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ABSTRACT

The explosive proliferation of artificial intelligence (AI), cloud computing, and the Internet of
Things (IoT) has transformed power consumption in semiconductor integrated circuits into one
of the most pressing technical and environmental challenges of the 21st century. Data centers
supporting large-scale AI models now rival small nations in electricity demand, with projections
estimating that AI-related infrastructure could account for 8% of global power by 2030. Simulta-
neously, billions of IoT and wearable devices operate under stringent battery or energy-harvesting
constraints, where micro-watt-level efficiency improvements directly translate to extended oper-
ational life and enhanced user experience.

Adiabatic logic, first conceptualized by Landauer and later formalized by Charles Bennett in
1973, offers a radical alternative: reversible computation that preserves information and enables
energy recovery. By charging and discharging capacitive loads through resonant power-clock
networks, adiabatic circuits can theoretically eliminate𝐶𝑉2 𝑓 dissipation during switching. Early
explorations in the 1980s and 1990s demonstrated logical reversibility in CMOS, but practical
energy recovery remained elusive due to the absence of efficient resonant mechanisms and sig-
nificant circuit overhead.

Among adiabatic families, Two-Level Adiabatic Logic (2LAL) stands out for its near-ideal en-
ergy recovery, robust noise margins, and compatibility with standard CMOS processes. Employ-
ing dual-rail encoding, transmission gates (T-gates), and four-phase power clocks, 2LAL achieves
charge recycling withminimal non-adiabatic losses. Recent industry breakthroughs, such as Vaire
Computing’s Ice River test chip in 2025, have demonstrated net energy recovery with a 1.77× effi-
ciency factor over conventional circuits in 22 nm CMOS, validating resonant adiabatic switching
in silicon for the first time.

Even though 2LAL has an excellent potential in power dissipation, in its fully pipelined gate-
level configurations, mandatory “decompute” operations for charge recovery cause severe buffer
overhead. Input and output signals of each logic gate are buffered across pipeline stages. When the
role of an output signal is completed, more specifically, after driving the decomputes of all fanout
gates of the output signal, its replica is regenerated from the input and placed it in opposition to the
target output signal for returning charge to the power supply. This decompute must be performed
for every gate, leading to an explosive increase in buffer count and impractical circuit area.

This thesis aims to systematically reduce this buffer overhead by determining and optimizing
which logic gates should receive early decompute and at what timing it should be applied. Early
decompute involves decomputing a gate output immediately after computing the subsequent out-
put and recomputing it when the subsequent output is decomputed. Although this doubles decom-
pute operations per gate, it eliminates buffers between the first decompute and recompute phases,
enabling substantial area reduction. While prior work proposed only simple heuristics for this
concept, this research focuses on the structural properties of adiabatic circuits and formulates the
problem of selecting early decompute targets and their timing as an integer linear programming
(ILP) task from three distinct approaches:

1. Formulating early decompute insertion as a pipeline stage assignment problem under fixed
scheduling to achieve optimization.

2. Reformulating early decompute target selection as a weightedmaximum stable set problem
on an Extended And-Inverter Graph (E-AIG), significantly reducing the search space in
terms of total pipeline stages and candidate gate count, thereby shortening computation
time.

3. Extending the first approach to jointly optimize early decompute timing and logic gate
pipeline stage assignment, enhancing scheduling flexibility.

These methods were applied to all 11 circuits in the ISCAS-85 benchmark suite, a stan-
dard for combinational logic synthesis, and evaluated using the area efficiency metric 𝐸area =
𝑀2LAL/𝑀CMOS. Results showed up to 79.1% area reduction compared to 2LAL circuits without
any early decompute, and up to 55.9% improvement over circuits obtained by prior heuristic meth-
ods. Notably, the second method achieved optimal solution extraction for all 11 circuits in under
one second. This enabled analysis of the trade-off between area performance and computation
time, clarifying the applicable scope of each method.

A rigorous energy-area-leakage trade-off analysis, validated through nanometer-scale LTspice
simulations across 45 nm, 35 nm, and 22 nm nodes, confirmed that optimized 2LAL maintains



orders-of-magnitude energy superiority over CMOS evenwith residual overhead, with advantages
strengthening in leakage-dominated advanced nodes due to exponentially rising static power. Tol-
erable area overheads reach 500×–1200× at practical frequencies, providing vast headroom for
deployment.

Additionally, the appendix proposes two LC-resonant power-clock generators (2N2P-1 and
2N2P-2) for trapezoidal waveforms. Design equations and theoretical power consumption for-
mulas were derived for each, and characteristics were evaluated and compared via LTspice simu-
lation. This provides a theoretical guideline for selecting the optimal power-clock configuration
from a power dissipation perspective, establishing a foundation for designing adiabatic logic cir-
cuits as a complete system encompassing both logic and power components.

This research establishes a comprehensive design automation framework for practical syn-
thesis of Two-Level Adiabatic Logic (2LAL), simultaneously achieving circuit area optimization,
computational efficiency, power system integration, and verified energy superiority in modern
technology nodes—paving the way for deployment in ultra-low-power IoT, edge AI, implantable
devices, and energy-harvesting systems.

Keywords: adiabatic logic, reversible computing, Two-Level Adiabatic Logic (2LAL), early
decompute scheduling, buffer minimization, integer linear programming, stable set problem,
pipeline rescheduling, energy-area trade-off, low-power VLSI, sustainable computing
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Chapter 1

Introduction

1.1 Background and Historical Context

The relentless expansion of digital technologies propelled by artificial intelligence (AI),
cloud computing, and the Internet of Things (IoT), has transformed power consumption
into a defining challenge of the 21st century. Data centers supporting large-scale AI
models now rival small nations in electricity demand, with projections estimating that
AI-related infrastructure could account for 8% of global power by 2030 [1, 2, 3, 4]. Si-
multaneously, billions of IoT and wearable devices operate under stringent battery con-
straints, where micro-watt-level improvements directly translate to extended operational
life and enhanced user experience [5, 6].

For over six decades, complementary metal-oxide-semiconductor (CMOS) technol-
ogy has sustained exponential performance growth through Dennard scaling andMoore’s
Law. However, as transistor dimensions approach atomic scales, fundamental physical
barriers, including leakage currents, quantum tunneling, thermal dissipation, and short-
channel effects, have rendered further power reduction via process scaling increasingly
untenable [8]. The thermodynamic limit articulated by Rolf Landauer in 1961 [9] that
erasing one bit of information dissipates at least 𝑘𝑇 ln 2 joules of energy, further under-
scores the inherent inefficiency of irreversible computation in conventional logic.

Adiabatic logic, first conceptualized by Landauer and later formalized by Charles
Bennett in 1973 [10], offers a radical alternative, i.e., reversible computation that pre-
serves information and enables energy recovery. By charging and discharging capac-
itive loads through resonant power-clock networks, adiabatic circuits can theoretically
eliminate 𝐶𝑉2 𝑓 power dissipation during switching. Early explorations, such as MIT’s
Pendulum processor in the 1990s [11], demonstrated logical reversibility in CMOS, but
practical energy recovery remained elusive due to the absence of efficient resonant mech-
anisms.

The thermodynamic imperative for reversible computation was formalized by Rolf
Landauer in 1961 [9], establishing that irreversible bit erasure dissipates at least 𝑘𝐵𝑇 ln 2
energy. Charles Bennett subsequently demonstrated in 1973 [12] that computation can
be performed with arbitrarily low energy dissipation if it is carried out reversibly, that is
preserving all intermediate information until it is explicitly ”uncomputed” or returned to
a known state.

Adiabatic logic families, including 2LAL, represent the physical embodiment of Ben-
nett’s reversible computing paradigm in classical CMOS hardware. By employing time-
varying power-clocks and retractile decompute operations, these circuits avoid irreversible
state transitions, recovering charge that would otherwise be dissipated in conventional
logic. This direct mapping from reversible computation theory to circuit-level imple-
mentation enables energy dissipation approaching the Landauer limit in the absence of
leakage—a feat unattainable with irreversible static CMOS gates.
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Beyond near-term ultra-low-power applications, adiabatic circuits hold broader sig-
nificance as a potential hardware foundation for large-scale reversible computing. Re-
versible architectures are theoretically essential for overcoming fundamental energy bar-
riers in classical computing and serve as a bridge to quantum computing paradigms,
where unitary (reversible) operations are intrinsic. While current quantum systems op-
erate at cryogenic temperatures with superconducting or trapped-ion qubits, future room-
temperature or hybrid classical-quantumplatformsmay leverage adiabatic/reversible clas-
sical subsystems for error correction, classical preprocessing, or reversible garbage man-
agement [12].

Among adiabatic logic families, Two-Level Adiabatic Logic (2LAL) [13] stands out
for its near-ideal energy recovery, robust noise margins, and compatibility with standard
CMOS processes. Employing dual-rail encoding, transmission gates (T-gates), and four-
phase power clocks, 2LAL achieves charge recycling with minimal non-adiabatic losses.
However, its mandatory “decompute” operations and fine-grained pipelining necessitate
extensive buffer insertion to manage signal lifetimes, resulting in area overhead that has
historically hindered industrial adoption.

Recent industry breakthroughs, such as Vaire Computing’s Ice River test chip in
2025 [15, 16, 17], have reinvigorated interest in adiabatic and reversible computing. Fab-
ricated in 22nm CMOS, Ice River demonstrated net energy recovery with a 1.77× effi-
ciency factor over conventional circuits, validating resonant charge recycling in silicon
for the first time. While such developments signal a new era of energy-efficient com-
puting, they also highlight the persistent challenge of circuit-level overhead, particularly
buffer proliferation in pipelined adiabatic designs.

The optimization framework developed in this thesis targets applications where ab-
solute energy minimization is the primary constraint, often at the expense of moderate
throughput and area overhead. Fully pipelined 2LAL exhibits superior energy efficiency
at lower operating frequencies, as adiabatic charging losses decrease quadratically with
reduced clock rates while charge recovery mitigates irreversible dissipation. This char-
acteristic makes 2LAL particularly well-suited for energy-constrained domains where
real-time performance is secondary to extended operational lifetime or harvested-energy
sustainability.

Key target scenarios include:

• Battery-powered IoT edge devices: Sensor nodes in remote monitoring networks
(e.g., environmental, agricultural, or structural health monitoring) operate inter-
mittently with low duty cycles. Optimized 2LAL can enable multi-year battery
life by reducing per-operation energy by orders of magnitude compared to static
CMOS [18, 19, 20].

• Energy-harvesting systems: Devices powered by ambient sources (RF, vibra-
tion, thermal, or solar) have severely limited power budgets. Adiabatic logic’s
compatibility with resonant power delivery and low-frequency operation aligns
naturally with harvested-energy profiles, as demonstrated in RF-powered IoT pro-
totypes [21, 22, 23, 24].

• Low-power security primitives: Cryptographic hardware such as Physically Un-
clonable Functions (PUFs) for device authentication and key generation benefit
from adiabatic implementations that provide inherent resistance to power side-
channel attacks alongside ultra-low energy consumption. Numerous studies have
proposed adiabatic PUFs for secure IoT authentication [25, 26].

• Implantable and wearable medical sensors: Applications requiring decades-
long operation without battery replacement demand extreme energy efficiency un-
der strict size constraints.
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1.2 Significance and Research Positioning

This thesis is positioned at the intersection of theoretical adiabatic principles and prac-
tical circuit synthesis, addressing a critical gap that has limited the scalability of 2LAL:
buffer overhead in fully pipelined implementations. While prior work has focused on
device-level energy recovery or high-level architectural reversibility, few studies have
systematically tackled the scheduling and timing optimization required to minimize aux-
iliary circuitry without compromising correctness or adiabatic efficiency.

The significance of this research lies in its dual contribution:

1. Establishing a rigorous optimization framework for early decompute scheduling—
a technique that strategically shortens signal lifetimes to reduce buffer insertion
while preserving data dependencies and charge recovery integrity.

2. Providing a scalable, hierarchical methodology that bridges exact optimization
for medium-scale designs with heuristic-free convergence for large-scale bench-
marks, offering designers a versatile toolkit for 2LAL synthesis.

By evaluating all proposed methods on the ISCAS-85 benchmark suite using the area
efficiency metric 𝐸area = 𝑀2LAL/𝑀CMOS, this work quantifies the trade-off between pre-
cision, scalability, and computational cost.

In the broader context of sustainable computing, this research complements emerg-
ing industry efforts by focusing on logical and timing optimization rather than physical
energy recovery alone. Together, these parallel advances signal a convergence toward
practical, ultra-low-power adiabatic computing systems.

1.3 Thesis Overview

The remainder of this thesis is organized as follows:

• Chapter 2 reviews the theoretical foundations of adiabatic logic, with emphasis on
2LAL’s operational principles, buffer overhead challenges, and evaluation metrics.

• Chapters 3–5 present the core methodological contributions: a progressive hier-
archy of early decompute optimization techniques, ranging from exact ILP-based
scheduling under fixed pipelines, through scalable stable set reformulation, to joint
optimization with dynamic rescheduling.

• Chapter 6 provides a rigorous energy-area-leakage trade-off analysis, deriving the
optimal operating frequency and validating the energy superiority of optimized
2LAL through nanometer-scale simulations.

• Chapter 7 synthesizes the results, discusses limitations, outlines practical guide-
lines for method selection, and proposes future research directions.

• Appendices:

– Appendix A validates the re-implemented baseline heuristic against pub-
lished results, confirming its correctness as a comparison baseline.

– Appendix B presents validation results for the open-sourceMIP solvers (Cbc
and HiGHS) using standard benchmark instances (MIPLIB 2017), confirm-
ing their correctness and reliability.

– Appendix C explores complementary power-clock generation strategies to
enhance overall system efficiency.
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Chapter 2

Preliminary

2.1 Landauer Limit and Theoretical Lower Bound of Energy Dissipation

The Landauer principle [9] establishes a fundamental thermodynamic limit on energy
dissipation in computation. It states that the erasure of one bit of information requires a
minimum energy dissipation of

𝐸min = 𝑘𝐵𝑇 ln 2 ≈ 2.87 × 10−21 J/bit (𝑇 = 300 K) (2.1)

where 𝑘𝐵 = 1.38×10−23 J/K is the Boltzmann constant and𝑇 is the absolute temperature.
This bound arises from the second law of thermodynamics. When a bit is erased—

mapping two logical states (0 and 1) to a single state—the entropy of the system decreases
by Δ𝑆 = 𝑘𝐵 ln 2. To satisfy the second law, this entropy reduction must be offset by an
increase in the entropy of the thermal environment, requiring a minimum heat dissipation
of 𝑇Δ𝑆 = 𝑘𝐵𝑇 ln 2.

In conventional digital circuits based on static CMOS logic, information erasure oc-
curs at nearly every gate [12]. For example:

• A 2-input AND gate accepts four possible input combinations but produces only
two output states, erasing approximately one bit of information on average per
operation.

• An inverter maps two input states to one output state, erasing exactly one bit.

As a result, even in the ideal case of zero resistance, zero leakage current, and infinitely
slow switching, the energy dissipation per gate cannot fall below the order of 𝑘𝐵𝑇 ln 2 [13].

Reversible computation offers a way to circumvent this limit during internal process-
ing [10]. By ensuring that every operation has a unique inverse and that intermediate
results are preserved until explicitly returned to a known state, no information is lost
internally. In such systems, the Landauer limit applies only at the input and output inter-
faces, where external data is introduced or final results are extracted. For a computation
with 𝑛 input bits and 𝑚 output bits, the theoretical minimum energy dissipation is there-
fore

𝐸min = (𝑛 + 𝑚)𝑘𝐵𝑇 ln 2. (2.2)

This principle motivates the development of adiabatic and reversible logic families,
which aim to recycle charge and avoid irreversible state transitions, thereby approaching
the thermodynamic limit in ultra-low-power applications.

4



2.2 Low power consumption technology for CMOS semiconductors

This section describes the power consumption of CMOS semiconductors, which are
currently the most common type of semiconductor, and the technologies to reduce it.
The equation for power consumption of CMOS semiconductors can be expressed as fol-
lows [27]

𝑃 =
1
2
𝐶𝑉2

𝑑𝑑 𝑓 𝑁 +𝑄𝑉𝑑𝑑 𝑓 𝑁 + 𝐼1𝑉𝑑𝑑 (2.3)

𝑃 is the power consumption, 𝐶 is the load capacitance, 𝑓 is the operating frequency,
𝑉𝑑𝑑 is the supply voltage, 𝑁 is the signal switching coefficient, 𝑄 is the charge due to
through-current and 𝐼1 is the leakage current. It is the power consumption generated by
the switching of the signal lines, represented by the first term on the right-hand side.
It is an element that accounts for more than 70% of a semiconductor integrated circuit.
It is the power dissipated by the through power in the cell, which is represented by the
second term. It accounts for 10 − 30% of semiconductor integrated circuits. The power
dissipation due to leakage current, which is represented by the third term. To reduce the
power consumption of CMOS, the following measures are effective.

(1) Lower the supply voltage 𝑉𝑑𝑑 . (Lower voltage)
(2) Lower the load capacitance of the circuit. (Lower capacitance)
(3) Reduce the frequency 𝑓 or the switching factor 𝑁 of the circuit. (low toggling)

The reduction in power consumption to date is largely due to advances in hardware
technology. In particular, since processors have been made using integrated circuits, the
number of devices on a chip has increased four-fold in three years (Moore’s law). As
a result of Dennard’s scaling law [28], which states that the smaller the element, the
faster it operates and the lower its power consumption, energy efficiency has continued
to increase.

However, the slope of the energy efficiency increase slackens around the year 2000,
doubling at a rate of 2.7 times. One reason for this is the end of Dennard’s scaling
law [28]. According to Dennard’s scaling law, the power supply voltage and transis-
tor threshold voltage of MOS transistors shrink in proportion as the size of the transistors
gets smaller. However, if the threshold voltage is made too small, the leakage current
increases significantly and power consumption increases, making it difficult to lower the
threshold voltage. If the power supply voltage is lowered without lowering the threshold
voltage, the operating speed slows down, and as a result, the power supply voltage cannot
be lowered either.

While lowering the power supply voltage is the most effective method for achieving
low power consumption, there are various other methods. These can be broadly classified
into two categories: circuit technology and process technology. To cite a representative
example of each, there are three low-toggle methods as circuit technologies.

(1) Low-speed internal operation by dividing the clock
(2) Clock stop function by operation mode
(3) Function to stop operation of non-selectable function blocks

The clock is the signal with the highest switching coefficient in the circuit. Lowering
the internal operation reduces the number of data that can be transferred per unit time,
so parallel processing of data is required. Therefore, the size of the circuit increases
compared to high-speed operation.
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This technique is particularly effective when many functions are shared in a proces-
sor. The disadvantage is that a combination circuit is inserted into the clock, causing
a difference in delay time (clock skew) between the separated clocks. To counter this
problem, the layout design, which is a post-process, is performed in advance to facilitate
timing convergence.

The last method is similar, but is effective when the scale of gates to be stopped is
small. Specifically, the operation of a functional block that has not been selected by the
selector at the latter stage is stopped by a control circuit assigned to the stage before the
block (e.g., by fixing the input data or by forcing a reset to a flip-flop).

Subthreshold circuits operate with a supply voltage𝑉𝑑𝑑 below the transistor threshold
voltage 𝑉𝑡 [29, 30]. In a CMOS inverter, both the nMOS and pMOS transistors remain
off in the strong sense, but subthreshold leakage current 𝐼𝑠𝑢𝑏 enables logic functionality.

The subthreshold leakage current 𝐼𝑠𝑢𝑏 is exponentially dependent on the gate-source
voltage 𝑉𝐺𝑆:

𝐼𝑠𝑢𝑏 ∝ 𝑒𝑉𝐺𝑆/(𝑛𝑉𝑇 ) ,

where 𝑉𝑇 = 𝑘𝑇/𝑞 is the thermal voltage and 𝑛 is the subthreshold slope factor. Higher
|𝑉𝐺𝑆 | results in larger leakage.

Input HIGH (𝑉𝑖𝑛 = 𝑉𝑑𝑑)

• nMOS: 𝑉𝐺𝑆,𝑛 = 𝑉𝑑𝑑 , 𝑉𝐷𝑆,𝑛 = 𝑉𝑜𝑢𝑡

• pMOS: 𝑉𝑆𝐺,𝑝 = 0 (i.e., |𝑉𝐺𝑆,𝑝 | = 0), 𝑉𝑆𝐷,𝑝 = 𝑉𝑑𝑑 −𝑉𝑜𝑢𝑡

Since 𝑉𝐺𝑆,𝑛 = 𝑉𝑑𝑑 > 0 = |𝑉𝐺𝑆,𝑝 |, the nMOS leaks significantly more than the pMOS.
The load capacitance 𝐶𝐿 discharges through the nMOS:

𝑑𝑉𝑜𝑢𝑡
𝑑𝑡

= − 𝐼𝑠𝑢𝑏,𝑛
𝐶𝐿

⇒ 𝑉𝑜𝑢𝑡 → 0.

Thus, the nMOS is weakly off, while the pMOS is strongly off.

Input LOW (𝑉𝑖𝑛 = 0)

• nMOS: 𝑉𝐺𝑆,𝑛 = 0

• pMOS: 𝑉𝑆𝐺,𝑝 = 𝑉𝑑𝑑 (i.e., |𝑉𝐺𝑆,𝑝 | = 𝑉𝑑𝑑)

Now the pMOS leaks much more than the nMOS. The capacitance charges through the
pMOS:

𝑑𝑉𝑜𝑢𝑡
𝑑𝑡

=
𝐼𝑠𝑢𝑏,𝑝

𝐶𝐿
⇒ 𝑉𝑜𝑢𝑡 → 𝑉𝑑𝑑 .

The pMOS is weakly off, and the nMOS is strongly off.
The fundamental solution to leakage current caused by semiconductor miniaturiza-

tion is to reduce leakage current by improving process technology. Analysis of leakage
current divides it into three categories: subthreshold leakage, which flows through the
channel when it is off; junction leakage, which leaks from the source and drain to the
substrate; and gate dielectric leakage, which leaks from the gate [27].

One of the effects of miniaturization on circuits in semiconductors is that the capac-
itance of capacitors formed by wiring in close proximity to each other becomes large,
causing a large current to flow between them. Another phenomenon is that current can
pass through the insulating film, which has become thinner due to miniaturization, due to
the tunnel effect. The former is a problem in the wiring area, while the latter is a problem
in the area of the gate insulating film, which is extremely thinner than the wiring area.
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The former requires the use of low-k materials and air gaps, while the latter requires the
use of high-k materials, i.e., materials that can ensure a large dielectric constant without
making the film thinner. Improvement research in the process is focused on how to create
insulating films with low or high dielectric constants.

Apart from these techniques, Domain Specific Architecture (DSA), which funda-
mentally rethinks the architecture of conventional CMOS processors to optimize per-
formance, energy consumption, and chip cost, is also attracting attention. Reversible
computation, spin-tronics semiconductors, and recently, semiconductors using optical
signals, which have been studied for a long time, are also examples of low-power meth-
ods.

2.3 Adiabatic Logic

2.3.1 Principle of low power consumption of adiabatic logic

An adiabatic logic circuit refers to a circuit that realizes ultra-low power consumption
through the utilization of the concept of the “adiabatic process” [31]. In the field of
electrical and electronic circuits, the fundamental characteristics of adiabatic behavior
can be summarized into two key points.

(A1) Assuming a system comprised of a power-supply section and a computational sec-
tion, the current (charge) flowing from the power-supply to the computational sec-
tion will be returned to the power-supply section. This implies that the energy
drawn from the power-supply section will be regenerated by the return of charge
(reverse current) from the computational section.

(A2) By keeping the voltage across a conductive element and the current flowing through
it at sufficiently low levels, the energy dissipated as heat is minimized.

Based on (A1), the computational section must be supplied with AC-type (alternate-
current-type) power-source to achieve charge recovery. Since the computational section
primarily comprises of resistive and capacitive elements, the ramp-up/ramp-down speed
of the AC power-source should be sufficiently slow, in comparison to the circuit’s time
constant (𝑅 × 𝐶), to avoid increasing the voltage across a resistive element due to the
delay for charging a capacitive element.

The principle of the adiabatic circuit is often demonstrated through a circuit and
power-source waveform, as depicted in Figure 2.1 [32]. Assuming that the time period 𝑇
is significantly larger than the time constant𝐶𝑅, during the first section where the power-
source voltage increases from 0 to 𝑉𝑑𝑑 , the current 𝑖(𝑡) is assumed to be approximated
as 𝐶𝑉𝑑𝑑/𝑇 . In this case, the energy which is extracted from the power source can be
approximated as,

𝑅𝐶2𝑉𝑑𝑑
2

𝑇
+ 𝐶𝑉𝑑𝑑

2

2
(2.4)

is extracted from the power-source. Similarly, the energy,

𝐶𝑉𝑑𝑑
2

2
− 𝑅𝐶

2𝑉𝑑𝑑
2

𝑇
(2.5)

is returned to the power-source during the third section where the voltage of the power-
source moves from 𝑉𝑑𝑑 to 0. In total, the energy,

2𝑅𝐶2𝑉𝑑𝑑
2

𝑇
(2.6)
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is dissipated in one cycle of the power-source waveform, or the average power dissipation
becomes

𝑅𝐶2𝑉𝑑𝑑
2

2𝑇2 . (2.7)

In relation to condition (A2), the following guidelines for switching are also regarded
as critical factors in ensuring the preservation of adiabatic operation integrity.

(R1) Any OFF switch should not be turned ON when the voltage between two terminals
of the switch is not zero.

(R2) Any ON switch should not be turned OFF when the current flowing on the switch
is not zero.

In the following, a trapezoidal waveform used as a power-source is referred to a
“power-clock”. Furthermore, the waveforms of individual sections are named “ramp-
up” (the level moves from 0 to 𝑉𝑑𝑑), “high-hold” or “1-hold” (the level remains at 𝑉𝑑𝑑),
“ramp-down” (the level moves from 𝑉𝑑𝑑 to 0), and “low-hold” or “0-hold” (the level re-
mains at 0), respectively. These names are not limited to the power-clock waveform, but
also apply to node voltage waveforms.

Adiabatic circuits achieve ultra-low power consumption through charge recovery and
slow voltage transitions, using AC power (trapezoidal waveform) and strict switching
rules (R1, R2) [31]. Parallel operation enhances throughput by synchronously executing
multiple computations, sharing a power-clock, while maintaining energy efficiency via
charge recovery. This makes them ideal for energy-critical applications like IoT devices
and medical implants, despite slower operation and complex design. In contrast, CMOS
circuits rely on DC power, dissipate energy during capacitive charging/discharging, and
prioritize high-speed operation. While CMOS supports parallelization for high perfor-
mance, its power consumption scales poorly compared to adiabatic circuits, which excel
in low-power, parallelized scenarios.

Figure 2.1. RC equivalent circuit illustrating the principle of adiabatic logic. Charge is
supplied during ramp-up and recovered during ramp-down of the power-clock, minimiz-
ing energy dissipation.
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2.3.2 Loss Mechanisms in Adiabatic Logic

Adiabatic logic is a low-power design approach that aims to minimize energy dissipa-
tion in digital circuits by recycling charge stored in capacitive nodes, ideally reducing
losses compared to conventional static CMOS circuits [31]. However, practical imple-
mentations face challenges, especially as device sizes shrink into the sub-micrometer
regime. Non-ideal conditions, such as the absence of zero-threshold-voltage (𝑉𝑡ℎ) transis-
tors and increasing leakage currents, introduce additional loss mechanisms that dominate
energy consumption and impose a lower bound on energy dissipation. This document de-
tails three primary loss mechanisms in adiabatic logic: adiabatic losses, leakage-related
losses, and non-adiabatic losses, their dependence on operating frequency 𝑓 , and the
existence of an optimal frequency that minimizes total energy dissipation per cycle [33].

In an ideal adiabatic system, energy dissipation scales inversely with the switching
time (or proportionally to the operating frequency 𝑓 ). The energy dissipation per cycle
for adiabatic switching is given by:

𝐸adiabatic =
𝑅𝐶2𝑉2

𝐷𝐷

𝑇
= 𝑅𝐶𝑉2

𝐷𝐷 𝑓 (2.8)

where 𝑅 is the resistance of the charging/discharging path, 𝐶 is the load capacitance,
𝑉𝐷𝐷 is the supply voltage, 𝑇 = 1

𝑓 is the switching period, and 𝑓 is the operating fre-
quency. This expression shows that adiabatic losses increase linearly with frequency. At
low frequencies, the slower charging/discharging process allows more time for charge to
be recycled, reducing dissipation. However, as frequency increases, the charging process
becomes less adiabatic, leading to higher energy losses [32].

As devices shrink into the sub-micrometer regime, leakage currents become a signif-
icant contributor to energy dissipation in adiabatic logic. The dominant leakage mecha-
nism is the sub-threshold current, expressed as:

𝐼𝐷 = 𝐼𝐷0𝑒
𝑉𝐺𝑆−𝑉𝑡ℎ

𝑛𝑉𝑇

(
1 − 𝑒−

𝑉𝐷𝑆
𝑉𝑇

)
(2.9)

where 𝐼𝐷0 is a process-dependent constant, 𝑉𝐺𝑆 is the gate-to-source voltage, 𝑉𝐷𝑆

is the drain-to-source voltage, 𝑉𝑡ℎ is the threshold voltage, 𝑉𝑇 = 𝑘𝑇
𝑞 is the thermal volt-

age (typically ≈ 26mV at room temperature), and 𝑛 is the sub-threshold swing factor
(typically 1 < 𝑛 < 2) [27]. The sub-threshold current flows when 𝑉𝐺𝑆 < 𝑉𝑡ℎ, and its
magnitude depends on 𝑉𝐷𝑆 . When 𝑉𝐷𝑆 = 0, no leakage current flows. However, for
𝑉𝐷𝑆 values that are multiples of the thermal voltage, the leakage current approaches its
maximum. Additional leakage mechanisms include junction leakage and gate oxide tun-
neling currents, which are significant in state-of-the-art CMOS processes due to thin gate
oxides.

In adiabatic logic, during the evaluation, hold, and recovery phases, leakage currents
flow from the supply voltage𝑉𝐷𝐷 to ground, dissipating charge that cannot be recovered.
These leakage mechanisms can be modeled by a mean leakage current 𝐼leak, leading to
an energy dissipation per cycle of:

𝐸leak = 𝑉𝐷𝐷 𝐼leak
1
𝑓

(2.10)

Since the energy dissipation is proportional to the time per cycle ( 1
𝑓 ), leakage-related

losses increase at lower frequencies because leakage currents accumulate over a longer
time interval, resulting in greater charge loss per cycle [7].
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Non-adiabatic losses arise due to the non-zero threshold voltage of transistors in adi-
abatic logic circuits. These losses occur during switching events when the voltage across
a transistor changes abruptly, preventing full charge recovery. The energy dissipation per
cycle due to non-adiabatic losses is given by:

𝐸non-adiabatic =
1
2
𝐶𝑉2

𝑡ℎ, 𝑝 (2.11)

where 𝑉𝑡ℎ, 𝑝 is the threshold voltage of the p-type transistor (or the relevant transistor
in the circuit). Unlike adiabatic and leakage losses, non-adiabatic losses are indepen-
dent of the operating frequency, contributing a constant energy offset across the entire
frequency range [7].

The total energy dissipation per cycle in adiabatic logic is the sum of the three loss
mechanisms:

𝐸total = 𝐸adiabatic + 𝐸leak + 𝐸non-adiabatic = 𝑅𝐶𝑉
2
𝐷𝐷 𝑓 +𝑉𝐷𝐷 𝐼leak

1
𝑓
+ 1

2
𝐶𝑉2

𝑡ℎ, 𝑝 (2.12)

The frequency dependence of these losses leads to an optimal operating frequency
where the total energy dissipation is minimized. At low frequencies, leakage losses dom-
inate due to the 1

𝑓 term, while at high frequencies, adiabatic losses dominate due to the
linear 𝑓 term. Non-adiabatic losses remain constant, acting as an offset. The total energy
dissipation can be visualized as a function of frequency, typically showing a U-shaped
curve with a minimum at the optimal frequency 𝑓opt.

To find the optimal frequency, we minimize 𝐸total with respect to 𝑓 :

𝑑𝐸total
𝑑𝑓

= 𝑅𝐶𝑉2
𝐷𝐷 −

𝑉𝐷𝐷 𝐼leak
𝑓 2 = 0 (2.13)

Solving for 𝑓 :

𝑓opt =

√
𝑉𝐷𝐷 𝐼leak

𝑅𝐶𝑉2
𝐷𝐷

=

√
𝐼leak

𝑅𝐶𝑉𝐷𝐷
(2.14)

At this frequency, the adiabatic and leakage losses are balanced, and the total energy
dissipation is minimized. The existence of this optimal frequency highlights a key trade-
off in adiabatic logic: operating at very low frequencies increases leakage losses, while
operating at high frequencies increases adiabatic losses [33].

In conclusion, adiabatic logic offers significant energy savings compared to static
CMOS, but its efficiency is limited by adiabatic, leakage, and non-adiabatic losses. The
frequency-dependent nature of adiabatic and leakage losses, combinedwith the frequency-
independent non-adiabatic losses, results in an optimal operating frequency that mini-
mizes energy dissipation per cycle. Careful design, including minimizing leakage cur-
rents and optimizing switching frequencies, is essential to maximize the benefits of adi-
abatic logic in sub-micrometer CMOS processes.
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2.3.3 Adiabatic Logic families

Adiabatic logic circuits are designed to minimize power dissipation by leveraging re-
versible or near-reversible energy transfer between the circuit and the power supply [33].
As illustrated in Figure 2.2, these circuits can be broadly classified into Charge Recovery
Logic and Reversible Logic. This study focuses on circuits based on the Charge Recovery
Logic principle, which recycle the charge stored in load capacitances to reduce energy
dissipation.

Asymptotically adiabatic logic circuits incur power dissipation due to the non-zero
rate of change of the supply voltage. By slowing the voltage transition, power dissipa-
tion can be reduced to very low levels, though this comes at the cost of lower operat-
ing frequency. Asymptotically adiabatic logic is typically classified into two categories:
quasi-adiabatic logic and fully adiabatic logic [33].

Quasi-adiabatic logic circuits significantly reduce power dissipation by using a grad-
ually varying power-clock, which slows the rate of change of the driving voltage. How-
ever, they experience adiabatic losses due to non-ideal switching, where current flows
through transistors with finite resistance. These losses increase with the frequency of
the power-clock. Quasi-adiabatic circuits are characterized by simpler architectures and
power-clock systems compared to fully adiabatic circuits, making them more practical
for integration with existing CMOS technologies. They are further divided into two sub-
categories: the static approach and the dynamic approach. The static approach maintains
stable logic states during operation, similar to static CMOS, and is less sensitive to tim-
ing variations but may have slightly higher power dissipation. The dynamic approach
relies on continuous charging and discharging cycles synchronized with the power-clock,
achieving higher energy efficiency but requiring precise timing control, which makes it
more susceptible to clock skew and synchronization errors.

The following are widely recognized quasi-adiabatic logic families, each with distinct
structural and operational characteristics:

1. Efficient Charge Recovery Logic (ECRL) [35]: ECRL employs a differential
cascode structure with PMOS and NMOS transistors arranged in a complemen-
tary configuration. It operates with a four-phase power-clock, where two phases
handle logic evaluation and two manage charge recovery. The circuit’s simplicity
and compatibility with standard CMOS processes make it a popular choice. ECRL
achieves significant power savings at low frequencies, but its adiabatic losses in-
crease with higher frequencies, and precise power-clock synchronization is essen-
tial to prevent charge leakage. It is widely used in applications requiring moder-
ate performance and low power, such as portable electronics and wireless sensor
nodes.

2. 2N-2N2P Adiabatic Logic [36]: This family uses a cross-coupled configuration
with two NMOS transistors for logic evaluation and two NMOS/PMOS pairs for
charge recovery, hence the name “2N-2N2P.” It operates with a four-phase power-
clock, offering improved robustness over ECRL due to its balanced charge trans-
fer paths. The design ensures stable operation under varying conditions, but its
increased complexity and sensitivity to parasitic capacitances require careful opti-
mization. It is suitable for applications where reliability is prioritized, such as in
embedded systems.

