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1 Introduction

Substructural logics are obtained by deleting some or all of structural rules from
formal systems LK, LJ introduced by Gentzen. Through researching substruc-
tural logics, we can consider the relation between logical properties and struc-
tural rules. Moreover, substructural logics are including well researched logics, like
many-valued logics, fuzzy logics, relevance logics, etc. A semantics for substruc-
tural logics is usually based on algebras and a lot of logical properties are proved
by algebraic methods (see [15] or [16]).

One of main reasons we introduce algebraic semantics is the Lindenbaum-Tarski
technique, yielding almost immediate soundness and completeness results, although
some authors are not satisfied with this kind of completeness (e.g. [21]). On the
other hand, relational semantics introduced by Kripke are recently subject of inten-
sive research because of their intuitive character and connection with applicative
structures like automata or transition systems in computer science. They are par-
ticularly popular in modal logic and intuitionistic logic (see [2], [4] or [13]).

Although it may seem these two types of semantics have nothing in common,
Stone’s representation theorem provides a bridge between algebraic semantics and
relational semantics. For example, it is known that relational completeness results
for canonical modal logics can be immediately proved using Stone’s duality.

In recent years, several relational semantics for substructural or other logics
were introduced [8], [10], [11] or [12]. These results were mostly based on Priestley
duality. On the other hand, relevance logics which form a subclass of substructural
logics possess a relational semantics, called Routley-Meyer semantics. Urquhart
studied the duality between relevance algebras and Routley-Meyer semantics in
[20]. In addition, in [18] and [19], a relational semantics for relavance modal logics
is defined and Sahlqvist theorem is also proved.

But, there are relatively few results for distributive substructural logics. Distinct
points of our approach are as follows:

e Since our relational semantics based not on Pristley’s duality but Stone’s
one, our relational semantics consist of just one underlying set and just one
ternary relation.

e Moreover, the single ternary relation provides an interpretation for almost
all connectives, that is, V, A, o, \ and /.

e Because of its simplicity (one set & one relation), our semantics resembles
Kripke semantics for modal logics, which allows for easier transfer of methods
and techniques from the well-developed metatheory of those systems.



2 Logic

This chapter introduces basic concepts and terminology of logics.

2.1 Basic sequent calculus

Formulas are built from propositional variables (in this paper, countably many
propositional variables are only considered), special constants 1, 0, T and L, and
logical connectives. In this paper, p,q,r,... are used for propositional variables
(®: the set of all propositional variables), ¢, 1, x, ... formulas, ¢ a formula which
may be empty, and I', 3, A, = sequences or sets of formulas which may be empty.
Moreover, as logical connectives, V, A, —, =, o, \, /, O and < are used, where V,
A, — and — are considered as ”"or”, "and”, "implication” and "not”, repsectively,
and O and < are "modal operators”. We define two types of formulas as follows.

Definition 2.1 (Formula)
A formula ¢ is a FL formula, if

pu=p |10 T|L|vVx[vAx]Pox]|P\x]|x/¢.

A formula ¢ is a modal formula, if

u=p|TILIYVX[VAX|Y =X |0 ]0¢] 0.
We denote Frmgp,(®) (Frmp(®P)) as the set of all FL formulas (modal formulas).

In later section, we often call them just formulas, and Frm(®) denotes the set
of all formulas. In this paper, as logical (proof) system, sequent calculi introduced
by Gentzen are mainly used. Sequent calculi usually calculate a type of objects,
called sequents, instead of formulas. Therefore, we define sequents as follows.

Definition 2.2 (Sequent)
For any sequent I' (not set) of formulas and a formula ¢, an expression I' = ¢ is
a sequent.

The basic sequent calculus in this paper, known as Full Lambek calculus (denoted
by FL), is defined by the following.

Definition 2.3 (Full Lambek calculus)
Initial sequents:

=) =T LYY= =1 0=
Cut rule:

I'=¢ Yo, == p
YILE=p

(cut)
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Rules for logical connectives:

FiAss (0 250w
F,cb,AF’:;g\iw’AF;ﬂ,@A =9 (v =)

Foouy (VD) ()
oo aay M) Teriaas 2=
SO T
eSS
L aan =) e
sy eral GRS )

Sequent calculi consist of initial sequents and inference rules. Initial sequents
are starting points of calculations. In other words, we have to start any calculation
with this type of sequents. Inference rules express what kind of inferences are
permitted in a system. Each inference rule has one or two sequents above the line,
called the upper sequents, and has one sequent below the line, called the lower
sequent. Then, inference rules permit to derive the lower sequent, if all upper
sequents have already been obtained.

We define a sequent I' = ¢ to be provable in a sequent calculus S (denoted by
Fs I' = ¢, if not, denoted by ts I' = ¢) if I' = ¢ can be derived in the system. In
other words, in the system, a diagram, called a proof, can be drawn. For example,
see the three diagrams below.

p=¢ =19 ¢=1v w:wb(:,o) p=9¢ Y=
= ¢oyp oY =Yoy (= \) oY = oy

Y= d\(¢o9) Y= P\(Y o) ¢ = Y\(¢ov)

The left diagram is a proof in FL, but the other two diagrams are not proofs

in FL, because the middle diagram does not start with initial sequents and, in

the right diagram, the last inference rule is not permitted in FL. For example, a

sequent (¢ A )V (¢ Ax) = & A (V) is provable in FL, because the following

diagram is a proof of (P AY)V (@A x) = d A (Y V X).

