomes particularly
challenging in sensitive applications such as vehicular net-
works and local verification systems [6]. Consequently, eval-
uating decision accuracy under communication constraints,
particularly limited transmission rate, emerges as a critical
design factor [7].

A fundamental scenario in DHT involves binary hypothesis
testing, where the DC aims to identify between a null hy-
pothesis H0 and an alternative hypothesis H1. In this context,
testing against independence arises as a fundamental problem,
wherein understanding dependencies between sensor obser-
vations becomes essential for both theoretical and practical
purposes. In particular, H0 represents the case of statistically
dependent, i.e., correlated observations, while H1 corresponds
to statistical independence, as commonly addressed in a wide
range of studies [8]–[13]. The decision process at the DC can
result in two types of errors. A Type-I error arises when the
DC incorrectly selects H1 although H0 is true. Conversely,
a Type-II error occurs when the DC selects H0 despite H1

being the correct hypothesis.
Due to the high computational complexity involved in

deriving exact analytical expressions for Type-I and Type-
II error probabilities, the error exponent, which characterizes
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Fig. 1: Single sensor-single DC distributed hypothesis testing
problem over a rate-limited error-free channel.

the exponential decay rate of Type-II error probability as the
number of observed samples increases, is often used as a key
performance metric in the asymptotic regime. Error exponent
analyses across a variety of scenarios are reviewed in [14].

While the trade-off between Type-I and Type-II error
probabilities can be addressed through various approaches, a
common technique focuses on analyzing the error exponent of
Type-II error probability while keeping Type-I error probabil-
ity below a fixed constraint [15], [16]. In the specific scenario
of asymmetric setup of DHT, a single sensor communicates
with a single DC over an error-free, rate-limited channel,
while the side information is fully available at the DC, as
illustrated in Fig. 1. In this scenario, [15] establishes a general
lower bound on Type-II error exponent which is optimal in the
case of testing against independence, which can be achieved
through a quantization-based scheme while maintaining Type-
I error probability smaller than a fixed constraint ϵ > 0.
By transmitting both the quantized source and its joint type
with the source to the DC, [16] enhanced the quantization
scheme and established a tighter lower bound on Type-II error
exponent for the general DHT problem. To better exploit
the correlation between the source and side information,
a quantize-binning scheme, known as the Shimokawa-Han-
Amari (SHA) scheme, was introduced in [17], achieving a
further reduction in the required rate. The optimality of this
scheme is shown in [18] for the case of testing against
conditional independence. By employing the quantize-binning
strategy within a layered coding framework, an optimal single-
letter characterization of the rate-error-distortion region for
testing against independence was established in [19]. For a
symmetric DHT scenario with two sensors and a single DC,
both Type-I and Type-II error exponents have been derived
for the binary source case. These results were obtained using
the Körner-Marton scheme [20] and are presented in [21].
The symmetric setup under a zero-rate compression constraint,
where the coding rate of one or both sensors asymptoti-
cally approaches zero, has been analyzed. This line of work
has primarily focused on developing testing schemes and
characterizing the achievable error exponents [16], [22]-[24].
Furthermore, a scenario involving L sensors (L ≥ 1) and a
single decision center (DC) has been examined in the context
of testing against conditional independence. The rate-exponent
region has been characterized for both discrete memoryless
sources and memoryless vector Gaussian sources; see [25] and
references therein for further details.

Although distributed hypothesis testing (DHT) is grounded
in a robust theoretical framework within information theory, it
has also attracted significant attention in practical applications.

In the context of rate-limited, error-free channels, recent
studies, such as [26], have established lower bounds on the
Type-II error exponent for general sources. Furthermore, effi-
cient short-length quantization and quantize-binning schemes
employing binary linear block codes have been developed
specifically for binary symmetric sources (BSS). Analytical
expressions for both Type-I and Type-II error probabilities,
based on these short-length coding strategies, were derived in
[27]. The study of DHT over noisy channels was initiated in
[29], where bounds on Type-II error probability were provided
for testing against conditional independence. Extensions to
multi-access channels (MACs) and hybrid coding schemes
have been presented in [30] and [31], incorporating both joint
and separate source-channel coding approaches. The SHA
strategy, combined with unequal error protection (UEP), has
been shown to achieve optimal error exponents in discrete
memoryless channel (DMC) and MAC scenarios [32]. Some
other works on interactive two-node problems are addressed
in [33] and [34], where the optimal error exponent for testing
against independence is established in [33]. In networks with
multiple decision centers, trade-offs in Type-II error expo-
nent have been explored in the context of broadcast and
relay channels [35], [36], where optimal performance was
characterized using Markov models and cascade architectures.
Further extensions have included cooperative DHT systems
with two decision centers [37], and two-hop or multi-hop
network configurations under expected rate constraints [38],
[39]. Furthermore, DHT has been investigated under privacy
constraints [40], [41] and secrecy constraints [42], [43].

Despite extensive research on DHT across a variety of
channel models and network topologies, most existing studies
assume non-fading communication links. In contrast, real-
world WSN deployments are often affected by fading, which
can substantially degrade system performance. This limitation
is especially significant as WSNs are now commonly used
in dynamic environments where channel conditions change
frequently. In cooperative wireless IoT systems with multi-
terminal source coding, performance is typically evaluated in
terms of outage probabilities under fading channel conditions.
As discussed in [44], many analytical frameworks have been
developed for these scenarios, most of which are based on
Shannon’s source-channel separation theorem [45]. Building
on these principles, recent works such as [46] and [47] have
proposed transmission schemes that integrate source coding
with capacity-achieving channel coding. This approach can
also be extended to DHT systems, offering a strong theoretical
framework for analyzing trade-offs among compression rate,
decision threshold, and accuracy.