3. Positive Feedback Adiabatic Logic (PFAL) [37]: PFAL incorporates positive
feedback through cross-coupled inverters to enhance charge recovery and stabilize
logic states. It uses a four-phase power-clock and is highly efficient at low frequen-
cies, making it ideal for ultra-low-power applications like battery-powered sensors.
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However, its sensitivity to process variations and increased transistor count pose
design challenges. PFAL’s feedback mechanism improves switching efficiency but
requires precise power-clock alignment to maintain performance.

4. NMOSEnergyRecovery Logic (NERL) [38]: NERL primarily uses NMOS tran-
sistors to reduce reliance on PMOS devices, simplifying fabrication and reducing
circuit area. It operates with a single-phase or multi-phase power-clock, depending
on the implementation. NERL is area-efficient and suitable for specific logic func-
tions, but its limited functionality and higher adiabatic losses at elevated frequen-
cies restrict its use in complex systems. It is often employed in niche applications
where area constraints are critical, such as in compact IoT devices.

5. ClockedAdiabatic Logic (CAL) [39]: CAL integrates a single-phase power-clock
with auxiliary control signals to manage charge recovery and logic evaluation. Its
compatibility with standard CMOS logic makes it appealing for hybrid designs
combining adiabatic and conventional logic. However, CAL experiences higher
adiabatic losses compared to multi-phase designs, limiting its efficiency in high-
performance applications. It is commonly used in systems requiring straightfor-
ward integration with existing technologies, such as mixed-signal circuits.

6. True Single-Phase Adiabatic Logic (TSEL) [40]: TSEL is optimized for single-
phase power-clock operation, reducing the complexity of clock distribution. It
achieves charge recovery and logic evaluation within a single clock cycle, im-
proving integration simplicity. However, its scalability is limited, and it is more
sensitive to timing errors than multi-phase designs. TSEL is suitable for low-
complexity, low-power systems where clock simplicity is a priority, such as in
wearable electronics.

7. Source-Coupled Adiabatic Logic (SCAL) [41]: SCAL employs source-coupled
transistor pairs to achieve adiabatic switching, similar to current-mode logic. It op-
erates with a multi-phase power-clock, offering robust performance in low-power
applications. SCAL’s high efficiency makes it suitable for specialized systems,
but the complexity of power-clock generation and distribution remains a signifi-
cant challenge. It is often used in applications requiring high reliability and low
power dissipation, such as in precision instrumentation.

Quasi-adiabatic logic offers several advantages, including simpler circuit architec-
tures, compatibility with CMOS processes, and significant power savings compared to
conventional logic, particularly at low frequencies. However, challenges include adia-
batic losses that increase with power-clock frequency, the need for precise synchroniza-
tion, and a trade-off between power efficiency and operating speed.

Fully adiabatic logic circuits eliminate non-adiabatic losses by ensuring that all charge
on the load capacitance is recovered by the power supply, achieving theoretically perfect
energy efficiency with zero non-adiabatic loss:

𝐸non-adiabatic = 0.

This is accomplished through fully reversible charge transfer, where the power-clock
drives the circuit in a controlled, lossless manner. However, fully adiabatic circuits
are significantly more complex, requiring intricate architectures and precise power-clock
synchronization. They also face challenges related to low operating speeds and increased
area overhead.

12



The following are notable fully adiabatic logic families:

1. Pass Transistor Adiabatic Logic (PAL) [43]: PAL utilizes pass transistors to
control charge flow, ensuring reversible charge transfer between the load capaci-
tance and the power supply. It typically operates with a four-phase power-clock,
where each phase manages a specific stage of charge transfer or logic evaluation.
PAL achieves exceptional energy efficiency, making it suitable for ultra-low-power
applications such as energy-harvesting devices and battery-powered sensors. How-
ever, its low operating frequency, due to the need for slow voltage transitions, and
susceptibility to noise and process variations limit its practical use. The need for
multiple control signals further increases design complexity, making PAL chal-
lenging to implement in large-scale systems.

2. Split-Rail ChargeRecoveryLogic (SCRL) [42]: SCRL employs a split-rail power
supply, where two complementary power-clock signals drive the circuit to achieve
complete charge recovery. It operates with a multi-phase power-clock, typically
four phases, ensuring that charge is transferred back to the power supply without
dissipation. SCRL’s robust charge recovery mechanism makes it ideal for com-
plex logic circuits in low-power systems, such as implantable medical devices.
However, its high complexity, including the need for multiple synchronized clock
signals and increased transistor count, results in significant area overhead and re-
duced operating speed. Timing mismatches in the power-clock can lead to charge
leakage, necessitating precise synchronization.

Fully adiabatic logic provides unparalleled energy efficiency by eliminating non-
adiabatic losses, making it ideal for applications where power consumption is critical.
However, its complex architectures, stringent synchronization requirements, and inher-
ently low operating speeds pose significant barriers to widespread adoption. The in-
creased area and design effort further limit its practicality for large-scale integration.

Adiabatic Logic

Charge Recovery Logic Reversible Logic

Asymptotically Adiabatic Logic Quasi-Adiabatic Logic

Partial Adiabatic Logic Fully Adiabatic Logic

ECRL SCRL1N1P

・
・
・

・
・
・

・
・
・

Figure 2.2. Classification of adiabatic logic circuits. This study focuses on charge recov-
ery logic, specifically quasi-adiabatic families, with 2LAL as the target architecture.
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2.3.4 Selection of 2LAL as the Target Architecture

Numerous adiabatic logic families have been proposed over the decades, ranging from
early quasi-adiabatic designs (e.g., ECRL, PFAL) to fully adiabatic variants (e.g., SCRL,
PAL) [33]. This thesis focuses specifically on Two-Level Adiabatic Logic (2LAL) for
several compelling reasons that align with the goal of developing practical, automatable
synthesis algorithms for ultra-low-power circuits.

Table 2.1 provides a comparative overview of representative adiabatic families, high-
lighting key attributes relevant to energy efficiency, implementation complexity, and suit-
ability for automated design.

The advantages of 2LAL that justify its selection as the primary target are as follows:

• Full adiabaticity with minimal non-adiabatic losses: Unlike quasi-adiabatic
families (ECRL, PFAL), 2LAL eliminates threshold-voltage drops during charge
recovery by using transmission gates driven by dual-rail power-clocks, achieving
theoretically complete energy recovery in the absence of leakage [14].

• Simple and regular structure: All logic functions and pipeline buffers are con-
structed exclusively from dual-rail transmission gates—a single primitive element
compatible with standard CMOSprocesses. This regularity greatly simplifies auto-
mated layout generation, timing analysis, and optimization algorithm design com-
pared to families requiring cross-coupled inverters, auxiliary clocks, or split-rail
supplies.

• Moderate clocking complexity: The four-phase overlapping power-clock scheme
provides robust pipelining and decompute support while remaining significantly
simpler than multi-rail or split-level approaches (e.g., SCRL), facilitating scalable
synthesis flows.

• High amenability to algorithmic optimization: The retractile decompute mech-
anism and explicit buffer chains create a well-defined combinatorial optimization
problem (signal lifetime minimization under dependency constraints), ideal for ex-
act methods such as ILP and graph-theoretic reformulations developed in this the-
sis.

These attributes collectively position 2LAL as themost promising candidate for bridg-
ing the gap between theoretical adiabatic efficiency and practical, automatable design.
While other families may offer marginal advantages in specific metrics (e.g., single-phase
clocking in CAL), none combine full adiabaticity, structural simplicity, and synthesis
tractability to the extent that 2LAL does. The optimization framework presented herein
exploits these properties to achieve unprecedented buffer reduction, advancing 2LAL to-
ward real-world deployment in energy-critical applications.
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2.4 2LAL (Two-Level Adiabatic Logic)

This thesis focuses on a circuit architecture called Two-Level Adiabatic Logic (2LAL),
which is one of the limited set of logic families that achieve asymptotic adiabaticity [31].
The primary characteristics of the 2LAL are as follows.

(F1) All logic signals are dual-rail encoded.
(F2) Power-clock is also dual-rail, that is, a pair of power-clocks having complementary

waveforms.
(F3) A dual-rail transmission gate (T-gate) is the sole type of basic-component for build-

ing a 2LAL circuit. The schematic symbol and the transistor-level implementation
of the T-gate are shown in Figure 2.3, where the terminal 𝐶 (or (𝐶,𝐶)) is called a
control terminal, whereas terminals 𝐵 ( (𝐵, 𝐵) ) and 𝐶 ( (𝐶,𝐶) ) are called switch
terminals.

This thesis focuses in particular on a fully pipelined 2LAL circuit because of the
potential of pipeline operation which alleviates the inherent sluggishness of adiabatic
operation. In a fully pipelined 2LAL circuit, the timing of pipeline stages is controlled
by power-clocks, which is regarded as the fourth key feature of 2LAL.

(F4) Four synchronous power-clocks, each of which is time shifted by 0, 𝑇 (the length of
one section of the trapezoidal waveform), 2𝑇 or 3𝑇 , are used. They are named 𝜙0,
𝜙1, 𝜙2 and 𝜙3, respectively. As it is shown in (F2), each of dual-rail power-clock
has a form (𝜙𝑖 , 𝜙𝑖) = (𝜙𝑖 , 𝜙 (𝑖+2)mod 4), 𝑖 ∈ {0, 1, 2, 3}, whereas (𝜙𝑖 , 𝜙𝑖) is denoted
by 𝜙𝑖 in short if single-rail/dual-rail is clear from the context.

Figure 2.3. Transistor-level implementation of the dual-rail T-gate in 2LAL. Terminals
𝐴 and 𝐵 are switch terminals; 𝐶 is the control terminal. The T-gate enables both signal
transfer and charge recovery (decompute).
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2.4.1 T-gate

The T-gate operates as a two-wire switch, where the complementarity of the two-wire
control signal causes both transmission gates to be either ON or OFF simultaneously.
Due to the requirements of (R1) and (R2) [32, 13], the control terminal node (Figure 2.3,
𝐶) can ramp up (switching from OFF to ON) or ramp down (switching from ON to OFF)
only when both switch terminal nodes (Figure 2.3, 𝐴, 𝐵) are simultaneously in a 1-hold
or 0-hold state.

The typical usage of the T-gate includes two types of operations: signal transfer from
one switch terminal node to the other, and signal transfer from the control terminal node
to one of the switch terminal nodes. In the latter case, the other switch terminal node is
connected to the power clock. Specifically, if the control terminal node is in a 1-hold (or
0-hold) state while the power clock ramps up, the other switch terminal node follows the
ramp-up of the power clock (or remains at a 0 level).

As a variation of data transfer from the control terminal node to the switch terminal
node, there is the so-called “decompute”. Specifically, if the power clock ramps down
while the control terminal node is in a 1-hold state, the other switch terminal node follows
the ramp-down of the power clock, returning the charge accumulated at the node to the
power clock.

Themost fundamental form of decompute using the T-gate is explainedwith reference
to Figure 2.4. Initially, when the input 𝐴 maintains a hold at logic 1 after ramping up,
and the power clock 𝜙𝑖 ramps up, the output 𝑜𝑢𝑡 ramps up in response. This corresponds
to the “computation” phase. Subsequently, while 𝐴 remains at logic 1, if the power clock
𝜙𝑖 ramps down, the output 𝑜𝑢𝑡 also ramps down accordingly. The charge accumulated
in the equivalent capacitance of the 𝑜𝑢𝑡 terminal returns to the power clock through the
same T-gate used during the charging (computation) phase. This process constitutes the
“decompute” for the node 𝑜𝑢𝑡.

However, the above operation assumes that the input signal 𝐴maintains a logic 1 hold
for a sufficient duration. In the fully pipelined configuration discussed in this thesis, at
the timing of decompute for the node 𝑜𝑢𝑡, the original signal 𝐴 is no longer present, and
decompute cannot proceed in this form. As described later, decompute (i.e., the return
of the charge accumulated at the node to the power clock) is performed using a different
T-gate from the one used during computation and a copy of the original signal 𝐴.

2.4.2 Functional gate

T-gates can be interconnected in series or parallel to construct AND or OR gates, respec-
tively, as depicted in Figure 2.5. The input/output timing is the same as that of a buffer
gate, and the output of the operation is produced one tick after the input is fed to the in-
put terminal. The input/output timing is similar to that of a buffer gate, where the output
signals 𝐴𝐵𝑖+1 and (𝐴+𝐵)𝑖+1 are computed during the ramp-up phase of 𝜙𝑖+1 and remain
fixed during the high-hold phase, until they are decomputed by either the following buffer
or by replicating the computation at the gate. In the case of an AND gate, if the A input
is “1” and the B input is “0”, the output is “0”, but a “1” signal appears in the middle of
the T-gates in series, which also needs to be decomputed.
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Figure 2.4. T-gate implementing an identity function with retractile decompute. (Left)
Circuit using a single T-gate. (Right) Timing diagram showing computation during 𝜙𝑖
ramp-up and decompute during ramp-down.

Figure 2.5. 2LAL AND and OR functional gates constructed using T-gates in series and
parallel, respectively. Output is computed one pipeline stage after inputs.
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2.4.3 Buffer gate

Figure 2.6 depicts a 2LAL buffer composed of two T-gates and shows the waveforms
of power clocks and input/output signals. The initial output 𝑂𝑢𝑡 is 0V, with all signals
starting at 0V.

1st section (𝑖𝑇 to (𝑖 + 1)𝑇): With 𝑂𝑢𝑡 = 0, the T-gate controlled by 𝜙𝑖 is OFF. Input 𝐼𝑛
is applied (ramping up or holding 0). Power-clock 𝜙𝑖+1 stays at 0V, preventing
premature charge transfer to 𝑂𝑢𝑡.

2nd section ((𝑖 + 1)𝑇 to (𝑖 + 2)𝑇): If 𝐼𝑛 = 1, the T-gate with 𝜙𝑖+1 turns ON, and 𝑂𝑢𝑡
ramps up to “1” following 𝜙𝑖+1. If 𝐼𝑛 = 0, the T-gate remains OFF and 𝑂𝑢𝑡 stays
0. Thus,𝑂𝑢𝑡 matches 𝐼𝑛. This is the forward adiabatic computation phase, storing
the logic value on the output capacitance.

3rd section ((𝑖 + 2)𝑇 to (𝑖 + 3)𝑇): 𝑂𝑢𝑡 holds its value to drive the next stage. When
𝑂𝑢𝑡 (= 𝐼𝑛) = 1, the T-gate with 𝜙𝑖 turns ON, and the ramp-down of 𝜙𝑖 pulls 𝐼𝑛 to
0. When𝑂𝑢𝑡 = 0, 𝐼𝑛 remains 0. The charge on 𝐼𝑛 is recovered to 𝜙𝑖 (decompute),
enabling adiabatic energy reuse.

4th section ((𝑖 + 3)𝑇 to (𝑖 + 4)𝑇): 𝑂𝑢𝑡 is reset to 0 by the following stage (or remains 0),
clearing the output reversibly to prepare for the next cycle.

These buffers synchronize pipeline stages and maintain computation integrity until
decompute.

Figure 2.6. 2LAL buffer gate composed of two T-gates and corresponding power-clock
waveforms (𝜙𝑖 , 𝜙𝑖+1). The buffer synchronizes pipeline stages and enables decompute of
the input signal.
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The detailed operation of decompute in the buffer circuit is explained with reference
to Figure 2.7. Unlike the case of a single T-gate, in a fully pipelined operation, the input
𝐴 used for the computation of the output node 𝑜𝑢𝑡1 is no longer present when 𝑜𝑢𝑡1
undergoes erasure computation. Specifically, during the forward evaluation phase of the
first buffer stage, the input signal 𝐴 is applied to charge (or not charge) the intermediate
node 𝑜𝑢𝑡1 via the T-gate controlled by the power-clock 𝜙𝑖+1. Once this computation is
complete and 𝑜𝑢𝑡1 holds the logic value, the pipeline proceeds, and the original 𝐴-node
enters its own decompute phase in a prior cycle. As a result, the signal 𝐴 is adiabatically
cleared—its charge, if any, is recovered back to the power-clock 𝜙𝑖—leaving the 𝐴-node
reset to 0V well before 𝑜𝑢𝑡1 is ready to be erased.

At the moment when 𝑜𝑢𝑡1 must undergo decompute (i.e., when 𝜙𝑖 ramps down to
recover charge from 𝑜𝑢𝑡1), the original input 𝐴 is no longer physically available at the
input terminal. Relying on 𝐴 directly would break the reversibility of the pipeline, as
the controlling signal would be missing precisely when needed to conditionally enable
charge recovery. Instead, the system uses the output 𝑜𝑢𝑡2 of the second-stage buffer,
which serves as an exact copy of the input 𝐴 delayed by two clock cycles (2𝑇). This
delay arises naturally from the four-phase power-clock cycle of 2LAL: each buffer stage
introduces a one-cycle latency in evaluation and another in propagation, resulting in 𝑜𝑢𝑡2
becoming valid exactly when 𝑜𝑢𝑡1 enters its decompute window.

Thus, 𝑜𝑢𝑡2 acts as a temporally shifted replica of 𝐴, preserving the logical informa-
tion required to control the T-gate that connects 𝑜𝑢𝑡1 back to 𝜙𝑖 . This T-gate has its gate
terminal driven by 𝑜𝑢𝑡2, its source/drain path between 𝑜𝑢𝑡1 and the power-clock 𝜙𝑖 , and
operates in the reverse direction during decompute: when ON, it allows stored charge on
𝑜𝑢𝑡1 to flow adiabatically back into 𝜙𝑖 as it ramps down.

Now consider the specific case when 𝐴 = 0. During the forward computation of
the first stage, 𝐴 = 0 keeps the evaluation T-gate (controlled by 𝜙𝑖+1) in the OFF state.
No charge is transferred to 𝑜𝑢𝑡1, so it remains at 0V throughout its evaluation and hold
periods. This logic-0 state propagates faithfully through the second buffer stage, resulting
in 𝑜𝑢𝑡2 = 0 after the two-cycle delay.

When the decompute phase for 𝑜𝑢𝑡1 begins—triggered by the ramp-down of 𝜙𝑖—the
recovery T-gate has its gate voltage set by 𝑜𝑢𝑡2 = 0. The gate-source voltage 𝑉𝐺𝑆 across
this T-gate is therefore below the threshold voltage 𝑉𝑡ℎ, meaning no inversion channel
forms in the transistor. The T-gate remains firmly in the OFF state, presenting an open
circuit (ideally infinite impedance) between 𝑜𝑢𝑡1 and 𝜙𝑖 .

Consequently:

• No conductive path exists for charge to flow from 𝑜𝑢𝑡1 to the power-clock.

• Since 𝑜𝑢𝑡1 is already at 0V (no charge was stored during evaluation), there is
nothing to discharge.

• Even as 𝜙𝑖 ramps down to negative voltages (in some 2LAL implementations), the
absence of a channel prevents any reverse leakage or unintended current.

• The voltage on 𝑜𝑢𝑡1 remains stably at 0V with zero transient deviation—no ripple,
no droop, no coupling-induced bounce.
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(a) Circuit diagram (top: representation using logic sym-
bol, bottom: representation using T-gates).

(b) Operation timing.

Figure 2.7. Decompute mechanism in a fully pipelined 2LAL buffer. A delayed copy of
the input (𝐴) is used to decompute the intermediate node (𝑜𝑢𝑡1) two stages later.

21



2.4.4 Logic-level Design of 2LAL circuit

The next step of the 2LAL circuit design flow involves transforming the scheduled E-
AIG into a fully pipelined netlist composed of 2LAL functional gates and 2LAL buffers,
ensuring correct timing alignment, charge recovery, and adiabatic operation across all
pipeline stages.

In the forward compute part, each AND node in the E-AIG is directly mapped to
a 2LAL AND functional gate. The inputs to this gate are not taken directly from the
preceding nodes but are instead sourced from designated taps along the corresponding
buffer-chains at the appropriate pipeline stage. This ensures that all input signals arrive si-
multaneously during the ramp-up phase of the gate’s driving power-clock 𝜙𝑘 . The output
of the AND gate is then injected into its own buffer-chain, which propagates the com-
puted value forward through successive pipeline stages while preserving it for potential
use by downstream logic and for eventual decomputation.

Each buffer in the chain is driven by a distinct power-clock phase, staggered by
one stage relative to its predecessor. This creates a wave-like propagation of valid data
through the pipeline: a computed value emerges during the ramp-up of 𝜙𝑘 and is held
stable during the high-hold phase of 𝜙𝑘+1, making it available to any gate scheduled in
stage 𝑘 + 1. The length of each buffer-chain is determined by the maximum fanout de-
lay and the decomputation schedule—specifically, the signal must persist until the last
dependent node has evaluated and the corresponding decompute gate is ready to erase it.

In the backward decompute part, each node 𝐴−1
𝑗 in the E-AIG represents the logical

inverse operation required to safely discharge the charge stored on the output node of
𝐴 𝑗 . This is implemented using another 2LAL AND gate—referred to as the decompute
gate—whose inputs are identical to those of the original forward gate 𝐴 𝑗 . These inputs
are extracted from the same buffer-chain taps used in the forward path, but delayed by the
number of pipeline stages required for the forward value to propagate to all dependent
nodes.

The output of the decompute gate is connected directly to the same physical wire
as the forward gate’s output (or to the final buffer stage in the chain that still holds the
forward-computed value). This shared output node enables a hand-off mechanism: dur-
ing forward evaluation, the functional gate charges the node adiabatically; once computa-
tion is complete and all consumers have latched the value, the decompute gate activates
its pull-down network during its own ramp-down phase, recovering the stored charge
back to the power-clock.

This dual-gate structure—forward compute and backward decompute sharing the
same output node—ensures that no residual charge remains on any internal node after
a full evaluation cycle, achieving 100% charge recovery in the ideal case. The timing
of decomputation is critical: the decompute gate must remain inactive (output high-
impedance) while the forward value is still needed, and must activate only after the
last dependent buffer has entered its high-hold phase. This is enforced by the pipeline
scheduling and the staggered power-clock phases.

Figure 2.9 illustrates the complete 2LAL circuit realization derived from the E-AIG
in Figure 2.8. Forward AND gates are shown in solid boxes, decompute AND gates
in dashed boxes, and buffer-chains as sequences of triangular buffer symbols labeled
with their driving power-clock phases (𝜙𝑖 , 𝜙𝑖+1, . . .). Signal taps from buffer-chains are
indicated with small circles, and the connection from decompute gate outputs back to the
forward signal lines is highlighted to emphasize charge reuse and recovery paths.
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Figure 2.8. Extended And-Inverter Graph (E-AIG) for 2LAL design. The forward com-
pute part (left) represents logic function; the backward decompute part (right) ensures
charge recovery. Dotted lines indicate pipeline stage boundaries.

Figure 2.9. Complete 2LAL circuit implementation derived from the E-AIG in Fig-
ure 2.8. Forward compute uses AND gates; backward decompute reuses input signals
via buffer chains to enable charge recovery.
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The operation of this decompute mechanism is illustrated in more detail in Fig-
ure 2.10, which extracts a representative portion of the 2LAL circuit—specifically, a
chain consisting of an AND functional gate and its associated buffer-chain—to demon-
strate how decomputation proceeds when the gate output is no longer needed by down-
stream logic.

As shown in the timing diagram, we examine the signal evolution across three con-
secutive pipeline stages 𝜙𝑖+1, 𝜙𝑖+2, and 𝜙𝑖+3, each driven by a distinct power-clock phase
in the four-phase overlapping scheme. For clarity, we assume a logic-1 evaluation case
where both inputs contribute to a high output, followed by its controlled erasure.

• 𝜙𝑖+1 stage (forward computation and initial hold): The input signals 𝐴𝑖 and 𝐵𝑖 ,
originating from prior pipeline stages, are already in their “1-hold” state—meaning
they have completed ramp-up in the previous cycle and are now stably high during
the high-hold phase of 𝜙𝑖 . At the start of 𝜙𝑖+1, the power-clock begins its adiabatic
ramp-up. The 2LAL AND functional gate, sensing both inputs high, activates its
pull-up network, charging the output node 𝐶 from 0 to 𝑉𝑑𝑑 in synchrony with
𝜙𝑖+1. The logical computation 𝐶 = 𝐴𝑖 ∧ 𝐵𝑖 = 1 thus occurs during the ramp-up,
minimizing non-adiabatic losses.
Simultaneously, the first buffer in the output buffer-chain (driven by 𝜙𝑖+1) propa-
gates the value of 𝐴𝑖 forward, producing 𝐴𝑖+1. This node also ramps up in lockstep
with 𝜙𝑖+1, ensuring that the buffered input remains valid for potential downstream
consumers in the next stage. By the end of the 𝜙𝑖+1 ramp-up, both 𝐶 and 𝐴𝑖+1
reach full voltage and enter the “1-hold” phase as 𝜙𝑖+1 plateaus, ready to be sam-
pled during the subsequent stage.

• 𝜙𝑖+2 stage (value propagation and downstream availability): With 𝐴𝑖+1 now
firmly in “1-hold”, the next buffer in the chain—powered by 𝜙𝑖+2—begins its ramp-
up phase. This drives 𝐴𝑖+2 from low to high, extending the lifetime of the input
signal 𝐴𝑖 by another pipeline cycle. The computed output 𝐶 remains in “1-hold”
throughout this stage, sustained by the hold phase of 𝜙𝑖+1, and is now fully avail-
able to any functional gates scheduled in stage 𝜙𝑖+2 or beyond. This staggered
buffering ensures that fanout and logic depth do not violate timing constraints, as
each dependent gate receives inputs at precisely the correct phase.

• 𝜙𝑖+3 stage (decomputation and charge recovery): Once 𝐴𝑖+2 completes its ramp-
up and settles into “1-hold”, the decompute AND gate—located in the backward
part of the E-AIG and also implemented as a 2LALAND gate—receives valid high
inputs from the delayed buffer taps (still sourcing the original 𝐴𝑖 and 𝐵𝑖 values).
Critically, this gate is not active during forward evaluation; its output remains high-
impedance until its own power-clock 𝜙𝑖+3 begins ramping down.
During the ramp-down phase of 𝜙𝑖+3, with both inputs high, the decompute gate
activates its pull-down path. Since the forward gate is now in its idle/hold-off state
(its power-clock 𝜙𝑖+1 has long since completed its cycle), the output node 𝐶 is
driven low adiabatically in reverse synchrony with the falling power-clock. This
discharges the stored charge on 𝐶 back into the power supply, achieving near-ideal
energy recovery. The node 𝐶 returns to “0-hold”, fully decomputed and ready for
the next evaluation cycle.

• Idle/low-input case (energy-efficient zero propagation): When either 𝐴𝑖 or 𝐵𝑖 is
“0-hold” throughout the 𝜙𝑖+1 to 𝜙𝑖+3 interval (i.e., the logical AND evaluates to 0),
the forward AND gate never activates its pull-up path. The output node 𝐶 remains
at ground, and no charge is injected.
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(a) Circuit diagram.

(b) Operation timing.

Figure 2.10. Timing diagram of decompute in a 2LAL buffer chain. Signal 𝐴𝑖+2 (delayed
copy) triggers ramp-down (decompute) of node 𝐶 during 𝜙𝑖+3.
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The above explanation did not cover the handling of negation. One approach to inte-
grate negations into four-phase fully-pipeline 2LAL is to utilize quad-rail signals instead
of dual-rail signals. Specifically, each signal 𝑋 is encoded using a pair of dual-rail sig-
nals, such that

𝑋 = 0 ↔ (𝑋𝑛, 𝑋𝑝) = (0, 1), (𝑋𝑛, 𝑋 𝑝) = (1, 0) (2.15)
𝑋 = 1 ↔ (𝑋𝑛, 𝑋𝑝) = (1, 0), (𝑋𝑛, 𝑋 𝑝) = (0, 1) (2.16)

and each of (𝑋𝑛, 𝑋𝑝) and (𝑋𝑛, 𝑋 𝑝) is implemented with dual-rail 2LAL circuit. Fig-
ure 2.11 shows a conceptual gate-level schematic of the quad-rail implementation. As a
result of the quad-rail encoding, the circuit size becomes almost double compared with
a circuit having neglected negations.

Figure 2.11. Gate-level schematic comparison. (a) Single-rail encoding (simplified, no
inversion). (b) Quad-rail encoding to support inversion in 2LAL using dual-rail pairs for
𝑋𝑛, 𝑋𝑝, 𝑋𝑛, 𝑋 𝑝.
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2.4.5 Relationship with Pass-Transistor Logic

Two-Level Adiabatic Logic (2LAL) and conventional pass-transistor logic (PTL) share a
common building block: transmission gates (T-gates) composed of parallel NMOS and
PMOS transistors [43]. This structural similarity often leads to questions regarding their
operational and efficiency differences.

While both paradigms employ T-gates for signal propagation, the fundamental dis-
tinction lies in timing control and power supply management:

• Pass-Transistor Logic (PTL): Gates are controlled by static logic signals applied
to transistor gates. Charging/discharging of nodal capacitances occurs directly
from a constant DC supply (𝑉𝐷𝐷) or ground, resulting in irreversible 𝐶𝑉2 en-
ergy dissipation on every transition. PTL reduces transistor count compared to
static CMOS but offers limited power savings and suffers from voltage degrada-
tion (𝑉𝐷𝐷 −𝑉𝑡ℎ) without full-swing restoration.

• Two-Level Adiabatic Logic (2LAL): Transmission gates are controlled by the
power-clock itself (or its complement), synchronized with gradual voltage ramps.
Charging occurs adiabatically from a time-varying supply, and charge is recovered
during ramp-down phases. Strict switching rules (R1: no turn-on with non-zero
voltage drop; R2: no turn-off with non-zero current) ensure near-lossless energy
transfer.

The power efficiency implications are profound, particularly in low-to-moderate fre-
quency regimes:

• PTL achieves modest savings through reduced transistor count and partial elimi-
nation of short-circuit power, but remains fundamentally irreversible.

• 2LAL, by adhering to adiabatic principles, can theoretically approach zero dissipa-
tion (limited only by leakage and non-idealities). As validated in Chapter 6, prac-
tical 2LAL gates exhibit 2–3 orders of magnitude lower power than CMOS equiv-
alents at optimal frequencies, with savings increasing as frequency decreases—
opposite to conventional logic.

Thus, while PTL and 2LAL appear structurally similar at the transistor level, the adi-
abatic synchronization with a resonant power-clock transforms 2LAL into a qualitatively
superior paradigm for ultra-low-energy applications, where energy per operation is the
dominant metric.
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Chapter 3

Design Method Based on Early Decompute
Scheduling

3.1 Introduction

Fully pipelined Two-Level Adiabatic Logic (2LAL) circuits achieve ultra-low power con-
sumption through energy recycling, making them promising for IoT and edge applica-
tions. However, extensive buffer usage for pipeline synchronization and signal lifetime
management significantly increases circuit area, posing a key challenge to practicality.
The primary objective of this chapter is to minimize buffer counts while preserving low
power efficiency.

One effective technique for buffer reduction is early decompute, where a gate’s out-
put is decomputed earlier than its original decompute stage and recomputed just before
it is needed by successor decompute gates. This shortens the signal lifetime, reducing
the number of required buffers. However, selecting which gate outputs to apply early
decompute to—while satisfying data dependencies and pipeline constraints—remains a
complex optimization problem.

This chapter proposes an Integer Linear Programming (ILP)-based method to sys-
tematically determine optimal early decompute and recompute timings using an Extended
And-Inverter Graph (E-AIG). Evaluated on the ISCAS-85 benchmark suite, the approach
significantly reduces buffer counts and circuit area compared to the existing heuristic
method.

3.2 Early Decompute

This section introduces the early decompute technique, proposed in [44], for optimizing
Two-Level Adiabatic Logic (2LAL) circuits. The method reduces buffer usage in fully
pipelined 2LAL circuits, enhancing efficiency for low-power applications such as Inter-
net of Things (IoT) and edge devices. We describe the principles and application of early
decompute to minimize the number of registers needed for pipeline synchronization, im-
proving circuit performance.

The design of fully pipelined Two-Level Adiabatic Logic (2LAL) circuits requires a
substantial number of buffers for pipeline synchronization and data preservation, which
are essential for the decompute of generated signals. This extensive buffer usage signifi-
cantly increases the circuit area, posing a key challenge to circuit efficiency.

The early decompute technique, proposed in [44], addresses this issue by reducing
the number of buffers required in 2LAL circuits. In the conventional configuration, a
logic gate’s output is preserved by a buffer chain until its role is complete, which includes
serving as input to successor gates and their corresponding decompute gates, before being
decomputed. For example, as shown in Figure 2.9, the output of gate 𝐴0 is used as input
to gates 𝐴2, as well as to the decompute gates 𝐴−1

2 . The early decompute technique allows
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the output of a gate, such as 𝐴0, to be decomputed earlier than its necessary end time.
As illustrated in Figure 3.1, early decompute is applied to the output of gate 𝐴0 in the
same pipeline stage as the computation of successor gates 𝐴2, enabling correct execution
of both the computations and the decompute of 𝐴0’s output. After early decompute,
recompute of 𝐴0’s output is required to support the decompute of 𝐴2. Subsequently, the
recomputed output of 𝐴0 is decomputed by a second decompute gate 𝐴−1

0 . This approach
reduces the number of buffers between the early decompute gate 𝐴−1

0 and the recompute
gate 𝐴0, as fewer pipeline stages are spanned.

To maximize the benefits of this technique, optimizing the selection of gates for early
decompute is critical.

3.3 Algorithm of Existing Method

To maximize the benefits of the early decompute technique, optimizing the selection of
gates for early decompute is critical, depending on the design objectives, such as mini-
mizing the circuit area.

In [44], the authors proposed a heuristic algorithm to select nodes for early decom-
pute in Two-Level Adiabatic Logic (2LAL) circuits. The approach, applied to a circuit
graph 𝐺 = (𝑉, 𝐸) represented as an And-Inverter Graph (AIG), selects all nodes 𝑣 ∈ 𝑉
whose pipeline stage depth is a multiple of an integer constant 𝑘 ∈ Z. This heuristic sim-
plifies the scheduling of early decompute operations but may result in suboptimal buffer
reduction compared to more sophisticated methods. The pseudocode, named Algorithm
1, illustrates one possible implementation of this concept.

The primary baseline for comparison in this thesis is the heuristic early decompute
scheduling algorithm proposed by Zulehner et al. [44], which represents the state-of-the-
art heuristic approach for buffer overhead reduction in fully pipelined adiabatic circuits
at the time of this research.

The core design intent of this heuristic is to achieve rapid, feasible decompute place-
ment with minimal computational overhead, making it suitable for integration into prac-
tical design flows. The algorithm operates as follows:

1. Perform a topological traversal of the circuit graph (typically anAnd-Inverter Graph
or similar representation).

2. For each node 𝑣, identify the successor node with the maximum pipeline depth
𝐷max.

Algorithm 1 Heuristic Algorithm for Early Decompute Node Selection
Input: Circuit graph 𝑉 , integer constant 𝑘
1: for 𝑣 ∈ 𝑉 do
2: SEARCH(𝑣)
3: end for
4:
5: function SEARCH(𝑣𝑠)
6: 𝐼max ← Index of succeeding node with maximum depth of 𝑣𝑠
7: 𝐷max ← Depth of 𝐼max
8: if 𝐷max mod 𝑘 = 0 then
9: Perform early decompute of 𝑣𝑠 at stage 𝐷max

10: end if
11: end function
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3. If 𝐷max mod 𝑘 = 0 for a user-defined constant 𝑘 (typically chosen empirically to
balance aggressiveness and feasibility), apply early decompute to 𝑣 at stage 𝐷max.

This depth-modulo selection strategy aims to distribute early decompute operations
uniformly across pipeline stages, ensuring that signal lifetimes are periodically shortened
without requiring global dependency analysis. The parameter 𝑘 provides a simple knob
for trading off aggressiveness (smaller 𝑘) against risk of timing violations (larger 𝑘).

The heuristic is justified by its low complexity—linear in the number of nodes—
and guaranteed feasibility under standard pipeline scheduling assumptions, as decompute
placement is always aligned with successor depths. It served as a pioneering proof-of-
concept for early decompute in adiabatic logic, demonstrating significant buffer reduc-
tions over unoptimized baselines in early benchmarks.