(=0)

(= o)
=\




= X = X

6= ¢ rvo g 27) 6= ¢ Ax=x ()

_ =7 A . _ =7y _YRXT X 2

P e YTy E:X)l) orix=e M) T S uvx EzX))
ONY=> PN (P VX) PAX= NPV X)

(V=)

(@A) V(eAX) = dA (Y VX)

In the above diagram, every top sequent is an initial sequent of FL, and each
inference rule is defined in FL. On the other hand, we can show e, ¢ A (¥ V x) =
(@A) V (pAx). For any formula ¢, if = ¢ is provable in a system S, ¢ is provable
in it (denoted by kg ¢, if not , denoted by Fsg ¢.).

Other basic sequent calculi are obtained from FL, by adding some or all of the
following rules, called structural rules.

Definition 2.4 (Structural rules)
Structural rules:

]‘—‘7¢’¢7A:>(10 F’QS?/I/J?A#SO
Tohsp ) Loghze 7
A= o I'=>
—F>¢aA=>90(W:>) 7F:>¢(=>W)

The rules (¢ =), (e =), (w =) and (= w) are called the contraction rule, the
exchange rule, the left weakening rule and the right weakening rule, respectively.
Sometimes, we call both the left and the right weakening rule just the weakening
rules. If FL. has some or all of structural rules, the rules defined in the system are
denoted by the initials as indexes. For example, FL,, denotes the sequent calculus
FL having the weakening rules. Besides, it is known that each structural rule can
be replaced by the following initial sequents.

(c=): 9= ¢oo.

(e =) : potp = oop.
(w=):90=1.
(=w):0=¢.

We note that the intuitionistic sequent calculus LJ, introduced by Gentzen, is
FLcew, since we can consider o as A. Besides, FL., can prove exactly the same
sequents which are provable in FL,.,, because the exchange rule can be derived in
FL.,. See below.

Lo, 0, A=

(Al =)
_9=9¢ =9 Lony, v, A= ¢
Vo= N F,¢Aw,A:w( )
T.0.6.8= 0 c



Sometimes, we use sequents of the form I' = ¢ with a set I of formulas, when, for
example, we introduce a sequent system for intuitionistic logic. In this formulation,
we do not need to use both the exchange and contraction rules. On the other hand,
our purpose of the present thesis is to clarify roles of each structural rule explicitly.
Therefore, we will not take such a formulation here. For example, although, as we
mentioned before, ¢ A (¥ V x) = (¢ A1) V (¢ A x) is not provable in FL, but it is
provable in LJ, as the following proof shows.

=4 v=v =% X=X
=0 " Guse O Game U7 e U

S= oA ) TS Y
b0 = SNV (6A) b= GNPV @A (]

d bV x=(pAY)V(PAX)
PARPVX), bV X=(6AY)V(dAX)
AWV X), PNV X) = (PAY)V(PAX)
AW VX)= (BAY)V(BAX)

The contraction rule and the left weakening rule are essentially used in this proof.

Like this, adding structural rules may increase the number of provable sequents.
The exchange rule (e =) removes the difference between \ and /, since we can
derive the inference rules for /, by using the rules for \ and the exchange rule, as

shown below.

(A1 =)
(N2 =)
(c=)

I'=s¢ E¢A=yp o= .
srowase 07 Grey T
E,0\u,[,A = ¢ ['= ¢\¢
and the converse, too.
I's¢ E¢A=yp o, I'=1
= (/=) (e =)*
=, B AN
OLRTE () LoV o))

ST 0/0A=p T= 0/

So, as the abbreviation of both \ and /, — is used, for formulas, inference rules,
etc. Besides, we define —¢ as an abbreviation of ¢ — 0. Then, the following
inference rules can be used for the sequent calculi with the exchange rule. (Of
course, they are the abbreviations of the original inference rules.)

'=s¢ E¢PA=p o, ' =

ET,0— 0, A= o (—=) Er— (=—)
r= ¢ T, ¢ =
W(ﬁj) m(iﬁ)

It is known that the left (right) weakening rule remove the difference between
1 (0) and T (L). It is also known that the contraction and the left weakening
remove the difference between o and A. Therefore, in FL,,, we can consider that
a formula are defined by

pu=p|T|L[YVX|VAX|Y— x|

7



By adding some initial sequents or inference rules to FL, we obtain extensions
of FL. For example, it gives us well known classical sequent calculus LK, to add
initial sequents =—¢ = ¢, called as the involutivity, to LJ. Of course, all basic
sequent calculi are extensions of FL. In addition, we define some other extensions
of FL. which are used later.

Definition 2.5 (Distributive sequent calculus)
The distributive sequent calculus DFL is obtained by adding initial sequents (Dis-
tributivity) to FL.

(Distributivity) : ¢ A (¥ V x) = (¢ AY) V (6 A X).

Definition 2.6 (Normal modal sequent calculus)
The normal modal sequent calculus K is obtained by adding a inference rule (O)
to LK.

i()
OI' = O¢

Here, a sequence OI" denotes Oy, O, ..., O¢,, if I' = ¢1, da, ..., ¢n.

2.2 Substructural logic
To define a logic, we define the following.

Definition 2.7 (Uniform substitution)
Let p be a function from ® to Frm(®). p can be inductively extended from Frm(®)
to Frm(®) as follows.