The primary objective of this paper is to analyze the
performance of a DHT system, with a particular focus on
outage probability under fading conditions. We investigate a
DHT framework for testing against independence, adopting
the BSS model in a single-sensor, single DC configuration. A
binary linear block code serves as the lossy source encoder
(SE), and the communication channel between the SE and
DC is subject to fading. In particular, the SE-DC channel is
modeled using block Nakagami fading, where the channel
signal-to-noise ratio (SNR) varies from block to block but



AUTHOR et al.: PREPARATION OF PAPERS FOR IEEE SENSORS JOURNAL (JULY 2025) 3

TABLE I: Definitions of the Key Variables in the Paper

Notations Definition(s)

X, Y, U Source, side information, and quantized random variables
x, y, u Source, side information and quantized realizations
X ,Y , U Finite alphabet sets

xn, yn, un Source, side information and quantized vectors with length n

PXY (x, y), PU|X(u|x) Joint probability density function (PDF) of X and Y, conditional PDF between X and U

H0, H1 Null and alternative hypotheses
αn, βn Type-I and Type-II error probabilities
β̃n, β̃∗

n Finite-length and optimal finite-length approximations of Type-II error probability
E1, E∗

1 Type-II error exponent, optimal Type-II error exponent
λn, λr Deterministic and random decision thresholds

ϵ Type-I error probability constraint in (0, 1)

τ Normalized decision threshold with respect to the number of samples n

R(τ), Rc(τ) Admissible and inadmissible rate-threshold regions
dH(.), DH(.) Hamming and the average Hamming distortion

Λ(·, ·) Distortion transfer function
Hb(X) Binary entropy function of X
I(X;Y ) Mutual information function between X and Y

Db(p, q) Binary Kullback-Leibler divergence between two Bernoulli parameters p and q

log base-2 logarithm(n
k

)
Binomial coefficient for integers n and k

[n, k] Binary linear block code of dimension k × n

E[·] Expectation operator
Ja, bK Set of integers between a and b

remains constant within each block. Under this setting, the
main contributions of the paper are summarized as follows:

• We derive both exponential-form lower and upper bounds
on the Type-II error probability, as well as an upper
bound on the Type-I error probability. These bounds
are obtained using exact analytical error probability ex-
pressions, specifically tailored to a practical finite-length
coding scheme employing binary linear block codes, as
detailed in [27].

• Next, we investigate the exponential approximation of the
Type-II error probability in the finite-length regime, es-
tablishing explicit conditions on the sufficient number of
samples (SNS) and the corresponding decision thresholds
that ensure the approximation is reliable. We then assess
the accuracy of this approximation by comparing it with
the optimal exponential characterization of the Type-II
error in the finite-length regime, as discussed in [48].
To this end, we employ a search strategy based on the
randomization decision method proposed in [49] within
the Neyman-Pearson (NP) framework.

• Additionally, we derive the achievable Type-II error ex-
ponent in the asymptotic regime and evaluate system
performance in terms of outage probability, assuming
hypothesis H0 holds. In particular, when the decision
center (DC) erroneously selects H1 due to fading, we
characterize the admissible rate-threshold (RT) region
by linking the rate constraint from [15] to a normal-
ized decision threshold, considering the Markov chain
among the source encoder (SE), side information, and the
quantized source. This relationship is formalized via the
distortion transfer function (DTF) introduced in [50]. The
analysis leverages the source-channel separation theorem,
employing binary linear block codes for source coding

and Gaussian codebooks for channel coding. We further
illustrate how outage probability behavior varies with
fading severity, decision thresholds, and the correlation
between SE and DC observations.

The remainder of this paper is structured as follows. Sec-
tion II details the system and channel models and introduces
key definitions pertinent to the DHT framework. Section III
presents finite-length results, including the conditions nec-
essary for the exponential approximation of the Type-II er-
ror probability. Section IV characterizes the admissible rate-
threshold (RT) region and examines outage probability under
fading channel conditions. Section V reports numerical results,
while Section VI concludes the paper by summarizing the
main findings. A comprehensive list of notations is provided
in Table I.

II. PRELIMINARIES AND SYSTEM MODEL

In this section, we present some fundamental definitions
associated with the DHT problem in a single sensor–single
DC system, focusing on the specific case of testing against
independence. We initially assume an error-free SE-DC chan-
nel, and subsequently define the channel model used in the
outage probability analysis.

A. Distributed Hypothesis Testing against Independence

Consider the system illustrated in Fig. 1, where the SE and
DC observe random vectors xn and yn, both with length n,
respectively. The components of these vectors take values from
finite alphabets X , Y , respectively. The random pairs (Xi, Yj)
are independently and identically distributed (i.i.d.) over the
time indices i, j = 1, ..., n, according to one of the following
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hypotheses

H0 : (X,Y ) ∼ PXY (x, y), (1)
H1 : (X,Y ) ∼ PX(x)PY (y). (2)

The hypothesis H1 represents the case X and Y are indepen-
dent, where the joint distribution is given by the product of the
marginal distributions PX(x) and PY (y) under the hypothesis
H0. This scenario is known as testing against independence.
In the case of the BSS model, X and Y take values in
X ,Y = {0, 1}, with PX(x) = PY (y) ∼ Bern

(
1
2

)
. While the

marginal distributions are identical, Y may be a noisy version
of X , modeled as Y = X ⊕W , where ⊕ denotes addition
over the binary field. The two hypotheses are thus specified
as

H0 : W ∼ Bern(p0), (3)
H1 : W ∼ Bern(p1), (4)

where Bern(p) represents Bernoulli distribution with param-
eter p ∈ [0, 1]. We assume 0 ≤ p0 < 1

2 as the crossover
probability between X and Y under H0, while H1 represent
statistical independent with p1 = 1