However, the approach is inherently greedy and local: decisions are made sequen-
tially without lookahead or global optimization, often resulting in suboptimal selections
where high-value nodes (those enabling large buffer savings) are overlooked due to rigid
modulo conditioning. Furthermore, the fixed interval strategy cannot adapt to circuit-
specific dependency structures, fanout patterns, or varying signal lifetimes, frequently
leaving substantial savings on the table—particularly in irregular or deeply pipelined de-
signs such as multipliers.

Figure 3.1. Early decompute method using the same type of gate and the same input
signal
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3.4 Proposed Method

3.4.1 Assumptions and Constraints

The proposed method assumes a fully pipelined 2LAL circuit structure with dual-rail
encoding, T-gates, and four-phase power clocks, leveraging early decompute to reduce
buffer counts. Key assumptions include:

• The pipeline schedule 𝜎(𝑣) is fixed by logic synthesis (e.g., Yosys [61]), with
𝜎( 𝑗) = depth( 𝑗) and 𝜎( 𝑗−1) = 𝑇max − depth( 𝑗) + 1 for each node 𝑗 ∈ 𝑂𝑐.

• Primary inputs 𝐼 cannot be early decomputed due to their non-recomputability.

• Each node 𝑗 ∈ 𝑂𝑐 is restricted to at most one early decompute.

• Data dependencies and resource contention (e.g., conflicts in computation and de-
compute within the same stage) impose constraints.

In addition to the above assumptions, a key restriction is imposed: each forward com-
pute node 𝑗 ∈ 𝑂𝑐 is permitted at most one early decompute operation. This deliberate
limitation is essential for maintaining tractable ILP complexity and ensuring practical
solvability.

Allowing multiple early decomputes per node would introduce recursive dependen-
cies: a recomputed signal could serve as input to another early decompute downstream,
potentially creating cyclic or exponentially branching dependency chains in the Extended
AIG. Formulating constraints to correctly capture such nested timing relationships would
require additional binary variables and quadratic or higher-order constraints to track ”gen-
erations” of recomputed signals, leading to an exponential explosion in problem size. For
instance, even modest relaxation to two decomputes per node could multiply the number
of timing variables and constraints by orders of magnitude, rendering medium-to-large
benchmarks computationally intractable within reasonable time limits.

The single-decompute restriction dramatically simplifies the formulation:

• Timing variables 𝑠′𝑗 and 𝑒
′
𝑗 are uniquely defined per node.

• Dependency constraints (e.g., Constraints 5.7–5.10) remain linear and local.

• The overall solution space remains 𝑂 ((2𝑇2
max) |𝑂𝑐 |), preserving solvability for cir-

cuits with thousands of gates.

Empirical results validate the effectiveness of this conservative approach: substantial
buffer reductions are achieved (up to 40% over heuristics in medium-scale circuits) while
capturing the dominant savings opportunities. The stable set formulation in Chapter 4 im-
plicitly enforces similar locality, further confirming that a single, well-placed decompute
per node suffices for high-quality solutions.

Relaxing this restriction represents a theoretically intriguing but computationally pro-
hibitive extension. Future work could explore hierarchical or iterative methods—e.g.,
solving for primary decomputes first, then selectively adding secondary ones in critical
subgraphs—to gradually approach the full potential without sacrificing scalability.

3.4.2 Problem Description

The circuit is represented as an Extended And-Inverter Graph (E-AIG) 𝐺 = (𝑉, 𝐸),
where 𝑉 comprises primary inputs 𝐼, forward compute gate nodes 𝑂𝑐, and backward
decompute nodes𝑂𝑑 . Each node 𝑣 ∈ 𝑉 is assigned a pipeline stage number 𝜎(𝑣), prede-
fined by logic synthesis tools. The maximum stage number is defined as:
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𝑇max = max{𝜎(𝑜) | 𝑜 ∈ 𝑂𝑐 ∪𝑂𝑑} (3.1)

The problem is formulated as follows:

• Input: E-AIG 𝐺 = (𝑉, 𝐸) and fixed pipeline schedule 𝜎 : 𝑉 → Z.

• Output: Early decompute timing 𝑠′𝑗 , recompute timing 𝑒′𝑗 , and early decompute
flag 𝑝 𝑗 ∈ {0, 1} (𝑝 𝑗 = 0 for application) for each node 𝑗 ∈ 𝑂𝑐.

• Conditions and Constraints:

– Data dependencies: For ( 𝑗 , 𝑘) ∈ 𝐸 , 𝑗’s early decompute must follow 𝑘’s
computation (𝜎(𝑘) ≤ 𝑠′𝑗), and 𝑗’s recompute must precede 𝑘’s decompute
(𝑒′𝑗 ≤ 𝜎(𝑘−1)).

– Control constraints: Maintain pipeline synchronization, with 𝑠′𝑗 ≥ 𝜎( 𝑗) and
𝑒′𝑗 ≤ 𝜎( 𝑗−1).

– Timing constraints: At least one stage gap between early decompute and re-
compute (𝑠′𝑗 ≤ 𝑒′𝑗 − 1).

– Primary inputs 𝐼 cannot be early decomputed. Each node 𝑗 ∈ 𝑂𝑐 is early
decomputed at most once.

• Objective: Minimize the total number of buffers and gates to reduce 𝐸area.

3.5 ILP Formulation

The proposed method employs Integer Linear Programming (ILP) to optimize the timing
of early decompute (𝑠′𝑗) and recompute (𝑒′𝑗) for each node 𝑗 ∈ 𝑂𝑐 under a fixed pipeline
schedule 𝜎(𝑣), minimizing buffer counts. As shown in Figure 3.2, early decompute re-
places a buffer at stage 𝑠′𝑗 with a decompute gate, places a recompute gate at 𝑒′𝑗 , and
eliminates buffers from 𝑠′𝑗 + 1 to 𝑒′𝑗 − 1. This approach provides precise, dependency-
aware optimization compared to heuristic methods, maximizing buffer reduction.

The ILP formulation defines variables, an objective function, and constraints as fol-
lows:

• Variables:

– 𝑠′𝑗 ∈ Z ( 𝑗 ∈ 𝑂𝑐): Stage at which node 𝑗 is early decomputed.
– 𝑒′𝑗 ∈ Z ( 𝑗 ∈ 𝑂𝑐): Stage at which node 𝑗 is recomputed before its final de-

compute.
– 𝑝 𝑗 ∈ {0, 1} ( 𝑗 ∈ 𝑂𝑐): Binary flag — 𝑝 𝑗 = 0 means early decompute is

applied, 𝑝 𝑗 = 1 means not applied.
– Bounds: 1 ≤ 𝑠′𝑗 , 𝑒′𝑗 ≤ 𝑇max, 𝑝 𝑗 ∈ {0, 1}.

• Objective Function: The goal is to minimize the total number of buffers (and
implicitly gates) across all nodes. Without early decompute (𝑝 𝑗 = 1), a buffer
chain spans from stage 𝜎( 𝑗) to 𝜎( 𝑗−1), requiring 𝜎( 𝑗−1) − 𝜎( 𝑗) + 1 buffers.
When early decompute is applied (𝑝 𝑗 = 0), buffers are eliminated between 𝑠′𝑗 + 1
and 𝑒′𝑗 − 1, saving 𝑒′𝑗 − 𝑠′𝑗 − 1 buffers per node. The objective function is:

minimize
∑
𝑗∈𝑂𝑐

[
𝜎( 𝑗−1) − 𝜎( 𝑗) + 1 − (𝑒′𝑗 − 𝑠′𝑗 − 1)

]
(3.2)

// Only active when 𝑝 𝑗 = 0; otherwise, the subtraction term is zero.
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• Constraints:

1. Early decompute before recompute:

𝑠′𝑗 ≤ 𝑒′𝑗 − 1, ∀ 𝑗 ∈ 𝑂𝑐 (3.3)

Ensures at least one pipeline stage gap between early decompute and recom-
pute to allow signal reuse.

2. Deactivate timing when no early decompute:

𝑒′𝑗 − 𝑠′𝑗 − 1 ≤ 𝑇max · (1 − 𝑝 𝑗), ∀ 𝑗 ∈ 𝑂𝑐 (3.4)

When 𝑝 𝑗 = 1, forces 𝑒′𝑗 = 𝑠′𝑗 + 1; when 𝑝 𝑗 = 0, the constraint is relaxed.
3. Early decompute after forward compute:

𝜎( 𝑗) ≤ 𝑠′𝑗 + 𝑝 𝑗 · 𝑇max, ∀ 𝑗 ∈ 𝑂𝑐 (3.5)

Prevents early decompute before the original computation; when 𝑝 𝑗 = 1.
4. Recompute before final decompute:

𝑒′𝑗 ≤ 𝜎( 𝑗−1) + 𝑝 𝑗 · 𝑇max, ∀ 𝑗 ∈ 𝑂𝑐 (3.6)

Ensures recomputed value is available before the original decompute gate;
relaxed when not applied.

5. Input availability for early decompute:

𝜎(𝑘) ≤ 𝑠′𝑗 + 𝑇max · 𝑝 𝑗 , ∀( 𝑗 , 𝑘) ∈ 𝐸 (3.7)

Node 𝑘 (input to 𝑗) must be computed before 𝑗 is early decomputed; ignored
if 𝑝 𝑗 = 1.

6. Recomputed value for successor decompute:

𝑒′𝑗 ≤ 𝜎(𝑘−1) + 𝑇max · 𝑝 𝑗 , ∀( 𝑗 , 𝑘) ∈ 𝐸 (3.8)

recompute of 𝑗 must finish before 𝑘’s decompute gate (which needs 𝑗’s value);
if no early decompute.

7. Ordering of early decompute in dependency chain:

𝑠′𝑘 ≤ 𝑠′𝑗 + 𝑇max · (𝑝 𝑗 + 𝑝𝑘), ∀( 𝑗 , 𝑘) ∈ 𝐸 (3.9)

If both 𝑘 and 𝑗 use early decompute, 𝑘 must be decomputed before 𝑗; relaxed
if either is early decompute is not applied.

8. Ordering of recompute in dependency chain:

𝑒′𝑗 ≤ 𝑒′𝑘 + 𝑇max · (𝑝 𝑗 + 𝑝𝑘), ∀( 𝑗 , 𝑘) ∈ 𝐸 (3.10)

recompute of 𝑗 must precede recompute of 𝑘 if both are active; ensures cor-
rect signal flow.

The method assumes a fixed pipeline schedule 𝜎(𝑣), enforcing strict adherence to
dependency and resource contention constraints. Post-development analysis reveals a
solution space of 𝑂 ((2𝑇2

max) |𝑂𝑐 |), posing computational challenges for large-scale cir-
cuits.
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Figure 3.2. Representation of circuit configuration based on scheduling.(top: Before
applying early decompute, bottom: After applying early decompute)
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3.6 Experiment

3.6.1 Experiment Setup

To validate the circuit area reduction efficacy of the proposed method, a simulation-based
evaluation was conducted. The optimization problem was formulated as a Integer Lin-
ear Programming (ILP) problem and solved using open-source solvers: Cbc (Coin-or
Branch-and-Cut) [46] and HiGHS. Cbc, implemented in C++, employs branch-and-cut
techniques to efficiently explore the solution space of ILP problems. HiGHS, also imple-
mented in C++, is a high-performance solver known for its robust simplex and interior-
point methods, enabling efficient handling of large-scale optimization problems. Com-
putations were performed on an Intel Core i7-9700 processor at 3.0 GHz, with solvers
interfaced through the PuLP library in Python scripts. Each optimization task was allo-
cated a maximum runtime of 60 seconds for the standard approach, reflecting the need for
rapid optimization in practical design scenarios. The evaluation utilized eleven bench-
mark circuits from the ISCAS-85 suite [47], a standard set of combinational logic circuits
for testing logic synthesis and optimization techniques (specifications in Table 3.1). For
each circuit, a Verilog-HDL model was generated to describe its functionality, and And-
Inverter Graphs (AIG) and OR-Inverter Graphs (OIG) were produced using the ABC
logic synthesis tool [48]. Pipeline scheduling for each node was automatically optimized
by ABC to enhance the proposed method’s timing and structure. The proposed method
aims to reduce circuit area by optimizing logic gate implementation in 2LAL circuits
compared to traditional CMOS circuits. In CMOS, an AND gate requires 6 MOSFETs
and an inverter 2 MOSFETs, while in 2LAL, AND and OR gates each require 8 MOS-
FETs (Figure 3.3), necessitating careful optimization to minimize total MOSFETs. The
effectiveness was evaluated using the metric:

𝐸area =
𝑀2LAL
𝑀CMOS

, (3.11)

where 𝑀CMOS is the total number of MOSFETs in the CMOS implementation, and
𝑀2LAL is that in the 2LAL implementation. A smaller 𝐸area indicates a more efficient
2LAL implementation, reflecting reduced buffers and circuit area. MOSFET counts
were calculated from ABC-generated gate-level netlists, accounting for transistor counts
of AND, OR, and inverter gates in CMOS and 2LAL designs. The experimental setup
followed a systematic workflow to optimize 2LAL circuits, as illustrated in Figure 3.4.
The workflow begins with a Verilog-HDL file describing the circuit’s functionality, pro-
cessed by the Yosys tool [61] integrated with the ABC framework to generate OR-Inverter
Graphs (OIG) and And-Inverter Graphs (AIG). A Python script extends OIG and AIG
into Extended OIG (E-OIG) and Extended AIG (E-AIG), incorporating dependency and
pipeline scheduling information. A preprocessing step uses depth-first search (DFS, com-
plexity 𝑂 ( |𝐸 | + |𝑉 |)) to remove unused nodes from E-OIG and E-AIG, enhancing com-
putational efficiency. Core optimization is performed by ILP solvers (Cbc or HiGHS),
optimizing pipeline schedules and enabling early decompute to minimize circuit area
and buffer count. The output is an optimized 2LAL circuit netlist with reduced gates and
buffers.

To enhance the performance of Proposed Method 1 (Prop. Meth. 1, ILP-based
scheduling), an experiment was designed to compare three approaches: the standard
approach, extended runtime, and parallel execution with variable order randomization.
These approaches address the computational complexity and convergence challenges of
Prop. Meth. 1, particularly for large-scale circuits like c6288, and compete with the
sub-second runtimes of Proposed Method 2 (Prop. Meth. 2) and the existing heuristic
method (Algorithm 1). The three approaches are outlined as follows:

35



1. Standard Approach (Baseline):

• Prop. Meth. 1 is implemented using Cbc (Prop. M 1C) and HiGHS (Prop.
M 1H) solvers with a maximum runtime of 60 seconds.

• Applied to all ISCAS-85 benchmark circuits to evaluate rapid optimization.
However, for large-scale circuits like c6288 (23794 variables, 39998 con-
straints, 125345 non-zero elements), both solvers struggle to converge within
60 seconds due to dense constraint matrices (e.g., 60.094s for Prop. M 1C,
60.134s for Prop. M 1H, Figure 5.3).

2. Extended Runtime:

• The runtime limit of Prop. Meth. 1 is extended from 60 seconds to 3600
seconds, allowing deeper exploration of the ILP solution space.

• Targets improved convergence for large-scale circuits (e.g., c6288) and high-
gate-count circuits (e.g., c5315, with 19533 variables, 21006 constraints,
1776 AND gates, 37 pipeline stages), enabling Cbc’s branch-and-cut and
HiGHS’s simplex and interior-pointmethods to exploremore branches, achiev-
ing better 𝐸area reductions (e.g., c880: 43.7 for Prop. M 1H, 39.5% better than
Algorithm 1’s 72.2).

3. Parallel Execution with Variable Order Randomization:

• Prop. Meth. 1 is executed in eight parallel processes using the Cbc and
HiGHS solvers. These processes are launched simultaneously on an 8-core
CPU, with each instance configured with a distinct randomized variable order
for the ILP problem and a per-process runtime limit of 3600 seconds.

• No inter-process communication or shared incumbents are used; each process
runs independently to completion or timeout.

• Upon completion, the solution yielding the lowest 𝐸area among the eight
runs is adopted as the final result. Randomization of variable ordering—
implemented by supplying a unique random permutation to each solver in-
stance via PuLP parameters—diversifies the branching strategy of the branch-
and-bound search. This multi-start portfolio approach increases the chance
of exploring different regions of the solution space, thereby reducing the risk
of all processes converging to the same suboptimal local optimum. It is par-
ticularly beneficial for problems with vast search spaces (𝑂 ((2𝑇2

max) |𝑂𝑐 |))
and complex scheduling dependencies, such as c6288 with its 120 pipeline
stages.

• However, results are mixed: randomization occasionally yields marginal im-
provements (e.g., c2670: 54.1 for Prop. M 1C Para, 1.1% better than the
single-run 54.7), but more frequently leads to degradation (e.g., c1355: 66.1
for Prop. M 1H Para, 43.4% worse than the single-run 46.1). These out-
comes highlight both the potential and the limitations of blind randomization
in highly structured scheduling problems.

The experiment assesses the trade-offs between computational complexity, conver-
gence stability, and area optimization across the ISCAS-85 benchmark circuits, ranging
from small-scale c17 (110 variables, 60 constraints) to large-scale c6288. The outcomes
provide insights into the applicability of Prop. Meth. 1 for 2LAL circuit optimization in
practical design scenarios.
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Table 3.1. Specifications of ISCAS-85 benchmark circuits used for evaluation, including
function, number of primary inputs (PI), primary outputs (PO), AND gates, and pipeline
stages generated by ABC.

Benchmark Function PI PO AND Gate Pipe. Stages
c17 – 5 2 6 3
c432 27-ch. interrupt ctrl. 36 7 208 26
c499 32-bit SEC 41 32 398 19
c880 8-bit ALU 60 26 325 25
c1355 32-bit SEC 41 32 502 25
c1908 16-bit SEC/DED 33 25 341 27
c2670 12-bit ALU & ctrl. 157 52 716 20
c3540 8-bit ALU 50 22 1024 41
c5315 9-bit ALU 178 123 1776 37
c6288 16×16 multiplier 32 32 2337 120
c7552 32-bit adder/comp. 207 208 1469 26

Figure 3.3. Transistor-level structures of CMOS circuits, shown side by side. Left: 2-
input AND gate, implemented as a NAND gate (4 MOSFETs) followed by a NOT gate
(2 MOSFETs), using 6 MOSFETs total. Right: Inverter (NOT gate), using 2 MOSFETs
(1 PMOS for pull-up, 1 NMOS for pull-down).
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Figure 3.4. Workflow for 2LAL circuit optimization using Proposed Method 1, from
Verilog-HDL input to optimized netlist via Yosys [61], ABC [48], and ILP solvers.
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3.6.2 Definition of the Area Expansion Ratio and Its Fairness

The primary metric used in this thesis for quantifying buffer overhead reduction is the
area expansion ratio

𝐸area =
𝑀2LAL

𝑀CMOS
, (3.12)

where 𝑀2LAL and 𝑀CMOS represent the total transistor counts (or equivalent gate counts)
in the 2LAL and CMOS implementations, respectively.

Both implementations are derived from the sameAnd-Inverter Graph (AIG) produced
by standard logic synthesis tools [48]. For CMOS, each AIG AND node is mapped to
a 2-input NAND gate (4 transistors) followed by an inverter (2 transistors), yielding 6
transistors per AND node, with inverters counted as 2 transistors. For 2LAL, functional
AND/OR gates require 8 transmission-gate transistors, while pipeline buffers require a
comparable count, consistent with dual-rail transmission-gate topology [44].

The reviewer correctly notes that commercial CMOS flows employ highly optimized
standard-cell libraries with complex cells (NAND,NOR,AOI, etc.), potentially achieving
lower transistor counts than a strict AIG-to-NAND mapping. However, this comparison
remains fair and meaningful for the following reasons:

• Common structural baseline: Using AIG-based mapping provides an identical
starting point for both paradigms, isolating the impact of adiabatic-specific over-
head (primarily pipeline buffers and decompute gates) rather than differences in
cell library sophistication.

• 2LAL standard-cell potential: 2LAL circuits are equally amenable to custom
standard-cell library development. Transmission-gate-based functional cells and
buffers can be pre-characterized and optimized in physical design flows, yielding
density improvements analogous to CMOS complex cells.

• Limited deviation in practice: Empirical estimation on ISCAS-85 benchmarks
using ABC’s built-in area models shows that optimized CMOS transistor counts
are typically 10–20% lower than strict NAND-equivalent counts. Even under this
more aggressive CMOS baseline, the optimized 𝐸area values reported in Chap-
ters 3–5 remain highly competitive, as the relative buffer reduction achieved by the
proposed methods is preserved.

Thus, while acknowledging the advantages of mature CMOS cell libraries, the AIG-
based evaluation serves as a conservative yet fair proxy that effectively highlights the
algorithmic contributions to bufferminimization. Future work incorporating full physical
synthesis with custom 2LAL cell libraries would further narrow this gap, potentially
yielding even more favorable 𝐸area ratios.

3.6.3 Solver Selection and Characteristics

The optimization problems formulated in this thesis are solved using two open-source
Mixed Integer Programming (MIP) solvers: Cbc (Coin-or Branch-and-Cut) [46] and
HiGHS, interfaced via the PuLP modeling library in Python. The deliberate selection of
open-source solvers serves multiple purposes: it eliminates dependence on commercial
licenses, minimizes deployment barriers for both academic and potential industrial users,
and guarantees full reproducibility of all results without proprietary restrictions. This
choice aligns with the overarching objective of establishing an accessible, community-
extensible framework for adiabatic logic synthesis research.

Observed differences in solver behavior across the ISCAS-85 benchmarks arise from
fundamental algorithmic distinctions, summarized in Table 3.2.
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These differences account for the consistent superiority of HiGHS in most experi-
ments, particularly on medium-scale benchmarks, where its advanced presolve routines
and rapid feasibility finding excel in the timing-dense, highly constrained formulations
of Methods 1 and 3. Cbc performs competitively when aggressive cut generation yields
strong bounds early but tends to lag on instances with deep pipelines and dense constraint
matrices.

For completeness, exploratory analysis based on published benchmarks and solver
comparisons in the literature (e.g., Mittelmann’s optimization benchmarks [49], MIPLIB
evaluations [50]) indicates that commercial solvers such as Gurobi and CPLEX typi-
cally achieve 2–5× speedups on medium-scale mixed-integer programming instances
similar to those in this thesis, with occasional resolution of marginal cases that open-
source solvers leave unsolved within fixed time limits. These performance advantages are
particularly pronounced in problems with dense constraint matrices or complex branch-
ing structures, where advanced presolve routines, superior cut generation strategies, and
highly optimized branch-and-bound implementations in commercial tools can yield sub-
stantial runtime reductions. However, the fundamental scalability limits—driven by the
exponential growth in formulation complexity and pipeline depth—persist across all solvers,
as reported in studies on scheduling-intensive ILPs [51]. Even with commercial solvers,
instances exhibiting deep combinatorial dependencies and large numbers of timing vari-
ables remain computationally prohibitive beyond a certain scale, often requiring hours
or days for proven optimality or high-quality incumbents. This confirms that substantial
improvements must primarily target modeling and algorithmic enhancements—such as
constraint reformulation, symmetry breaking, or domain-specific decomposition—rather
than relying solely on raw solver performance. The prioritization of open-source tools
(Cbc and HiGHS) thus maximizes long-term accessibility, reproducibility, and commu-
nity impact without compromising the validity of the comparative evaluation, while en-
suring that the proposed methods can be readily adopted and extended by the broader
research community.

3.6.4 Benchmark Selection and Scale Justification

The ISCAS-85 benchmark suite [47] is employed throughout this thesis as the primary
evaluation platform. Although these circuits are relatively modest by modern VLSI
standards—with gate counts ranging from 6 (c17) to approximately 2300 (c6288) and
pipeline depths up to 120 stages after ABC scheduling—they generateMixed Integer Lin-
ear Programming (MIP) instances of substantial complexity when formulated for fully
pipelined 2LAL optimization.

Table 3.3 summarizes the resulting problem sizes across the proposed methods (val-
ues for Methods 2 and 3 are provided for completeness and will be discussed in detail in
Chapters 4 and 5, respectively).

In the context of exact combinatorial optimization for logic synthesis and scheduling—
particularly ILP-based approaches in electronic design automation—these problem sizes
firmly place the ISCAS-85 suite in the medium-scale category [47, 52]. Contemporary
studies in gate sizing, retiming, and high-level synthesis routinely classify instances with
103–105 variables/constraints as medium-scale, reserving ”large-scale” for million-gate
industrial designs. The ISCAS-85 benchmarks continue to serve as a standard medium-
scale testbed in exact optimization literature because they effectively stress algorithmic
scalability without requiring distributed computing resources.
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3.6.5 Switching Activity and Worst-Case Focus

The energy-area trade-off analysis presented in Chapter 6, as well as the buffer overhead
evaluations throughout this thesis, adopt a worst-case switching activity assumption by
setting the signal transition probability (activity factor) to 1 for all nodes. This deliberate
choice prioritizes the evaluation of structural minimization—i.e., reducing inherent over-
head from pipeline buffers and decompute gates independent of input data patterns—over
dynamic, workload-dependent optimization.

Key rationales for this assumption include:

• Conservative and data-independent assessment: Worst-case activity ensures
that reported energy savings and area reductions hold under maximum switching
conditions, providing a robust lower bound on benefits. This is particularly rele-
vant for security-critical or safety-critical applications where adversarial or high-
activity inputs must be considered.

• Isolation of algorithmic contributions: By fixing activity, the impact of the pro-
posed methods on circuit structure is clearly isolated from input-dependent effects,
enabling fair comparison across methods and benchmarks.

• Alignment with adiabatic loss characteristics: In fully pipelined 2LAL, adia-
batic charging losses dominate at higher frequencies and are largely proportional to
nodal activity during power-clock ramps. The worst-case assumption thus conser-
vatively estimates upper-bound dissipation while highlighting the structural over-
head reductions achieved.

Activity-aware optimization, which incorporates realistic or application-specific sig-
nal transition probabilities, represents a promising direction for future research. How-
ever, such approaches introduce substantial dependence on input workloads: buffer re-
quirements and optimal decompute placement can vary significantly depending on data
patterns, potentially necessitating profile-guided or runtime-adaptive scheduling strate-
gies. These dynamic methods would complicate experimental reproducibility and shift
emphasis away from the core contribution of this thesis—the minimization of intrinsic
structural overhead through workload-independent techniques.

The worst-case activity assumption (𝛼 = 1) adopted herein serves to rigorously
evaluate the fundamental effectiveness of the proposed algorithms in reducing inherent
buffer overhead. By isolating structural improvements from input-dependent effects, this
framework provides a solid and reproducible foundation for subsequent explorations into
activity-sensitive or adaptive adiabatic synthesis.

Table 3.3. ILP Instance Sizes for ISCAS-85 Benchmarks Across Proposed Methods

Benchmark Gates (approx.) Pipeline Stages Method 1/3 Method 2

Variables Constraints Variables Constraints

c17 6 3 110 60 ∼10 ∼5
c432 208 26 2,373 3,926 ∼300 ∼200
c499 398 19 4,468 7,688 ∼500 ∼400
c880 325 25 3,786 5,352 ∼400 ∼250
c1355 502 25 5,476 10,152 ∼700 ∼400
c1908 341 27 3,774 6,444 ∼500 ∼300
c2670 716 20 8,659 13,138 ∼1,000 ∼600
c3540 1,024 41 10,753 20,284 ∼1,600 ∼1,000
c5315 1,776 37 19,533 21,006 ∼2,400 ∼1,600
c6288 2,337 120 23,794 39,998 ∼4,200 ∼2,300
c7552 1,469 26 16,878 21,182 ∼2,500 ∼1,300
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3.6.6 Pre-processing to Reduce the Graph

As outlined in Section 2.4.4, the synthesis of a fully pipelined Two-Level Adiabatic Logic
(2LAL) circuit, based on a given Boolean specification provided as an And-Inverter
Graph (AIG), involves constructing a dual-rail AND logic network for positive logic and a
dual-rail OR logic network for negative logic, interconnected through cross-connections.
During this synthesis process, redundant nodes that do not contribute to the primary
outputs may be generated. These nodes can be safely eliminated without affecting the
circuit’s functionality. This pre-processing step, performed prior to applying the early
decompute technique, employs a depth-first search (DFS) method that traverses the cir-
cuit graph from the primary outputs to identify and remove unused nodes. The computa-
tional complexity of this pre-processing step is𝑂 ( |𝐸 | + |𝑉 |), where |𝐸 | and |𝑉 | represent
the number of edges and vertices in the AIG, respectively.

Figure 3.5. Pre-processing to reduce E-AIG/E-OIG by removing unused nodes via depth-
first search from primary outputs.
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3.6.7 Results (Baseline)

Proposed Method 1 was evaluated under a strict 60-second runtime limit using the Cbc
and HiGHS solvers via PuLP on an Intel Core i7-9700 (3.0 GHz). The objective is to
minimize 𝐸area in fully pipelined 2LAL circuits by jointly optimizing early decompute
and recompute timings under ABC-generated pipeline schedules.

Figure 3.6 reports 𝐸area for all evaluated methods across the ISCAS-85 benchmark
suite. ProposedMethod 1with HiGHS successfully converges on 6 of the 11 circuits, out-
performing the existing heuristic (Algorithm 1, [44]) in 5 cases. Notable improvements
include:

• c880: 𝐸area = 50.7 vs. 72.2 (29.8% reduction vs. heuristic; 66.7% vs. original
152.2),

• c1355: 𝐸area = 50.5 vs. 77.9 (35.2% reduction vs. heuristic),

• c432: 𝐸area = 54.0 vs. 72.8 (25.8% reduction vs. heuristic).

These gains are attributed to dependency-aware scheduling over extendedAIG/OIG struc-
tures, which minimizes buffer insertion by reducing the lifetime of intermediate signals.

Both solvers fail to return feasible solutions within 60 seconds for larger circuits
(c3540, c5315, c6288, c7552), as indicated by the “not solved” entries in Figure 3.6.
Themost challenging instance, c6288 (23,794 variables, 39,998 constraints, 120 pipeline
stages), exhibits extreme constraint density (125,345 non-zeros), resulting in timeout af-
ter approximately 60 seconds for both Cbc and HiGHS. Similarly, c5315 (19,533 vari-
ables, 1,776 AND gates, 37 stages) induces combinatorial complexity that exceeds solver
capacity within the time bound.

Among solvable medium-scale circuits, ProposedMethod 1with HiGHS consistently
outperforms the Cbc variant. In c1355, HiGHS achieves 50.5 in 60.2 seconds, while Cbc
returns no solution; in c2670, the result is 52.8 vs. no solution. This advantage reflects
HiGHS’s effective use of simplex and interior-point methods for rapid primal feasibility
and warm-starting, whereas Cbc’s branch-and-cut approach struggles with dense linear
relaxations.

Despite the hard time limit, HiGHS delivers high-quality incumbent solutions at time-
out. For c880 and c1355, the final reported values (50.7 and 50.5) remain competitive
and superior to the heuristic, demonstrating robust anytime performance. Small circuits
such as c17 (110 variables, 3 stages) converge in under 0.1 seconds to 𝐸area = 7.33,
matching the heuristic due to limited optimization potential.

The existing heuristic executes in sub-millisecond to tens of milliseconds (e.g., 26 ms
for c6288) but yields inferior solutions. Across the 6 solvable cases, Proposed Method
1 with HiGHS achieves a geometric mean improvement of 27.4% over Algorithm 1,
confirming the value of exact optimization when convergence is attainable.

These baseline results delineate a clear scalability threshold: Proposed Method 1
excels on circuits with fewer than approximately 6,000 variables and moderate pipeline
depth but requires extended runtime or parallel strategies for larger designs (Section 3.6.8).

The runtime profiles of ProposedMethod 1, shown in Figure 3.7, reveal the computa-
tional trade-offs inherent to the ILP formulation when optimizing 𝐸area in fully pipelined
2LAL circuits across the ISCAS-85 benchmark suite. Implemented using the Cbc and
HiGHS solvers via PuLP, the method operates under a strict 60-second time limit—
contrasting sharply with the near-instantaneous execution of the existing heuristic (Algo-
rithm 1, [44]).

Figure 3.7 clearly illustrates this disparity. The heuristic completes all benchmarks
in sub-millisecond to tens-of-milliseconds: from 0.0001 s for c17 to 0.026 s for c6288.
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This speed stems from its lightweight node-selection rule based on pipeline depth multi-
ples, avoiding the exponential search of ILP. In contrast, ProposedMethod 1 with HiGHS
converges in 0.046 s for c17 (yielding 𝐸area = 7.33), but hits the 60-second ceiling on
all medium- and large-scale circuits. For solvable cases (c432, c880, c1355, c1908,
c2670), final solutions are incumbent values at timeout—yet remain superior to the
heuristic in 5 out of 6 instances (e.g., c880: 50.7 vs. 72.2, a 29.8% gain; c1355: 50.5 vs.
77.9, 35.2% gain). This demonstrates HiGHS’s strong anytime performance via simplex
and interior-point methods, which rapidly improve primal bounds even under severe time
constraints.

For circuits beyond 6k variables, both solvers fail entirely. As detailed in Table 3.4,
instances such as c499 (4,468 vars, 7,688 cons), c3540 (10,753 vars, 20,284 cons),
c5315 (19,533 vars, 21,006 cons), c6288 (23,794 vars, 39,998 cons, 125,345 non-zeros),
and c7552 (16,878 vars, 21,182 cons) exceed solver capacity within 60 seconds. The
dominant factor is constraint density coupled with deep pipelining: c6288 with 120
stages and 2,337ANDgates generates an explosion in scheduling variables (𝑂 ((2𝑇2

max) |𝑂𝑐 |)),
rendering branch-and-cut (Cbc) and simplex/IP (HiGHS) ineffective. Even though Cbc
occasionally explores different branches, it offers no advantage over HiGHS in conver-
gence speed or solution quality under the time cap.

Circuit scale and structural complexity, summarized in Tables 3.1 and 3.4, directly
dictate runtime behavior. Small benchmarks like c17 (5 PIs, 6 ANDs, 110 vars, 3 stages)
lie in a trivial solution space, enabling full convergence in <0.1 s. Medium-scale circuits
(c880: 3,786 vars, 25 stages; c1355: 5,476 vars, 25 stages) trigger timeout but yield
high-quality incumbents. Large multipliers and ALUs (c6288, c5315) induce dense,
highly interdependent constraint systems that resist relaxation and bounding—leading to
complete failure.

Table 3.4. Specifications of ILP Problem Instances for ProposedMethod 1 across ISCAS-
85 Benchmarks

Benchmark Variables Constraints Non-zero Elements
c17 110 60 162
c432 2,373 3,926 10,821
c499 4,468 7,688 21,308
c880 3,786 5,352 14,748
c1355 5,476 10,152 28,524
c1908 3,774 6,444 17,898
c2670 8,659 13,138 35,911
c3540 10,753 20,284 56,594
c5315 19,533 21,006 63,401
c6288 23,794 39,998 125,345
c7552 16,878 21,182 64,657
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3.6.8 Results (Extended Runtime)

Extending the runtime of Proposed Method 1 from 60 to 3600 seconds enables deeper
exploration of the ILP solution space under fixed ABC-generated pipeline schedules. As
shown in Figure 3.8, this extension yields substantial 𝐸area improvements across most
medium-scale ISCAS-85 circuits, with Proposed Method 1 using HiGHS consistently
outperforming both its 60-second baseline and the existing heuristic (Algorithm 1, [44]).

Key improvements include:

• c880: 𝐸area = 43.7 (13.8% better than 50.7 at 60 s; 39.5% vs. heuristic 72.2),

• c1355: 𝐸area = 46.1 (8.7% better than 50.5 at 60 s; 40.8% vs. heuristic 77.9),

• c1908: 𝐸area = 48.5 (16.2% better than 57.9 at 60 s; 28.8% vs. heuristic 68.1),

• c2670: 𝐸area = 46.7 (11.6% better than 52.8 at 60 s; 24.7% vs. heuristic 62.0).

These gains reflect HiGHS’s ability to exploit extended runtime for tighter primal bounds
via iterative simplex and interior-point refinement, effectively reducing buffer lifetime
through more aggressive early decompute and recompute scheduling.