1. p(1) :=1.

2. p(0) := 0.

3.p(T):=T

4. p(L) =

5. p(o V) = p(¢) V p(th).

6. p(¢ A1) == p(¢) A p(¥).

7. p(¢ o) = p(¢) o p(v)

8. p(o\v) == p(¢)\p(¥).

9. p(¥/d) = p(¥)/p(d).
10. p(¢ — ) = p(&) — p(¥)
11. p(=¢) == —=p(9).



12. p(06) := Op(9).
13. p(09) == Op(@).

For any formula ¢, we define p(¢) as a uniform substitution instance of ¢ under
p.

Then, a set ¥ of formulas is closed under uniform substitution, if p(¢) € X for any
formula ¢ € 3.
We define here a logic as a set of formulas.

Definition 2.8 (Logic)
A set T' of FL formulas is a substructural logic over FL, if I" satisfies the following
(see also [15]).

1. T contains all FL formulas which are provable in FL.
2. Ifpel and ¢\t € I, then ¢ € T".
3. If ¢p,» €', then p Ap €T
4. If ¢ € T, then p\(d o @), (po @)/ € ', for an arbitrary formula ¢.
5. T' is closed under uniform substitution.
A set I' of modal formulas is a normal modal logic, if T' satisfies the following.
1. T contains all modal formulas which are provable in K.
2. fpeTl and ¢p — Y € I', then ¢ € T.
3. I' is closed under uniform substitution.
4. If p € ', then O¢ € T'.

As long as possible, we call a substructural logic and a normal modal logic just a
logic.

Based on our sequent calculi, we can show the following theorem.

Theorem 2.9

Given a sequent calculus S which is an extension of FL (K), the set S of formulas
which are provable in S is a logic. In other words, the set S is closed under all of
the conditions above.

Proof

We show only substructural logics here, since we can prove analogously about
normal modal logics. We give here a proof of the conditions 2, 3 and 4, because 1
and 5 are obvious.



2. Assume ¢ € S and ¢\v € S. Then, we can draw a proof as follows.

o=¢ V=1
s 0w~ oow=i 07
= - EETI,
Therefore, 1 € S.
3. Assume ¢ € S and ¢ € S. Then,
=¢ =
S oAU (= N)

Therefore, ¢ A1) € S.

4. Suppose that ¢ is an arbitrary formula and ¢ € S. Then, we can prove
©\(¢op) and (g o @)/p, as follows.
= \(¢op) = (pod)/¢

Therefore, p\(p o) € Sand (po @)/ €S. (Q.E.D)

Thus, we have immediately the following corollary.

Corollary 2.10
The sets of formulas which are provable in FL, FL., FL., FL,, FL., FLey, FLeow
and (K) are substructural (modal) logics.

In this paper, to distinguish logics from sequent calculi, logics are denoted by
boldface letters, like FL,,,.

Sometimes, we say "a sequent is in a logic S”. But, this sentence makes sense
with the following two facts (see [15]).

Fact 1 The following conditions are equivalent in any extension of FL.

o l_s gb = 7,0
L] |_S ¢\¢
L] |_S @Z)/Qﬁ

Fact 2 For any formula ¢ and a sequent calculus S which is an extension of FL,
ks ¢ if and only if g 1 = ¢.

To define our logics, we define the following.

10



Definition 2.11 (Extension)
Given a logic L, a logic L’ is an extension of L, if L is a subset of L’ (L C L).

For example, FL,.,, is an extension of FL, because of the definition of logics.
However, FL is not an extension of FL.,,, since, as we saw before, p A (¢ V x) =
(o A1)V (¢ A x) is provable in FL,, but it is not provable in FL.

Another example is the following. Obviously, FL.,, is an extension of FL.,.
On the other hand, FL,,, is also an extension of FL..,,, because, as we saw before,
the exchange rule can be derived in FL.,. Therefore, FL.., is equal to FL.,, as a
logic.

Definition 2.12 (Axiomatization)
A substructural (normal modal) logic L is aziomatized over a logic S by a set X
of FL (modal) formulas, if L is the smallest extension of S containing .

For example, we can say that LK is axiomatized over LJ by {——p — p}.
Next, we define the distributive substructural logic, as an extension of FL.

Definition 2.13 (The distributive substructural logic DFL)

The distributive substructural logic DFL is the set of all provable formulas in the
distributive sequent calculus DFL. In other words, DFL is axiomatized over FL
by the distributivity.

A logic L is a DFL logic, if L is an extension of DFL. Besides, DFL, DFL,,
DFL., DFL,, DFL,.., DFL,., and DFL,., are called basic.

The distributive law seems a strong assumption, but DFL logics include many
of nonclassical logics like relevance logics, many-valued logics and fuzzy logics.

We define the normal modal logic.

Definition 2.14 (The normal modal logic)
The set of all provable modal formulas in K is the normal modal logic K.

It is known that K is the smallest normal modal logic. So, every extension of K is
called a normal modal logic.

11



3 Algebra and algebraic semantics

In this chapter, we introduce algebraic concepts and terminology, and algebraic
semantics for logics.

3.1 Algebraic preliminaries
We introduce some basic mathematical concepts (see [1], [3] or [5]).

Definition 3.1 (Lattice)
A structure A = (A, V, A) is a lattice, if V and A, called join and meets, are binary
operations on A satisfying the following equations.