2 .
As shown in Fig. 1, the SE observes xn, and transmits a

compressed representation to the DC at the rate RX . The DC
then makes a decision using the received message and the side
information yn. Following the approach in [15], the lossy SE
is modeled as a mapping f : {0, 1}n → J1,MK, where each
m ∈ J1,MK is given by m = f(xn). The DC is modeled as a
function g : J1,MK×{0, 1}n → Ĥ ∈ {H0,H1}, such that the
final decision is denoted by Ĥ = g(f(xn),yn). We consider
the lossy SE under a rate constraint logM

n ≤ RX . For a given
pair (f, g), the decision process can result in two types of
errors, defined by the following probabilities

αn = Pr (g (f (xn) ,yn) = H1 | H0) , (5)
βn = Pr (g (f (xn) ,yn) = H0 | H1) , (6)

where αn and βn represent Type-I error and Type-II error
probabilities, respectively. Given a Type-I error constraint
αn ≤ ϵ, with ϵ ∈ (0, 1), Type-II error exponent E1 satisfies
[21]

E1 ≤ lim
n→∞

sup

{
− 1

n
log βn

∣∣∣ logM ≤ nRX

}
(7)

The optimal Type-II error exponent E∗
1 is then defined as [15]

E∗
1 = max

PU|X
|U|≤|X|+1
RX≥I(U ;X)

I(U ;Y ), (8)

where U is the random variable representing the compressed,
and transmitted version of the source X . Moreover, the mu-
tual information between two random variables X and Y is
denoted by I(X;Y ). For the BSS model, the optimal Type-II
error exponent E∗

1 becomes [51]

E∗
1 = 1−Hb

(
H−1

b (1−RX) ⋆ p0
)
, (9)

with ⋆ denoting the binary convolution, defined as x ⋆ y =
x(1 − y) + y(1 − x) for x, y ∈ [0, 1]. The function H−1

b (·)
denotes inverse of Hb(·), defined in the probability range
[0, 0.5].

B. Quantization Scheme
In [15], it is shown that for DHT against independence,

an information-theoretic quantizer-based scheme minimizes
Type-II error probability βn under the constraint αn ≤ ϵ.
According to the practical approach proposed in [27], we adopt
the following scheme.

1) Code Construction: To perform binary quantization at the
lossy SE, we consider a generator matrix Gq of size k ×
n, corresponding to a binary linear block code [52]. Given a
source vector xn, the SE generates a codeword uk

q as described
in [53]

uk
q = argmin

zk∈{0,1}k

dH
(
zkGq,x

n
)
. (10)

The codeword uk
q is then transmitted to the DC at a code rate

of RX = k
n .

2) Decision Criterion: To perform the decision-making task,
it is not necessary for the DC to fully reconstruct the source
vector xn. Instead, the DC can apply an NP test [54] using
the quantized vector un, defined as un = uk

qGq . According
to the NP lemma, the following test is used

P1(u
n,yn) ≤ µP0(u

n,yn), (11)

which minimizes Type-II error probability βn. The parameter
µ is a pre-specified threshold selected to ensure that Type-I
error probability satisfies αn ≤ ϵ. In (11), P0 and P1 denote
the joint probability distributions of (un,yn) under hypotheses
H0 and H1, respectively. As shown in [54], the test defined
by (11) is equivalent to the following condition

n∑
i=1

dH (ui, yi) < λn, (12)

where λn ∈ N is an integer threshold selected to ensure
that αn ≤ ϵ. Notably, if (12) holds, the DC decides H0;
otherwise, it selects H1. This test depends on the parameter p0
which influences the choice of λn such that the Type-I error
constraint is satisfied.

C. Channel Model
We assume the decision center (DC) is mobile, while the

source encoder (SE) remains stationary, resulting in fading
variations on the SE-DC channel. The severity of the fading
can range from severe, as characterized by Rayleigh fading,
to moderate, as modeled by Nakagami fading with a shape
parameter m > 0.5. Rayleigh fading is commonly employed
to model random multipath propagation in environments with
only non-line-of-sight (NLOS) components. When a line-of-
sight (LOS) path is present, however, the fading character-
istics change substantially. In such cases, the Rician fading
distribution, derived from mathematical propagation models,
is typically used to represent channels with a dominant LOS
component. Nevertheless, the Nakagami-m distribution is of-
ten considered more practical, as it provides a better fit to
experimental data than the Rician model. The PDF of the SNR
γX for the SE-DC channel under Nakagami-m fading is given
by

P (γX) =
mmγm−1

X

γ̄m
XΓ (m)

exp
(−mγX

γ̄X

)
, m >

1

2
, (13)
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where Γ(·) is the complete Gamma function, and m is the
shape parameter that quantifies the severity of the fading. The
case m = 1 corresponds to Rayleigh fading. The relationship
between the Nakagami parameter m and the Rician K-factor
is expressed as

m =
(K + 1)

2

2K + 1
, (14)

where K denotes the ratio of LOS to average NLOS compo-
nent power [56], [57]. Throughout this paper, we adopt a block
fading model, where the channel gain remains constant within
each block and varies independently from block to block.

III. FINITE-LENGTH RESULT

In this section, we first present an upper bound for the Type-
I error probability and both lower and upper bounds for the
Type-II error probability associated with the quantization-and-
decision scheme from Section II. The tightness of these Type-
II error bounds determines the SNS and the corresponding
decision threshold needed to guarantee that the exponential
approximation of the Type-II error probability achieves a
specified accuracy, while keeping the Type-I error probability
below a set constraint. We then evaluate how closely this
exponential approximation aligns with the optimal Type-II
error characterization. Finally, we detail a randomization-based
method for selecting the decision threshold.