Proposed Method 1 using Cbc also benefits from the extension, though less consis-
tently:

• c432: 𝐸area = 55.6 (21.6% better than 70.9 at 60 s),

• c1908: 𝐸area = 57.6 (improved from no solution at 60 s),

• c2670: 𝐸area = 54.7 (52.9% better than no solution at 60 s).

However, Cbc remains unable to solve c1355within 3600 seconds, underscoringHiGHS’s
superior convergence on denser constraint systems.

Despite the hour-long allowance, both solvers fail to converge on large-scale circuits
(c3540, c5315, c6288, c7552), as indicated in Figure 3.8 and confirmed by runtime logs
in Figure 3.7. The most intractable case, c6288 (23,794 variables, 39,998 constraints,
125,345 non-zeros, 120 pipeline stages), exhausts the full 3600 seconds without a feasible
integer solution—mirroring its 60-second behavior. Similarly, c5315 (19,533 variables,
1,776 AND gates, 37 stages) triggers near-full runtime consumption (3601.51 s for Cbc,
3600.13 s for HiGHS) before timeout, indicating that problem scale and fixed pipeline
depth impose hard scalability limits, beyond which even extended search cannot recover.

Formedium-scale circuits withmoderate variable counts (c499: 4,468 vars, 19 stages;
c880: 3,786 vars, 25 stages), the runtime extension proves highly effective. In c499, Cbc
achieves 𝐸area = 37.9—a 4.5% improvement over the heuristic’s 39.7—demonstrating
that branch-and-cut can be competitive when the solution space permits sufficient branch-
ing within the time budget.

Small circuits like c17 show no change (𝐸area = 7.33) regardless of runtime, as
their compact ILP instances (110 variables, 60 constraints) are fully solved in under 0.1
seconds even at the 60-second limit.

The existing heuristic remains orders of magnitude faster (e.g., 0.014 s for c5315,
0.026 s for c6288), completing all benchmarks in under 30 ms. However, its fixed node-
selection strategy cannot match the area efficiency of ILP-based optimization in medium-
scale designs. Across the 6 circuits solvable at 60 seconds, Proposed Method 1 with
HiGHS at 3600 seconds achieves a geometric mean improvement of 12.6% over its own
60-second results and 36.8% over the heuristic, validating the value of prolonged exact
search.
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Figures 3.10 and 3.11 illustrate the solution update trajectories for each ISCAS-85
benchmark circuit using the CBC and HiGHS solvers over a 3600-second time limit.
The horizontal axis represents elapsed computation time (in seconds), while the primary
vertical axis tracks the best integer solution found so far (Best Integer), corresponding to
the objective value 𝐸area. Due to limitations in CBC’s logging capabilities, the optimiza-
tion GAP is not reported during execution; only the progression of the objective value is
shown. For HiGHS, the GAP (in %) is overlaid on the secondary vertical axis, providing
additional insight into convergence behavior.

The optimization GAP is defined as

GAP =
|Best Bound − Best Integer|
|Best Integer| + 10−10 × 100 [%], (3.13)

where Best Bound is the current best lower bound from the LP relaxation (for minimiza-
tion problems), and Best Integer is the best feasible integer solution discovered. A GAP
of 0% indicates proven optimality, while larger values reflect the remaining potential for
improvement.

The trajectories reveal distinct algorithmic characteristics between the two solvers.
CBC exhibits significant delays in reporting initial feasible solutions, often exceeding
hundreds or even thousands of seconds, attributable to its extensive presolve phase and
aggressive cut generation strategy. Once a feasible solution is found, improvements in
the objective value occur sporadically and are highly circuit-dependent. For instance, in
c432, no improvement is observed until after 2500 seconds, followed by a single late up-
date; c499 and c1355 show final improvements around 500 and 1000 seconds, respec-
tively, with complete stagnation thereafter; c1908 benefits from relatively continuous
refinements throughout the runtime; c2670 and c3540 experience their last meaningful
updates only after 2500 seconds, indicating limited exploration in the later phases.

In contrast, HiGHS demonstrates markedly superior anytime performance, beginning
to report feasible solutions within seconds and sustaining frequent updates for much of
the runtime. On small to medium circuits (c432, c499, c880, c1908), improvements
are near-continuous, resulting in final GAPs below 10%—strongly suggesting solutions
close to optimality. For c1355 and c2670, update activity diminishes significantly af-
ter approximately 1000 seconds, leaving residual GAPs of around 20%; further runtime
allocation is unlikely to yield substantial additional gains. The largest instance, c3540,
shows improvement halting around 1500 seconds with a substantial remaining GAP of
75.48%, reflecting the inherent difficulty of deep-pipeline scheduling problems.

Overall, after the full 3600-second allocation, both solvers exhibit diminishing re-
turns, with most meaningful progress occurring in the first half of the runtime. HiGHS
consistently outperforms CBC in convergence speed, initial solution quality, and final
objective values across nearly all benchmarks, particularly on smaller and medium-sized
instances where its advanced presolve and rapid feasibility finding provide clear advan-
tages. CBC’s strength in aggressive bounding via cuts is occasionally beneficial on highly
structured problems but is generally outweighed by slower initial progress and fewer up-
dates.

These trajectories underscore the importance of solver selection in practical adiabatic
circuit optimization: HiGHS is the preferred choice for most scenarios due to its robust
anytime behavior and superior final solutions within fixed time budgets. The observed
patterns also motivate future enhancements, such as hybrid solver portfolios or domain-
guided variable ordering, to further accelerate convergence on themost challenging large-
scale instances.
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Figure 3.10. Solution update trajectories (Best Integer) for Proposed Method 1 using
CBC solver over 3600 seconds across ISCAS-85 benchmarks.
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Figure 3.11. Solution update trajectories for Proposed Method 1 using HiGHS solver
over 3600 seconds. Primary axis: Best Integer. Secondary axis: GAP (%);
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3.6.9 Results (Parallel Execution)

To overcome convergence stagnation in large-scale ILP instances, Proposed Method 1
was executed in eight parallel processes with randomized variable ordering (denoted
*HiGHS-Para* and *Cbc-Para*), each limited to 3600 seconds. The best solution among
the eight runs is selected. This strategy, illustrated in Figure 3.12, mimics commer-
cial solver portfolios by diversifying search trajectories to escape local optima and poor
branching decisions.

However, results are mixed compared to single-threaded extended runtime (HiGHS-
3600s and Cbc-3600s). While diversification occasionally yields marginal gains, it more
frequently degrades solution quality, particularly with HiGHS:

• c880: HiGHS-Para = 44.4 (1.6% worse than 43.7 at HiGHS-3600s),

• c1355: HiGHS-Para = 66.1 (43.4% worse than 46.1),

• c1908: HiGHS-Para = 49.8 (2.7% worse than 48.5),

• c2670: HiGHS-Para = 46.8 (0.2% worse than 46.7).

Cbc-Para shows similar inconsistency:

• c880: 54.1 (3.2% worse than 52.4),

• c1355: 52.0 (10.6% worse than 47.0),

• c1908: 59.7 (3.6% worse than 57.6),

• c2670: 54.1 (1.1% better than 54.7) — the only improvement.

This lone gain in c2670 (716 AND gates, 20 pipeline stages) suggests that its moder-
ate pipeline depth and dependency structure occasionally align favorably with random-
ization, enabling one process to discover a superior branching path. In contrast, denser or
deeper circuits (c1355: 25 stages, 502 AND gates; c880: 25 stages, 325 AND gates) suf-
fer when randomization disrupts HiGHS’s preferred simplex-guided variable selection,
diverting search into suboptimal regions of the branch-and-bound tree.

Large-scale circuits remain unsolved across all parallel runs (c3540, c5315, c6288,
c7552), fully exhausting the 3600-second budget per process (see runtime comparison
in Figure 3.7). For example:

• c1355 (HiGHS-Para): terminates early at 260.1 s with a poor incumbent (66.1),

• c880 (Cbc-Para): uses full 3601.7 s but returns 54.1.

This indicates that parallelism does not reduce wall-clock time for convergence—each
process explores independently under the same time cap—and randomization introduces
variance that hurts more than it helps in most cases.

Small circuits like c17 are unaffected (𝐸area = 7.33, runtime 0.09 s), as their trivial
search space offers no room for randomization benefits.

Compared to the existing heuristic (sub-30 ms across all benchmarks), parallel ILP
remains orders of magnitude slower but achieves superior area when a good trajectory is
found. However, the high variance and frequent degradation suggest that blind random-
ization is ineffective for this problem class. The structured nature of pipeline scheduling
dependencies implies that optimal variable ordering is highly non-random—likely cor-
related with topological level, fanout, or critical path proximity.
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Figure 3.12. 𝐸area results for Proposed Method 1 with parallel execution (Cbc-Para, 8
processes, 3600 s) vs. single-threaded and heuristic.
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Figure 3.13. 𝐸area results for Proposed Method 1 with parallel execution (HiGHS-Para,
8 processes, 3600 s) vs. single-threaded and heuristic.
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3.7 Conclusion

This study presents a comprehensive evaluation of an ILP-based early decompute and
recompute scheduling framework (Proposed Method 1) for area-efficient synthesis of
fully pipelined 2LAL circuits using the ISCAS-85 benchmark suite. Three experimen-
tal configurations—baseline (60-second runtime), extended runtime (3600 seconds), and
parallel executionwith randomized variable ordering—collectively delineate a clear performance–
scalability spectrum.

1. Baseline (60-second runtime): Proposed Method 1 with HiGHS converges on 6 of
11 circuits, outperforming the existing heuristic (Algorithm 1, [44]) in 5 cases. Notable
gains include c880: 𝐸area = 50.7 (29.8% vs. heuristic 72.2) and c1355: 50.5 (35.2%
vs. 77.9), achieved via dependency-aware buffer lifetime minimization over extended
AIG/OIG structures. However, circuits with >6,000 variables (c3540, c5315, c6288,
c7552) remain unsolved due to dense constraint matrices and deep pipelines (e.g., 120
stages in c6288).

2. Extended Runtime (3600 seconds): Proposed Method 1 with HiGHS further im-
proves medium-scale results: c880: 43.7 (13.8% better than 50.7 at 60 s; 39.5% vs.
heuristic), c1355: 46.1 (8.7% gain), c1908: 48.5 (16.2% gain), and c2670: 46.7 (11.6%
gain). Cbc shows selective improvement (e.g., c432: 55.6), but both solvers fail on large
circuits, exhausting the full runtime without feasible solutions—confirming that problem
scale, not search duration, limits scalability.

3. Parallel Execution with Randomized Variable Ordering (8 processes, 3600 s):
Proposed Method 1 with HiGHS-Para and Cbc-Para yields mixed results. A minor gain
occurs in c2670 (Cbc-Para: 54.1 vs. 54.7), but degradation dominates: c1355 (HiGHS-
Para: 66.1, 43.4% worse than 46.1) and c880 (HiGHS-Para: 44.4, 1.6% worse). Ran-
domization disrupts effective branching, increasing variance without robustness. Large
circuits remain unsolved.

Across the 6 circuits solvable at 60 seconds, Proposed Method 1 with HiGHS at 3600
seconds achieves a geometric mean improvement of 36.8% over the heuristic and 12.6%
over its 60-second baseline. The method excels in circuits with up to 9,000 variables
and 40 pipeline stages but fails beyond this threshold due to combinatorial explosion in
scheduling dependencies.

The existing heuristic completes all benchmarks in under 30 ms but cannot match
ILP-level area efficiency. These results establish a practical boundary: exact optimization
enables significant buffer reduction in medium-scale 2LAL designs within minutes, but
large-scale instances require structural enhancements.

Future work, as detailed in Chapter 5, includes flexible pipeline rescheduling, con-
straint sparsification, and domain-guided parallel search to extend applicability to industrial-
scale adiabatic logic synthesis.
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Chapter 4

Design Method Based on Stable Set Problem

4.1 Introduction

The proposed method formalizes early decompute as a stable set problem [45], where
constraints ensure that early decompute is applied selectively to avoid conflicts between
dependent nodes. By leveraging the graph-based representation, the approach captures
the combinatorial nature of decompute, systematically exploring configurations to maxi-
mize buffer reduction. Numerical experiments using ISCAS-85 benchmark circuits eval-
uate the method’s effectiveness, demonstrating its potential to achieve significant im-
provements in circuit efficiency compared to traditional decompute strategies [44].

4.2 Preliminary

Graph theory provides a mathematical framework for modeling relationships between
entities, widely applied in fields like computer science and optimization [53]. A graph
𝐺 = (𝑉, 𝐸) consists of a vertex set 𝑉 , representing entities, and an edge set 𝐸 ⊆ 𝑉 × 𝑉 ,
representing pairwise relationships. In directed graphs, edges are ordered pairs (𝑢, 𝑣),
indicating direction from 𝑢 to 𝑣, while undirected graphs have symmetric edges. Vertex
adjacency is defined by edges, and the degree of a vertex 𝑣, denoted deg(𝑣), is the number
of incident edges:

deg(𝑣) = |{𝑢 | (𝑢, 𝑣) ∈ 𝐸 or (𝑣, 𝑢) ∈ 𝐸}|. (4.1)

Weighted graphs assign a value 𝑤𝑣 to each vertex 𝑣 ∈ 𝑉 , often representing costs or
benefits, useful for optimization tasks.

The stable set problem, a key combinatorial optimization problem, seeks a stable set
𝑆 ⊆ 𝑉 in a graph 𝐺 = (𝑉, 𝐸), where no two vertices in 𝑆 are adjacent:

∀𝑢, 𝑣 ∈ 𝑆, (𝑢, 𝑣) ∉ 𝐸. (4.2)

The maximum stable set problem aims to maximize the size of 𝑆, denoted as the stability
number 𝛼(𝐺):

𝛼(𝐺) = max{|𝑆 | | 𝑆 is a stable set in 𝐺}. (4.3)

In the weighted version, the goal is to maximize the total weight of the stable set:

maximize
∑
𝑣∈𝑆

𝑤𝑣, subject to 𝑆 is a stable set. (4.4)

This NP-hard problem [45, 54] is formulated as an integer linear programming (ILP)
problem using binary variables 𝑥𝑣 ∈ {0, 1} for each vertex 𝑣 ∈ 𝑉 , where 𝑥𝑣 = 1 indicates

58



inclusion in the stable set:

maximize
∑
𝑣∈𝑉

𝑤𝑣𝑥𝑣,

subject to 𝑥𝑢 + 𝑥𝑣 ≤ 1, ∀(𝑢, 𝑣) ∈ 𝐸,
𝑥𝑣 ∈ {0, 1}, ∀𝑣 ∈ 𝑉.

(4.5)

The constraint 𝑥𝑢 + 𝑥𝑣 ≤ 1 ensures non-adjacency of selected vertices. Solving this
ILP, often via branch-and-bound or cutting-plane methods [55, 56], yields optimal or
near-optimal solutions.

4.3 Proposed Method

4.3.1 Assumptions and Constraints

The proposed method assumes a fully pipelined Two-Level Adiabatic Logic (2LAL) cir-
cuit with dual-rail encoding, T-gates, and four-phase power clocks [44], aiming to reduce
buffer counts through early decompute. Key assumptions include: primary inputs 𝐼 can-
not be early decomputed due to their non-recomputability, and each forward compute
node 𝑗 ∈ 𝑂𝑐 is restricted to at most one early decompute. A critical constraint, derived
from the stable set formulation, ensures that for any edge ( 𝑗 , 𝑘) ∈ 𝐸 , early decompute
is applied to at most one of 𝑗 or 𝑘 , preventing conflicting decompute schedules. This
constraint simplifies dependency management, allowing the early decompute timing 𝑠′𝑗
and recompute timing 𝑒′𝑗 to be uniquely determined as:

𝑠′𝑗 = max{𝜎(𝑘) | ( 𝑗 , 𝑘) ∈ 𝐸} (4.6)

𝑒′𝑗 = min{𝜎(𝑘−1) | ( 𝑗 , 𝑘) ∈ 𝐸} (4.7)

The pipeline schedule 𝜎(𝑣) is fixed, ensuring synchronization across all stages.

4.3.2 Problem Description as Stable Set Problem

This study aims to reduce buffer counts in fully pipelined Two-Level Adiabatic Logic
(2LAL) circuits to enhance circuit efficiency [44]. The circuit is represented as an Ex-
tended And-Inverter Graph (E-AIG) 𝐺 = (𝑉, 𝐸), where 𝑉 includes primary inputs 𝐼,
forward compute gate nodes 𝑂𝑐, and backward decompute nodes 𝑂𝑑 . Each node 𝑣 ∈ 𝑉
is assigned a pipeline stage number 𝜎(𝑣), predefined by logic synthesis tools, with the
maximum stage number defined as:

𝑇max = max{𝜎(𝑜) | 𝑜 ∈ 𝑂𝑐 ∪𝑂𝑑} (4.8)

The optimization problem is reformulated from the scheduling-based ILP in Chapter
3 into a stable set problem [45], as follows:

• Input: E-AIG 𝐺 = (𝑉, 𝐸) and fixed pipeline schedule 𝜎 : 𝑉 → Z (same as
Chapter 3).

• Output: A set of nodes 𝑆 ⊆ 𝑂𝑐 selected for early decompute, with deterministic
early decompute timing 𝑠′𝑗 and recompute timing 𝑒′𝑗 for each 𝑗 ∈ 𝑆.

• Key Assumptions and Justifications (extending Section 4.3.1):

– Fixed Pipeline Schedule: Unlike Chapter 3, where 𝜎(𝑣) was variable, here
𝜎(𝑣) is fixed to reduce the solution space from 𝑂 ((2𝑇2

max) |𝑂𝑐 |) to 𝑂 (2 |𝑂𝑐 |).
This enables scalability to large circuits.
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– Deterministic Timing via Dependencies: For each 𝑗 ∈ 𝑆,

𝑠′𝑗 = max{𝜎(𝑘) | ( 𝑗 , 𝑘) ∈ 𝐸}, 𝑒′𝑗 = min{𝜎(𝑘−1) | ( 𝑗 , 𝑘) ∈ 𝐸}

Reason: Once 𝑆 is chosen, 𝑠′𝑗 and 𝑒
′
𝑗 are uniquely determined by input/output

dependencies, eliminating the need to optimize them as variables.
– Stable Set Constraint: For any edge ( 𝑗 , 𝑘) ∈ 𝐸 , at most one of 𝑗 or 𝑘 can

be in 𝑆.
𝑥 𝑗 + 𝑥𝑘 ≤ 1, ∀( 𝑗 , 𝑘) ∈ 𝐸, 𝑗 , 𝑘 ∉ 𝐼

Reason: If both are early decomputed, their recompute and successor de-
compute gates may conflict in timing (e.g., 𝑒′𝑗 > 𝜎(𝑘−1)), violating pipeline
synchronization. This constraint ensures non-conflicting selection.

– Primary Inputs Excluded: 𝐼 cannot be early decomputed (non-recomputable).
– At-Most-Once Rule: Each 𝑗 ∈ 𝑂𝑐 appears at most once in 𝑆.

• Objective: Maximize total buffer reduction:

maximize
∑
𝑗∈𝑂𝑐

𝑤 𝑗𝑥 𝑗 , 𝑤 𝑗 = 𝑒
′
𝑗 − 𝑠′𝑗 − 1

where 𝑤 𝑗 is the number of eliminable buffers for node 𝑗 .

This stable set reformulation sacrifices some scheduling flexibility (present in Chap-
ter 3) but gains drastic computational scalability and guaranteed feasibility of timing
assignments, making it suitable for large-scale 2LAL circuits.

4.4 ILP Formulation

The proposedmethod formulates the selection of nodes for early decompute in Two-Level
Adiabatic Logic (2LAL) circuits as a stable set problem [45], solved using Integer Linear
Programming (ILP). The goal is to identify an optimal node set 𝑆 ⊆ 𝑂𝑐 for early decom-
pute, subject to the stable set constraint that limits early decompute to at most one node
per edge ( 𝑗 , 𝑘) ∈ 𝐸 . This constraint reduces the solution space from 𝑂 ((2𝑇2

max) |𝑂𝑐 |) in
the Chapter 3 approach to 𝑂 (2 |𝑂𝑐 |), simplifying dependency management and improv-
ing computational efficiency. As illustrated in Figure 4.2, for each selected node 𝑗 ∈ 𝑆,
a decompute gate is placed at timing 𝑠′𝑗 , and a recompute gate at 𝑒′𝑗 , eliminating buffers
between stages 𝑠′𝑗 + 1 and 𝑒′𝑗 − 1.

The Integer Linear Programming (ILP) formulation for early decompute in Two-Level
Adiabatic Logic (2LAL) circuits is defined as follows:

• Variables:

– 𝑥 𝑗 ∈ {0, 1} ( 𝑗 ∈ 𝑂𝑐): Indicates whether early decompute is applied to node
𝑗 (𝑥 𝑗 = 1) or not applied (𝑥 𝑗 = 0).

• Reduction Amount: The buffer and gate reduction achieved by applying early
decompute to node 𝑗 is denoted 𝑤 𝑗 , determined by its dependencies:

𝑤 𝑗 = 𝑇max − (max{𝜎(𝑘) | ( 𝑗 , 𝑘) ∈ 𝐸} − 𝜎( 𝑗)) (4.9)

This represents the number of eliminable buffers from the stage immediately after
node j’s computation up to the maximum stage, excluding the stages required by
the latest successor computation, and reserving one stage for the recompute gate.
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• Objective Function: Maximize the total reduction in buffers and gates across all
nodes:

maximize
∑
𝑗∈𝑂𝑐

𝑤 𝑗𝑥 𝑗 (4.10)

Only nodes with 𝑥 𝑗 = 1 contribute to the reduction, subject to the stable set con-
straint.

• Constraints:

– Stable Set Constraint (Conflict Avoidance): For each edge ( 𝑗 , 𝑘) ∈ 𝐸 , early
decompute cannot be applied to both 𝑗 and 𝑘:

𝑥 𝑗 + 𝑥𝑘 ≤ 1, ∀( 𝑗 , 𝑘) ∈ 𝐸, 𝑗 , 𝑘 ∉ 𝐼 (4.11)

Ensures no timing conflict in decompute schedules between dependent nodes.
Primary inputs 𝐼 are excluded.

The proposed method assumes a fixed pipeline schedule 𝜎(𝑣) for the Two-Level Adi-
abatic Logic (2LAL) circuit, represented as an Extended And-Inverter Graph (E-AIG).
The stable set constraint ensures that early decompute is applied to at most one node per
edge in the graph, eliminating interdependencies in decompute timings. This constraint
reduces the solution space to 𝑂 (2 |𝑂𝑐 |), significantly smaller than the 𝑂 ((2𝑇2

max) |𝑂𝑐 |)
complexity of the Chapter 3 approach, enabling efficient optimization for large circuits
like c6288 in the ISCAS-85 benchmark suite. However, the stable set constraint may
exclude some optimal solutions depending on the circuit’s dependency structure.
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Figure 4.1. Method for determining weight 𝑊 𝑗 . The top diagram shows the original
circuit, while the corresponding AIG (showing only the forward compute part, hence not
E-AIG) is depicted below. Focusing on node 𝐴0, the subsequent node with the largest
number of pipeline stages is 𝐴2. Therefore, 𝐴0 can be decompute at pipeline stage 1,
allowing the removal of the buffers for the two subsequent stages.
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Figure 4.2. 2LAL implementation of the example circuit, confirming removal of two
buffers via early decompute of node 𝐴0.
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4.5 Experiment

4.5.1 Experiment Setup

To evaluate the effectiveness of Proposed Method 2 (Prop. Meth. 2), which formulates
early decompute as a stable set problem, simulation-based experiments were conducted
using the ISCAS-85 benchmark suite (specifications in Table 3.1). The experimental
setup follows the methodology outlined in Section 3.3.1 (Preparations), with the opti-
mization problem formulated as a Integer Linear Programming (ILP) problem and solved
using Cbc (Prop. M 2C) and HiGHS (Prop. M 2H) solvers via PuLP on an Intel Core i7-
9700 processor (3.0 GHz). Each task was allocated a 60-second runtime limit to ensure
rapid optimization.

4.5.2 Results

Figure 4.3 presents the 𝐸area results of Proposed Method 2 (stable set formulation) across
the ISCAS-85 benchmark suite. Implemented using Cbc and HiGHS solvers with a 60-
second runtime limit, Proposed Method 2 converges on all 11 benchmarks and outper-
forms the existing heuristic (Algorithm 1 [44]) in every circuit.

Notable improvements include:

• c6288: 𝐸area = 160.6 (44.0% reduction vs. original 286.6; 8.9% improvement
over heuristic 176.2),

• c5315: 𝐸area = 53.7 (56.6% vs. original; 8.5% improvement over heuristic 58.7),

• c880: 𝐸area = 53.4 (64.9% vs. original 152.2; 26.0% improvement over heuristic
72.2),

• c1355: 𝐸area = 63.0 (45.1% vs. original 115.0; 19.1% improvement over heuristic
77.9),

• c432: 𝐸area = 57.7 (55.5% vs. original 130.0; 20.7% improvement over heuristic
72.8),

• c17: 𝐸area = 6.7 (58.1% vs. original 16.0; 8.6% improvement over heuristic 7.33).

Both solvers yield identical results across all benchmarks (Table 4.1), confirming
solver independence due to the simplified stable set ILP structure.

The reduction in problem size is substantial (Table 4.1 vs. Table 3.4):

• c6288: 4,160 variables, 2,280 constraints, 8,200 non-zeros (vs. 23,794 / 39,998 /
125,345 in Proposed Method 1),

• c5315: 2,430 variables, 1,592 constraints, 3,780 non-zeros (vs. 19,533 / 21,006 /
63,401),

• c3540: 1,637 variables, 996 constraints, 3,136 non-zeros (vs. 10,753 / 20,284 /
56,594).

This 𝑂 (2 |𝑂𝑐 |) solution space enables full convergence within 60 seconds—even for
c6288 (120 stages, 2,337 AND gates)—where Proposed Method 1 failed entirely.

Figure 4.4 reports runtime performance. Proposed Method 2 completes all optimiza-
tions in 0.25–0.48 seconds, with:

• c6288: 0.43 s (Cbc) / 0.38 s (HiGHS),
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• c5315: 0.30 s (Cbc) / 0.38 s (HiGHS),

• c880: 0.36 s (Cbc) / 0.41 s (HiGHS),

• c17: 0.32 s (HiGHS).

Minor solver variations exist (e.g., c432: 0.25 s Cbc vs. 0.36 s HiGHS), but all remain
sub-second.

The heuristic is faster (0.0001 s for c17 to 0.026 s for c6288), but Proposed Method
2 achieves 100% success with superior area at only a modest runtime cost.

Compared to Proposed Method 1 (60 s):

• Solves 5 additional circuits (c3540, c5315, c6288, c7552, c499),

• Achieves comparable or better 𝐸area in most cases, though slightly worse in c1355
(63.0 vs. 50.5) and c880 (53.4 vs. 50.7) due to fixed timing constraints,

• Reduces runtime from 60 s timeout/failure to sub-second success on large circuits.

Across all 11 circuits, Proposed Method 2 achieves a geometric mean improvement
of 16.4% over Algorithm 1 [44] with a 100% success rate and near-heuristic speed.

These results validate the stable set reformulation as a scalable, robust, and practi-
cal approach for optimizing large-scale 2LAL circuits—delivering exact solutions with
minimal computational overhead.

Table 4.1. Specifications of ILP Problem Instances for Proposed Method 2 (Stable Set
Formulation) across ISCAS-85 Benchmarks

Benchmark Variables Constraints Non-zero Elements
c17 2 3 0
c432 320 180 552
c499 524 366 920
c880 444 245 600
c1355 732 437 1,336
c1908 500 308 743
c2670 973 608 1,719
c3540 1,637 996 3,136
c5315 2,430 1,592 3,780
c6288 4,160 2,280 8,200
c7552 2,471 1,295 4,260
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Figure 4.3. 𝐸area comparison for Proposed Method 2 (Cbc/HiGHS, 60 s) vs. heuristic
(Algorithm 1 [44]) and unoptimized baseline across ISCAS-85 benchmarks.
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4.6 Comparison with Proposed Method 1 under Extended Runtime

To assess the trade-off between scalability and solution quality, Figure 4.5 compares the
𝐸area results of Proposed Method 2 (60-second runtime) against Proposed Method 1 with
HiGHS under a 3600-second extended runtime (Prop. M 1H 3600s, from Chapter 3).

Proposed Method 2 converges on all 11 circuits in sub-second time (0.25–0.48 s),
while Method 1 solves only 6 under the same 60-second limit and improves slightly with
extended runtime. Key observations include:

• Superior in large circuits: Method 2 significantly outperformsMethod 1 in c6288
(160.6 vs. unsolved), c5315 (53.7 vs. unsolved), and c3540 (solved vs. unsolved),
demonstrating the stable set reformulation’s scalability advantage.

• Trade-off in medium circuits: Method 1 (3600 s) yields better results in c880
(43.7 vs. 53.4), c1355 (46.1 vs. 63.0), and c1908 (48.5 vs. 57.9), due to its full
timing flexibility.

• Geometric mean: Across the 6 circuits solvable by Method 1 at 3600 s, Method 2
achieves a geometric mean 𝐸area of 54.1, compared to 48.9 for Method 1—a 10.6%
degradation in exchange for solving 5 additional circuits and 7500× faster runtime
(0.4 s vs. 3000+ s average).

This comparison validates the design intent: Method 2 sacrifices minor optimality in
medium-scale circuits to achieve robust, near-instant convergence across the full bench-
mark suite, making it ideal for rapid design exploration and large-scale 2LAL synthesis.
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Figure 4.5. Comparison of 𝐸area between ProposedMethod 2 (60 s) and ProposedMethod
1 with HiGHS (3600 s) across ISCAS-85 benchmarks.
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4.7 Conclusion

Proposed Method 2 reformulates early decompute selection as a stable set problem [45],
dramatically improving scalability over the scheduling-based ILP of Chapter 3. The ap-
proach converges on all 11 ISCAS-85 benchmarks within 60 seconds—solving 5 circuits
(c3540, c5315, c6288, c7552, c499) previously intractable—and outperforms the ex-
isting heuristic (Algorithm 1 [44]) in every case.

Key area reductions include:

• c6288: 𝐸area = 160.6 (44.0% vs. original 286.6; 8.9% improvement over heuristic
176.2),

• c5315: 𝐸area = 53.7 (56.6% vs. original; 8.5% improvement over heuristic 58.7),

• c880: 𝐸area = 53.4 (64.9% vs. original 152.2; 26.0% improvement over heuristic
72.2),

• c1355: 𝐸area = 63.0 (45.1% vs. original 115.0; 19.1% improvement over heuristic
77.9).

This performance stems from: - A compact𝑂 (2 |𝑂𝑐 |) solution space (vs. 𝑂 ((2𝑇2
max) |𝑂𝑐 |)

in Chapter 3), - Problem sizes reduced by up to 90% (e.g., c6288: 4,160 variables, 2,280
constraints vs. 23,794 / 39,998), - Sub-second runtimes 0.25 − −0.48𝑠, only modestly
slower than the heuristic ≤ 0.026𝑠.

Solver independence (identical Cbc/HiGHS results) confirms the robustness of the
stable set structure.

However, the edge-wise conflict constraint sacrifices timing flexibility, yielding slightly
inferior results in some medium-scale circuits compared to Proposed Method 1 (e.g.,
c880: 53.4 vs. 50.7; c1355: 63.0 vs. 50.5 at 60 s). This trade-off enables the first exact
optimization of deeply pipelined multipliers like c6288.

Across all benchmarks, Proposed Method 2 achieves a geometric mean improvement
of 16.4% over Algorithm 1 [44] with 100% success—establishing it as a practical, scal-
able framework for buffer minimization in large-scale 2LAL synthesis.

Future work should explore hybrid approaches—combining stable set selection with
localized timing refinement—to retain scalability while recovering optimal flexibility for
maximum area efficiency.
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Chapter 5

Design Method with Early Decompute and
Rescheduling

5.1 Introduction

The proposed method extends early decompute optimization by incorporating dynamic
pipeline stage assignments for logic gates, enabling greater buffer reduction. By jointly
optimizing early decompute insertion, recompute timings, and stage assignments within
an ILP framework, the approach enhances scheduling flexibility to manage data depen-
dencies (e.g., input-output relationships) and control constraints (e.g., pipeline synchro-
nization). This is particularly effective for circuits with complex dependencies, such as
c6288 in the ISCAS-85 suite, where fixed schedules constrain optimization potential.

Numerical experiments evaluate the proposed method’s effectiveness using ISCAS-
85 benchmark circuits, comparing buffer reduction against the methods in Chapters 3 and
4. The results quantify the additional benefits of dynamic stage reassignment, particularly
for large circuits, while analyzing computational time and scalability to assess applica-
bility to complex designs. This approach advances the optimization of 2LAL circuits,
improving their practicality for low-power IoT and edge device applications.

5.2 Why Rescheduling?

This section outlines the key concepts for optimizing early decompute and pipeline stage
assignments in Two-Level Adiabatic Logic (2LAL) circuits [44]. Fully pipelined 2LAL
circuits, utilizing dual-rail encoding, T-gates, and four-phase power clocks, achieve ultra-
low power consumption through energy recycling but require extensive buffers for pipeline
synchronization and data preservation, increasing circuit complexity. Early decompute
reduces buffer counts by replacing buffers with gates and minimizing the lifetime of in-
termediate values. The timing of early decompute (𝑠′𝑗) and recompute (𝑒′𝑗) for a node
𝑗 is governed by data dependencies (e.g., if node 𝑗’s output is an input to node 𝑘 , then
𝜎(𝑘) ≤ 𝑠′𝑗) and control constraints (e.g., pipeline synchronization), as shown in Fig-
ure 3.2.

Pipeline stage assignment determines the stage number 𝜎(𝑣) for each node 𝑣, influ-
encing data dependencies and resource contention. Fixed stage assignments, as used in
the ILP-based scheduling of Chapter 3 and the stable set approach of Chapter 4, limit the
flexibility of early decompute, constraining buffer reduction. This chapter incorporates
dynamic stage assignment into the optimization framework to enhance scheduling flexi-
bility and manage dependencies more effectively. The ISCAS-85 benchmark circuits are
used to evaluate the proposed method, with the 𝐸area metric, as defined in Section 3.3.1,
quantifying buffer reduction and enabling comparison with prior methods in Chapters 3
and 4.
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5.3 Proposed Method

This study focuses on reducing buffer counts in fully pipelined Two-Level Adiabatic
Logic (2LAL) circuits to enhance circuit efficiency [44]. The circuit is represented as
an Extended And-Inverter Graph (E-AIG) 𝐺 = (𝑉, 𝐸), with nodes 𝑉 including primary
inputs 𝐼, forward compute gates 𝑂𝑐, and backward decompute nodes 𝑂𝑑 . Each node
𝑣 ∈ 𝑉 has an initial pipeline stage 𝜎(𝑣), and the maximum stage is:

𝑇max = max{𝜎(𝑜) | 𝑜 ∈ 𝑂𝑐 ∪𝑂𝑑} (5.1)

The optimization problem is identical to that in Chapter 3:

• Input: E-AIG 𝐺 = (𝑉, 𝐸) and initial schedule 𝜎 : 𝑉 → Z.

• Output: Early decompute timing 𝑠′𝑗 , recompute timing 𝑒′𝑗 , flag 𝑝 𝑗 ∈ {0, 1} (𝑝 𝑗 = 0
means applied), and optimal 𝜎(𝑣) for 𝑗 ∈ 𝑂𝑐, 𝑣 ∈ 𝑂𝑐 ∪𝑂𝑑 .

• Constraints: Data dependencies, control constraints, stage bounds 1 ≤ 𝜎(𝑣) ≤
𝑇max, no early decompute on primary inputs, and at most one early decompute per
node in 𝑂𝑐.

• Objective: Minimize total buffer count (area 𝐸area, as defined in Section 3.3.1).

Note: The problem formulation (input, output, constraints, and objective) is the same as
in Chapter 3.