1. (Idempotency): aVa =a, aAa = a.
2. (Commutativity): aVb=0b0Va, a ANb=>bAa.
3. (Associativity): aV (bVe)=(aVb)Ve,aN(bAc)=(aNb)Aec.
4. (Absorption): a A (aVb) =aV (aAb) = a.
A lattice 2 is called distributive, if 2 also satisfies one of the following equations.
5. (Distributivity): a A (bV ¢) = (a Ab) V (a Ac).
6. (Distributivity’): (aVb) A (aVec)=aV (bAc).

In fact, we can show that either of the above two conditions (5 and 6) derives
another.

It is well known that a partial order < is naturally introduced in every lattice,
by defining < as follows.
a<b << aANb=oa

In any lattice, a A b = a is equivalent to a Vb = b, because b = b A (a V b) =
(avVb)Ab=aVband a=aV (aAb) =aAb. Therefore, a < b can be also defined
by aVb=b.

If a lattice 2 has a maximum element T and a minimum element 1, then it is
called bounded.

Next, we will define some basic notions for lattices.

Definition 3.2 (Filter)
Given a lattice A = (A, V,A), a non-empty subset F' of A is a filter over 2, if it
satisfies, for each a,b € A,

aceFandbe F < aNbeF.

Besides, if F' also satisfies the following condition and F' # A, it is called prime.
For each a,b € A,
acForbe F < aVbeF

12



Given an element a € 2, the set T a :={b € A|a < b} is always a filter, which is
called the principal filter generated by a.

Definition 3.3 (Ideal)
Given a lattice 2 = (A, V,A), a non-empty subset [ of A is a ideal over 2, if it
satisfies, for each a,b € A,

ac€landbel <— aVbel.

Moreover, given an element a € A, the set | a := {b € A|b < a} is always a ideal,
which is called the principal ideal generated by a.

We can prove the following proposition.

Proposition 3.4
Given a non-empty subset S of A, the set Fg := {a € A | s A+ ANs, <
a for some si,...,s, € S} is the smallest filter containing S.

Proof
It is clear that Flg is non-empty.

Suppose that fi, fo € Fg. Then, there exist sq,...,s,, € S and ty,...,t, € S
such that s1A---As,, < frand t;A---At, < fo hold. So, siA---As A1 A At, <
fi A fo holds. Therefore, fi A fo € Fs.

Suppose that f; A fo € Fs. Then, by the definition, f; € Fs and f; € Fg
obviously hold, since fi A fo < f1, fo. (Q.E.D)

This filter Fy is called the filter generated by S. As a corollary, we can show the
following.

Corollary 3.5
Given a filter F' and an element a, the filter F'* generated by F'U{a} is represented
as follows.

Ft:={be Alan f<bforsome f € F}

Since Zorn’s lemma is effectively used in later, we introduce the lemma here (see

[6]).

Lemma 3.6 (Zorn)
Given a partially ordered set P, if every chain in P has an upper bound in P, then
P has a maximal element in P.

Definition 3.7 (Monoid)
A structure 2 = (A, o, 1) is a monoid, if it satisfies

1. (Associativity): For any a,b,c € A, a0 (boc) = (aob)oec.

2. (Identity): For any a € A, a0l =10a=a.

13



Definition 3.8 (Residuated lattice)
A tuple A = (A, V, A, 0,\,/,1) is a residuated lattice, if

1. (A, V,A) is a lattice.
2. (A, o,1) is a monoid.

3. 2 satisfies the residuation law.
(Residuation law): For each a,b,c € A, aob < ¢ <= b<a\c < a < c/b.

If o is commutative, a\b is equivalent to b/a. In this case, we use the symbol —
instead of \ and /. So, the residuation law is

(Residuation law’):
For each a,b,c € A,aob<c¢ < b<a—c < a<b—c

Since algebraic semantics for logics are defined on some classes of residuated
lattices, we here introduce some classes of residuated lattice (see [10]).

Definition 3.9 (FL-algebra)
A structure A = (A, V,A,0,\,/,1,0, T, L) isa FL-algebra, if (A,V,A,0,\,/,1, T, L)
is a bounded residuated lattice and 0 is an element of A.

We denote the class of all FL-algebras as ¢¥L.

Definition 3.10 (DFL-algebra)
A structure A = (A, V,A,0,\,/,1,0, T, L) is a DFL-algebra, if 2 is a FL-algebra
and satisfies the distributivity.

We denote the class of all DFL-algebras as €P¥L. To define algebras for modal
logics, we define the following.

Definition 3.11 (Boolean algebra)
A structure A = (A,V,A,—, T, L) is a Boolean algebra, if (A,V,A, T, L) is a
bounded distributive lattice and 2 satisfies the following conditions.

1. (Complementation): a A (-a) =1, aV (-a) =T,
2. (Boundedness): aV L =a,aVT =T,
We denote the class of all Boolean algebras as €8

Definition 3.12 (Modal algebra)
A structure A = (A, V, A, =, 0, T, L) is a modal algebra, if (A,V,A\,—, T, L) is a
Boolean algebra and O a unary operation on A satisfying the following conditions.

1. (Meet preservation): O(a A b) = Oa A Ob.

2. (Top preservation): OT = T.

14



We denote the class of all modal algebras as €".