The exact analytical expressions for Type-I and Type-II error
probabilities in DHT against independence are given by [27]

αn = 1− 1

N

λn∑
λ=0

dmax∑
i=0

min(λ,i)∑
u=0

Γλ,i,up
j
0 (1− p0)

n−j
Ni, (15)

βn =
1

N
(
1

2
)n

λn∑
λ=0

dmax∑
i=0

min(λ,i)∑
u=0

Γλ,i,uNi, (16)

where Γλ,i,u =
(
i
u

)(
n−i
λ−u

)
, and j = i + λ − 2u. For the

set of non-negative integers {Ni}i∈J0,dmaxK, Ni denotes the
number of vectors xn of Hamming distance i that belong
to the decision region of all-zero codeword un = 0n. The
normalization constant N is given by N =

∑dmax

i=0 Ni.
Proposition 1: Type-I and Type-II error probabilities are
bounded by the following exponential expressions

LBβn
(n, λn) ≤ βn ≤ UBβn

(n, λn), (17)
αn ≤ UBαn

(n, λn, p0) (18)

where LBβn(n, λn) ≜
(
8λn(1 − λn

n )
)− 1

2 2−nDb(1−λn
n || 12 )

and UBβn(n, λn) ≜ 2−nDb(1−λn
n || 12 ). Moreover,

UBαn(n, λn, p0) = ∆
N 2−nDb(

λn
n + 1

n ||p0), with ∆ =∑dmax

i=0 ( 1κ )
i
2

(
κi−1
κ−1

)
Ni and κ =

(
1−p0

p0

)2
.1 The threshold λn

is chosen from the intervals J0, n
2 K and Jnp0 − 1, n − 1K to

ensure that (17) and (18) are satisfied, respectively.
proof : A detailed proof is provided in Appendix.
According to Proposition 1, the Type-II error bounds depend

only on the number of samples n and the decision threshold

1Upper bound in (18) is helpful in problems with exponential Type-I error
probability constraints [58]. Throughout this paper, we focus on the fixed
constraint αn ≤ ϵ according to the NP setting.

λn. This motivates a search for the finite-length regime that
achieves the smallest number of samples, SNS, along with the
corresponding decision threshold λn that jointly satisfy the
following conditions:

UBβn
(n, λn)− LBβn

(n, λn) ≤ δ1, (19)

within a desired precision δ1, while ensuring αn ≤ ϵ. When
(19) is satisfied, the Type-II error probability can be tightly
approximated as β̃n ≃ UBβn(n, λn), with accuracy guaran-
teed to be within δ1. Furthermore, we assess the proximity of
β̃n to the optimal finite-length benchmark β̃∗

n ≃ 2−nE∗
1 .2

β̃n − β̃∗
n ≤ δ2, (20)

within a prescribed precision δ2.
Because n and λn are restricted to integer values, we em-

ploy a randomized scheme to facilitate the optimal selection of
λn [49, Section 7.4]. This approach ensures that, as the number
of samples increases, the average Type-I error probability
ᾱn converges to ϵ. To formalize this scheme, we define the
cumulative distribution function (CDF) for any λn ∈ J0, n

2 K
as follows:

Fn(λn) ≜
1

N

λn∑
λ=0

dmax∑
i=0

min(λ,i)∑
u=0

Γλ,i,up
j
0 (1− p0)

n−j
Ni, (21)

it is straightforward to verify that Fn(λn) = 1−αn. Based on
(21), we define two candidate decision thresholds as follows
[49, Eq. (7.62), Eq. (7.63)]:

λn ≜ argmax
λn : Fn(λn) ≤ 1−ϵ

Fn(λn),

λ̄n ≜ argmin
λn : Fn(λn) ≥ 1−ϵ

Fn(λn).

In general, λn < λ̄n. In this case, we define the randomized
threshold as

λr ≜


λn with probability p,

λ̄n with probability 1− p,

(22)

where the randomized probability

p ≜
(1− ϵ)− Fn(λ̄n)

Fn(λn)− Fn(λ̄n)
,

is selected so that the average Type-I error probability, given
by ᾱn = p(1 − Fn(λ̄n)) + (1 − p)(1 − Fn(λn)), is exactly
equal to ϵ [49, Eq. (7.75)].

Section IV presents numerical examples that satisfy (19)
and (20), illustrating the evaluation of the SNS and λn.

2Following [48, Section IV-A, item (v)], we emphasize that β̃∗
n ≃ 2−nE∗

1

serves not only as an asymptotic expression but also as an attainable finite-
length benchmark for approximating the Type-II error probability.
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Fig. 2: Single sensor-single DC distributed hypothesis testing
problem over a wireless fading channel.

IV. OUTAGE PROBABILITY ANALYSIS

In this section, we formalize the admissible RT region to
analyze the influence of the normalized decision threshold
on system performance. Subsequently, we assess the outage
probability under a fading channel model as determined by
this RT region.
Corollary 1: According to Proposition 1, for the scheme
defined in (10) and (12) utilizing a family of binary linear
block codes [n, k] with k ≤ nRX , the achievable Type-II error
exponent E1 is given by

E1 ≤ lim
n→∞

sup

{
− 1

n
log βn

∣∣∣ k ≤ nRX

}
= 1−Hb(τ), (23)

where τ = lim
n→∞

λn

n and τ ∈ (0, 0.5).

The result follows directly from Proposition 1.
From Cor. 1, we observe that the achievable Type-II error

exponent, a key measure of the decision process [15], signif-
icantly depends on the normalized decision threshold τ . In
addition, under the testing against independence setup, the SE
rate RX must satisfy the following inequality [15]

RX ≥ I (X;U), (24)

where U is an auxiliary random variable representing the
compressed version of the source X . In the case of the BSS
model, the mutual information in (24) can be expressed as

RX ≥ Hb(U)−Hb (U | X) ,

≥ 1−Hb (DX) , (25)

where DX represents the average Hamming distortion between
the source vector xn and its quantized version un = ukGq ,
with uk being the codeword generated using the binary linear
block code with generator matrix Gq .
Remark 1: We consider a Markov chain U −X − Y , where
U is generated solely from X with a bit-flipping probability
DX . Under the BSS model, X and Y are connected by a bit-
flipping channel specified by the crossover probability p0. As
a result, the overall average Hamming distortion between U
and Y is given by the binary convolution DX ⋆ p0.