5.3.1 Assumptions and Constraints

The proposed method assumes a fully pipelined Two-Level Adiabatic Logic (2LAL) cir-
cuit structure with dual-rail encoding, T-gates, and four-phase power clocks [44], target-
ing buffer count reduction through joint optimization of early decompute and pipeline
stage assignments. Key assumptions include:

• An initial pipeline schedule 𝜎(𝑣), provided by logic synthesis tools, is optimized
as variables 𝜎( 𝑗) = ts( 𝑗) for computation and 𝜎( 𝑗−1) = te( 𝑗) for decompute of
node 𝑗 ∈ 𝑂𝑐.

• Primary inputs 𝐼 cannot be early decomputed due to their non-recomputability.

• Each forward compute node 𝑗 ∈ 𝑂𝑐 is restricted to at most one early decompute.

• Data dependencies and resource contention (e.g., conflicts between computation
and decompute within the same pipeline stage) impose scheduling constraints.

5.4 ILP Formulation

The proposed method uses Integer Linear Programming (ILP) to jointly optimize early
decompute timings (𝑠′𝑗 , 𝑒

′
𝑗), application flags (𝑝 𝑗 ∈ {0, 1}), and pipeline stage assign-

ments (𝜎(𝑣)) for nodes 𝑗 ∈ 𝑂𝑐, 𝑣 ∈ 𝑂𝑐 ∪ 𝑂𝑑 in Two-Level Adiabatic Logic (2LAL)
circuits [44], aiming to minimize buffer counts. As illustrated in Figure 5.1, early de-
compute places a decompute gate at stage 𝑠′𝑗 , a recompute gate at 𝑒′𝑗 , and eliminates
buffers between stages 𝑠′𝑗 + 1 and 𝑒′𝑗 − 1. By dynamically optimizing stage assignments,
the method relaxes data dependency constraints, enabling greater buffer reduction com-
pared to the fixed-schedule approaches in Chapters 3 and 4.

The Integer Linear Programming (ILP) formulation for optimizing Two-Level Adia-
batic Logic (2LAL) circuits defines variables, an objective function, and constraints as
follows:
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• Variables:

– 𝑠′𝑗 ∈ Z ( 𝑗 ∈ 𝑂𝑐): Stage at which node 𝑗 is early decomputed.
– 𝑒′𝑗 ∈ Z ( 𝑗 ∈ 𝑂𝑐): Stage at which node 𝑗 is recomputed before final decom-

pute.
– 𝑝 𝑗 ∈ {0, 1} ( 𝑗 ∈ 𝑂𝑐): Binary flag — 𝑝 𝑗 = 0 means early decompute is

applied, 𝑝 𝑗 = 1 means not applied.
– 𝜎(𝑣) ∈ Z (𝑣 ∈ 𝑂𝑐 ∪𝑂𝑑): Dynamically optimized pipeline stage assignment

for node 𝑣.
– Bounds: 1 ≤ 𝑠′𝑗 , 𝑒′𝑗 , 𝜎(𝑣) ≤ 𝑇max, 𝑝 𝑗 ∈ {0, 1}.

• Objective Function: Minimize the total number of buffers across all nodes. With-
out early decompute (𝑝 𝑗 = 1), buffers span from𝜎( 𝑗) to𝜎( 𝑗−1), requiring𝜎( 𝑗−1)−
𝜎( 𝑗)+1 buffers. With early decompute (𝑝 𝑗 = 0), buffers are eliminated from 𝑠′𝑗+1
to 𝑒′𝑗 − 1:

minimize
∑
𝑗∈𝑂𝑐

[
𝜎( 𝑗−1) − 𝜎( 𝑗) + 1 − (𝑒′𝑗 − 𝑠′𝑗 − 1)

]
(5.2)

Dynamic 𝜎 enables tighter packing and greater buffer reduction.

• Constraints:

1. Early decompute before recompute:

𝑠′𝑗 ≤ 𝑒′𝑗 − 1, ∀ 𝑗 ∈ 𝑂𝑐 (5.3)

Ensures at least one stage gap for signal reuse between early decompute and
recompute.

2. Deactivate timing when no early decompute:

𝑒′𝑗 − 𝑠′𝑗 − 1 ≤ 𝑇max · (1 − 𝑝 𝑗), ∀ 𝑗 ∈ 𝑂𝑐 (5.4)

Forces 𝑒′𝑗 = 𝑠′𝑗 + 1 when 𝑝 𝑗 = 1; relaxed otherwise.
3. Early decompute after forward compute:

𝜎( 𝑗) ≤ 𝑠′𝑗 + 𝑝 𝑗 − 1, ∀ 𝑗 ∈ 𝑂𝑐 (5.5)

Prevents early decompute before node 𝑗 is computed; enforces 𝜎( 𝑗) ≤ 𝑠′𝑗
when active.

4. Recompute before final decompute:

𝑒′𝑗 ≤ 𝜎( 𝑗−1) + 𝑝 𝑗 − 1, ∀ 𝑗 ∈ 𝑂𝑐 (5.6)

Ensures recomputed value is available before original decompute gate; re-
laxed when early decompute is not applied.

5. Input availability for early decompute:

𝜎(𝑘) ≤ 𝑠′𝑗 + 𝑇max · 𝑝 𝑗 , ∀( 𝑗 , 𝑘) ∈ 𝐸 (5.7)

Node 𝑘 (input to 𝑗) must be computed before 𝑗 is early decomputed; ignored
if 𝑝 𝑗 = 1.
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6. Recomputed value for successor decompute:

𝑒′𝑗 ≤ 𝜎(𝑘−1) + 𝑇max · 𝑝 𝑗 , ∀( 𝑗 , 𝑘) ∈ 𝐸 (5.8)

recompute of 𝑗 must finish before 𝑘’s decompute gate; if no early decompute.
7. Ordering of early decompute in dependency chain:

𝑠′𝑘 ≤ 𝑠′𝑗 + 𝑇max · (𝑝 𝑗 + 𝑝𝑘) − 1, ∀( 𝑗 , 𝑘) ∈ 𝐸 (5.9)

If both 𝑘 and 𝑗 are early decomputed, 𝑘 precedes 𝑗; relaxed if either is early
decompute is not applied.

8. Ordering of recompute in dependency chain:

𝑒′𝑗 ≤ 𝑒′𝑘 + 𝑇max · (𝑝 𝑗 + 𝑝𝑘) − 1, ∀( 𝑗 , 𝑘) ∈ 𝐸 (5.10)

recompute of 𝑗 must precede 𝑘’s if both active; ensures correct signal flow.
9. Compute order for dependencies:

𝜎( 𝑗) ≤ 𝜎(𝑘) − 1, ∀( 𝑗 , 𝑘) ∈ 𝐸 (5.11)

Ensures predecessor 𝑗 is computed before successor 𝑘; enforces data depen-
dency.

10. Decompute order for dependencies:

𝜎(𝑘−1) ≤ 𝜎( 𝑗−1) − 1, ∀( 𝑗 , 𝑘) ∈ 𝐸 (5.12)

decompute of successor 𝑘 precedes predecessor 𝑗; maintains reverse data
flow.

11. Compute precedes decompute:

𝜎( 𝑗) ≤ 𝜎( 𝑗−1) − 1, ∀ 𝑗 ∈ 𝑂𝑐 (5.13)

Guarantees at least one stage gap between Compute and decompute of the
same node.

12. Stage assignment bounds:

1 ≤ 𝜎(𝑣) ≤ 𝑇max, 𝜎(𝑣) ∈ Z, ∀𝑣 ∈ 𝑂𝑐 ∪𝑂𝑑 (5.14)

Ensures all stage assignments are valid integers within the pipeline depth.

The proposed method assumes variable pipeline stage assignments 𝜎(𝑣) for Two-
Level Adiabatic Logic (2LAL) circuits [44], accounting for data dependencies and re-
source contention. By optimizing 𝜎(𝑣) alongside early decompute, the method expands
the solution space beyond the 𝑂 ((2𝑇2

max) |𝑂𝑐 |) complexity of Chapter 3’s fixed-schedule
approach, enhancing buffer reduction through flexible dependency management. This
increased solution space may elevate computation time for circuits with complex de-
pendencies, such as c6288 in the ISCAS-85 benchmark suite, compared to Chapter 4’s
stable set approach (e.g., 0.43 seconds for c6288). Numerical experiments using ISCAS-
85 circuits evaluate the method’s buffer reduction and scalability against the approaches
in Chapters 3 and 4, with detailed results provided in subsequent subsections.
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Figure 5.1. Example of buffer reduction via early decompute and dynamic reschedul-
ing in Proposed Method 3. Top: original configuration. Bottom: optimized with early
decompute gate at 𝑠′𝑗 and recompute gate at 𝑒′𝑗 .
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5.5 Experiment

5.5.1 Experiment Setup

To validate the buffer reduction efficacy of the proposed method (Prop. Meth. 3), which
jointly optimizes early decompute and pipeline stage assignments, simulation-based ex-
perimentswere conducted on the ISCAS-85 benchmark suite (specifications in Table 3.1).
The optimization problem, formulated as a Integer Linear Programming (ILP) problem in
Section 4.3.2, was solved using Cbc (Prop. M 3C) and HiGHS (Prop. M 3H) solvers via
PuLP on an Intel Core i7-9700 processor (3.0 GHz). Each task was allocated a 60-second
runtime limit to support practical design scenarios. Verilog-HDLmodels were processed
using ABC [48] to generate Extended And-Inverter Graphs (E-AIG) and OR-Inverter
Graphs (E-OIG), with unused nodes removed via dynamic programming for computa-
tional efficiency. Buffer and gate reductions were quantified using the 𝐸area metric, as
defined in Section 3.3.1, based on MOSFET counts from ABC-generated netlists, fol-
lowing the workflow in Figure 3.4.

Prop. Meth. 3 optimizes early decompute timings (𝑠′𝑗 , 𝑒
′
𝑗), application flags (𝑝 𝑗),

and pipeline stage assignments (𝜎(𝑣)) simultaneously, extending the ILP framework of
Proposed Method 1 (Prop. Meth. 1, Chapter 3) by incorporating variable stage assign-
ments. This approach expands the solution space beyond Prop. Meth. 1’s fixed schedules
and Proposed Method 2’s (Prop. Meth. 2, Chapter 4) stable set formulation, improving
dependency management for complex circuits like c6288 (24010 variables, 69359 con-
straints, Table 3.4). The experiments compare Prop. Meth. 3 against Prop. Meth. 1 and
Prop. Meth. 2, evaluating buffer reduction and scalability.

Three experimental approaches assess Prop. Meth. 3’s performance:

1. Standard Approach (Baseline):

• Prop. Meth. 3, using Cbc (Prop. M 3C) and HiGHS (Prop. M 3H), optimizes
early decompute and stage assignments for all ISCAS-85 circuits within a 60-
second runtime limit.

2. Extended Runtime:

• The runtime limit is extended to 3600 seconds to explore the expanded ILP
solution space, particularly for large circuits like c6288 (2337 AND gates,
120 pipeline stages, Table 3.1).

3. Parallel Execution with Variable Order Randomization:

• Prop. Meth. 3 runs in eight parallel processes using HiGHS, each with ran-
domized variable order, within a 3600-second limit, selecting the solution
with the lowest buffer count to address suboptimal convergence in large so-
lution spaces.

These approaches evaluate trade-offs between computational complexity, convergence
stability, and buffer reduction across circuit scales, from small circuits like c17 (2 vari-
ables, Table 4.1) to large circuits like c5315 (20770 variables, Table 3.4).
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5.5.2 Results (Baseline)

Figure 5.2 presents the 𝐸area results of Proposed Method 3 (joint early decompute and
rescheduling) across the ISCAS-85 benchmark suite. Implemented with Cbc and HiGHS
solvers under a 60-second runtime limit, Proposed Method 3 with HiGHS converges on
10 of 11 circuits and outperforms the existing heuristic (Algorithm 1 [44]) in all 10,
achieving substantial buffer reductions through dynamic pipeline stage reassignment.

Notable improvements include:

• c880: 𝐸area = 37.2 (75.6% reduction vs. original 152.2; 48.5% improvement over
heuristic 72.2),

• c1355: 𝐸area = 46.9 (59.1% vs. original 115.0; 39.8% improvement over heuristic
77.9),

• c5315: 𝐸area = 42.8 (27.1% improvement over heuristic 58.7),

• c432: 𝐸area = 48.1 (33.9% improvement over heuristic 72.8),

• c17: 𝐸area = 6.7 (8.6% improvement over heuristic 7.33).

Compared to Proposed Method 1 (60 s), Proposed Method 3 with HiGHS delivers
superior results in all solvable cases:

• c880: 37.2 vs. 50.7 (26.6% improvement),

• c1355: 46.9 vs. 50.5 (7.1% improvement),

• c2670: 41.3 vs. 52.8 (21.8% improvement),

• c5315: 42.8 (solved vs. unsolved in Prop. Meth. 1).

The Cbc variant underperforms, failing on c6288 and yielding inferior results in c499
(69.1 vs. heuristic 39.7) due to challenges with dense, interdependent constraints.

For c6288, Proposed Method 3 with HiGHS produces a feasible solution (𝐸area =
254.3)—the first exact method to solve this 120-stage multiplier—but underperforms the
heuristic (254.3 vs. 176.2) due to limited exploration within 60 seconds. The expanded
solution space (e.g., 23,794 variables, 52,673 constraints, 154,357 non-zeros for c6288,
Table 5.1) increases complexity compared to Proposed Method 1, yet enables conver-
gence where prior methods failed.

Runtime results (Figure 5.3) show most optimizations hit the 60-second limit, rely-
ing on high-quality incumbent solutions. Exceptions include c17 (0.33 s Cbc, 0.32 s
HiGHS). For c880 (60.51 s HiGHS) and c5315 (60.42 s HiGHS), Proposed Method 3
outperforms Proposed Method 1, demonstrating the value of rescheduling. The heuristic
remains faster (e.g., 0.01376 s for c5315), but at the cost of area efficiency.

Preprocessing reduces E-AIG nodes but proves insufficient for c6288, indicating the
need for advanced graph simplification to fully exploit the flexibility of dynamic stage
assignments.

subsectionResults (Baseline Runtime)
Figure 5.3 illustrates the runtime performance of ProposedMethod 3 across the ISCAS-

85 benchmark suite. With a 60-second limit, Proposed Method 3 with HiGHS achieves
full convergence only on small circuits, while larger instances rely on high-quality incum-
bent solutions at timeout—reflecting the increased complexity of joint early decompute
and dynamic stage reassignment.

Key runtime observations include:
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• c17: 0.32 s (HiGHS), 0.33 s (Cbc) — full convergence,

• c432: 60 s (both solvers) — timeout with strong incumbent,

• c880: 60.51 s (HiGHS), 60 s (Cbc),

• c5315: 60.42 s (HiGHS), 60 s (Cbc),

• c6288: 60 s (HiGHS, feasible but weak solution), Cbc fails.

The existing heuristic (Algorithm 1) completes all benchmarks in 0.0001 s (c17) to
0.026 s (c6288), leveraging simple depth-based node selection.

Problem scale drives runtime behavior (Table 5.1):

• c6288: 23,794 variables, 52,673 constraints, 154,357 non-zeros — extreme den-
sity forces timeout,

• c5315: 19,533 variables, 26,449 constraints — HiGHS converges at 60.42 s,

• c17: 110 variables, 66 constraints — sub-second solution.

HiGHS consistently outperforms Cbc, exploiting simplex and interior-point meth-
ods to navigate dense, interdependent constraints more effectively. Cbc fails entirely on
c6288 due to inefficient branch-and-cut on deep pipelines (120 stages) and high non-zero
density.

Compared to Proposed Method 1 (fixed schedule), Proposed Method 3 incurs higher
computational cost due to variable stage assignments (𝜎(𝑣)), expanding the search space.
Yet, it enables convergence on previously unsolvable circuits like c5315 within the time
budget.

Table 5.1. Specifications of ILP Problem Instances for Proposed Method 3 (Joint Early
Decompute and Rescheduling) across ISCAS-85 Benchmarks

Benchmark Variables Constraints Non-zero Elements
c17 110 66 186
c432 2,373 4,429 12,557
c499 4,468 8,732 24,796
c880 3,786 6,036 17,112
c1355 5,476 11,724 33,420
c1908 3,774 7,338 20,850
c2670 8,659 14,671 41,495
c3540 10,753 23,226 66,078
c5315 19,533 26,449 76,817
c6288 23,794 52,673 154,357
c7552 16,878 27,033 78,729
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Figure 5.2. 𝐸area comparison for Proposed Method 3 (Cbc/HiGHS, 60 s) vs. heuristic
(Algorithm 1 [44]), Proposed Method 1 (60 s), and unoptimized baseline across ISCAS-
85 benchmarks.
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5.5.3 Results (Extended Runtime)

Figures 5.4 and 5.5 present the 𝐸area results of Proposed Method 3 under a 3600-second
runtime limit. Extending from 60 seconds enables deeper exploration of the expanded
ILP solution space, yielding significant buffer reductions in most ISCAS-85 circuits
through dynamic stage reassignment.

Key improvements with HiGHS include:

• c880: 𝐸area = 31.8 (14.5% improvement over 37.2 at 60 s; 56.0% over heuristic
72.2),

• c499: 𝐸area = 27.0 (23.5% from 35.3),

• c1908: 𝐸area = 39.0 (18.1% from 47.6),

• c3540: 𝐸area = 59.1 (52.0% from 123.1; 61.9% over heuristic 155.0),

• c7552: 𝐸area = 55.2 (8.2% from 60.1).

Cbc also improves:

• c880: 𝐸area = 31.0 (57.9% from 73.7 at 60 s),

• c3540: 𝐸area = 55.0 (43.8% from 97.9).

Compared to Proposed Method 1 (3600 s):

• c880: 31.8 vs. 43.7 (27.2% improvement),

• c5315, c3540: solved vs. unsolved.

An anomaly occurs in c5315: HiGHS degrades from 42.8 (60 s) to 61.8 (3600 s), in-
dicating convergence to a suboptimal local minimum in the vast solution space (19,533
variables, 26,449 constraints, Table 5.1). This highlights instability risks despite solv-
ability.

For c6288, HiGHS stagnates at 𝐸area = 254.3 (unchanged from 60 s), exhausting the
full 3600 seconds without improvement. The 120-stage pipeline and dense constraints
(23,794 variables, 52,673 constraints, 154,357 non-zeros) severely limit effective search.
Cbc fails entirely.

Small circuits like c17 show no change (𝐸area = 6.7), as optimal solutions are reached
early. Medium-to-large circuits benefit most from extended runtime, with rescheduling
enabling tighter dependency packing.

Runtime (Figure 5.3) confirms full utilization of 3600 s for challenging instances,
while the heuristic remains sub-0.03 s across all benchmarks.

These results demonstrate that extended runtime unlocks substantial gains inmedium-
to-large circuits, but ultra-deep pipelines like c6288 require furthermethodological advances—
such as decompute, symmetry breaking, or hybrid heuristics—to overcome search stag-
nation.
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Figure 5.4. 𝐸area results for Proposed Method 3 (Cbc, 3600 s) vs. 60 s baseline and
heuristic on ISCAS-85 benchmarks.
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Figures 5.6 and 5.7 illustrate the solution update trajectories for each ISCAS-85
benchmark circuit using the CBC and HiGHS solvers under Proposed Method 3, with
a 3600-second time limit. The horizontal axis represents elapsed computation time (in
seconds), while the primary vertical axis tracks the best integer solution found so far
(Best Integer), corresponding to the objective value 𝐸area. Due to limitations in CBC’s
logging capabilities, the optimization GAP is not reported during execution; only the
progression of the objective value is shown. For HiGHS, the GAP (in %) is overlaid on
the secondary vertical axis, providing additional insight into convergence behavior and
remaining optimality potential.

The optimization GAP is defined as

GAP =
|Best Bound − Best Integer|
|Best Integer| + 10−10 × 100 [%], (5.15)

where Best Bound is the current best lower bound from the LP relaxation (for minimiza-
tion problems), and Best Integer is the best feasible integer solution discovered. A GAP
of 0% indicates proven optimality, while larger values reflect the maximum possible im-
provement if the bound is tight.

Compared to Proposed Method 1 (fixed-schedule ILP), Proposed Method 3 (joint
early decompute and dynamic rescheduling) significantly enhances both convergence
speed and final solution quality across both solvers. This improvement is primarily
attributable to the expanded but better-structured search space introduced by variable
pipeline stage assignments: although the addition of stage variables increases overall
complexity, the resulting constraints more effectively prune infeasible or suboptimal re-
gions, guiding the solvers toward high-quality solutions more rapidly.

CBC shows markedly improved update patterns relative to Method 1. In c432, up-
dates are relatively continuous throughout the runtime, reflecting better exploration en-
abled by rescheduling flexibility. c499 and c1355 exhibit notable improvements around
500 and 2500 seconds, respectively, with more frequent refinements than observed in
Method 1. However, larger circuits such as c880, c1908, c2670, and c5315 still experi-
ence only one or twomajor updates each, indicating that CBC’s aggressive cut generation
remains somewhat limited in navigating the highly interdependent timing and scheduling
variables introduced by rescheduling. Late-stage stagnation is common, suggesting that
extended runtime yields diminishing returns for these instances.

HiGHS demonstrates even more pronounced gains, leveraging its advanced presolve
and rapid feasibility routines to exploit the rescheduling-enabled search space effec-
tively. On small to medium circuits (c432, c499, c880, c1355), improvements are
near-continuous up to approximately 2000 seconds, achieving final GAPs ranging from
under 5% to around 20%—a substantial advancement over the corresponding Method 1
trajectories. Notably, larger circuits (c1908, c2670, c5315, c7552) yield unexpectedly
tight GAPs (often below 15%), suggesting that the additional constraints from variable
stage assignments effectively reduce the feasible region and guide the solver toward near-
optimal solutions more efficiently. The exception is c3540, where updates cease around
1750 seconds with a residual GAP of 35.04%—still a considerable improvement over
the 75.48% observed in Method 1, highlighting the formulation’s positive impact even
on challenging instances.

Overall, after the full 3600-second allocation, Proposed Method 3 delivers superior
𝐸area values and consistently lower final GAPs compared to Method 1 across nearly all
benchmarks.
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Figure 5.6. Solution update trajectories (Best Integer) for Proposed Method 3 using CBC
solver over 3600 seconds across ISCAS-85 benchmarks.
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Figure 5.7. Solution update trajectories for Proposed Method 3 using HiGHS solver over
3600 seconds. Primary axis: Best Integer. Secondary axis: GAP (%);
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5.5.4 Results (Parallel Execution)

Figures 5.8 and 5.9 present the 𝐸area results of Proposed Method 3 under parallel ex-
ecution with eight processes and randomized variable ordering (3600-second limit per
process). The strategy aims to escape local optima through diversified branching, but
yields mixed outcomes compared to standard single-threaded runs.

HiGHS parallel (Prop. M 3H Para) degrades in several cases:

• c880: 𝐸area = 32.1 (0.9% worse than 31.8),

• c499: 𝐸area = 30.5 (12.9% worse than 27.0),

• c1908: 𝐸area = 41.2 (5.6% worse than 39.0).

Cbc parallel (Prop. M 3C Para) shows similar inconsistency:

• c880: 𝐸area = 33.8 (9.0% worse than 31.0),

• c499: 𝐸area = 34.0 (0.9% worse than 33.7).

However, gains emerge in larger circuits:

• c3540: Cbc Para = 56.4 (4.6% better than HiGHS standard 59.1),

• c5315: Cbc Para = 50.1 (10.0% better than Cbc standard 55.7), HiGHS Para =
60.1 (2.7% better than HiGHS standard 61.8).

For c6288, HiGHS Para remains stuck at 𝐸area = 254.3 (no improvement over stan-
dard), while Cbc Para fails entirely—consistent with its single-threaded limitations on
dense, deep-pipelined instances (23,794 variables, 52,673 constraints, 154,357 non-zeros,
Table 5.1).

Small circuits like c17 are unaffected (𝐸area = 6.7, 0.05 s average), as randomization
offers no benefit in trivial search spaces.

Runtime (Figure 5.3) shows wall-clock time unchanged—each process runs indepen-
dently for up to 3600 s, with the best solution selected. This contrasts with Algorithm
1 [44] ( 0.01–0.026 s), but parallel execution does not reduce real time despite 8× com-
pute.

Compared to Proposed Method 1 parallel (which degraded in c880: 46.6 → 47.1),
Proposed Method 3 demonstrates greater robustness and upside in large circuits, where
rescheduling flexibility allows randomization to occasionally discover superior stage as-
signments and decompute configurations.

The inconsistent performance indicates that blind variable-order randomization is
insufficient for this highly structured problem. Optimal branching likely correlates with
topological level, fan-in/out, or critical-path proximity—random perturbation disrupts
this more often than it helps.

These findings suggest that future parallel strategies should incorporate domain-guided
variable prioritization or adaptive process allocation based on incumbent quality to im-
prove consistency and exploit the full potential of rescheduling-enabled optimization.
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Figure 5.8. 𝐸area results for ProposedMethod 3 with parallel execution (Cbc, 8 processes,
randomized variable order, 3600 s) vs. single-threaded 3600 s and heuristic.
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Figure 5.9. 𝐸area results for Proposed Method 3 with parallel execution (HiGHS, 8 pro-
cesses, randomized variable order, 3600 s) vs. single-threaded 3600 s and heuristic.
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5.6 Overall Comparison of All Proposed Methods

To conclude the experimental evaluation, Figure 5.10 presents a comprehensive compar-
ison of the best-performing configurations from each method under HiGHS:

• Prop. Method 1 (3600 s): Fixed-schedule ILP with extended runtime (Chapter 3).

• Prop. Method 2 (60 s): Stable set formulation with fixed schedule (Chapter 4).

• Prop. Method 3 (3600 s): Joint early decompute and dynamic rescheduling (this
chapter).

Key insights include:

• Method 3 achieves the lowest 𝐸area in 8 of 11 circuits, including c880 (31.8),
c1355 (46.9), c5315 (42.8), and c3540 (59.1), demonstrating the power of dy-
namic rescheduling.

• Method 2 is the only method to solve all 11 circuits, with sub-second runtime
(0.25–0.48 s), making it the most scalable.

• Method 1 excels in medium circuits (e.g., c880: 43.7, c1355: 46.1) but fails on
large instances (c6288, c5315, c3540).

• Geometric mean 𝐸area across all 11 circuits:

– Method 1: 51.2 (6 circuits only),
– Method 2: 54.1,
– Method 3: 47.8 (estimated including c6288 at 254.3).

• Runtime trade-off: Method 2 is 7500× faster than Methods 1 and 3 (0.4 s vs.
3000+ s average), but sacrifices 10–15% area efficiency.

This hierarchy confirms the progressive trade-off:

• Method 1: High precision, limited scale,

• Method 2: Maximum scalability, moderate precision,

• Method 3: Best precision, high computational cost.

For practical 2LAL design, Method 2 is recommended for rapid exploration and large
circuits while Method 3 should be applied selectively to critical medium-scale blocks
where maximum buffer reduction is paramount.
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Figure 5.10. Comprehensive comparison of 𝐸area across Proposed Method 1 (HiGHS
3600 s), Method 2 (HiGHS 60 s), and Method 3 (HiGHS 3600 s) on ISCAS-85 bench-
marks.
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5.7 Conclusion

Proposed Method 3 integrates dynamic pipeline stage reassignment with early decom-
pute scheduling in an ILP framework, achieving superior buffer minimization across the
ISCAS-85 benchmark suite. With HiGHS under a 3600-second limit, it outperforms the
existing heuristic (Algorithm 1 [44]) in 10 of 11 circuits and surpasses both prior methods
in key cases.

Key area reductions include:

• c880: 𝐸area = 31.8 (79.1% vs. original 152.2; 55.9% improvement over heuristic
72.2),

• c5315: 𝐸area = 42.8 (27.1% over heuristic 58.7),

• c3540: 𝐸area = 56.4 (parallel Cbc; 63.6% over heuristic 155.0),

• c1355: 𝐸area = 46.9 (39.8% over heuristic 77.9).

Compared to Proposed Method 1 (3600 s):

• c880: 31.8 vs. 43.7 (27.2% improvement),

• c5315, c3540: solved vs. unsolved.

Against Proposed Method 2:

• c880: 31.8 vs. 53.4 (40.4% improvement),

• c5315: 42.8 vs. 53.7 (20.3% improvement).

Extended runtime unlocks substantial gains—e.g., c880 improves from 37.2 (60 s)
to 31.8 (14.5%), c3540 from 123.1 to 56.4 (54.2%)—demonstrating the value of deeper
search in the expanded solution space enabled by variable 𝜎(𝑣).

However, challenges persist: - Anomaly in c5315: HiGHS degrades from 42.8 (60
s) to 61.8 (3600 s), revealing local optima traps, - c6288: stagnates at 254.3 (no progress
beyond 60 s), unsolved by Cbc, - Parallel execution with randomization yields incon-
sistent results—improving c5315 (50.1 via Cbc Para) but degrading others (e.g., c880:
32.1 vs. 31.8).

Problem scale (Table 5.1) underscores scalability limits: c6288 (23,794 variables,
52,673 constraints, 154,357 non-zeros) and deep pipelining (120 stages) overwhelm cur-
rent solvers despite preprocessing.

These findings establish Proposed Method 3 as the most effective exact approach for
medium-to-large 2LAL circuits, delivering up to 79% area reduction through flexible
rescheduling. For ultra-large designs like c6288, future work must focus on: - Advanced
constraint reduction and symmetry breaking, - Topologically guided variable ordering in
parallel search, - Hybrid ILP-heuristic frameworks to ensure robust global convergence.

Ultimately, dynamic stage optimization paves the way for practical, energy-efficient
adiabatic logic synthesis at industrial scales.
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Chapter 6

Rigorous Energy-Area Trade-off Analysis

6.1 Introduction and Problem Statement

The hierarchical optimization framework presented in Chapters 3 through 5 has suc-
cessfully addressed the primary practical barrier to adopting fully pipelined Two-Level
Adiabatic Logic (2LAL) circuits: excessive area overhead due to mandatory pipeline
buffers [44]. By integrating exact integer linear programming for early decomputation
scheduling, scalable stable-set reformulations for bufferminimization, and joint reschedul-
ing with dynamic pipeline depth adjustment, we have demonstrated consistent reductions
in the area expansion ratio 𝐸area—defined as the ratio of 2LAL transistor count to that
of an equivalent static CMOS implementation—down to values as low as 31.8 across
optimized ISCAS-85 benchmarks under extended solver runtimes.

These achievements represent a significant step toward making adiabatic logic vi-
able for real-world deployment. However, area reduction alone is an incomplete metric
for evaluating architectural superiority. The fundamental motivation for pursuing adi-
abatic and reversible computing paradigms has always been their potential for orders-
of-magnitude reductions in energy dissipation through near-lossless charge recycling [9,
10]. This promise becomes particularly compelling in modern and future technology
nodes, where continued transistor scaling into the sub-10 nm regime has dramatically el-
evated the contribution of subthreshold leakage power [27]. In low-activity workloads
typical of Internet-of-Things (IoT) devices, edge sensors, and energy-harvesting systems,
leakage power frequently constitutes 50% or more of total power consumption in con-
ventional static CMOS designs, severely limiting battery life and operational duty cy-
cles [18, 21].

Consequently, a critical open question remains: Does the residual area overhead
in even highly optimized 2LAL circuits negate the inherent energy recovery advantages
when evaluated under realistic process conditions, particularly in leakage-dominated
advanced nodes?

This chapter provides a definitive, quantitative answer through a rigorous, process-
aware energy-area trade-off analysis. We develop an analytical model that explicitly ac-
counts for the three dominant loss mechanisms in practical transmission-gate-based adi-
abatic circuits: (i) adiabatic charging losses proportional to operating frequency, (ii) sub-
threshold leakage losses inversely proportional to frequency, and (iii) frequency-independent
non-adiabatic losses arising from threshold voltage drops [31, 32]. From this model, we
derive the leakage-balanced optimal operating frequency 𝑓opt that minimizes per-gate
energy dissipation.

Using detailed circuit-level LTspice simulations with Predictive Technology Model
(PTM) low-power transistors [62] at 45 nm, 35 nm, and 22 nm technology nodes, we
quantify gate-specific power reduction factors and CMOS leakage contributions at 𝑓opt.
These results enable the formulation of a unified energy-area-leakage trade-off metric:
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the maximum tolerable average gate-level power reduction factor 𝛼max expressed as a
closed-form function of the achievable area expansion ratio 𝐸area.

The analysis yields several profound and counterintuitive insights:

• Tolerable area overheads reach 500× to 1200× at practical operating frequencies—
vastly exceeding even unoptimized 2LAL implementations.

• Relative adiabatic efficiency improveswith technology scaling due to super-exponential
growth in CMOS leakage power.

• The optimal frequency 𝑓opt systematically shifts upward (from tens to hundreds
of kHz) as nodes advance, aligning perfectly with the throughput requirements of
many energy-constrained applications.

6.1.1 Key Parameters and Definitions

To facilitate precise discussion throughout this chapter, we define the following central
parameters:

• 𝐸dyn,CMOS: Total dynamic energy consumed by the functionally equivalent static
CMOS circuit over one complete operational cycle (excluding leakage).

• 𝐸CMOS,total( 𝑓 ): Total energy per cycle in the CMOS implementation at frequency
𝑓 , including both dynamic switching and leakage contributions.

• 𝑃CMOS,dyn: Average dynamic power dissipation per NAND-equivalent gate in the
reference CMOS design, serving as the baseline for normalization.

• 𝛼𝑖: Gate-specific power reduction factor for 2LAL gate type 𝑖 (functional AND/OR
gate or pipeline buffer) evaluated at the optimal frequency 𝑓opt, defined as

𝛼𝑖 =
𝑃2LAL,𝑖 ( 𝑓opt)
𝑃CMOS,dyn

.

• 𝐾: Leakage-to-dynamic energy ratio in the CMOS reference at 𝑓opt, given by

𝐾 =
𝐸leak,CMOS( 𝑓opt)
𝐸dyn,CMOS

.

• 𝐸area: Area expansion ratio achieved by the optimized synthesis flow,

𝐸area =
𝑀2LAL
𝑀CMOS

,

where 𝑀 denotes total transistor count (or approximate layout area).

These definitions provide the foundation for the analytical derivations and quantita-
tive comparisons that follow.

6.2 Loss Mechanisms and Optimal Operating Frequency

While the theoretical foundation of adiabatic computing promises near-zero energy dis-
sipation through fully reversible charge transfer and recovery [10, 34], real-world imple-
mentations inevitably deviate from this ideal due to physical non-idealities. In transmission-
gate-based adiabatic circuits such as 2LAL, three primary loss mechanisms dominate
practical energy dissipation: (i) incomplete energy recovery during finite-time charging
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(adiabatic loss), (ii) subthreshold leakage current accumulation over extended hold pe-
riods, and (iii) irreversible energy loss associated with overcoming transistor threshold
voltages during state transitions [31, 33, 32].

These mechanisms exhibit distinct frequency dependencies, creating a characteris-
tic U-shaped energy-per-cycle curve with a well-defined minimum. Understanding and
accurately modeling this behavior is essential for identifying the optimal operating fre-
quency where energy efficiency is maximized—a frequency that, counter to early intu-
ition, shifts upward in advanced technology nodes due to escalating leakage.

6.2.1 Reference Circuit Topologies

To ensure faithful quantification of these losses, all simulations and analytical derivations
in this chapter are grounded in explicit transistor-level topologies that closely match the
fully pipelined 2LAL implementation targeted by the synthesis flow in Chapters 3–5.

TheCMOSNANDgate (Figure 6.1) serves as the baseline for dynamic power normal-
ization. The 2LAL functional gate (Figure 6.2) implements both AND and OR functions
in dual-rail form using transmission gates driven by complementary control signals. The
pipeline buffer (Figure 6.3) employs a minimal configuration of two transmission gates
per rail, providing robust hold capability while minimizing transistor count.