Definition 3.13 (Homomorphism)

Given two algebras 2 = (A, f{*, ..., f2) and B = (B, fZ,..., fB), a function h
from A to B is a homomorphism from A to B, if h satisfies, for any ¢ and any
elements ay,...,a,, € A,

h(f A ay,. .. am)) = f2(h(ay), ... hiaw)).

If there exists a surjective homomorphism from 2 to B, then we say that 98 is
a homomorphic image of A . Beside, if there exists a bijective (injective) homo-
morphism, called isomorphism (embedding) from 2 to B, then we say that 2 is
isomorphic (embeddable) to B (denoted by A = B).

3.2 Algebraic semantics and soundness

In this section, we define algebraic semantics for logics.
An assignment f on an algebra 2l is a function from ® to 2. We can inductively
extend f to a function from Frm(®) to A as follows.

For FL formulas:

f) =1,

e f(0):=0.
o f(T):=
o f(1):=
o foVY):=f(d)V [(¥).
o f(oNY):=F(@)AFY).
o f(doy):= f()o f(¥).
o f(O\Y) := F(O\f(¥).

o [(W/d):= [(¥)/f(9).

For modal formulas:
f(T) =
fL) =
fov )=o)V f(¥).
F@NY) = f(@) A ().

15



A formula ¢ is true in 2 under f (denoted by A, f = ¢) is defined by 1 < f(¢).
If not, we denote 2, f [~ ¢. For an arbitrary assignment f, if 2, f &= ¢, then ¢
is valid on A (denoted by A |= ¢). A set I' of formulas is valid on 2 (denoted by
AET), if A E ¢, for any ¢ € I'. On a class € of algebras a formula ¢ is valid
(denoted by € = ¢), if A = ¢, for any A € €.

It is easy to check that a sequent I' = ¢ is true in an algebra 2l under f if and
only if f(I'°) < f(¢), where I'® is the formula ¢ 0---0 ¢, if ' = ¢1,...,¢,, and
the left- (right-) hand side of a sequent is 1 (0), if it is empty.

We note that, for extensions of LJ (or K), I'° is ', because o is equal to A.

The following correspondence lemma can be proved (see [15]).

Lemma 3.14
Each structural rule corresponds to the following DFL-algebra conditions, respec-
tively.

(c=):a<aoa.
(e =) :aob=0boa.
(w=) :a<1foranyac A
(= w) : 0<aforanyacA.
Then, we can show the soundness theorem for DFL and K.

Theorem 3.15 (Soundness)
Every formula in DFL (K) is valid on the class €PFL (€").

Proof
Since €8 C ¢PFL we firstly prove the soundness theorem for DFL. It suffices to
check both every initial sequent is valid and, in each of cut rule and rules for logical
connectives of DFL, if the upper sequents are valid, then the lower sequent is also
valid, on any DFL-algebra.

We check here the following. Let 2 be an arbitrary DFL-algebra.

¢ = ¢ : By definition.

I'= T : Since T is the maximal element in A, f(I'°) < f(T) for an arbitrary
assignment f on 2A. Therefore, I' = T is valid on .
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I' 1,¥ = ¢ : Since L is the minimal element in 2, f(L) < f(I')\(f(¢)/f(X°))
for an arbitrary assignment f on 2(. By the residuation law, f(I'°) o f(L)o
f(2°) < f(¢). Therefore, I'y L, A = ¢ is valid on 2.

1 : By definition.
0 = : By definition.

ON(YPVX)=(dAY)V(pAX): For an arbitrary assignment f on 2, by the

distributivity, ANV X)) = FONFW)V (X)) < (f(@)NF)V(f(o)A

fo
f(l.()i) Ql(( APV (¢ AX)). Therefore, ¢ A (Y V x) = (@ AY) V(6 A x) is

(cut) : Suppose that I' = ¢ and 3, ¢, = = ¢ are valid on . For an arbitrary
assignment f on 2, by the first assumption, f(I'*) < f(¢). By the sec-
ond assumption and the residuation law, f(¢) < f(Z°)\(f(¢)/f(E°)). So

1) < FEON(F(@)/F(Z2)). By the residuation law, /(S oT 0 Z) < f(p).
Therefore, 3, 1", = = ¢ is valid on 2.

(1 w) : Suppose that I'; A = ¢ is valid on 2(. For an arbitrary assignment f on
2, by the assumption, f(I'°) o f(A°) < f(¢). Since 1(= f(1)) is the identity
element in 2, f(I'°) o f(1) o f(A°) < f(p). Therefore, I', 1, A = ¢ is valid
on 2.

(0 w) : By definition.

(V=) : Suppose that I',¢», A = ¢ and T';¢), A = ¢ are valid on 2. For an
arbitrary assignment f on 2, by the assumptions and the residuation law,
f(@) < FION(f(p)/f(A%)) and f(v) < F(DON(f()/f(A®)). So, f(o)V

f@) < f(TON(f(e)/f(A®)). By the residuation law, f(I'°o (¢ V1)) o A°) <
f(¢). Therefore, I'; ¢ V 1, A = ¢ is valid on 2.

(= V1) : Suppose that I' = ¢ is valid on 2. For an arbitrary assignment f on 2,
by the assumption, f(I'°) < f(¢) < f(¢) V f(10). Therefore, ' = ¢ V ¢ is
valid on .