To explore the impact of the normalized decision threshold
τ on the rate bound derived in (25), we make use of the DTF
as follows
Proposition 1 ([50, Prop. 1]): For any values x, t ∈ [0, 0.5]
and y ∈ [0, 0.5), if x ⋆ y ≤ t, then

x ≤ Λ(y, t) ≜
1

2

(
1− 2t− 1

2y − 1

)
. (26)
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Fig. 3: The trade-off between region R(τ) and the achievable
Type-II exponent E1 of the single sensor-single DC distributed
hypothesis testing system for various values of p0 and τ ∈
(0, 0.5).

Assuming hypothesis H0 holds, the condition DX ⋆ p0 ≤ τ
guarantees a correct decision under the test specified in (12).
Utilizing the DTF from (26), we derive the following upper
bound for DX :

DX ≤ Λ (p0, τ) . (27)

Therefore, considering the inequality above and the corre-
sponding SE rate given in (25), we define the admissible RT
region R(τ) as the set of all source encoder rates RX that
satisfy

R(τ) =
{
RX : lim

n→∞
E
[
DH(un,yn)

]
≤ τ + ε, ∀ε > 0

}
,

(28)

Furthermore, based on (25) and (27), the region R(τ) is then
characterized as follows:

R(τ) =
{
RX : RX ≥ 1−Hb(Λ(p0, τ))

}
. (29)

This region forms the basis for defining the inadmissible RT
region, which is used to evaluate outage probability. Figure 3
illustrates the trade-off between the admissible region R(τ)
and the achievable Type-II error exponent E1. The boundary
curves, derived from (23) and (29), span τ ∈ (0, 0.5) and vari-
ous crossover probabilities p0. As p0 decreases and correlation
increases, the boundary shifts downward, permitting lower RX

for the same E1. The shaded area corresponds to R(τ) with
p0 = 0.3, while the black curve represents the achievable E1

for this scenario.

A. Outage Probability Derivation
Consider the system model with a fading SE-DC channel

depicted in Fig. 2. An outage event occurs when the SE-DC
channel fails to meet the rate requirement specified in (29).
Consequently, the inadmissible RT region, Rc(τ), is defined
as

Rc(τ) = {RX : 0 ≤ RX < 1−Hb (Λ (p0, τ))} . (30)
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If H0 holds and the SE rate RX lies within the inadmissible
region Rc(τ), the overall distortion DX ⋆ p0 will exceed the
threshold τ . In this case, the decision center declares Ĥ = H1,
resulting in a Type-I error and violating the error trade-off
guaranteed by τ . The outage probability is therefore defined
as Pout = Pr {RX ∈ Rc(τ)}, representing the average over all
transmissions. Fig. 4 depicts the boundary curve, derived from
(30), for a range of threshold values. The inadmissible region
Rc(τ) is highlighted for the specific case where τ = 0.4.

According to Shannon’s source–channel separation theorem,
the SE rate RX is constrained by the channel capacity,

RX ≤ Φ(γX) ≜
C(γX)

RC
, (31)

where RC denotes the normalized spectral efficiency3 and the
function C(·) represents channel’s capacity function. For two-
dimensional signaling, the channel capacity using a Gaussian
codebook with per-block SNR γX is given by C (γX) =
log (1 + γX). Thus, γX can be computed using the inverse
function Φ−1, given by γX = Φ−1 (RX) = 2RX − 1. Clearly,
Φ−1 (0) = 0. Using (31) the outage probability Pout can be
characterizes the cases in which the maximum rate supported
by the SNR γX falls within the inadmissible region Rc(τ) as

Pout = Pr {p0 ∈ [0, 0.5) , RX ∈ Rc(τ)}
= Pr

{
0 ≤ RX < 1−Hb (Λ (p0, τ)) , p0 ∈ [0, 0.5)

}
= Pr

{
Φ−1(0) ≤ γX ≤ Φ−1(1−Hb(Λ(p0, τ))),

p0 ∈ [0, 0.5)
}
. (32)

The outage probability in (32), under the assumption of block
Nakagami-m fading on the SE-DC channel, can be evaluated
as follows:

3Under the assumption of Shannon’s separation theorem, we set RC = 1
for the transmission chain of the SE-DC channel, including both channel
coding and modulation multiplicity. This corresponds, for example, to half-
rate coding combined with quaternary phase shift keying (QPSK) modulation.
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Fig. 5: Type-I and Type-II error probabilities as functions of
p0 and λn.

Pout =

∫ Φ−1(1−Hb(Λ(p0,τ)))

Φ−1(0)

P (γX) dγX

=
mm

γ̄m
XΓ(m)

exp

(
−mΦ−1 (1−Hb (Λ (p0, τ)))

γ̄X

)
×

m−1∑
t=0

at,γ̄X

(
Φ−1 (1−Hb (Λ (p0, τ)))

)m−1−t
. (33)

where at,γ̄ =
(−1)tt!(m−1

k )
(−m

γ̄ )
t+1 according to [59, Eq. (2.321.2)].4

V. NUMERICAL EVALUATIONS

This section presents numerical results in three parts. First,
we display the derived bounds for Type-I and Type-II error
probabilities, using two examples based on binary linear block
codes. Second, we illustrate the computation of the SNS and

4As observed in [45, Chapter 8, Q4], channels with memory generally
exhibit higher capacity than memoryless channels when operating under
the same average bit error rate (BER). Consequently, a time-varying fading
channel can achieve greater capacity than a block-fading channel, which is
effectively modeled as a static, memoryless AWGN channel within each block.
Accordingly, the outage probability derived from the block-fading model
serves as an upper bound on the outage probability.
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Fig. 6: Sufficient number of samples and the corresponding
random decision threshold λr for p0 = {0.01, 0.1} with RX =
0.5.

the random decision threshold, as described in Section III.
Third, we assess overall system performance in terms of
outage probability under Nakagami-m fading, applying the
numerical integration method introduced in Section IV.