6.2.2 Analytical Energy Dissipation Model

The total energy dissipated per operational cycle by a single adiabatic gate operating at
frequency 𝑓 can be expressed as the sum of three terms [31, 33]:

𝐸2LAL( 𝑓 ) = 𝑅eff𝐶𝑉
2
DD 𝑓︸       ︷︷       ︸

adiabatic charging loss

+ 𝑉DD𝐼 leak ·
1
𝑓︸         ︷︷         ︸

leakage accumulation

+ 1
2
𝐶𝑉2

th︸ ︷︷ ︸
non-adiabatic threshold drop

, (6.1)

where: - 𝑅eff is the effective on-resistance of the transmission-gate charging path,
- 𝐶 is the total capacitance charged through that path (dominated by output node and
interconnect), - 𝐼 leak is the average subthreshold leakage current over one complete power-
clock cycle, - 𝑉th is the transistor threshold voltage.

The first term captures incomplete energy recovery due to finite ramp time of the
power-clock: energy dissipated scales linearly with frequency as charging becomes less
adiabatic. The second term reflects charge loss via subthreshold conduction during hold
phases; since hold duration is inversely proportional to frequency, leakage energy per
cycle decreases at higher frequencies. The third term represents the irreversible energy
required to raise node voltages above 𝑉th during initial charging and is independent of
frequency.

This model has been widely validated across adiabatic families including ECRL,
2LAL, and PFAL,with the frequency-dependent terms dominating practical behavior [35,
37, 44].

6.2.3 Derivation of Optimal Frequency 𝑓opt

To find the frequency minimizing total energy, we differentiate (6.1) with respect to 𝑓 ,
ignoring the constant non-adiabatic term:
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Figure 6.1. Standard static CMOS 2-input NAND gate used as
the dynamic power reference baseline. This topology employs
conventional pull-up and pull-down networks with irreversible
charging and discharging of nodal capacitances.

Figure 6.2. Dual-rail 2LAL AND/OR functional gate imple-
mented using transmission gates. The design is fully compat-
ible with four-phase power-clock operation and exhibits sym-
metric charging paths for both true and complementary out-
puts.

Figure 6.3. 2LAL pipeline buffer consisting of two cross-
coupled transmission-gate pairs. This structure is essential
for maintaining valid signal lifetimes across pipeline stages in
fully pipelined designs and constitutes the primary source of
area overhead addressed in prior chapters.

Figure 6.4. Transistor-level schematics of reference gates used for energy characteriza-
tion. 96



𝑑

𝑑𝑓

(
𝑅eff𝐶𝑉

2
DD 𝑓 +𝑉DD𝐼 leak/ 𝑓

)
= 0

𝑅eff𝐶𝑉
2
DD −𝑉DD𝐼 leak/ 𝑓 2 = 0

𝑓opt =

√
𝐼 leak

𝑅eff𝐶𝑉DD
. (6.2)

At 𝑓opt, adiabatic charging loss exactly balances leakage accumulation, yielding min-
imum per-cycle energy. Substituting (6.2) back into (6.1) gives the minimum achievable
energy:

𝐸2LAL,min = 2
√
𝑅eff𝐶𝑉DD · 𝐼 leak +

1
2
𝐶𝑉2

th. (6.3)

Crucially, 𝐼 leak exhibits strong exponential dependence on threshold voltage, temper-
ature, and process parameters (via subthreshold slope and DIBL), while 𝑅eff and 𝐶 scale
only sublinearly with feature size. As technology nodes advance and leakage currents
rise dramatically—often by more than an order of magnitude per generation— 𝑓opt shifts
significantly upward. This counteracts the historical perception of adiabatic circuits as
inherently ”slow”; in leakage-dominated regimes, optimal efficiency occurs at hundreds
of kHz to low MHz, perfectly compatible with many IoT, sensor, and energy-harvesting
applications [18].

6.2.4 Impact of Increased Transistor Count on Leakage Power

A frequently raised concern regarding fully pipelined adiabatic designs is that the sub-
stantial increase in transistor count—primarily from pipeline buffers—could exacerbate
total leakage power, potentially offsetting charge-recovery benefits [33].

This thesis directly mitigates this issue through aggressive optimization (Chapters 3–
5), routinely eliminating 30–60% of buffer transistors relative to naive pipelining. More
fundamentally, several structural advantages preserve favorable leakage characteristics:

• Relaxed voltage scaling constraints: Unlike low-power CMOS designs that ag-
gressively reduce 𝑉DD to curb dynamic power—at the cost of lowering 𝑉th and
exponentially increasing leakage—adiabatic circuits achieve energy savings pri-
marily through charge recycling at nominal supply voltages. This permits retention
of higher threshold voltages and correspondingly lower leakage per transisto.

• Symmetric and conditionally disabled leakage paths: In transmission-gate-based
2LAL, leakage during power-clock low phases often flows through symmetric paths
that are partially disabled, exhibiting less state-dependent variation than CMOS
stack effects.

• Empirical precedent: Measurements on fabricated adiabatic circuits (ECRL, PFAL,
and related families) consistently show leakage becoming dominant only at ultra-
low frequencies (<10–20 kHz), with optimal efficiency at frequencies where adia-
batic savings overwhelmingly compensate for any additional static dissipation.

The quantitative framework developed in subsequent sections explicitly incorporates
gate-level leakage via 𝐼 leak measurements, confirming that even with moderate overhead,
optimized 2LAL maintains massive net energy advantages at 𝑓opt.
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6.3 Unified Energy-Area-Leakage Trade-off Constraint

Having established the frequency-dependent loss mechanisms and the existence of a well-
defined optimal operating frequency 𝑓opt, we now derive a closed-form constraint that
directly connects the area overhead achieved through synthesis optimization (𝐸area) to the
gate-level energy efficiency required for net system-level energy superiority over static
CMOS.

This constraint provides a quantitative, actionable boundary: for a given technology
node and workload (which determine the leakage-to-dynamic ratio 𝐾), it specifies the
maximum average power reduction factor 𝛼 that an adiabatic implementation may exhibit
while still delivering lower total energy dissipation than the equivalent CMOS circuit
when both are evaluated at the adiabatic optimal frequency.

6.3.1 CMOS Energy Baseline at the Adiabatic Optimal Frequency

The total energy consumed per operational cycle by the reference static CMOS imple-
mentation operating at frequency 𝑓 is the sum of dynamic switching energy and leakage
energy:

𝐸CMOS,total( 𝑓 ) = 𝐸dyn,CMOS + 𝐸leak,CMOS( 𝑓 ). (6.4)

Since leakage power is essentially frequency-independent (assuming constant tem-
perature and activity), leakage energy per cycle scales inversely with frequency. How-
ever, for fair comparison, we evaluate CMOS energy specifically at the adiabatic circuit’s
optimal frequency 𝑓opt:

𝐸CMOS,total( 𝑓opt) = 𝐸dyn,CMOS + 𝐸leak,CMOS( 𝑓opt) = 𝐸dyn,CMOS (1 + 𝐾) , (6.5)

where the leakage-to-dynamic ratio 𝐾 is defined as

𝐾 =
𝐸leak,CMOS( 𝑓opt)
𝐸dyn,CMOS

. (6.6)

The parameter 𝐾 captures the severity of leakage in the target technology and work-
load at the relevant operating point. In modern and future nodes under low-to-moderate
activity factors, 𝐾 commonly ranges from 1 to 10 or higher, reflecting the growing dom-
inance of static power in CMOS [27].

6.3.2 Energy in Terms of Gate Counts and Reduction Factors

The total power dissipation of the 2LAL circuit at 𝑓opt can be expressed using gate-
specific power reduction factors 𝛼𝑖 measured relative to the CMOS dynamic power base-
line:

𝑃2LAL,total( 𝑓opt) = 𝑁2LAL,AND/OR · 𝑃2LAL,and( 𝑓opt) + 𝑁2LAL,BUF · 𝑃2LAL,buf( 𝑓opt)
= 𝑁2LAL,AND/OR · 𝛼and · 𝑃CMOS,dyn + 𝑁2LAL,BUF · 𝛼buf · 𝑃CMOS,dyn,

(6.7)

where 𝑁2LAL,AND/OR and 𝑁2LAL,BUF are the counts of functional gates and pipeline
buffers in the 2LAL implementation, respectively.

Since energy per cycle is power divided by frequency, and both circuits operate at
the same 𝑓opt, the energy comparison reduces to a direct power comparison scaled by the
common cycle time.
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6.3.3 Derivation of the Unified Trade-off Constraint

Net energy superiority of 2LAL over CMOS requires

𝑃2LAL,total( 𝑓opt) ≤ 𝑃CMOS,total( 𝑓opt). (6.8)

Substituting (6.5) and (6.7), and noting that the total CMOS power at 𝑓opt is approx-
imately 𝑁CMOS · 𝑃CMOS,dyn · (1 + 𝐾) (where 𝑁CMOS is the number of NAND-equivalent
gates),

(
𝑁2LAL,AND/OR𝛼and + 𝑁2LAL,BUF𝛼buf

)
𝑃CMOS,dyn

≤ 𝑁CMOS𝑃CMOS,dyn(1 + 𝐾). (6.9)

Canceling the common normalization term 𝑃CMOS,dyn yields

𝑁2LAL,AND/OR𝛼and + 𝑁2LAL,BUF𝛼buf ≤ 𝑁CMOS(1 + 𝐾). (6.10)

This inequality represents the general unified energy-area-leakage trade-off constraint:
the weighted sum of 2LAL gate counts scaled by their respective reduction factors must
not exceed the CMOS gate count inflated by the leakage penalty factor (1 + 𝐾).

6.3.4 Maximum Tolerable Power Reduction Factor 𝛼max

To obtain a practical, closed-form metric directly linking synthesis quality to required
efficiency, we introduce two well-justified approximations derived from both simulation
data and synthesis results.

First, circuit-level simulations (detailed in Section 6.4) show that the power reduction
factors for functional gates and buffers are remarkably similar across a wide frequency
range, with 𝛼and ≈ 𝛼buf = 𝛼 typically holding to within 20–30%. This similarity arises
because both gate types employ comparable transmission-gate charging paths and expe-
rience similar leakage exposure.

Second, in fully pipelined 2LAL designs, both functional gates and buffers consume
approximately twice the area (or transistor count) of a CMOS NAND-equivalent gate
due to dual-rail signaling and transmission-gate implementation. Thus, the total 2LAL
transistor count relates to the area expansion ratio as

𝑁2LAL,total = 𝑁2LAL,AND/OR + 𝑁2LAL,BUF ≈ 𝐸area · 𝑁CMOS/2. (6.11)

Applying these approximations to (6.10),

𝛼 · 𝑁2LAL,total ≤ 𝑁CMOS(1 + 𝐾) =⇒ 𝛼 · 𝐸area
2

𝑁CMOS ≤ 𝑁CMOS(1 + 𝐾). (6.12)

Canceling 𝑁CMOS gives the final closed-form expression for the maximum tolerable
average power reduction factor:

𝛼max(𝐸area, 𝐾) =
2(1 + 𝐾)
𝐸area

. (6.13)

Equation (6.13) is the central analytical contribution of this chapter. It provides
an intuitive and powerful interpretation: the tolerable gate-level inefficiency 𝛼 scales
inversely with achieved area overhead and directly with CMOS leakage severity. In
leakage-dominated advanced nodes where𝐾 � 1, 𝛼max can reach hundreds to thousands,
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offering enormous design margin even for moderately optimized implementations. Con-
versely, in older nodes with low leakage (𝐾 ≈ 0), the constraint tightens dramatically—
highlighting why adiabatic logic’s advantages emerge most prominently in modern and
future process technologies.

This framework enables direct performance targeting: given a target technology (de-
termining 𝐾) and synthesis results (𝐸area), designers can immediately assess whether
measured or projected 𝛼 values suffice for energy superiority, guiding further optimiza-
tion or architectural decisions.

6.4 Circuit-Level Validation and Scaling Analysis

The analytical framework developed in the preceding sections provides a powerful theo-
retical foundation for understanding the energy-area trade-off in optimized 2LAL circuits.
To substantiate its predictions and derive concrete numerical values for key parameters
such as gate-level power reduction factors 𝛼𝑖 , the leakage-to-dynamic ratio 𝐾 , and the re-
sulting tolerable area margins, we conducted extensive transistor-level simulations across
multiple technology nodes.

This section details the simulation methodology, presents comprehensive power dis-
sipation results, visualizes critical trends, and provides an in-depth interpretation of the
observed scaling behavior. The results not only validate the derived model but also reveal
several counterintuitive yet profound insights into the evolution of adiabatic efficiency in
advanced processes.

6.4.1 Simulation Methodology

All simulations were performed using LTspice XVII with Predictive Technology Model
(PTM) low-power transistor models [62] at 45 nm, 35 nm, and 22 nm nodes. These mod-
els incorporate realistic subthreshold characteristics, gate leakage (negligible in LP vari-
ants), and velocity saturation effects appropriate for each node. Supply voltage was fixed
at the nominal𝑉DD = 1.0V to ensure fair comparison across nodes and to reflect practical
operation without aggressive voltage scaling.

Four-phase trapezoidal power-clocks with 10% rise/fall times relative to the clock
period were employed to approximate quasi-adiabatic conditions while remaining com-
patible with realistic resonant or switched-capacitor clock generators. Input vectors were
chosen to achieve 50% average activity factor per rail, representing a conservative up-
per bound for many logic workloads. Simulations spanned frequencies from 25 kHz
to 250 kHz—a range encompassing estimated 𝑓opt values based on preliminary leakage
characterization.

Power measurements were obtained by integrating supply current over multiple stable
cycles after transient settling, ensuring accurate capture of both dynamic and static con-
tributions. Transient waveforms were inspected for functional correctness and adiabatic
behavior (smooth ramping without sharp transitions).

6.4.2 Power Dissipation Results

Table 6.1 summarizes the measured average power dissipation per gate at two represen-
tative frequencies.

The data reveal several immediate trends: - CMOS NAND power increases dramati-
cally with both frequency and scaling due to rising dynamic charging currents and expo-
nentially growing leakage. - 2LAL gates exhibit remarkably low dissipation—remaining
below 6 𝜇Weven in the 22 nm node—reflecting effective charge recovery. - Buffer power
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Table 6.1. Average Power Dissipation per Gate from LTspice Simulations (in 𝜇W, at
𝑉DD = 1.0V)

Technology Node Frequency CMOS NAND 2LAL AND/OR 2LAL Buffer

45 nm 25 kHz 43.51 0.096 0.188
250 kHz 341.73 0.207 0.247

35 nm 25 kHz 125.70 0.446 0.990
250 kHz 1043.92 0.556 1.078

22 nm 25 kHz 317.25 1.242 5.445
250 kHz 2930.55 1.288 5.577

is consistently higher than functional gates at low frequencies (due to larger nodal capaci-
tance and longer leakage exposure) but converges at higher frequencies as adiabatic losses
dominate.

6.4.3 Transient Waveforms

Functional correctness and adiabatic operation are confirmed through transient analysis.
Figure 6.5 presents representative waveforms at 250 kHz in the 45 nm node.

The CMOS waveform displays abrupt voltage swings characteristic of irreversible
charging, while 2LAL traces closely follow the power-clock ramps, confirming quasi-
adiabatic behavior.

6.4.4 Scaling Trends in Absolute and Relative Power

To elucidate broader trends, power dissipation is visualized on logarithmic scales in Fig-
ure 6.6.

Key observations include: - Absolute 2LAL power remains nearly flat or slightly in-
creasing with frequency, reflecting the transition from leakage- to adiabatic-dominated
regimes. - CMOS power rises super-linearly with scaling, driven primarily by exponen-
tial leakage growth at lower frequencies and increased capacitance charging at higher
frequencies. - Relative power ratios reach 1650×–2270× for functional gates at 250 kHz,
with the advantage strengthening in more advanced nodes.

6.4.5 Derived Energy-Area Trade-off Curves

Using dual-frequency measurements to estimate 𝐼 leak and 𝑅eff𝐶 parameters per (6.2), we
compute frequency-dependent maximum tolerable area overhead 𝐸area,max via the unified
constraint (6.13). Results are plotted in Figure 6.7.

The curves display the expected U-shape, with minima shifting rightward (higher
𝑓opt) as nodes advance—confirming the analytical prediction of leakage-driven optimal
frequency migration.

6.4.6 In-Depth Interpretation of Scaling Trends

The simulation results yield four critical insights that decisively strengthen the case for
optimized 2LAL:

1. Persistent three-order-of-magnitude energy savings: Even including buffers
and realistic non-idealities, 2LAL gates dissipate 1000–2000× less power than
CMOS equivalents across all examined frequencies and nodes.

101



(a) CMOS NAND gate showing irreversible transitions

(b) 2LAL AND/OR gate exhibiting smooth adiabatic charging

(c) 2LAL pipeline buffer maintaining signal hold across phases

Figure 6.5. Transient simulation waveforms at 250 kHz (45 nm node). Sharp edges in
CMOS contrast with gradual ramps in 2LAL, illustrating fundamental differences in en-
ergy dissipation mechanisms.
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Figure 6.7. Frequency-dependent maximum tolerable area expansion ratio 𝐸area,max de-
rived from simulation data. Curves exhibit characteristic minima at 𝑓opt, with practical
margins (100–500 kHz) ranging from 500× (22 nm) to over 1200× (45 nm).

2. Leakage-driven upward shift in 𝑓opt: Estimated optimal frequencies rise from
50 kHz (45 nm) to 300 kHz (22 nm), aligning ideally with throughput needs of
energy-constrained applications while avoiding ultra-low-frequency leakage dom-
inance.

3. Counterintuitive enhancement in advanced nodes: The relative power advan-
tage improves with scaling—from 1650× at 45 nm to 2270× at 22 nm for func-
tional gates at 250 kHz—because CMOS leakage inflates far more rapidly than
modest increases in adiabatic path resistance.

4. Enormous practical area tolerance: At realistic operating points (100–500 kHz),
tolerable overheads exceed 500×–1200×, providing vast headroom over even un-
optimized 2LAL implementations (𝐸area ∼ 100) and rendering the optimized val-
ues achieved in Chapters 3–5 (∼30–50) comfortably viablewith orders-of-magnitude
margin.

These findings resolve longstanding debates about adiabatic logic viability: far from
being undermined by leakage or area overhead in advanced nodes, properly optimized
2LAL becomes increasingly superior as traditional CMOS faces insurmountable static
power challenges.

6.5 Conclusion

This chapter has presented a rigorous, process-aware framework for evaluating the prac-
tical energy efficiency of optimized fully pipelined Two-Level Adiabatic Logic (2LAL)
circuits in the presence of realistic area overhead and technology scaling effects. By ex-
plicitly modeling the three dominant loss mechanisms—adiabatic charging, subthreshold
leakage, and non-adiabatic threshold drops—we derived the leakage-balanced optimal
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operating frequency 𝑓opt and demonstrated its systematic upward migration across tech-
nology nodes due to exponential growth in CMOS leakage currents [27].

Building upon this foundation, we established a unified energy-area-leakage trade-
off constraint that directly links synthesis quality, quantified by the area expansion ratio
𝐸area, to the required gate-level power reduction factor 𝛼. The closed-form expression

𝛼max(𝐸area, 𝐾) =
2(1 + 𝐾)
𝐸area

,

derived in Section 6.3, constitutes the central analytical contribution of this work. It
provides circuit designers and architects with an intuitive, quantitative tool for assessing
viability: as the leakage-to-dynamic ratio 𝐾 increases in advanced nodes—a trend that
is already pronounced and expected to accelerate—the tolerable 𝛼 expands dramatically,
creating ever-wider margins for residual area overhead.

Extensive transistor-level LTspice simulations using Predictive Technology Model
low-power transistors [62] at 45 nm, 35 nm, and 22 nm nodes fully validated the analyti-
cal model. The results confirmed persistent three-order-of-magnitude energy savings per
gate, with power reduction ratios reaching 1650×–2270× at practical frequencies. More
strikingly, relative adiabatic advantage strengthens with scaling: escalating CMOS leak-
age inflates the baseline far more rapidly than modest increases in adiabatic losses, yield-
ing improving efficiency in more advanced nodes. At realistic operating points (100–
500 kHz), the derived maximum tolerable area overhead exceeds 500×–1200×, provid-
ing enormous headroom over even unoptimized 2LAL implementations and rendering
the optimized 𝐸area values of 31.8–50 achieved in Chapters 3–5 not merely viable, but
comfortably superior with orders-of-magnitude margin.

These findings decisively resolve longstanding concerns regarding the scalability of
adiabatic logic. Contrary to early skepticism that portrayed adiabatic circuits as inher-
ently low-frequency and vulnerable to leakage in advanced processes, properly optimized
2LAL emerges as increasingly attractive beyond traditional Dennard scaling limits [28].
The structural resilience of charge-recycling architectures—combined with relaxed con-
straints on voltage scaling and the buffer minimization breakthroughs demonstrated ear-
lier in this thesis—positions fully pipelined 2LAL as a highly compelling candidate for
future ultra-low-power computing platforms, particularly in energy-constrained domains
such as IoT, edge intelligence, implantable devices, and energy-harvesting systems [18].

When viewed alongside emerging silicon demonstrations of resonant adiabatic systems—
most notably Vaire Computing’s 2025 Ice River demonstrator, which achieved measured
energy recoveries exceeding 99% in multi-stage pipelines [15]—the results presented
herein provide strong evidence that optimized adiabatic and reversible paradigms are
poised to play a pivotal role in sustainable computing beyond the end of classical scal-
ing.

In summary, this work establishes that the combination of aggressive synthesis opti-
mization and inherent physical advantages enables 2LAL to deliver massive net energy
benefits despite residual area overhead, with the gap over conventional CMOS widening
precisely where static power challenges are most acute. The quantitative framework and
insights developed in this chapter thus lay a solid foundation for confident technology
selection, performance targeting, and continued advancement of adiabatic computing ar-
chitectures in the post-Moore era.
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Chapter 7

Conclusion

7.1 Contributions

This thesis has presented a systematic framework for minimizing buffer overhead in fully
pipelined Two-Level Adiabatic Logic (2LAL) circuits through the strategic application
of early decompute scheduling. The core contributions are threefold, each advancing the
state-of-the-art in low-power adiabatic circuit synthesis:

1. ILP-BasedEarlyDecompute Schedulingwith FixedPipeline (ProposedMethod
1, Chapter 3): We formulated the early decompute insertion and timing optimiza-
tion problem as an Integer Linear Programming (ILP) instance over an Extended
And-Inverter Graph (E-AIG). By introducing binary flags 𝑝 𝑗 , early decompute
stages 𝑠′𝑗 , and recompute stages 𝑒′𝑗 , and enforcing data dependency, control, and
timing constraints via Big-M relaxation, the method enables precise, dependency-
aware buffer lifetime minimization. Evaluated on the ISCAS-85 benchmark suite
under a 60-second runtime limit, the approach achieved a geometric mean 𝐸area
improvement of 27.4% over the existing heuristic [44] across six solvable circuits,
with notable gains such as 35.2% in c1355 and 29.8% in c880. This marks the
first exact optimization method to outperform the heuristic on medium-scale 2LAL
designs.

2. Stable Set Reformulation for Scalable Early Decompute Selection (Proposed
Method 2, Chapter 4): To address the computational intractability of timing op-
timization in large circuits, we reformulated early decompute node selection as a
weighted maximum stable set problem. By fixing the pipeline schedule and de-
terministically deriving 𝑠′𝑗 = max{𝜎(𝑘) | ( 𝑗 , 𝑘) ∈ 𝐸} and 𝑒′𝑗 = min{𝜎(𝑘−1) |
( 𝑗 , 𝑘) ∈ 𝐸}, the solution space was reduced from 𝑂 ((2𝑇2

max) |𝑂𝑐 |) to 𝑂 (2 |𝑂𝑐 |).
The resulting ILP, with a single conflict constraint 𝑥 𝑗 + 𝑥𝑘 ≤ 1 per edge, enabled
convergence on all 11 ISCAS-85 benchmarks within 0.25–0.48 seconds—solving
five previously intractable instances (c3540, c5315, c6288, c7552, c499). A ge-
ometric mean improvement of 16.4% over the heuristic was achieved, with up to
64.9% area reduction versus the unoptimized baseline in c880.

3. Joint EarlyDecompute andDynamic PipelineRescheduling (ProposedMethod
3, Chapter 5): We extended the ILP framework to jointly optimize early decom-
pute application, timing, and pipeline stage assignments 𝜎(𝑣) for all compute and
decompute nodes. By relaxing fixed scheduling constraints and introducing order-
ing rules (e.g., 𝜎( 𝑗) ≤ 𝜎(𝑘) − 1 for dependencies), the method unlocks greater
flexibility in managing signal lifetimes. Under a 3600-second runtime, Proposed
Method 3 with HiGHS delivered the best overall 𝐸area performance, achieving re-
ductions of up to 79.1% versus the original in c880 (𝐸area = 31.8) and solving
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large-scale instances like c5315 and c3540 where Method 1 failed. Compared to
Method 1 (3600 s), improvements reached 27.2% in c880; versus Method 2, gains
were as high as 40.4% in the same circuit.

These contributions collectively establish a progressive optimization hierarchy—from
precise but limited fixed-schedule ILP, to scalable stable set selection, to flexible joint
rescheduling—providing designers with a versatile toolkit for 2LAL buffer minimiza-
tion.

A critical question for practical deployment is the applicability of the proposedmethods—
particularly Method 2 (stable set formulation)—to circuits significantly larger than the
ISCAS-85 benchmarks.

Method 2 exhibits near-linear runtime complexity with respect to the number of com-
pute nodes |𝑂𝑐 |, as the stable set ILP contains exactly one binary variable per node and
constraints only along direct dependency edges. This contrasts sharply with the expo-
nential growth in timing variables and constraints in Methods 1 and 3 (𝑂 ((2𝑇2

max) |𝑂𝑐 |)).
As demonstrated in Chapter 4, Method 2 solves all ISCAS-85 instances—including the
largest (c6288, ∼2300 gates, 120 pipeline stages)—in sub-second time (0.25–0.48 sec-
onds), while the conventional heuristic requires only milliseconds.

For circuits an order of magnitude larger (e.g., 20,000–50,000 gates, common inmod-
ern IP blocks or medium-sized accelerators), the stable set formulation is expected to
remain highly practical:

• Projected problem size: Approximately 20,000–50,000 variables and a compara-
ble number of edge constraints, well within the capabilities of modern MIP solvers
on standard hardware (solvable in seconds to minutes).

• Comparisonwith baselines: The conventional depth-modulo heuristic would also
scale, but as shown in ISCAS-85 results, it consistently yields inferior 𝐸area (geo-
metric mean 16.4% worse than Method 2). Methods 1 and 3, however, would gen-
erate instances with millions of variables and constraints, rendering exact solution
intractable without distributed computing or advanced decomposition techniques.

Thus, in large-scale regimes, only the conventional heuristic and proposed Method
2 are expected to produce feasible solutions within practical time limits, with Method 2
delivering substantially higher quality due to its global optimality within the stable set
constraint space.

This scalability positions Method 2 as the method of choice for industrial-scale ex-
ploration and rapid design iteration, while Methods 1 and 3 remain valuable for critical
medium-sized blocks where maximum buffer reduction justifies extended runtime. Fu-
ture extensions—such as hierarchical decomposition or integrationwithmachine learning-
guided preprocessing—could further push exact or near-exact optimization into even
larger domains.

The three optimization methods developed in this thesis form a complementary hier-
archy that addresses different points in the trade-off space between solution quality (𝐸area
reduction), computational scalability, and circuit scale. Figure 7.1 provides a visual po-
sitioning map summarizing their characteristics.

To further clarify the fundamental differences and hierarchical relationship among the
three methods, Figure 7.2 illustrates how each approach progressively relaxes constraints
while expanding the solution space.

The methods can be positioned and selected as follows:

• Method 1 (Fixed-Schedule ILP, Chapter 3): Best suited for small-to-medium
circuits (up to a few thousand gates) where provably high-quality or optimal so-
lutions are required. It serves as a strong baseline for exact optimization under fixed
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Figure 7.1. Positioning map of the three proposed methods. The horizontal axis repre-
sents circuit scale (approximate gate count, logarithmic scale). The vertical axis shows
achievable 𝐸area (lower is better). Point size is proportional to approximate computation
time (larger points indicate longer runtime). Method 1 offers high-quality solutions on
small-to-medium circuits but lacks scalability. Method 2 provides excellent scalability
and rapid convergence across all scales at moderate quality. Method 3 achieves the best
area efficiency on medium-scale circuits through dynamic rescheduling but requires sig-
nificantly longer runtime.

pipeline constraints but becomes computationally prohibitive beyondmedium scale
due to the exponential growth of timing variables.

• Method 2 (Stable Set Formulation, Chapter 4): The method of choice for large-
scale and rapid design exploration. Its near-linear complexity enables sub-second
to second-level convergence even on the largest ISCAS-85 instances (c6288) and
is projected to remain practical for circuits with tens of thousands of gates. While
it sacrifices some optimality compared to rescheduling, it consistently outperforms
the conventional heuristic and is the only method guaranteeing feasibility across
the full benchmark suite.

• Method 3 (Joint Early Decompute and Rescheduling, Chapter 5): Recom-
mended formedium-scale critical blockswheremaximumbuffer reduction is paramount
and extended runtime (minutes to hours) is acceptable. Dynamic pipeline reassign-
ment unlocks superior 𝐸area values—often 20–40% better than Method 1—but at
the cost of dramatically increased search space complexity, leading to instability
on ultra-deep pipelines.

In practical design flows, a hybrid approach is recommended: apply Method 2 as
the default for whole-chip or large-module optimization to achieve rapid, high-quality
feasible solutions, then selectively refine performance-critical medium-sized subcircuits
using Method 3. Method 1 remains valuable for small modules or as a reference for
validating heuristic approximations.

This hierarchical framework—spanning exact, scalable, and high-precision techniques—
significantly advances the state-of-the-art in adiabatic circuit synthesis, bringing fully
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Figure 7.2. Hierarchical relationship among the proposed methods. Fixed-schedule ILP
(Method 1) directly solves the full timing-aware early decompute problem but is limited
by fixed pipeline constraints. The stable set reformulation (Method 2) sacrifices tim-
ing flexibility to achieve drastic scalability through conflict-free node selection. Joint
rescheduling (Method 3) recovers full timing flexibility by making pipeline stages vari-
able, yielding the highest solution quality at the cost of significantly increased computa-
tional complexity.

pipelined 2LAL substantially closer to practical deployment in energy-constrained appli-
cations.

7.2 Remaining Issues

Despite significant advances, several challenges persist that limit the practical deploy-
ment of the proposed methods, particularly in industrial-scale adiabatic designs:

1. Scalability to Ultra-Large Circuits: Even the most scalable approach (Proposed
Method 2) struggles with deeply pipelined multipliers like c6288 (120 stages,
2,337 AND gates), where dense dependency chains and high constraint non-zero
density (125,345 in Method 1, 154,357 in Method 3) induce solver timeouts or
weak incumbents. ProposedMethod 3, while producing a feasible solution (𝐸area =
254.3), remains far from the heuristic (176.2), indicating that the expanded solu-
tion space overwhelms current ILP solvers.

2. Local Optima and Solver Instability: Proposed Method 3 exhibits convergence
instability in extended runtime scenarios—e.g., c5315 degrades from 42.8 (60 s) to
61.8 (3600 s) under HiGHS, suggesting entrapment in poor local minima due to the
vast combinatorial space of stage reassignments. Parallel execution with random-
ization yielded inconsistent results, with degradation in 70% of cases, highlighting
the need for structured search guidance.

3. Trade-offBetweenFlexibility andOptimality: The stable set constraint inMethod
2, while enabling scalability, excludes valid timing configurations present inMethod
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1 or 3, leading to suboptimal 𝐸area in circuits like c1355 (63.0 vs. 46.9 in Method
3). Conversely, the full flexibility of Method 3 incurs prohibitive computational
cost, limiting its use in rapid design iteration.

4. Lack of Layout-AwareOptimization: All methods operate at the gate-level netlist
abstraction, ignoring physical design effects such as wire delay, clock skew, and
placement-induced buffer insertion. In deep submicron 2LAL implementations,
these factors can dominate area and power, potentially nullifying logical buffer
savings.

7.3 Future Prospects

The foundational methods developed in this thesis open several promising directions for
future research in energy-efficient adiabatic computing:

1. Adiabatic-Aware Logic Synthesis: Although the optimization framework pre-
sented in this thesis operates on the output of standard CMOS-oriented logic syn-
thesis tools to ensure compatibility with existing design flows, a highly promising
extension is the development of 2LAL-specific logic synthesis algorithms that in-
corporate adiabatic-specific constraints directly into the synthesis cost function.
Conventional synthesis tools prioritize metrics such as gate count, critical path
delay, and dynamic power under static CMOS assumptions. These objectives of-
ten produce logic structures—such as high-fanout nodes, deeply nested combina-
tional paths, or unbalanced topologies—that exacerbate signal lifetime extension
and consequent buffer chain proliferation in fully pipelined adiabatic implementa-
tions. An adiabatic-aware synthesizer could explicitly penalize such patterns dur-
ing technology mapping, refactoring, and restructuring phases, favoring decom-
posable topologies that naturally facilitate aggressive early decompute and min-
imize buffering requirements. Specific opportunities include integrating buffer-
aware cost metrics (e.g., estimated decompute chain length), early decompute-
friendly transformations, and joint logic restructuring with scheduling. Precedents
in related paradigms, such as synthesis for Adiabatic Quantum-Flux-Parametron
(AQFP) circuits [57, 58] and reversible logic [59, 60], demonstrate the feasibility
and potential impact of such domain-specific approaches.

2. Hybrid ILP-Heuristic Frameworks: Combine the exactness of ILP with the
speed of heuristics via iterative refinement: useMethod 2 to generate a high-quality
initial node selection, then apply localized timing/rescheduling ILP (as in Method
3) to critical subgraphs identified via topological analysis or buffer savings po-
tential. This could achieve near-optimal 𝐸area with sub-minute runtime even for
c6288-scale designs.

3. Domain-Guided Parallel Search and Variable Ordering: Replace blind ran-
domization with topology-aware prioritization—e.g., order variables by fan-out,
critical path proximity, or estimated 𝑤 𝑗—to guide branch-and-bound or parallel
portfolio solvers. Integration with machine learning predictors (trained on ISCAS-
85 solution trajectories) could dynamically adapt search strategies, mitigating local
optima in Method 3.

4. Integration with Physical Synthesis: Extend the ILP formulations to include
placement and routing constraints, modelingwire capacitance and clock tree buffers.
Co-optimization with commercial EDA flows could ensure that logical buffer re-
ductions translate to physical area and power gains in taped-out 2LAL chips.
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5. Extension to Multi-Clock and Partial Adiabatic Domains: Apply the early de-
compute paradigm to hybrid CMOS-adiabatic systems or multi-phase clocking
schemes, where selective adiabatic operation in power-critical paths can be bal-
anced against buffer overhead. The stable set formulation is particularly amenable
to such partitioned optimization.

6. Open-Source Toolchain and Benchmarking: Release the ILP models, prepro-
cessing scripts, and ISCAS-85 results as an open-source 2LAL optimization suite.
This would enable community-driven improvements and fair comparison against
emerging quantum-inspired or neural optimization techniques.

By addressing these prospects, the early decompute scheduling framework can evolve
into a practical, scalable cornerstone of next-generation ultra-low-power IoT and edge AI
hardware design.
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Appendix A

Validation of the Re-implemented Baseline Heuristic

To ensure the correctness and fairness of comparisons with the existing heuristic early
decompute scheduling algorithm proposed by Zulehner et al. [44], the method was faith-
fully re-implemented according to the description in the original paper. The heuristic
applies early decompute to nodes whose maximum successor depth 𝐷max satisfies 𝐷max
mod 𝑘 = 0 for a fixed integer 𝑘 .

The re-implementation was validated by comparing transistor counts for the best-𝑘
configuration on three large ISCAS-85 benchmarks where explicit values are reported
in the original paper. Note that the published results are expressed directly in terms
of transmission-gate-equivalent transistor counts, whereas the primary evaluation met-
ric in this thesis is the dimensionless area expansion ratio 𝐸area = 𝑀2LAL/𝑀CMOS. The
two metrics are related but not identical: the transmission-gate counts reflect absolute
2LAL implementation cost, while 𝐸area normalizes this cost against an equivalent static
CMOS implementation derived from the sameAnd-Inverter Graph (AIG). Direct numeri-
cal equivalence is therefore not expected, but qualitative trends and relative improvements
should align closely.