(= V2) : Suppose that I' = 1) is valid on . For an arbitrary assignment f on 2,
by the assumption, f(I'°) < f(v) < f(¢) V f(¢). Therefore, I' = ¢ V ¢ is
valid on 2.

(A1 =) : Suppose that ', ¢, A = ¢ is valid on 2. For an arbitrary assignment
f on 2 by the assumption, f(I'° o ¢ o A°) < f(¢). By the residuation law,

F(@) N (W) < f(o) < FIT)\(f(p)/f(A%)). So, by the residuation law,
f(T°o(pA1)oA°) < f(p). Therefore, I, p A, A = ¢ is valid on 2.

(A2 =) : Suppose that "9, A = ¢ is valid on 2. For an arbitrary assignment
f on 2, by the assumption, f(I'° o1 o A°) < f(¢). By the residuation law,
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F@) N f() < f() < FITN(f()/f(A%)). So, by the residuation law,
f(T°o(d A1) oA°) < f(p). Therefore, T', o A1p, A = ¢ is valid on 2.

(= A) : Suppose that I' = ¢ and I' = 1) are valid on 2. For an arbitrary
assignment f on 2, by the assumptions, f(I'°) < f(¢) and f(I'°) < f(¥).
So, f(I'°) < f(é) A f(¢). Therefore, I' = ¢ A9 is valid on 2.

(o =) : By definition.
(= o) : By the monotonicity of o.

(\ =) : Assume that I' = ¢ and Z,¢,A = ¢ are valid. For an arbitrary
assignment f on 2A, by the first assumption and the monotonicity of o,
f(I) o f(o\v) < f(¢) o f(P\) < f(1b). By the second assumption and
the residuation law, f(¢) < f(E°)\(f(¢)/f(A°)). So, by the residuation
law, f(2°) o f(T'°) o f(d\¥) o f(A°) < f(p). Therefore, =, T, p\t), A = ¢ is
valid on .

(= \) : Assume that ¢, " = ¢ is valid. For an arbitrary assignment f on 2, by the

assumption, f(¢)of(I°) < f(¢). By the residuation law, f(I'°) < f(&)\f(¥).
Therefore, I' = ¢\ is valid on 2.

(/=) : Assume that ' = ¢ and Z,9,A = ¢ are valid. For an arbitrary
assignment f on %A, by the first assumption and the monotonicity of o,
F(/6) 0 F(T°) < F(4)6) o F(#) < F(¥). By the second assumption and
the residuation law, f(v) < f(E°)\(f(¢)/f(A°)). So, by the residuation
law, f(Z°) o f(10/¢) o f(T°) o f(A°) < f(p). Therefore, =, /¢, T, A = ¢ is
valid on .

(= /) : Assume that I', ¢ = 1 is valid. For an arbitrary assignment f on 2, by the

assumption, f(I*)of(¢) < f(1). By the residuation law, f(I'°) < f(v¥)/f(d).
Therefore, I' = 1 /¢ is valid on 2.

Thus, €P*t = DFL. Thanks to Lemma 3.14 (We note that any DFL-algebra
satisfying all the conditions in Lemma 3.14 validates LJ.), it suffices to check the
inference rule (O) on the class €°. Let 2 be an arbitrary modal algebra.

(O) : Assume that I' = ¢ is valid. For an arbitrary assignment f on 2(, by the
assumption, f(I'") < f(¢). By the definition of <, f(I'") A f(¢) = f(IT'").
By the meet preservation, f((O)") A £(06) = D(f(I) A f(6)) = OF(T") =
fU@m™). So, f((BT)") < f(O¢). Therefore, OI' = O¢ is valid on 2.
(Q.E.D)

Given a logic L, an algebra 2 is a L-algebra, if 2 = L. The set of all L-algebras
is denoted by €. Because of Theorem 3.15, the name (DFL-algebra) makes sense.
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3.3 Algebraic completeness via Lindenbaum-Tarski alge-
bra

In the next section, we will show the algebraic completeness theorem for DFL
(normal modal) logics. To prove this theorem, we define some notions here. In
this section, L denotes any extension of DFL (K).

Let Frm(®) be the set of all formulas based on ®. A relation =, on Frm(®) can
be defined as follows in L.

p=LY = \YAY\$ (o1, (9 = Y)A (P = ¢)) € L.

Then, we can easily check this relation =y, is a equivalence relation (the equivalence
class of ¢ is denoted by [¢]).

We can make the quotient set Frm(®)/ =, under this relation. Then, we define
the following operations on it.

o [¢]V Y] :=[oVl.
o [PIA[Y] =[N
o [¢]o[¢] :=[poy].

o [P\[Y] = [e\¥].

o [Y]/[9] == [¥/9l.
 [¢] = [¥]:=p— ¥
o ~[g] = [=9].

e Dl¢]:= [Og].

Moreover, we can check that these operations are well defined. Then, we define
Lindenbaum-Tarski algebra of L.

Definition 3.16 (Lindenbaum-Tarski algebra of L)

Given a set ® of propositional variables, the Lindenbaum-Tarski algebra £(®) of
L is the tuples £(®) = (Frm(®)/ =1, V, A, 0,\,/,[1],[0],[T],[L]) for DFL logics,
and £(®) = (Frm(®)/ =1, V, A,—,0,[T],[L]) for normal modal logics.

In the Lindenbaum-Tarski algebra of L, we can introduce the order < as follows.