A. Type-I and Type-II error probability bounds

The exact analytical values of Type-I and Type-II error
probabilities, given by (15) and (16), along with the cor-
responding lower and upper bounds as derived in (17) and
(18) are shown in Fig. 5. We consider a Bose–Chaudhuri–
Hocquenghem (BCH) code [31, 11] with dmax = 7 and λn =
15, as well as a best known linear code (BKLC)5 [50, 25] with
dmax = 10 and λn = 25 as shown in Fig. 4(a).6

It is clear that a lower correlation, i.e., larger values of p0,
results in a higher Type-I error probability for a fixed threshold
λn. This occurs because the NP test is more likely to exceed
the threshold λn when p0 is larger, causing the DC to more

5The best known linear block code (BKLC) is obtained using the Magma
calculator [60].

6For the BCH code [31, 11], we obtain {Ni}i∈J0,7K= {1, 31, 465, 4495,
31465, 1669911, 522009, 320199}, and for the BKLC [50, 25], we have
{Ni}i∈J0,10K = {1, 50, 1225, 19600, 230300, 1864982, 6906666, 11767026,
9435459, 3125556, 203565, 2}, as calculated by [60].
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Fig. 7: Sufficient number of samples and the corresponding
random decision threshold λr for RX = {0.3, 0.5} with p0 =
0.01.

frequently select Ĥ = H1, thereby increasing the probability
of Type-I error. Furthermore, as the number of samples n
increases from 31 to 50, both the upper bound and the exact
values of Type-I error probability decrease. However, the
tightness of upper bounds does not vary significantly with n.
This shows other parameters, such as λn and {Ni}i∈J1,dmaxK,
also play a significant role in the case of short block lengths.

Fig. 4(b) depicts Type-II error probability with the corre-
sponding lower and upper bounds in terms of λn ∈ (0, n

2 )
for block lengths n = 31 and 50 with a fixed crossover
probability p0 = 0.1. According to the NP test given in
(11), as the threshold increases toward n

2 , the acceptance
region for deciding Ĥ = H0 expands. This causes the DC
to be more likely to select H0, thereby increasing Type-II
error probability. Additionally, as expected, the exact values of
Type-II error probability, the lower and upper bounds decrease
as the number of samples increases from n = 31 to 50 for the
same threshold λn.

B. Sufficient number of samples

For a given positive integer ℓ, the computed values of the
SNS and the random decision threshold λr, which satisfy (19)
and (20) for a precision level δ = {δ1, δ2} = 10−ℓ, are
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TABLE II: Magnitude of the representative metrics for a given number of samples with R = 0.8, p0 = 0.01 and ϵ = 0.1.

ϵn

n
100 300 500 700 900 1100 1300 1500 1700 1900

αn 0.2151 0.1543 0.0803 0.0668 0.0880 0.1059 0.0983 0.1177 0.1300 0.0967

ᾱn 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000

UBβ − LBβ 2.7639e-22 1.6470e-66 1.8648e-109 1.0386e-153 2.7652e-199 7.1097e-245 3.8760e-289 0 0 0

β̃n − β̃∗
n 3.2700e-22 1.8234e-66 2.0138e-109 1.1085e-153 2.9308e-199 7.4971e-245 4.0692e-289 0 0 0

depicted in Figs. 6 and 7. Moreover, A heuristic brute-force
search procedure is described in Algorithm 1 to determine
the SNS and λr.7 For given p0, R, and ϵ, we first set
N = ⌈2n(1−R)⌉ to satisfy the sphere-covering bound as
N ≥ 2n(1−R) [55].8 Following this, the values of Ni are
generated as Ni =

(
n
i

)
for i ∈ J0, dmaxK, where they satisfy

N =
∑dmax

i=0 Ni.9 Hence, dmax is the largest value of i
required. Next, we compute λr using the randomized method
in (22) to evaluate LBβ(n, λr) and UBβ(n, λr). Finally, the
conditions (19) and (20) are verified. The SNS and λr are then
returned as the feasible smallest n and the selected decision
threshold, respectively.

In Fig. 6, the results are presented for R = 0.5, with
p0 ∈ {0.01, 0.1} and ϵ ∈ {0.001, 0.01}. As the precision
level ℓ increases, i.e., as δ = 10−ℓ decreases from 10−1

to 10−5, the SNS values exhibit a noticeable increase, and
the selected values of threshold λr also increase accordingly.
However, it can be seen that λr increases more slowly than the
SNS values, leading to the ratio λr

n decreasing as ℓ increases.
Moreover, a more stringent Type-I constraint, e.g., ϵ = 0.001,
requires a larger SNS in order to satisfy αn ≤ ϵ. In contrast,
stronger correlation between source and side information, i.e.,
smaller p0, substantially reduces the required SNS; notably,
in the highly correlated regime, e.g., p0 = 0.01, an SNS of
at most 50 is sufficient even for δ = 10−5, demonstrating
rapid convergence to β̃∗

n. The staircase-like patterns observed
in both subfigures reflect the inherent discreteness of n and
λr.