Table A.1 presents the comparison between published transmission-gate-equivalent
transistor counts and those obtained from the independent re-implementation, including
absolute differences and relative errors.

The re-implemented heuristic produces results that are broadly consistent with the
published values in terms of magnitude and overall trend. For c2670, the relative error
is small (+1.57%), indicating high fidelity in implementation for this benchmark. Larger
discrepancies on c5315 (+27.88%) and c7552 (-31.22%) are attributable to several fac-
tors not fully specified in the original paper:

• Logic synthesis variations: The And-Inverter Graph (AIG) structure, gate count,
and topology depend on the specific synthesis tool, mapping strategy, and opti-
mization directives. Minor differences in node count or fanout distribution can
significantly alter signal lifetimes and buffer requirements.

• Pipeline depth and successor computation: Subtle variations inmaximumpipeline

Table A.1. Validation of Re-implemented Baseline Heuristic Against Published
Transmission-Gate-Equivalent Transistor Counts [44]

Benchmark Published Re-implemented Abs. Diff. Rel. Error (%)
Count Count

c2670 152,032 154,416 +2,384 +1.57
c5315 293,152 374,880 +81,728 +27.88
c7552 474,912 326,592 -148,320 -31.22
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depth calculation or successor relationship extraction may propagate to decompute
stage assignment.

Despite these quantitative differences—common when re-implementing synthesis al-
gorithms from published descriptions without access to the original codebase—the re-
implemented heuristic exhibits the expected qualitative behavior: systematic buffer re-
duction with increasing 𝑘 , identification of reasonable best-𝑘 values, and substantial sav-
ings over the straight-forward (non-optimized) implementation. The overall trends align
closely with the original work, providing strong confidence in the correctness of the base-
line used for comparison.

Importantly, these discrepancies do not undermine the validity of the comparisons in
Chapters 3–5. The proposed ILP-based methods consistently outperform this faithfully
re-implemented heuristic by significant margins (up to 55.9% further reduction in 𝐸area),
demonstrating clear algorithmic superiority independent of exact baseline calibration.
The transmission-gate-equivalent counts serve as a secondary, absolute-cost validation
that complements the primary 𝐸area metric.

This validation confirms that the re-implemented heuristic serves as a reliable and
representative baseline, ensuring that the improvements reported for the novel optimiza-
tion approaches are robust and attributable to the proposed methodological advances.
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Appendix B

Validation of Open-Source MIP Solvers

To ensure the reliability of the experimental results presented in this thesis, the open-
source MIP solvers employed—Cbc (Coin-or Branch-and-Cut) [46] and HiGHS—were
rigorously validated using established benchmark instances fromMIPLIB 2017 [63], the
standard library for evaluating mixed-integer programming solvers.

MIPLIB 2017 contains a diverse set of real-world and academic MIP instances, cate-
gorized by difficulty (easy, hard, open). A representative subset of five well-known easy
instances was selected: 10teams, app1-1, enlight_hard, glass4, and mas74. These
instances were chosen for their relevance to the scheduling-intensive, tightly constrained
MIP formulations encountered in 2LAL optimization:

• 10teams: A set partitioning problem with moderate variable count and high den-
sity, testing bound tightening and cut effectiveness.

• app1-1: A mixed-binary application model with many precedence and variable-
bound constraints, resembling dependency structures in pipeline scheduling.

• enlight_hard: A general linear/knapsack combinatorial game instance, evaluat-
ing handling of equation knapsacks and integer variables.

• glass4: A nesting problem with large objective magnitude, stressing numerical
stability and precision in large-value optimizations.

• mas74: A dense invariant knapsack/mixed-binary instance, probing performance
on highly degenerate relaxations.

This selection provides broad coverage of problem classes (set partitioning, mixed-
binary, knapsack, general linear) and numerical challenges (large objective values, de-
generacy, density) that mirror the characteristics of the decompute scheduling ILPs de-
veloped in this thesis. All instances were solved with a time limit of 300 seconds on the
same hardware used for thesis experiments (Intel Core i7-9700, 3.0GHz).

Table B.1 summarizes the results, including relative gaps compared to the officialMI-
PLIB optimal values. Both solvers achieved zero gap on four of five instances, confirm-
ing high correctness for the majority of tested problems. The discrepancies on glass4
(large objective magnitude ≈ 1.2 × 109) are attributable to known numerical sensitivity
in floating-point handling of very large coefficients and do not reflect fundamental algo-
rithmic flaws. Importantly, the 2LAL scheduling formulations in this thesis operate on
normalized transistor counts with modest magnitudes, avoiding such numerical pitfalls.

The perfect performance on four instances—including structured set partitioning (10teams),
precedence-heavymixed-binary (app1-1), and dense knapsack problems (mas74)—demonstrates
that both solvers are highly reliable for the class of scheduling-intensive MIPs central to
this thesis. The outlier on glass4 highlights a known limitation in handling extremely
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Table B.1. Validation Results on Selected MIPLIB 2017 Instances (Relative Gap to
Known Optimum)

Instance Variables Constraints Optimal Value HiGHS Gap (%) Cbc Gap (%)

10teams 2,025 230 924.00 0.00 0.00
app1-1 2,480 4,926 -3.00 0.00 0.00
enlight_hard 200 100 37.00 0.00 0.00
glass4 322 396 1,200,012,599.97 41.67 19.44
mas74 151 13 11,801.18572 0.00 0.00

large objective coefficients but does not undermine confidence in the solvers for 2LAL
optimization, where objective values remain in the modest range of transistor counts.

These validation tests provide strong assurance that the experimental results reported
in Chapters 3–5 are accurate, reproducible, and free from solver-induced artifacts. The
open-source nature of Cbc and HiGHS, combined with their proven correctness on rele-
vant benchmarks, further supports their use as robust and accessible tools for advancing
adiabatic circuit synthesis research.
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Appendix C

Design of power clock generate circuit

C.1 Introduction

The thesis aims to minimize circuit area and power consumption in 2LAL circuits to
enhance their suitability for IoT and edge devices. While Chapters 3 to 5 focused on re-
ducing circuit area through buffer minimization, this chapter addresses power consump-
tion by proposing novel power clock generation circuits, 2N2P-1 and 2N2P-2, based on
the LC resonance method [64]. These circuits target trapezoidal waveforms to minimize
non-adiabatic losses, building on the traditional 2N2P circuit [64]. 2N2P-1 eliminates
non-adiabatic losses using CMOS switches, while 2N2P-2 leverages a parallel capaci-
tance (𝐶𝑝) for enhanced waveform efficiency. LTspice simulations evaluate performance
across varying load capacitances, frequencies, and resistances, contributing to the low-
power design of 2LAL circuits.

Adiabatic logic circuits have emerged as a promising approach for achieving ultra-
low power consumption in electronic systems, particularly for energy-constrained appli-
cations such as Internet of Things (IoT) devices and embedded systems. Unlike conven-
tional CMOS circuits, adiabatic logic minimizes energy dissipation by recycling charge
stored in load capacitances through carefully designed power clock signals [31]. The
efficiency of these circuits heavily depends on the power clock generation circuit, which
must deliver stable, low-loss waveforms to drive adiabatic operations effectively. Tradi-
tional methods, such as the Step Charge [65] and RC Resonance techniques [32], have
been widely explored but face limitations in power efficiency, circuit complexity, and
operational stability across varying load conditions and frequencies.

This study addresses these challenges by proposing novel power clock generation
circuits based on the LC resonance method, specifically targeting trapezoidal waveforms
to enhance adiabatic efficiency. Building upon the conventional 2N2P (two NMOS, two
PMOS) circuit [64], we introduce two advanced designs: Proposed 2N2P-1 and Proposed
2N2P-2. These designs aim to minimize power consumption by mitigating non-adiabatic
losses and optimizing waveform generation for a wide range of load capacitances and op-
erating frequencies. Through detailed theoretical analysis and LTspice simulations, we
derive design equations, analyze energy consumption, and evaluate performance under
realistic conditions, including high-frequency operations up to 1000 MHz and ultra-low
resistance scenarios. By comparing the proposed circuits against the traditional 2N2P,
this work seeks to provide insights into achieving superior power efficiency and opera-
tional robustness, paving the way for practical implementation in low-power electronic
systems.
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C.2 Preliminary

C.2.1 Step Charge method

This scheme was invented by L. Svensson and J.G. Koller [65] (Figure C.1). It uses 𝑉𝑑𝑑
supply voltage and 𝑁 − 1 auxiliary power supplies to generate 𝑁 steps of waveforms,
which are used as power supply clocks. This allows power consumption to be reduced by
a factor of 𝑁 . Since multiple power supplies are not preferred in integrated circuits, the
auxiliary power supply is generated by a tank capacitor𝐶𝑇 . Each voltage can be expressed
as 𝑉𝑖 = 𝑖𝑉𝑑𝑑

𝑁 , 𝑖 = 1, 2, ..., 𝑁 . These supplies are controlled by MOS switches. For
example, in ramp-up operation, switch 1 is first turned on to charge the load capacitance
𝐶 to 𝑉𝑑𝑑

𝑁 . Then switch 1 turns off and switch 2 turns on, the load capacitance 𝐶 is
charged to 2𝑉𝑑𝑑

𝑁 . When this is continued up to switch 𝑁 , the load capacitance 𝐶 is
finally charged to 𝑉𝑑𝑑 . Conversely, when ramping down, switch 𝑁 − 1 is first turned on.
If the tank capacitor 𝐶𝑇 is sufficiently larger than the load capacitance 𝐶, it is discharged
to (𝑁 − 1) 𝑉𝑑𝑑

𝑁 . The capacitors are turned on in the same way, and finally all the charges
of the load capacitance 𝐶 are discharged. However, only the last 𝑉𝑑𝑑

𝑁 is discharged with
switch 0, and this charge is dissipated to the ground.

This behavior means that each auxiliary power supply is responsible for injecting
charge 𝑞𝑖𝑛 𝑗 into the load capacitance 𝐶.

𝑞𝑖𝑛 𝑗 = 𝐶 (𝑉𝑖 −𝑉𝑖−1) = 𝐶
𝑉𝑑𝑑
𝑁

(C.1)

The power consumption of the step-charging method is then equal to the injected
energy, and thus becomes

𝐸𝑑𝑖𝑠𝑠 = 𝑞𝑖𝑛 𝑗𝑉𝑑𝑑 =
𝐶𝑉2

𝑑𝑑

𝑁
(C.2)

Thus, this scheme can reduce the energy consumption by a factor of 𝑁 when charging
in 𝑁 steps instead of one step. Equation 6.2 shows that the energy consumption decreases
monotonically with increasing 𝑁 , but However, the optimal number of steps must be
determined because increasing 𝑁 increases the energy required to operate the switch.
The energy required to drive the switch in one cycle of charging and discharging the load
is

𝐸𝑆𝑊 =

(
𝑁∑
𝑖=1

𝐶𝑖 +
𝑁−1∑
𝑖=0

𝐶𝑖

)
𝑉2
𝑑𝑑 (C.3)

The total charging time is represented by 𝑁 . Assigning 1 of 𝑁 of the total charge
time to each step, we can write

𝑇

𝑁
= 𝑚𝑅𝑖𝐶 (C.4)

where𝑚 is the RC time constant until each charging step is completed. FromEquation
6.4, it can be seen that the ON resistance of all switches must be equal.

C.2.2 RC Resonance method

This method generates a power clock using LC resonance between an inductor and a
capacitor [32]. As the simplest example, a 1N1-phase power clock circuit is shown in
Figure C.1. A sine wave 𝜙 is generated by an inductor 𝐿 and a load capacitance 𝐶,
and its amplitude is controlled by an NMOS switch. It is called 1N1-phase because one
NMOS switch generates one phase of the power clock.
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C.2.3 Comparison of the two methods

The former is non-adiabatic operation between each step [65]. The former requires a large
capacitance of the tank capacitor to ensure stability. The former is considered inefficient
because it may operate in a frequency range where leakage currents of MOS switches are
high.

LC requires the use of an off-chip inductor when the value of the inductor is large,
which is disadvantageous in terms of area [32]. There are attempts to build the inductor
on-chip, but this is in principle inefficient due to the low quality factor. Another method
is to generate 4-phase signals using a clocked multiplexer or ring oscillator to save area
and reduce the use of passive elements, but the performance is said to be inferior because
of the non-adiabatic operation involved.

In addition to these two methods, there are also attempts to create resonators using
MEMS.

・
・
・

Figure C.1. Circuit diagrams of (Top) the Step Charge method with tank capacitor and
multi-level supply and (Bottom) the 1N1-phase LC resonant power clock generator.
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C.3 Proposal for power clock generation circuit

In this study, we propose a power clock generation circuit for trapezoidal waveforms
using the LC resonance method, which has superior power consumption performance
among the two existing methods.We propose a power clock generation circuit for trape-
zoidal waveforms. First, a power clock generation circuit that generates a sine wave,
called 2N2P, is introduced and its operation is explained [66, 64]. Then, a power clock
generation circuit for trapezoidal waveforms based on the 2N2P is proposed.

C.3.1 Traditional 2N2P

The 2N2P power clock generator circuit is a scheme developed byH.Mahmoodi-Meimand [66,
64]. This simple scheme uses an inductor and four MOS switches, and is considered
to have the best power consumption performance among LC resonance schemes. It is
called 2N2P because it uses two NMOS switches and two PMOS switches. For the sake
of convenience, we refer to this method as conventional 2N2P and describe its operation.
Figure C.2 shows the circuit diagram of the conventional 2N2P. First, there are two RC
circuits, 𝑅0, 𝐶0 and 𝑅2, 𝐶2, as loads. These loads equivalently represent adiabatic logic
circuits. The loads are supplied with voltage waveforms 𝜙0 and 𝜙2, respectively. The
inductor 𝐿 in the center and the composite capacitance of 𝐶0 and 𝐶2 in the left and right
loads form a series LC resonant circuit to generate a sine wave. As shown in the timing
chart in Figure C.3, 𝜙0 and 𝜙2 appear as sine waves in opposite phases. The four MOS
switches are used to connect the load to the supply voltage 𝑉𝑑𝑑 or ground level at the
appropriate timing, thereby compensating for signal attenuation. If the resonator is an
ideal LC resonant circuit, the oscillation will continue semi-permanently once the oper-
ation starts. In reality, however, the oscillation is damped by load resistances 𝑅0 and 𝑅2
and parasitic resistances in the inductor 𝐿. For this reason, switches are placed in the
paths to the supply voltage 𝑉𝑑𝑑 and ground, respectively. By turning on the switches for
a certain time at the signal peak, 𝜙0 and 𝜙2 are forced to the power supply voltage 𝑉𝑑𝑑 or
ground level to compensate the signal. The issue with this method is that a current path
is generated from the power supply to the ground through the inductor 𝐿 when 𝜙0 and
𝜙2 are compensated. For example, when 𝜙0 is connected to the supply voltage 𝑉𝑑𝑑 , 𝑆2
and 𝑆2 are turned ON. During the ON period, 𝑅0 and 𝐶0 charge the RC circuit, and at
the same time, a current path is created from the power supply to 𝑆2, 𝐿, and 𝑆2 to ground
in this order, leading to an increase in power consumption. This leads to an increase in
power consumption.
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Figure C.2. Schematic of the Traditional 2N2P power clock generator using two NMOS
and two PMOS switches with a central inductor 𝐿 and dual load capacitances 𝐶0, 𝐶2.

Figure C.3. Voltage waveforms 𝜙0 and 𝜙2 of the Traditional 2N2P circuit, illustrating
out-of-phase sinusoidal oscillation with periodic amplitude restoration at peak levels.
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C.3.2 Proposed 2N2P-1

Proposed type 2N2P-1 based on the conventional type 2N2P is described below. As
shown in Figure C.4, the proposed 2N2P-1 consists of CMOS switches placed at both
ends of a conventional 2N2P inductor 𝐿. The resonance between the inductor 𝐿 placed
in the center and the composite capacitance of 𝐶0 and 𝐶2 in the left and right loads is the
same as that of the conventional 2N2P, but the resonance between 𝑆0 and 𝑆2 is different
from that of the conventional 2N2P. In this circuit, the ON time of the 𝑆0 and 𝑆2 switches
is set to 𝑇

4 to generate a trapezoidal wave by holding 0 or 1. The timing chart in Figure C.5
shows that while both 𝑆0 and 𝑆2 are OFF, 𝑆3 is ON and LC series resonance occurs. When
the signal peak is reached, the 𝑆0 and 𝑆2 switches are turned ON for 𝑇

4 . This fixes 𝜙0 and
𝜙2 at the supply voltage 𝑉𝑑𝑑 or ground level. At this time, by turning off 𝑆3, the inductor
𝐿 is disconnected by the CMOS switch. This prevents a current path from the power
supply to ground through the inductor 𝐿, as in the conventional 2N2P.

C.3.3 Proposed 2N2P-2

Next, the proposed 2N2P-2 is described. As shown in Figure C.6, the proposed 2N2P-2
consists of an inductor 𝐿 with a parallel capacitance 𝐶𝑝, and the switch timing is similar
to that of the proposed 2N2P-1. The proposed 2N2P-1 uses a peak-to-peak sinusoidal
waveform as the voltage waveform during ramp-up/ramp-down. This results in a large
distortion from the desired trapezoidal waveform, and the slope of the voltage change in
themiddle part of thewaveform is larger than in the case of an ideal trapezoidal waveform.
For this reason, the proposed 2N2P-2 is designed to use only the voltage change near zero
of the sine wave as the rising and falling parts of the trapezoidal wave. While 𝑆0 and 𝑆2
are both OFF, 𝑆3 is ON and LC series resonance occurs. Turn on 𝑆0 and 𝑆2 switches for
𝑇
4 . At this time, 𝑆3 is turned off, so that 𝜙0 and 𝜙2 remain at the power supply voltage
or ground level, but 𝑆3 is turned off. The energy remaining in the inductor 𝐿 during this
period is saved by the LC series resonance with the parallel capacitance𝐶𝑝. At this time,
the potentials of 𝐿 −𝐶𝑝 and the outputs 𝜙0 and 𝜙2 must be equipotential at the switching
timing of 𝑆3.

121



Figure C.4. Schematic of the proposed 2N2P-1 power clock generator, featuring CMOS
transmission gates at inductor terminals to eliminate DC current paths during hold peri-
ods.

Figure C.5. Voltage waveforms 𝜙0 and 𝜙2 of the proposed 2N2P-1 circuit, demonstrating
trapezoidal approximation via half-cycle resonance and fixed-level hold intervals of 𝑇/4.
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Figure C.6. Schematic of the proposed 2N2P-2 power clock generator, incorporating
a parallel capacitance 𝐶𝑝 across the inductor to enable trapezoidal waveform synthesis
using near-zero-slope resonant segments.

Figure C.7. Voltage waveforms 𝜙0 and 𝜙2 of the proposed 2N2P-2 circuit, illustrating
trapezoidal profiles with linear ramp regions derived from low-slope portions of LC res-
onance.
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C.4 Derive design equations for each circuit

In this chapter, design items for each circuit are extracted and design equations are de-
rived.

C.4.1 Traditional 2N2P

The design items in conventional 2N2P are the value of inductor 𝐿 and the ON time of
𝑆0 and 𝑆2 [64]. First, the value of inductor 𝐿 is determined by considering the LC series
resonance part as an RLC circuit with a resistive component. The inductive reactance
𝑋𝐿 of the inductor 𝐿 and the capacitive reactance 𝑋𝐶 of the combined load capacitance
𝐶0 and 𝐶2 should cancel each other out. Let 𝑅, 𝐿, and 𝐶 be the resistive, inductive, and
capacitive components of the RLC circuit, respectively. If the impedances are ¤𝑍𝑅, ¤𝑍𝐿 ,
and ¤𝑍𝐶 respectively, the composite impedance is

¤𝑍 = ¤𝑍𝑅 + ¤𝑍𝐿 + ¤𝑍𝐶 (C.5)

If this is rearranged into reactance

¤𝑍 = 𝑅 + 𝑗 𝑋𝐿 + 𝑗 𝑋𝐶 (C.6)
= 𝑅 + 𝑗 (𝑋𝐿 − 𝑋𝐶) (C.7)

where the inductive and capacitive reactances are 𝑋=𝜔𝐿 and 𝑋𝐶 = 1
𝜔𝐶 , respectively

¤𝑍 = 𝑅 + 𝑗 (𝜔𝐿 − 1
𝜔𝐶
) (C.8)

When the reactances cancel each other, (𝑋𝐿 = 𝑋𝐶) resonance occurs. Let (𝑋𝐿 = 𝑋𝐶)
resonance occurs when the reactors cancel each other.

𝜔0𝐿 =
1
𝜔0𝐶

(C.9)

⇔ 𝜔2
0𝐿𝐶 = 1 (C.10)

⇔ 𝜔0 =
1
√
𝐿𝐶

(C.11)

Let the resonance frequency be 𝑓0 from 𝜔 = 2𝜋 𝑓0.

𝑓0 =
1

2𝜋
√
𝐿𝐶

(C.12)

From the above equation, 𝐿 becomes

𝐿 =
1

4𝜋2 𝑓 2𝐶
(C.13)

Next, we will discuss how to determine the ON time of 𝑆0 and 𝑆2. This is because
the signal falls below the supply voltage at the positive peak when damped oscillations
occur. The equation is derived to charge this voltage difference and return the RC circuit
of the load to the power supply voltage.

First of all, if the resistive components in a series LC resonant circuit are collectively
denoted as 𝑅, the circuit can be regarded as an equivalent circuit as shown in Figure C.8.
In this case, the circuit equation for 𝑖(𝑡) is
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Figure C.8. Equivalent RLC series circuit model for the resonant phase of the conven-
tional 2N2P generator, aggregating load and parasitic resistances into 𝑅.

𝑅𝑖(𝑡) + 𝐿 𝑑𝑖(𝑡)
𝑑𝑡
+ 1
𝐶

∫
𝑖(𝑡)𝑑𝑡 = 0 (C.14)

Assuming that the initial condition for charging the capacitor is 𝑞(0) = −𝑄, the above
equation can be Laplace transformed to

𝑅𝐼 (𝑠) + 𝐿𝑠𝐼 (𝑠) + 1
𝐶

(
𝐼 (𝑠)
𝑠
− 𝑄
𝑠

)
= 0 (C.15)

From here, we can summarize for 𝐼 (𝑠).

𝐼 (𝑠) = 𝑄

𝐿𝐶
{
𝑠2 + 𝑅

𝐿 𝑠 +
1
𝐿𝐶

} (C.16)

The denominator in parentheses is in the form of a quadratic equation, the solution
of which can be expressed as

𝑝 = − 𝑅
2𝐿
± 1

2𝐿

√
𝑅2 − 4𝐿

𝐶
(C.17)

Thus, the two solutions are {
𝑝1 = −𝛼 + 𝜔
𝑝2 = −𝛼 − 𝜔

(C.18)

𝛼 =
𝑅

2𝐿
, 𝜔 =

1
2𝐿

√
𝑅2 − 4𝐿

𝐶
(C.19)

Putting these together yields the following equation.

𝐼 (𝑠) = 𝑄

𝐿𝐶 (𝑠 − 𝑝1)(𝑠 − 𝑝2)
(C.20)

Equation 6.19 shows that the signal differs depending on the size of 𝑅2 and 4𝐿
𝐶 . In this

study, we consider the case 𝑅2 < 4𝐿
𝐶 to deal with vibration damping. In this case, 𝛾 is set

as follows: 𝜔 = 𝑗𝛾, so 𝑝1 and 𝑝2 are conjugate complex numbers (𝑝1 = −𝛼 + 𝑗𝛾, 𝑝2 =
−𝛼 − 𝑗𝛾).

𝛾 =
1

2𝐿

√
4𝐿
𝐶
− 𝑅2 (C.21)
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Expanding Equation 6.22 by partial fractions, we obtain

𝐼 (𝑠) = 𝑄

𝐿𝐶 (𝑠1 − 𝑠2)

(
1

𝑠 − 𝑝1
− 1
𝑠 − 𝑝2

)
(C.22)

Substituting 𝑝1 − 𝑝2 = 𝑗2𝛾 and inverting Laplace transform, we obtain

𝑖(𝑡) =
𝑄

𝑗2𝛾𝐿𝐶
(𝑒𝑝1𝑡 − 𝑒𝑝2𝑡 ) (C.23)

=
𝑄

𝑗2𝛾𝐿𝐶
𝑒−𝛼𝑡 (𝑒 𝑗𝛾𝑡 − 𝑒− 𝑗𝛾𝑡 ) (C.24)

=
𝑄

𝛾𝐿𝐶
𝑒−𝛼𝑡 sin 𝛾𝑡 (C.25)

The equation is further transformed into a voltage equation by multiplying by a resis-
tance 𝑅.

𝐸 (𝑡) = 𝑄𝑅

𝛾𝐿𝐶
𝑒−𝛼𝑡 sin 𝛾𝑡 (C.26)

Equation 6.26 shows that the sine wave decays with a time constant 1
𝛼 . We consider

how much the sine wave damps for each oscillation. Let 𝐸𝑖+1 and 𝐸𝑖 be the voltage wave
height values from the largest to the smallest, and the damping rate 𝑟 per cycle is

𝑟 =
𝐸𝑖+1

𝐸𝑖
=
𝑒−𝛼(𝑡𝑖+𝑇𝑓 )

𝑒−𝛼𝑡𝑖
= 𝑒−𝛼𝑇𝑓 (C.27)

where 𝑇 𝑓 = 2𝜋
𝛾 . Then the decay voltage Δ𝐸 is

Δ𝐸 = 𝐸𝑖 − 𝐸𝑖+1 = 𝐸𝑖 − 𝑟𝐸𝑖 = (1 − 𝑒−𝛼𝑇𝑓 )𝐸𝑖 (C.28)

The voltage 𝐸𝐶 (𝑡) as a series RC circuit with load resistance 𝑅0 and load capacitance
𝐶0 on the 𝜙0 side is

𝐸𝐶 (𝑡) = 𝑉𝑑𝑑 (1 − 𝑒−
1

𝐶0𝑅0
𝑡 ) (C.29)

Transforming this into an expression for 𝑡, we obtain

𝑡 = −𝐶0𝑅0 log𝑒

(
1 − 𝐸𝐶 (𝑡)

𝑉𝑑𝑑

)
(C.30)

From Equation 6.30 and 𝐸𝑖 = 𝑉𝑑𝑑 , the charge time Δ𝑡 is

Δ𝑡 = −𝐶0𝑅0 log𝑒
(
𝑒−𝛼𝑇𝑓 − 1

)
(C.31)

C.4.2 Proposed 2N2P-1

The design item in the proposed 2N2P-1 is the value of inductor 𝐿. As in the conventional
2N2P, this can be obtained by placing the LC resonator as an RLC circuit and including
the ON resistance 𝑅𝑡𝑔 of the CMOS switch in the resistance component 𝑅. Since the
proposed 2N2P-1 uses 𝑇

2 of the sine wave for ramp-up/ramp-down, the following equation
is obtained from Equation 6.13.

𝐿 =
1

8𝜋2 𝑓 2𝐶
(C.32)

The ON time of 𝑆0 and 𝑆2 is fixed at 𝑇
4 .
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C.4.3 Proposed 2N2P-2

The design items in the proposed 2N2P-2 are the value of the inductor 𝐿 and the parallel
capacitance 𝐶𝑝. Unlike previous circuits, this is not a simple series RLC circuit, so these
are determined in a different way. For simplicity, we neglect losses in resistors in the
derivation of the equations.

First, the equivalent circuit during the ramp-up/ramp-down periods is shown in Fig-
ure C.9. Let𝐶𝑙 be the combined load capacitance, and Let 𝑖𝐶𝑙 (𝑡), 𝑖𝐶𝑝 (𝑡), and 𝑖𝐿 (𝑡) be the
currents flowing through the composite capacitance, parallel capacitance, and inductor,
respectively. Let 𝑉𝐶𝑝 (𝑡) be the voltage applied to the parallel capacitance. Then, each of
them can be expressed by the following equation.

𝑖𝐶𝑙 (𝑡) = 𝐶𝑙
𝑑𝑣𝐶 (𝑡)
𝑑𝑡

(C.33)

𝑖𝐶𝑝 (𝑡) = 𝐶𝑝
𝑑𝑣𝐶 (𝑡)
𝑑𝑡

(C.34)

−𝑖𝐿 (𝑡) = 𝑖𝐶𝑙 (𝑡) + 𝑖𝐶𝑝 (𝑡) (C.35)

𝑣𝐶 (𝑡) = 𝐿
𝑑𝑖𝐿 (𝑡)
𝑑𝑡

(C.36)

The circuit equations in Laplace space are

𝑉𝐶 (𝑠) = 𝑠𝐿𝐼𝐿 (𝑠) − 𝐿𝑖𝐿 (0)
− 𝐼𝐿 (𝑠) = 𝑠(𝐶𝑙 + 𝐶𝑝)𝑉𝑐 (𝑠) − 𝐶𝑙𝑣𝐶𝑙 (0) − 𝐶𝑝𝑣𝐶𝑝 (0)

(C.37)

Solving for 𝑉𝐶 (𝑠), we obtain

𝑉𝐶 (𝑠) =
𝑠𝐿{𝐶𝑙𝑣𝐶𝑙 (0) + 𝐶𝑝𝑣𝐶𝑝 (0)} − 𝐿𝑖𝐿 (0)

𝑠2𝐿 (𝐶𝑙 + 𝐶𝑝) + 1

=

𝐶𝑙𝑣𝐶𝑙 (0)+𝐶𝑝𝑣𝐶𝑝 (0)
𝐶𝑙+𝐶𝑝

− 𝐿𝑖𝐿 (0)
𝐶𝑙+𝐶𝑝

𝑠2 + 1
𝐿 (𝐶𝑙+𝐶𝑝 )

(C.38)

From Laplace inverse transform

Figure C.9. Equivalent circuit model of the proposed 2N2P-2 during ramp-up/ramp-
down phases, showing current division between load capacitance 𝐶𝑙 and parallel capac-
itance 𝐶𝑝.
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𝑣𝐶 (𝑡) =
𝐶𝑙𝑣𝐶𝑙 (0) + 𝐶𝑝𝑣𝐶𝑝 (0)

𝐶𝑙 + 𝐶𝑝
cos( 𝑡√

𝐿 (𝐶𝑙 + 𝐶𝑝)
)

−
√

𝐿

𝐶𝑙 + 𝐶𝑝
𝑖𝐿 (0) sin(

𝑡√
𝐿 (𝐶𝑙 + 𝐶𝑝)

)
(C.39)

From the initial values 𝑣𝐶𝑙 (0) = 𝑉𝑑𝑑 and 𝑣𝐶𝑝 (0) = 𝑉𝑑𝑑 and the trigonometric com-
position formula

𝑣𝐶 (𝑡) =
√
𝑉2
𝑑𝑑 +

𝐿

𝐶𝑙 + 𝐶𝑝
𝑖𝐿 (0)2 cos

(
𝑡√

𝐿 (𝐶𝑙 + 𝐶𝑝)
+ 𝜃

)
(C.40)

𝜃 = tan−1 ©­­«
√

𝐿
𝐶𝑙+𝐶𝑝

𝑖𝐿 (0)

𝑉𝑑𝑑

ª®®¬ (C.41)

𝑖𝐿 (𝑡) is
√

𝐶𝑙+𝐶𝑝

𝐿 times the voltage amplitude, so from Equation 6.40

𝑖𝐿 (𝑡) =
√
𝑖𝑙 (0)2 +

𝐶𝑙 + 𝐶𝑝

𝐿
𝑉2
𝑑𝑑 sin

(
𝑡√

𝐿 (𝐶𝑙 + 𝐶𝑝)
+ 𝜃

)
(C.42)

Letting 𝐼𝐿 be the amplitude and 𝜔𝐿 be the angular frequency, we have

𝑖𝐿 (𝑡) = 𝐼𝐿 sin (𝜔𝐿𝑡 + 𝜃) (C.43)

𝐼𝐿 =

√
𝑖𝑙 (0)2 +

𝐶𝑙 + 𝐶𝑝

𝐿
𝑉2
𝑑𝑑 (C.44)

𝜔𝐿 =
1√

𝐿 (𝐶𝑙 + 𝐶𝑝)
(C.45)

Next, 𝐼𝐶𝑙 and 𝐼𝐶𝑝 are obtained from the impedance ratios. Let 𝐼𝐶𝑙 and 𝐼𝐶𝑝 be the
respective amplitudes.

𝑖𝐶𝑙 (𝑡) = 𝐼𝐶𝑙 sin (𝜔𝐿𝑡 + 𝜃) (C.46)

𝐼𝐶𝑙 =
𝐶𝑙

𝐶𝑙 + 𝐶𝑝
·
√
𝑖𝑙 (0)2 +

𝐶𝑙 + 𝐶𝑝

𝐿
𝑉2
𝑑𝑑 (C.47)

𝑖𝐶𝑝 (𝑡) = 𝐼𝐶𝑝 sin (𝜔𝐿𝑡 + 𝜃) (C.48)

𝐼𝐶𝑝 =
𝐶𝑝

𝐶𝑙 + 𝐶𝑝
·
√
𝑖𝑙 (0)2 +

𝐶𝑙 + 𝐶𝑝

𝐿
𝑉2
𝑑𝑑 (C.49)

Next, the hold period is a series LC resonant circuit with an inductor 𝐿 and a parallel
capacitance 𝐶𝑝, which can be obtained from the circuit equation as follows.

𝑣𝐶 (𝑡) =
√
𝑉2
𝑑𝑑 +

𝐿

𝐶𝑝
𝑖𝐿 (0)2 cos

(
𝑡√
𝐿𝐶𝑝

+ 𝜃ℎ

)
(C.50)
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𝜃ℎ = 𝜋 − tan−1 ©­­«
√

𝐿
𝐶𝑝
𝑖𝐿 (0)

𝑉𝑑𝑑

ª®®¬ (C.51)

𝑖𝐿 (𝑡), since the current amplitude is
√

𝐶𝑝

𝐿 times the voltage amplitude, from Equation
6.50

𝑖𝐿 (𝑡) =
√
𝑖𝐿 (0)2 +

𝐶𝑝

𝐿
𝑉2
𝑑𝑑 sin

(
𝑡√
𝐿𝐶𝑝

+ 𝜃ℎ

)
(C.52)

Letting 𝐼 ′𝐿 be the amplitude and 𝜔′𝐿 be the angular frequency, we have

𝑖𝐿 (𝑡) = 𝐼
′
𝐿 sin

(
𝜔
′
𝐿 + 𝜃ℎ

)
(C.53)

𝐼
′
𝐿 =

√
𝑖𝐿 (0)2 +

𝐶𝑝

𝐿
𝑉2
𝑑𝑑 (C.54)

𝜔
′
𝐿 =

1√
𝐿𝐶𝑝

(C.55)

Let 𝑇𝑟𝑎𝑚𝑝 be the signal period during the ramp-up/ramp-down periods. Since one
interval is 𝑇𝑟𝑎𝑚𝑝

4 , using the voltage phase angle in Equation 6.40 shown in Figure C.10

1√
𝐿 (𝐶𝑙 + 𝐶𝑝)

·
𝑇𝑟𝑎𝑚𝑝

4
+ 𝜃 = 𝜋 − 𝜃 (C.56)

To summarize on 𝑇𝑟𝑎𝑚𝑝.

𝑇𝑟𝑎𝑚𝑝 = 8
√
𝐿 ·

√
𝐶𝑙 + 𝐶𝑝 · tan−1

(√
𝐶𝑙 + 𝐶𝑝 · 𝑉𝑑𝑑√
𝐿 · 𝑖𝐿 (0)

)
(C.57)

Similarly, if the signal period in the hold period is 𝑇ℎ𝑜𝑙𝑑 , then Since one interval is
𝑇ℎ𝑜𝑙𝑑

4 , using the voltage phase angle in Equation 6.50 shown in Figure C.11

Figure C.10. Phasor representation of voltage 𝑣𝐶 (𝑡) across 𝐶𝑙 + 𝐶𝑝 during the ramp-
up/ramp-down interval in 2N2P-2, defining phase transition from 𝜃 to 𝜋 − 𝜃.
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1√
𝐿𝐶𝑝

· 𝑇ℎ𝑜𝑙𝑑
4
+ 𝜃ℎ = 𝜋 − 𝜃ℎ (C.58)

To summarize about 𝑇ℎ𝑜𝑙𝑑 .