Lemma 3.17
In the Lindenbaum-Tarski algebra, [¢] < [¢] if and only if ¢\¢ (or, ¢ — @) is in
L. In sequent calculi, this condition is equivalent to ¢ = ¢ € L.
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Proof
Since [¢] < [¢] is the abbreviation of [¢] A [¢] = [¢], p A) = ¢ and ¢ = ¢ A are
in L. If ¢ = ¢ is in L, we can prove as follows.

b= b6 b=
sho=g M) soong N
If [¢] < [¢], then see below.
b= P
6= G ¢A¢¢¢EA2:’)
cut)

=1
So, [¢] < [¢] if and only if ¢ = ¢ is in L. (Q.E.D)

Then, we show the following proposition.

Proposition 3.18
The Lindenbaum-Tarski algebra £(®) of L is a L-algebra.

Proof
We prove first that (Frm(®)/ =, V, A, [T],[L]) is a bounded distributive lattice
as follows.

Idempotency : ¢V ¢ = ¢ and ¢ = ¢ V ¢ are provable.

¢=¢ ¢9=9¢
PVo=0o

¢=¢
¢p=>¢Vo

(V=) (= V1)

Therefore, [¢] V [¢] = [¢]. [¢] A [¢] = [¢] can be analogously proved.

Commutativity : ¢ Vi = ¢V ¢ and ¥ V ¢ = ¢ V ¢ are provable.

6= o Y= Y= 6= o
soove OV USuve Evif)” voove OV TS ave
OVY =PV YVo=oVy

Therefore, [¢]V [¥] = [¢]V][¢]. [¢]A[] = [¢] A]¢] can be analogously proved.

(= V1)
(V=)

Associativity : ¢V (¥ Vx) = (¢VY)V xand (¢ V)V x = ¢V (Y V x) are

provable.
Y=
7Y (=)

_0=P Ly _Y=OVY ) XEX (g
p= oV (= V1) b= (V) Vx xX=(pVi)Vx v =)

= (pVY)Vx YV x=(pVY)Vx v =)

V(b VX)=(dVY) VX

6= o wijiéx = VD Y=
ssoviwvy OV TS eveve Ej;v?) XS DVX (é(f)w)
dVY =9V (PVX) X=¢V(PVx) v =)

(@VP)VX=>oV (PVX)
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Therefore, [o]V ([¢]V [x]) = ([¢]V[¥) VIX]- []A(WIAIX]) = (@A D) AT

can be analogously proved.

Absorption : ¢ A (¢ V) = ¢ and ¢ = ¢ A (¢ V ) are provable.

6=
6= 6 _020 Ly
sV T T TXC e ad)

Therefore, [¢] A ([0] V [4]) = [¢]- [¢] V ([0] A [4]) = [¢] can be analogously

proved.

Distributivity : ¢ A (¥ V x) = (¢ A1) V (¢ A x) is an initial sequent and
(OAY)V(dAXx)= A (YV x) are provable.

Y=Y X=X
— (A2 =) ——=— (A\2=)
_ =9 (AL =) _orb=¢ (= V1) _¢=¢ (AL =) _PAx=EXx (= V2)
PANY = ¢Aw$wvx(éA) PAX= ¢ ¢Axiwvx(éA)
A= PN (pVx) PAX= DAYV X)

APV @A S PRV v=)

Therefore, [¢] A ([1] V [x]) = ([¢] A [W]) V ([¢] A [X])-

T-, L-Boundedness : ¢ = T and 1 = ¢ are initial sequents. Therefore, [¢] <
[T] and [1] < [g].

Next, we prove that (Frm(®)/ =, V, A, o,\,/,[1]) is a residuated lattice as follows.

Associativity : We need to prove [¢] o ([¢0] o [x]) = ([¢] o [¢]) o [x]. This is that
po(pox)= (por)oxand (pot))ox = ¢o(¢oyx) are provable.

o=¢ =9 Y= X=X
X T R = N =Y bx=dox (;5(:0)
Gbx = @ovox Gbx =00 Won)
¢ pox = (do¢)ox (0=) o, x=do(Yox) (0 =)
§o(box) = (Bov)ox (@od)ox=do o)

Therefore, [¢] o ([¢] o [x]) = ([¢] © [¢]) o [x].

Identity : We need to prove [¢|o[1] = [¢] and [1]o[¢] = [¢]. This is that pol = ¢,
o= ¢ol,1o¢p= ¢ and ¢ = 10 ¢ are provable.

=9 ¢ =9

(1w) = ¢ =1 (1w) =1 b= ¢
$1=9 —— (= 0) L,p=¢ ———— (= 09)
Gol= 0 (o =) ¢=¢ol 065 (o =) ¢p=10¢

Therefore, [¢] o [1] = [¢] and [1] o [¢] = [¢] hold.

Residuation law : It is suffices to check the following.

Bl o [] < ] = [¥] < [o\IX] = [0] < X/ W] = [¢] o [¥] < [X]
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Assume [¢] 0[] < [x].

p=¢ Y=

505009 =% gopsy
T (cut)
Y =x (=\)
Y= P\x
Therefore, [¢] o [¢] < [x] = [¥] < [9]\[x].
Assume ¢ = ¢\ .
o=9 Y=
b= hou= U (Cut()\ -
v =x (= /)
= x/v¥

Therefore, [¢] < [¢]\[x] = [¢] < [XI/[¥].
Assume ¢ = /1.