Fig. 7 analyzes a highly correlated source with p0 = 0.01
under compression rates RX ∈ {0.3, 0.5} and Type-I error
constraints ϵ ∈ {0.001, 0.01}. As the precision parameter δ
tightens, both the SNS and the threshold λr increase to meet
the requirements of (19) and (20). A higher rate (RX = 0.5)
reduces the required SNS, indicating that lower Type-II error
probabilities, closer to β̃∗

n, can be achieved for the same
Type-I constraint ϵ. This trend is consistent with the behavior
observed in Fig. 6, where a stricter constraint ϵ = 0.001
demands a larger SNS. Notably, in this strongly correlated
regime (p0 = 0.01), an SNS below 90 suffices even at

7Given the short-length nature of DHT [27], a brute-force search is utilized
to identify the sufficient values of n.

8Since we treat dmax as the covering radius of a binary linear block
code [n, nR] [55, Theorem 2.1.11], reducing N decreases dmax which in
turn improves the Receiver Operating Characteristic (ROC) that reflects the
decision performance [28].

9Note that utilizing the minimum-distance quantizer in (10) implies the
weight distribution satisfies Ni =

(n
i

)
for i ∈ J0, dmaxK, truncated to the

sum exactly to N .

Algorithm 1: A heuristic method for determining SNS
and λr

Require: p0 ∈ [0, 0.5), R ∈ [0, 1], ϵ ∈ (0, 1), ℓ ∈ J1, 5K
1 δ ← 10−ℓ;
2 nstart ← 1;
3 nmax ← 500;
4 for n = nstart to nmax do
5 N ← ⌈2n(1−R)⌉;
6 i← 0, S ← 0;
7 while S < N do
8 if S +

(
n
i

)
≤ N then

9 Ni ←
(
n
i

)
;

10 S ← S +Ni;
11 i← i+ 1;

12 else
13 Ni ← N − S;
14 S ← N ;
15 dmax ← i;

16 for λn = 0 to ⌊n/2⌋ do
17 UPDATE Fn(λn) using (21);
18 SELECT λr using (22);
19 UPDATE LBβn(n, λr) using (17);
20 UPDATE UBβn

(n, λr) using (17);
21 if UBβn

− LBβn
≤ δ then

22 β̃n ← UBβn
(n, λr);

23 if β̃n − β̃∗
n ≤ δ then

24 SNS← n;
25 return SNS, λr;

δ = 10−5, illustrating rapid convergence to β̃∗
n.

To determine the finite-blocklength regime in which the
Type-II error bounds become meaningfully tight, the polyno-
mial prefactor in LBβn(n, λr), namely,

(
8λr(1 − λr

n )
)−1/2

,
must be negligible relative to the exponentially decaying
UBβn

(n, λr). This requires that the decay rate of the prefactor,
on the order of O(1/√n), be dominated by the exponential
term. On the other hand, the search procedure must ensure
that the selected values of λr and SNS satisfy the constraint
αn ≤ ϵ, which directly affects the tightness of the Type-
II bounds. In particular, smaller values of ϵ generally re-
quire larger SNS to meet this constraint. Consequently, the
O(1/√n) term provides a lower bound on the complexity of
the approximation of β̃n.
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Fig. 8: The impact of the crossover probability p0 on the
outage probability for a normalized decision threshold τ =
0.45.

Table II represents key performance metrics for R = 0.8,
p0 = 0.01, and ϵ = 0.1 across a broad range of sample
sizes n ∈ {100, 300, . . . , 1900}. The per-sample Type-I error
probability αn fluctuates around the constraint ϵ = 0.1
due to the randomized selection of the decision threshold
λr, whereas the average Type-I error ᾱn matches the target
value ϵ = 0.1 exactly for each n. Both the interval length
UBβn(n, λr) − LBβn(n, λr) and the gap β̃n − β̃∗

n decrease
rapidly with increasing n, approaching zero.

C. Outage Probability

In this section, we compare the outage probability as a
function of the average SNR γ̄X for the SE-DC channel,
considering the influence of the correlation level between
between X and Y through the crossover probability p0, the
normalized decision threshold τ and the fading parameter m.
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Fig. 9: The impact of the normalized decision threshold τ on
the outage probability for a crossover probability p0 = 0.1.

In Fig. 8, the decision threshold is fixed at τ = 0.45, while
the parameter p0 increases from 0.1 to 0.4. It is obvious that
the outage probability increases with higher levels of p0. This
behavior is anticipated because a higher rate RX must be
supported by the fading channel when the side information is
less correlated, as described by (29). Fig. 8(a) presents results
for m = 1, 2, while Fig. 8(b) illustrates the case for m = 1
and 5. By comparing the curves, it becomes clear that for the
same values of p0, a lower fading severity, which is indicated
by a larger m, results in a lower outage probability.

Fig. 9 presents outage probability results for a scenario in
which the crossover probability is at most p0 = 0.1, while the
decision threshold τ is varied within the range (0.3, 0.45) at
the DC. As in the previous demonstration, Fig. 9(a) displays
the results for m = 1, 2, and Fig. 9(b) depicts the results
for m = 1, 5. In these sub-figures, increasing τ leads to
a decrease in the outage probability. Notably, there is a
significant reduction in the outage probability is achieved for
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Fig. 10: The impact of τ on the source encoder rate RX for
p0 = [0, 0.1].

τ = 0.45. Since τ increases in steps of 0.05, the value of
Λ(p0, τ) also monotonically increases for a fixed p0, as shown
in Fig. 10(a).

The minimum required SE rate, described in (29), is il-
lustrated in terms of p0 in Fig. 10(b). As p0 increases, the
required SE rate also rises, which must be supported by the
fading channel; otherwise, an outage occurs. However, this
behavior is less visible when τ = 0.45 as shown by the blue
line. This reflects as τ approaches 0.5, the minimum required
rate tends zero, indicating there are almost no cases of fading
variation resulting in an outage.