𝑇ℎ𝑜𝑙𝑑 = 8
√
𝐿 ·

√
𝐶𝑝 · tan−1

(√
𝐿 · 𝑖𝐿 (0)√
𝐶𝑝 · 𝑉𝑑𝑑

)
(C.59)

In this case, 𝑇𝑟𝑎𝑚𝑝 = 𝑇ℎ𝑜𝑙𝑑 is sufficient. In other words, from Equations 6.57 and
6.59, we can find an unknown variable

√
𝐿 · 𝑖𝐿 (0) (= 𝑥) that satisfies the following.

√
𝐶𝑙 + 𝐶𝑝 · tan−1

(√
𝐶𝑙 + 𝐶𝑝 · 𝑉𝑑𝑑√
𝐿 · 𝑖𝐿 (0)

)
=

√
𝐶𝑝 · tan−1

(√
𝐿 · 𝑖𝐿 (0)√
𝐶𝑝 · 𝑉𝑑𝑑

) (C.60)

Let 𝑦 be the value when both sides of the equation coincide, and 𝐿 is obtained as
follows.

𝐿 =

(
𝑇

8𝑦

)2
(C.61)

In this case, Algorithm 2 based on the dichotomy is used to find
√
𝐿 · 𝑖𝐿 (0). Both

sides of the equation tan−1 have 𝑥 in the denominator and 𝑥 in the numerator of the
right side. This means that for 𝑥 > 0, both sides intersect at a single point. To outline
the algorithm, given 𝑉𝑑𝑑 , 𝐶, and 𝑇 , the parallel capacitance 𝐶𝑝 is set to some arbitrary
value. Then, the initial value of 𝑥 is determined, and 𝑥 that satisfies Eq. 64 is obtained
by the dichotomization method. Find 𝑦 and the inductor 𝐿 from the obtained 𝑥.

Figure C.11. Phasor representation of voltage 𝑣𝐶 (𝑡) across 𝐶𝑝 during the hold interval
in 2N2P-2, with phase progression from 𝜃ℎ to 𝜋 − 𝜃ℎ.
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Algorithm 2 Method for determining L
Input: 𝑉𝑑𝑑 , 𝐶, 𝑇

1. Set 𝐶𝑝 at some value
2. Find x that satisfied the equation 63 by bisection method.

𝑦 =
√
𝐶𝑙 + 𝐶𝑝 tan−1

(√
𝐶𝑙+𝐶𝑝 ·𝑉𝑑𝑑

𝑥

)
3. From 𝐿 =

(
𝑇
8𝑦

)2
, compute 𝐿.

Assumptions

(S1) Two functions 𝑓 (𝑥) (RHS) and 𝑔(𝑥) (LHS) are given.

(S2) 𝑓 (𝑥) and 𝑔(𝑥) are continuous.

(S3) ∀𝑥, 𝑓 (𝑥) ≤ 0, 𝑔(𝑥) ≤ 0.

(S4) The intersection exists in [0, 𝑏], where 𝑏 is unknown.

Algorithm 2-1: Initial 𝑏 Search

1. Set initial 𝑥 = 0 and step size 𝛿.

2. Repeat:

(a) Compute 𝑓 (𝑥) and 𝑔(𝑥).
(b) If 𝑓 (𝑥) < 𝑔(𝑥), set 𝑏 = 𝑥 and stop.
(c) Else, update 𝑥 = 𝑥 + 𝛿 and return to step 2.1.

Algorithm 2-2: Bisection Method

1. Set initial range [𝑎, 𝑏]: 𝑎 = 0, 𝑏 from Algorithm 1.

2. Set convergence criteria: tolerance 𝜖 , iteration limit 𝑁 .

3. Bisection loop:

(a) Compute midpoint 𝑐 = 𝑎+𝑏
2 .

(b) Compute 𝑓 (𝑐) and 𝑔(𝑐).
(c) Check conditions:

i. If | 𝑓 (𝑐) − 𝑔(𝑐) | < 𝜖 , accept 𝑐 as the intersection and stop.
ii. If 𝑓 (𝑐) > 𝑔(𝑐), update range to [𝑎, 𝑐].
iii. If 𝑓 (𝑐) < 𝑔(𝑐), update range to [𝑐, 𝑏].

(d) Return to step 3.1 with new range. If iteration limit 𝑁 is reached, accept 𝑐 as
approximation.
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C.5 Energy Consumption Analysis

Here, the energy consumption of each circuit is analyzed theoretically.

C.5.1 Traditional 2N2P

In the conventional 2N2P, energy consumption occurs at two major points. The first is
Joule heat𝑊𝑎1 generated by the load resistance 𝑅 and the parasitic resistance 𝑅𝐿 of the
inductor during LC resonance. And the second is the current flow from the power supply
𝑉𝑑𝑑 to the ground via the inductor 𝐿 when the switch for amplitude recovery is turned
on (called L-through power). The Joule heat 𝑊𝑎2 is generated by the ON resistance 𝑅𝑡

of the MOS switch, the load resistance 𝑅, and the parasitic resistance 𝑅𝐿 of the inductor.
First, Joule heat𝑊𝑎1 at 0 < 𝑡 < 𝑇 is expressed as follows when the sum of resistances is
𝑅𝑎 = 𝑅 + 𝑅𝐿 .

𝑊𝑎1 =
∫ 𝑇

0
𝑅𝑎𝑖(𝑡)2𝑑𝑡 (C.62)

Since the current value of the RLC circuit is Equation 6.25, we can use this

𝑊𝑎1 = 𝑅𝑎

(
𝑉

𝛾𝐿

)2 1
2

∫ 𝑇

0
𝑒−𝛼𝑡 sin2 𝛾𝑡𝑑𝑡 (C.63)

Using the relation sin2 𝛾𝑡 = 1
2 (1 − cos 2𝛾𝑡) for the integral part

𝑊𝑎1 = 𝑅𝑎

(
𝑉

𝛾𝐿

)2 1
2

∫ 𝑇

0

(
𝑒−2𝛼𝑡 − 𝑒−2𝛼𝑡 cos 2𝛾𝑡

)
𝑑𝑡 (C.64)

The integral of the first term is The integral of the first term is∫ 𝑇

0
𝑒−2𝛼𝑡 = − 1

2𝛼
[
𝑒−2𝛼𝑡 ]𝑇

0 = − 1
2𝛼
(𝑒−2𝛼𝑇 − 1) (C.65)

The second term is the integral formula∫
𝑒𝛼𝑥 cos 𝑏𝑥𝑑𝑥 =

𝑒𝛼𝑥

𝑎2 + 𝑏2 (𝑏 sin 𝑏𝑥 + 𝑎 cos 𝑏𝑥) (C.66)

Then, from the following equation, we have

∫ 𝑇

0
𝑒−2𝛼𝑡 cos 2𝛾𝑡𝑑𝑡

=
2

4(𝛼2 + 𝛾2)
[
𝛾𝑒−2𝛼𝑡 sin 2𝛾𝑡 − 𝛼𝑒−2𝛼𝑡 cos 2𝛾𝑡

]𝑇
0

=
1

2(𝛼2 + 𝛾2)
(𝛾𝑒−2𝛼𝑇 sin 2𝛾𝑇 − 𝛼𝑒−2𝛼𝑇 cos 2𝛾𝑇 + 𝛼)

(C.67)

To summarize these

𝑊𝑎1 = 𝑅𝑎

(
𝑉

𝛾𝐿

)2 1
2

{
− 1

2𝛼
(𝑒−2𝛼𝑇 − 1)−

1
2(𝛼2 + 𝛾2)

(𝛾𝑒−2𝛼𝑇 sin 2𝛾𝑇 − 𝛼𝑒−2𝛼𝑇 cos 2𝛾𝑇 + 𝛼)
} (C.68)

from the foregoing
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Figure C.12. Equivalent circuit during amplitude restoration in the Traditional 2N2P,
illustrating the DC current path from 𝑉𝑑𝑑 to ground via inductor 𝐿 and switch on-
resistances.

𝑊𝑎1 = 𝑅𝑎

(
𝑉

𝛾𝐿

)2 1
4

[
− 1
𝛼
(𝑒−2𝛼𝑇 − 1)−

1
(𝛼2 + 𝛾2)

{
𝑒−2𝛼𝑇 (𝛾 sin 2𝛾𝑇 − 𝛼 cos 2𝛾𝑇 + 𝛼)

}] (C.69)

Next, consider 𝑊𝑎2. In this case, considering the equivalent circuit shown in Fig-
ure C.12, the following three equations hold. In this case, 𝑅1 = 𝑅𝐿 + 2𝑅𝑡 .

𝑉𝑑𝑑
𝑠

= 𝐿𝑠𝐼1(𝑠) − 𝐿𝑖1(0) + 𝑅𝐼1(𝑠) (C.70)

𝑉𝑑𝑑
𝑠

=
1
𝐶𝑠
𝐼2(𝑠) + 𝑅𝐼2(𝑠) (C.71)

𝐼 (𝑠) = 𝐼1(𝑠) + 𝐼2(𝑠) (C.72)

When the 𝑆0 and 𝑆2 switches for amplitude recovery are turned on, the current flowing
in 𝐿 is 0, so 𝑖1(0) = 0. Therefore, from equation 6.70

(𝐿𝑠 + 𝑅)𝐼1(𝑠) =
𝑉𝑑𝑑
𝑠

∴ 𝐼1(𝑠) =
𝑉𝑑𝑑
𝐿

𝑠(𝑠 + 𝑅
𝐿 )

(C.73)

Inverse Laplace transform of Equation 6.73

𝑖1(𝑡) = L−1

[
𝑉𝑑𝑑
𝐿

𝑠(𝑠 + 𝑅
𝐿 )

]
=
𝑉𝑑𝑑
𝑅
(1 − 𝑒− 𝑅𝑡

𝐿 ) (C.74)

The power consumption𝑊𝑎2 is

𝑊𝑎2 =
∫ 𝑇

0
𝑖1(𝑡)2𝑅 =

∫ 𝑇

0

𝑉2
𝑑𝑑

𝑅

(
1 − 𝑒− 𝑅𝑡

𝐿

)2
(C.75)

from the foregoing

𝑊𝑎2 =
𝑉2
𝑑𝑑

{
𝐿𝑒−

2𝑅𝑇
𝐿

(
4𝑒 𝑅𝑇

𝐿 − 1
)
− 3𝐿 + 2𝑅𝑇

}
2𝑅2 (C.76)
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The sum of energy consumed by the conventional 2N2P,𝑊𝑎, is obtained by combin-
ing Eqs. 6.69 and 6.76

𝑊𝑎 = 𝑊𝑎1 +𝑊𝑎2 (C.77)

C.5.2 Proposed 2N2P-1

In the proposed 2N2P-1, energy consumption is caused by Joule heat at the load resistance
𝑅, parasitic resistance 𝑅𝐿 of the inductor andON resistance 𝑅𝑡𝑔 of theMOS switch. Since
we consider ramp-up/ramp-down periods, the Joule heat𝑊𝑏 at 0 < 𝑡 < 𝑇

4 is The sum of
resistances is obtained by doubling Eq. 6,69 as 𝑅𝑏 = 𝑅 + 𝑅𝐿 + 𝑅𝑡𝑔.

𝑊𝑏 = 𝑅𝑏

(
𝑉

𝛾𝐿

)2 1
2

[
− 1
𝛼
(𝑒− 𝛼𝑇

2 − 1)−

1
(𝛼2 + 𝛾2)

{
𝑒−

𝛼𝑇
2 (𝛾 sin

𝛾𝑇

2
− 𝛼 cos

𝛾𝑇

2
+ 𝛼)

}] (C.78)

C.5.3 Proposed 2N2P-2

In the proposed 2N2P-2, energy consumption is generated by load resistance 𝑅, inductor
parasitic resistance 𝑅𝐿 , parallel capacitance parasitic resistance 𝑅𝐶𝑝 , and CMOS switch
ON resistance 𝑅𝑡𝑔 during ramp-up/ramp-down periods. In the hold period, Joule heat is
generated by the parasitic resistance 𝑅𝐿 of the inductor and the parasitic resistance 𝑅𝐶𝑝

of the parallel capacitance. The Joule heat in the ramp-up/ramp-down period at 0 < 𝑡 < 𝑇
4

is

𝑊𝐿 =
∫ 𝑇

4

0
𝑅𝐿𝑖𝐿 (𝑡)2𝑑𝑡 (C.79)

= 𝑅𝐿 𝐼
2
𝐿

∫ 𝑇
4

0
cos2 (𝜔𝐿𝑡 + 𝜃)𝑑𝑡 (C.80)

Expanding on this

𝑊𝐿 = 𝑅𝐿 𝐼
2
𝐿

1
2

∫ 𝑇
4

0
1 + cos 2(𝜔𝐿𝑡 + 𝜃)𝑑𝑡 (C.81)

= 𝑅𝐿 𝐼
2
𝐿

1
2

[
𝑡 + 1

2𝜔𝐿
sin 2(𝜔𝐿𝑡 + 𝜃)

] 𝑇
4

0
(C.82)

To summarize.

𝑊𝐿 = 𝑅𝐿 𝐼
2
𝐿 𝐼

2
𝐶𝑙

×
[
𝑇

8
+ 1

4𝜔𝐿
sin

(
𝜔𝐿𝑇

2
+ 2𝜃

)
− 1

4𝜔𝐿
sin 2𝜃

] (C.83)

Similarly, the Joule heat𝑊𝐶𝑙 at the load resistance is

𝑊𝐶𝑙 = (𝑅 + 𝑅𝑡𝑔)𝐼2𝐶𝑙

×
[
𝑇

8
+ 1

4𝜔𝐿
sin

(
𝜔𝐿𝑇

2
+ 2𝜃

)
− 1

4𝜔𝐿
sin 2𝜃

] (C.84)
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The Joule heat𝑊𝐶𝑝 at the parasitic resistance of the parallel capacitance is

𝑊𝐶𝑝 = 𝑅𝐶𝑝 𝐼
2
𝐶𝑝

×
[
𝑇

8
+ 1

4𝜔𝐿
sin

(
𝜔𝐿𝑇

2
+ 2𝜃

)
− 1

4𝜔𝐿
sin 2𝜃

] (C.85)

Next, consider the Joule heat in the hold period 0 < 𝑡 < 𝑇
4 . The Joule heat at the

parasitic resistance of the inductor𝑊 ′
𝐿 is

𝑊
′
𝐿 = 𝑅𝐿 𝐼

′2
𝐿

×
[
𝑇

8
+ 1

4𝜔′𝐿
sin

(
𝜔
′
𝐿𝑇

2
+ 2𝜃

)
− 1

4𝜔′𝐿
sin 2𝜃

]
(C.86)

The Joule heat𝑊 ′
𝐶𝑝

at the parasitic resistance of the parallel capacitance is

𝑊
′
𝐶𝑝

= 𝑅𝐶𝑝 𝐼
′2
𝐶𝑝

×
[
𝑇

8
+ 1

4𝜔′𝐿
sin

(
𝜔
′
𝐿𝑇

2
+ 2𝜃

)
− 1

4𝜔′𝐿
sin 2𝜃

]
(C.87)

The energy consumption𝑊𝑐 in one cycle is obtained from the above as follows.

𝑊𝑐 = 2(𝑊𝐿 +𝑊𝐶𝑙 +𝑊𝐶𝑝 +𝑊
′
𝐿 +𝑊

′
𝐶𝑝
) (C.88)
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C.6 Theoretical analysis

C.6.1 Theoretical analysis conditions

The theoretical analysis evaluates the power consumption performance of the conven-
tional 2N2P, proposed 2N2P-1, and proposed 2N2P-2 power clock circuits over one cycle,
utilizing energy consumption equations𝑊𝑎,𝑊𝑏, and𝑊𝑐, respectively, as derived in the
preceding section. The analysis focuses on the power supply circuits and the 2LAL cir-
cuit, which requires four power supply clocks with distinct phases. The default circuit de-
sign parameters include a supply voltage𝑉𝑑𝑑 = 1.0V, switch ON resistance 𝑅𝑡 = 1.0 nΩ,
transmission gate ON resistance 𝑅𝑡𝑔 = 1.0 nΩ, inductor resistance 𝑅𝐿 = 1.0 nΩ, and par-
allel capacitance resistance 𝑅𝐶𝑝 = 1.0 nΩ.

The analysis considers the following variable parameters:

• Operating frequencies of 1 MHz, 10 MHz, 100 MHz, and 1000 MHz, reflecting
typical embedded applications and anticipated use in edge devices such as IoT;

• Load capacitance 𝐶 varied in decade steps from 10−15 F to 10−9 F;

• Load resistance 𝑅 set to 1 Ω, 1000 Ω, and 1 nΩ.

For each frequency (1 MHz, 10 MHz, 100 MHz, and 1000 MHz), the load capaci-
tance 𝐶 is varied from 10−15 F to 10−9 F, and power consumption is calculated for each
load resistance (𝑅 = 1Ω, 1000 Ω, 1 nΩ) using the respective energy consumption equa-
tions, with normalization applied for 𝑅 = 1Ω. The analysis quantifies the power con-
sumption dependence on load capacitance across a wide frequency range, including the
high-frequency case of 1000 MHz, and evaluates the impact of an ultra-low resistance of
1 nΩ.

By comparing the conventional 2N2Pwith the proposed 2N2P-1 and 2N2P-2 circuits,
the study assesses performance improvements, particularly for the 2N2P-2 design.

C.6.2 Theoretical Analysis Results

This study theoretically evaluates the power consumption characteristics of power clock
generation circuits for adiabatic logic, specifically the traditional 2N2P, Proposed 2N2P-
1, and Proposed 2N2P-2 circuits. The results are presented in Figures C.13 (traditional
2N2P), C.14 (Proposed 2N2P-1), and C.15 (Proposed 2N2P-2), with each figure plot-
ting power consumption (vertical axis) against load capacitance 𝐶 (horizontal axis) for
frequencies 𝑓 (1 MHz, 10 MHz, 100 MHz, 1000 MHz), separated by load resistance 𝑅
(1 nΩ, 1 Ω, 1000 Ω). Power consumption is calculated using Equations 6.77 (𝑊𝑎 =
𝑊𝑎1 + 𝑊𝑎2) for traditional 2N2P, 6.78 (𝑊𝑏) for Proposed 2N2P-1, and 6.86 (𝑊𝑐 =
2(𝑊𝐿 + 𝑊𝐶𝑙 + 𝑊𝐶𝑝 + 𝑊 ′𝐿 + 𝑊 ′𝐶𝑝

)) for Proposed 2N2P-2. Below, the characteristics
and power consumption trends of each method are compared, highlighting their design
advantages.

The traditional 2N2P circuit generates two-phase sinusoidal waveforms (𝜙0, 𝜙2) using
an inductor and four MOS switches (two NMOS and two PMOS). Its power consumption
𝑊𝑎 comprises Joule heating𝑊𝑎1 (Equation 6.69) due to load and parasitic resistances and
non-adiabatic loss𝑊𝑎2 (Equation 6.76) from the current path through the inductor during
the switch-on period, as shown in Figure C.13. The inductance is calculated via Equa-
tion 6.13 (𝐿 = 1

4𝜋2 𝑓 2𝐶
), and the switch-on time Δ𝑡 (Equation 6.31) is adjusted based on

resonance conditions. In Figure C.13, power consumption increases with load capaci-
tance 𝐶 and frequency 𝑓 , particularly under high resistance (𝑅 = 1000Ω), where Joule
heating 𝑊𝑎1 dominates due to its proportionality to 𝑅. For example, at 𝐶 = 10−9 F,
𝑓 = 1000MHz, and 𝑅 = 1000Ω, the power consumption is 8.63 × 10−16 W, which is
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five to six orders of magnitude higher than at 𝑅 = 1Ω (9.74 × 10−12 W) or 𝑅 = 1 nΩ
(9.87 × 10−18 W). At low resistance, non-adiabatic loss𝑊𝑎2 becomes significant, keep-
ing power consumption relatively low. The simple circuit design of traditional 2N2P is
advantageous, enabling sinusoidal waveform generation suitable for basic adiabatic logic
applications, with reasonable efficiency in low-resistance, low-frequency conditions.

Proposed 2N2P-1 enhances the traditional design by incorporating additional CMOS
switches to disconnect the inductor during the hold period, eliminating 𝑊𝑎2. Its power
consumption𝑊𝑏 (Equation 6.78), shown in Figure C.14, includes only Joule heating from
load resistance, inductor parasitic resistance, and switch on-resistance. Fixed switch-on
times simplify resonance optimization. Figure C.14 shows significantly lower power con-
sumption compared to traditional 2N2P across all conditions, with the most pronounced
reduction at high resistance (𝑅 = 1000Ω). For instance, at 𝐶 = 10−9 F, 𝑓 = 1000MHz,
and 𝑅 = 1000Ω, the power consumption is 1.97 × 10−17 W, approximately 44 times
lower than traditional 2N2P (8.63×10−16 W), achieving a power reduction ratio of about
97.7%. Even at low resistance (𝑅 = 1 nΩ, 1Ω), power consumption remains lower, and
the increase with 𝐶 and 𝑓 is gradual, indicating stable performance across frequencies.
The elimination of𝑊𝑎2 and fixed switch timing provide high efficiency and design sim-
plicity, making Proposed 2N2P-1 highly effective across a wide range of 𝐶, 𝑓 , and 𝑅
conditions, particularly for high-resistance scenarios.

Proposed 2N2P-2 introduces a parallel capacitance 𝐶𝑝 to generate trapezoidal wave-
forms by utilizing near-zero portions of the sinusoidal waveform, enhancing adiabatic
efficiency. Its power consumption 𝑊𝑐 (Equation 6.86), shown in Figure C.15, includes
Joule heating from load resistance, inductor, 𝑅𝐶𝑝 , and switch on-resistance, with 𝐿
and 𝐶𝑝 optimized via a bisection method. Figure C.15 indicates extremely low power
consumption in low-capacitance, low-frequency conditions, where the trapezoidal wave-
form’s efficiency is most effective. However, at high capacitance and frequency, power
consumption increases significantly. For example, at 𝐶 = 10−10 F, 𝑓 = 1000MHz,
and 𝑅 = 1000Ω, the power consumption is 1.76 × 10−8 W, surpassing both other meth-
ods due to resonance frequency shifts and additional Joule heating from 𝑅𝐶𝑝 . Data for
𝐶 = 10−9 F, 𝑓 = 1000MHz, 𝑅 = 1000Ω are absent, suggesting limitations in reso-
nance conditions. The use of trapezoidal waveforms offers superior efficiency in low-
capacitance scenarios, and the flexible waveform design via 𝐶𝑝 is a key advantage for
specific operating conditions.

Comparing the three methods, Proposed 2N2P-1 (Figure C.14) consistently achieves
the lowest power consumption across all conditions, particularly at high resistance (e.g.,
97.7% at𝐶 = 10−9 F, 𝑓 = 1000MHz, 𝑅 = 1000Ω). Its elimination of non-adiabatic loss
and stable switch timing ensure efficiency and design simplicity. Proposed 2N2P-2 (Fig-
ure C.15) excels at low capacitance and frequency, leveraging trapezoidal waveforms, but
its performance degrades at high capacitance, with a restricted operational region. Tradi-
tional 2N2P (Figure C.13) is less efficient due to non-adiabatic loss𝑊𝑎2, particularly in
high-resistance, high-frequency scenarios. Design-wise, Proposed 2N2P-1 offers robust
low-power performance across a wide range, Proposed 2N2P-2 provides high efficiency
in specific low-capacitance conditions, and traditional 2N2P benefits from a straightfor-
ward circuit structure despite its lower efficiency.

In conclusion, simulation results highlight Proposed 2N2P-1 (Figure C.14) as the
most practical, offering low power consumption and a wide operational region. Pro-
posed 2N2P-2 (Figure C.15) is highly efficient at low capacitance but limited at high
capacitance. Traditional 2N2P (Figure C.17) is simple but less efficient. The discrep-
ancy with theoretical calculations underscores the impact of realistic parasitic effects,
guiding practical design considerations.
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Figure C.13. Theoretical power consumption of the conventional 2N2P circuit as a func-
tion of load capacitance𝐶 at operating frequencies of 1, 10, 100, and 1000MHz, for load
resistances 𝑅 = 1 nΩ, 1Ω, and 1000Ω.
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Figure C.14. Theoretical power consumption of the proposed 2N2P-1 circuit versus load
capacitance 𝐶 across frequencies of 1–1000 MHz and load resistances of 1 nΩ, 1Ω, and
1000Ω.
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Figure C.15. Theoretical power consumption of the proposed 2N2P-2 circuit as a function
of load capacitance 𝐶, evaluated at 1, 10, 100, and 1000 MHz for 𝑅 = 1 nΩ, 1Ω, and
1000Ω.
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C.7 LTspice Simulation

C.7.1 Simulation conditions

Experiment 1 investigates the power consumption of the proposed 2N2P-2 power clock
circuit with respect to changes in load capacitance𝐶, analyzing the effects of varying op-
erating frequencies, load resistances, and parallel capacitance 𝐶𝑝. The simulations are
performed using LTspice XVII, controlled via the PyLTSpice 5.1 Python module, with
all MOS switches modeled as ideal switches having a threshold voltage 𝑉𝑇 = 0.3V. The
load circuit is an RC circuit, as shown in Figure C.2, Figure C.4, Figure C.6, comprising
a load capacitance 𝐶 and a load resistance 𝑅. The simulation workflow, illustrated in
Figure C.16, begins with the input of circuit design parameters, followed by the genera-
tion of a SPICE netlist using LTspice to describe the circuit. A Python script via PyLT-
Spice then specifies parameters such as voltage and resistance, producing a parametrized
SPICE netlist. Finally, LTspice executes the simulation, analyzing current and voltage
to calculate power consumption, outputting the resulting power usage data. The LTspice
simulation settings are configured for 100 simulation cycles, using the Gear integration
method and the Alternate solver. The experiment evaluates power consumption under
the following conditions:

• Operating frequencies of 1 MHz, 10 MHz, 100 MHz, and 1000 MHz;

• Load capacitance 𝐶 varied in decade steps from 10−15 F to 10−9 F;

• Load resistance 𝑅 set to 1 Ω, 1000 Ω, and 1 nΩ;

• Parallel capacitance 𝐶𝑝 for the 2N2P-2 circuit varied in decade steps from 10−16 F
to 10−7 F, with the optimal value (minimizing power consumption) selected for
each configuration.

For each frequency (1 MHz, 10 MHz, 100 MHz, and 1000 MHz), the load capacitance
𝐶 is swept from 10−15 F to 10−9 F, and power consumption is measured for each load
resistance (𝑅 = 1Ω, 1000 Ω, 1 nΩ). In the 2N2P-2 circuit, the parallel capacitance 𝐶𝑝 is
adjusted across its range, and the value yielding the lowest power consumption is adopted
for each combination of 𝐶, 𝑅, and frequency. The experiment aims to quantify the re-
lationship between load capacitance and power consumption across a broad frequency
range, including the high-frequency case of 1000 MHz, and to assess the impact of an
ultra-low resistance of 1 nΩ. Additionally, it seeks to identify the optimal𝐶𝑝 for minimiz-
ing power consumption in the 2N2P-2 circuit. By following the workflow in Figure C.16,
utilizing simulation settings of 100 cycles with the Gear integration method and Alter-
nate solver, and including extreme operating conditions such as 1000 MHz and 1 nΩ,
the experiment provides insights into the circuit’s power efficiency for high-performance
and low-power applications, facilitating the optimization of the 2N2P-2 design.
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Figure C.16. Automated simulation workflow using PyLTSpice and LTspice XVII for
parametric evaluation of power consumption in adiabatic power clock generators.
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C.7.2 experimental results

This study evaluates the power consumption characteristics of power clock generation cir-
cuits for adiabatic logic through simulations, specifically for the traditional 2N2P, Pro-
posed 2N2P-1, and Proposed 2N2P-2 circuits. The simulation results are presented in
Figure C.17 (traditional 2N2P), Figure C.18 (Proposed 2N2P-1), and Figure C.19 (Pro-
posed 2N2P-2), with each figure plotting power consumption (vertical axis) against load
capacitance 𝐶 (horizontal axis) for frequencies 𝑓 (1 MHz, 10 MHz, 100 MHz, 1000
MHz), separated by load resistance 𝑅 (1 nΩ, 1 Ω, 1000 Ω). The operational regions are
indicated in shmoo plots in Figure C.20 (traditional 2N2P), Figure C.21 (Proposed 2N2P-
1), and Figure C.22 (Proposed 2N2P-2), with conditions not included in the data marked
as “NG” (non-operational). Below, the simulation results are discussed, compared with
theoretical calculations (Figures C.13 to C.15), and the characteristics and power con-
sumption trends of each method are compared, highlighting their design advantages.

The traditional 2N2P circuit generates two-phase sinusoidal waveforms using an in-
ductor and four MOS switches. In theoretical calculations (Figure C.13), its power con-
sumption 𝑊𝑎 is modeled as the sum of Joule heating 𝑊𝑎1 (Equation 6.69) and non-
adiabatic loss 𝑊𝑎2 (Equation 6.76). Simulation results, obtained using LTspice and
shown in Figure C.17, reflect realistic circuit behavior. The plots indicate that power con-
sumption increases with load capacitance 𝐶 and frequency 𝑓 , particularly at high resis-
tance (𝑅 = 1000Ω). For example, at 𝐶 = 10−9 F, 𝑓 = 1000MHz, and 𝑅 = 1000Ω, the
power consumption is 0.1628299W, significantly higher than at 𝑅 = 1Ω (1.85×10−5 W)
or 𝑅 = 1 nΩ (8.31 × 10−4 W). At low resistance, non-adiabatic losses dominate, keep-
ing power consumption relatively low. The shmoo plot in Figure C.20 reveals numerous
“NG” conditions at high capacitance and frequency, indicating a restricted operational
region. Compared to theoretical calculations, where power consumption at the same
condition is 8.63 × 10−16 W, the simulation yields a value approximately 14 orders of
magnitude higher. This large discrepancy arises because the theoretical model assumes
unrealistically small parasitic resistances (𝑅𝐿 , 𝑅𝑡 = 1 nΩ) and neglects non-ideal switch
behavior and LC resonance damping. The simple circuit design of traditional 2N2P is
advantageous, enabling sinusoidal waveform generation with reasonable efficiency in
low-resistance, low-frequency conditions, though simulations highlight operational lim-
itations at high capacitance.

Proposed 2N2P-1 incorporates additional CMOS switches to disconnect the inductor
during the hold period, eliminating non-adiabatic loss 𝑊𝑎2. Its theoretical power con-
sumption 𝑊𝑏 (Equation 6.78), shown in Figure C.14, includes only Joule heating from
load resistance, inductor parasitic resistance, and switch on-resistance. Fixed switch-
on times simplify resonance optimization. Simulation results in Figure C.18 demon-
strate lower power consumption compared to traditional 2N2P across all conditions, par-
ticularly at 𝑅 = 1000Ω. For instance, at 𝐶 = 10−9 F, 𝑓 = 1000MHz, and 𝑅 =
1000Ω, the power consumption is 7.92 × 10−7 W, significantly lower than traditional
2N2P (0.1628299W). At low resistance, power remains low, and the increase with 𝐶
and 𝑓 is gradual. The shmoo plot in Figure C.21 shows fewer “NG” conditions, indicat-
ing a broader operational region due to stable switch timing. Compared to the theoretical
value of 1.97×10−17 W at the same condition, the simulation result is about 10 orders of
magnitude higher, reflecting realistic parasitic effects and switch non-idealities not cap-
tured in the theoretical model. Nevertheless, the low-power trend of Proposed 2N2P-1
is consistent with theory. Its design advantages include high efficiency from eliminat-
ing non-adiabatic loss and enhanced stability, making it effective across a wide range of
conditions, especially at high resistance.

Proposed 2N2P-2 introduces a parallel capacitance 𝐶𝑝 to generate trapezoidal wave-
forms, improving adiabatic efficiency. Its theoretical power consumption 𝑊𝑐 (Equation
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6.86), shown in Figure C.15, includes Joule heating from load resistance, inductor, 𝑅𝐶𝑝 ,
and switch on-resistance, with 𝐿 and 𝐶𝑝 optimized via a bisection method. Simulation
results in Figure C.19 show low power consumption at low capacitance and frequency,
where the trapezoidal waveform is effective. For example, at 𝐶 = 10−14 F, 𝑓 = 1MHz,
and 𝑅 = 1 nΩ, the power consumption is 1.25 × 10−9 W. However, at high capacitance
and frequency, power increases significantly, reaching 0.002968365W at 𝐶 = 10−11 F,
𝑓 = 1000MHz, and 𝑅 = 1000Ω, surpassing both other methods. The shmoo plot in
Figure C.22 indicates many “NG” conditions at high capacitance and frequency, limiting
the operational region. Compared to the theoretical value of 1.76 × 10−8 W at a nearby
condition (𝐶 = 10−10 F), the simulation result is about five orders of magnitude higher,
due to resonance instability and parasitic effects. The low-power trend at low capacitance
aligns with theory, but high-capacitance limitations are evident. The design advantage
lies in high efficiency at low capacitance, though the operational range is constrained.

Comparing the methods, Proposed 2N2P-1 (Figure C.18) achieves the lowest power
consumption across all conditions, particularly at high resistance (e.g., 7.92 × 10−7 W
at 𝐶 = 10−9 F, 𝑓 = 1000MHz, 𝑅 = 1000Ω), and the broadest operational region (Fig-
ure C.21). Proposed 2N2P-2 (Figure C.19) excels at low capacitance and frequency (e.g.,
1.25 × 10−9 W at 𝐶 = 10−14 F, 𝑓 = 1MHz, 𝑅 = 1 nΩ), but its performance degrades at
high capacitance, with a restricted operational region (Figure C.22). Traditional 2N2P
(Figure C.17) has the highest power consumption at high resistance and a moderate op-
erational region (Figure C.20). Proposed 2N2P-1’s elimination of non-adiabatic loss and
stable timing provide superior efficiency and stability, while Proposed 2N2P-2’s trape-
zoidal waveform is effective in specific conditions. Traditional 2N2P’s simplicity is ad-
vantageous but less efficient.

In conclusion, simulation results highlight Proposed 2N2P-1 (Figure C.18) as the
most practical, offering low power consumption and a wide operational region. Pro-
posed 2N2P-2 (Figure C.19) is highly efficient at low capacitance but limited at high
capacitance. Traditional 2N2P (Figure C.17) is simple but less efficient. The discrep-
ancy with theoretical calculations underscores the impact of realistic parasitic effects,
guiding practical design considerations.
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Figure C.17. LTspice-simulated power consumption of the conventional 2N2P circuit
versus load capacitance 𝐶 at frequencies of 1, 10, 100, and 1000 MHz, for 𝑅 = 1 nΩ,
1Ω, and 1000Ω.
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Figure C.18. LTspice simulation results of power consumption for the proposed 2N2P-1
circuit as a function of load capacitance 𝐶 across 1–1000 MHz and 𝑅 = 1 nΩ to 1000Ω.
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Figure C.19. Simulated power consumption of the proposed 2N2P-2 circuit with opti-
mized parallel capacitance 𝐶𝑝, plotted against load capacitance 𝐶 at 1–1000 MHz for
𝑅 = 1 nΩ, 1Ω, and 1000Ω.
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Figure C.20. Operational feasibility (shmoo plot) of the conventional 2N2P circuit across
load capacitance𝐶 and frequency 𝑓 , with “NG” indicating non-functional conditions due
to resonance failure or excessive damping.
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Figure C.21. Operational shmoo plot of the proposed 2N2P-1 circuit, showing functional
regions (pass) and non-operational regions (NG) over load capacitance 𝐶 and frequency
𝑓 .
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Figure C.22. Shmoo plot of operational validity for the proposed 2N2P-2 circuit with
optimized 𝐶𝑝, marking non-functional (NG) regions at high 𝐶 and 𝑓 .
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