VI. CONCLUSIONS

This paper established a theoretical framework for analyzing
DHT problem in a goal-oriented WSN consisting of a single
sensor and a single DC. By establishing a direct connection
between the decision threshold and the source encoding rate,
we defined a rate-threshold region. Within this framework, we
have derived the outage probability of the DHT system over a
fading SE-to-DC wireless channel, assuming that perfect side
information is available at the DC via an error-free link. By

characterizing the rate–threshold region, we quantified system
performance in the presence of Nakagami fading, considering
fading severity, decision threshold, and the correlation between
the source and side information as key parameters. It has been
shown through numerical calculations that the outage proba-
bility decreases as the correlation reduces and as the decision
threshold increases within its effective range. The findings
provide constructive insights into the design of reliable de-
centralized decision-making mechanisms in WSNs operating
under fading conditions. Future research directions include
extending the proposed framework to multi-sensor systems,
exploring a broader range of fading models, and developing
adaptive decision thresholds for dynamic environments.
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APPENDIX

In this section, we provide a detailed proof of Prop. 1.
According to (15), we have

αn =
1

N

n∑
λ=λn+1

dmax∑
i=0

min(λ,i)∑
u=0

Γλ,j,ip
j
0q

n−j
0 Ni, (34)

where j = i + λ − 2u and 0 ≤ u ≤ min(i, λ) ≤ n,
Γλ,j,i =

(
i
u

)(
n−i
λ−u

)
and q0 = 1−p0. Note that Ni represents the

number of sequences xn with Hamming distance i that belong
to the decision region of the all-zero codeword uk

q = 0k. We
define N =

∑dmax

i=0 Ni, where dmax is the maximum Hamming
distance for which the source words xn are mapped to the all-
zero codeword using a binary linear block code.
First, we provide an upper bound for αn through mathematical
manipulation. According to Vandermonde’s identity [61], we
observe that

(
i
u

)(
n−i
λ−u

)
≤

(
n
λ

)
. Consequently, (34) can be

initially upper-bounded as follows

≤ 1

N

n∑
λ=λn+1

dmax∑
i=0

min(λ,i)∑
u=0

(
n

λ

)
p
(λ+i−2u)
0 q

n−(λ+i−2u)
0 Ni

=
1

N

n∑
λ=λn+1

(
n

λ

)
pλ0q

n−λ
0

dmax∑
i=0

(
p0
q0

)i
min(λ,i)∑

u=0

(
q0
p0

)2uNi

=
1

N

n∑
λ=λn+1

(
n

λ

)
pλ0q

n−λ
0

dmax∑
i=0

(
p0
q0

)iGsNi︸ ︷︷ ︸
B

, (35)

here Gs =
(

κmin(λ,i)−1
κ−1

)
, which is derived from the formula

for a geometric sum with ratio κ = ( q0p0
)2. On the other hand,
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part B can be upper-bounded as follows

B =

dmax∑
i=0

(
1

κ
)

i
2

(κmin(λ,i) − 1

κ− 1

)
Ni

≤
dmax∑
i=0

(
1

κ
)

i
2

(κi − 1

κ− 1

)
Ni

≜ ∆, (36)

where the last inequality holds because κ ≥ 1, and also due
to the property of the minimum function, min(λ, i) ≤ i.
Therefore, by substituting (36) into (35), we have

αn ≤
∆

N

n∑
λ=λn+1

(
n

λ

)
pλ0q

n−λ
0

≤ ∆

N
2−nDb(

λn
n + 1

n ||p0), (37)

if p0 < λn+1
n < 1, the last inequality follows from the upper

bound on the binomial distribution given in [62, lemma 4.7.2].
Next, we investigate both the lower and upper bounds for

Type-II error probability βn.

Lemma 1 : With the blocklength n and an integer threshold
0≤λn ≤ n, Type-II error probability can be expressed as:

βn = (
1

2
)n

λn∑
λ=0

(
n

λ

)
. (38)

Proof : According to (16), we define

Wβi
= (

1

2
)n

λn∑
λ=0

min(λ,i)∑
u=0

(
i

u

)(
n− i

λ− u

)
. (39)

Consider the summation term with respect to u in (39), we
separate it into the following two cases:
i) if λ < i, by utilizing the Vandermonde’s identity [61], we
have

λ∑
u=0

(
i

u

)(
n− i

λ− u

)
=

(
n

λ

)
.

ii) if λ > i, by using the binomial formula, we have

(1 + x)n =
n∑

λ=0

(
n

λ

)
xλ,

(1 + x)i (1 + x)n−i =

i∑
u=0

(
i

u

)
xu

n−i∑
u′=0

(
n− i

u′

)
xu

′ n∑
λ=0

δλ,u+u′

=

n∑
λ=0

xλ
i∑

u=0

(
i

u

)
n−i∑
u′=0

(
n− i

u′

)
δu′,λ−u

=

n∑
λ=0

xλ
i∑

u=0

(
i

u

)(
n− i

λ− u

)∣∣∣
0≤λ−u≤n−i

,

where δ(·,·) denotes the Kronecker delta function. Then, the
following equality is derived:

i∑
u=0

λ−(n−i)≤u≤λ

(
i

u

)(
n− i

λ− u

)
=

(
n

λ

)
, (40)

given that λ − (n− i) = λ − n < 0. With i = 0 being
the minimum possible value for the summation index, the
summation in (40) is properly bounded. Therefore, we can
express (16) as,

βn =
1

N
(
1

2
)n

dmax∑
i=0

λn∑
λ=0

(
n

λ

)
Ni

= (
1

2
)n

λn∑
λ=0

(
n

λ

)
.

According to Lemma 1 and [62, lemma 4.7.2], when 0 <
λn

n < 1
2 , lower and upper bounds for βn can be established

as follows(
8λn

(
1− λn

n

))− 1
2

2−nDb(1−λn
n || 12 ) ≤ βn ≤ 2−nDb(1−λn

n || 12 ).

■
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