X = X w:w(/é)

¢ = x/V X/, = x (cut)
o, = x (0 =)
porh = x

Therefore, [¢] < [x]/[¥] = [¢] o [¥] < [x]-

Thus, the Lindenbaum-Tarski algebra of L is at least a DFL-algebra. Next, if L is
a normal modal logic, then we can show the following.

Complementation : 1 = ¢ A ¢ is an initial sequent and ¢ A ~¢ = L is
provable.

¢=¢
¢, =
PNP, ¢ =
NP, 9N 9 =
PN =
ON—p= 1

(=)

(AL =)
(A2 =)
(c=)

(L w)

Therefore, [¢] A [-¢] = [L]. [¢] V [7¢] = [T] can be analogously proved.

Boundedness : ¢V 1L = ¢ and ¢ = ¢ V L are provable, as follows.

p=¢ L=9 o= ¢

vise V) b= oV L

(= V1)

Therefore, [¢] V [L] = [¢]. [¢] V [T] = [T] can be analogously proved.

Thus, (Frm(®)/ =L, V, A, —,[T],[L]) is a Boolean algebra. Next, we prove the
following conditions of O.
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Meet preservation : O(¢AY) = OpAOY and DpADY = O(dA1) are provable.

o= ¢ Y=
b= Y= ov=0 B LU=y Ei;:/i))
— (Al =) — L (A2=) QY= PN
PANY = ¢ PN = (=)
DA =06 ) Derg = op D0SW=SBONY) ()
56N D) S 0o AT (=N) Op AOy, 0y = 0(p A ) (A2 =)
O¢p A Oy, 0p A Op = O(p A ) (c =)
C

O¢ A Oy = O(¢p A )
Therefore, O([¢] A [¢]) = (O[6] A O[]).

Top preservation : OT = T is an initial sequent and T = OT is provable.

=T
ot
TSar W)

Therefore, O[T] = [T].

Thus, the Lindenbaum-Tarski algebra of L is a modal algebra. Therefore, we
have already proved that the Lindenbaum-Tarski algebra of DFL (K) is a DFL-
(K-) algebra.

It remains to show the following. Given an extension L of DFL (K), every
foruma ¢ in L is valid on the Lindenbaum-Tarski algebra £(®) of L.

Since every logic is closed under uniform substitution, if ¢ is in L, any uniform
substitution instance is also in L. In other words, any uniform substitution instance
is provable.

Let f be an arbitrary assignment on £(®). For any propositional variable p € ®,
we can take a formula p(p) in the equivalent class f(p) as its representative. That
is, f(p) = [p(p)]. Then, we can view p as a function from ® to Frm(®). In other
words, p is a uniform substitution.

If ¢ is in L, the uniform substitution instance p(¢) is also in L. For any assign-
ment f on £(P), if we take the representation p(p) for any propositional variable
pe P,

f(¢) = [p(9)]

Here, p(¢) € L. Therefore, [1] < [p(¢)]. (Q.E.D)

Here, we define a special assignment fe for the Lindenbaum-Tarski algebra £(®)
of L as follows.

fe(p) := [p] for any propositional variable p € ®

Besides, the assignment can be inductively extended, as usual. Then, we can
check that f(¢) = [¢] for any formula ¢ € Frm(®). Finally, we can prove the
completeness theorem of any DFL (normal modal) logic.
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Theorem 3.19 (Algebraic completeness theorem)
Given any DFL (normal modal) logic L, if a formula ¢ is valid on the class €& of
all L-algebras, then ¢ is in L.

Proof

Assume ¢ ¢ L (i.e. ¢ is not provable in L). Then, 1 = ¢ is not provable. From
Lemma 3.17, in the Lindenbaum algebra £(®) of L, [1] < [¢] does not hold. So,
L£(P), fe £ ¢. By Proposition 3.18, £(®) is a L-algebra. Therefore, ¢ is not valid
on the class €. (Q.E.D)
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4 Relational semantics and canonicity

In this chapter, we introduce relational semantics for DFL (normal modal) logics
and define some concepts and terminology about them.

4.1 Relational semantics

We define the relational semantics for our logics.

Definition 4.1 (Kripke model)

A tuple M = (W, R, V) is a Kripke model, if W is a non-empty set, Rp is a binary
relation on W, and V is a function from ® to W, called a wvaluation. The tuple
§ = (W, R) is called a Kripke frame. Besides, €5 denotes the class of all Kripke
frames.

Definition 4.2 (DFL-model)

A tuple § = (W, O, N, R,) is a DFL-frame, if W is a non-empty set, O a non-empty
subset of W, N a subset of W and R, a ternary relation on W, that satisfy the
following conditions.

1. (Ro-reflexivity):
For any w € W, there exist o and o’ in O such that R, (w, o, w) and R, (w,w, o).

2. (Ro-transitivity):
For any w, v, u,w’, v, v’ € W,
if Ro(w,v,u) and w < w’" and v' < v and o’ < u, then R,(w', v, u).

3. (R.-associativity):
For any w, v, u, s € W, there exists € W such that R,(w, z, s) and Ro(x,v,u),
if and only if there exists y € W such that R.(w,v,y) and Rs(y,u, s).

4. O is closed under <.
(That is, for each w,v € W, if w < v and w € O, then v € O.)

5. N is closed under <.

Here, w < v is defined by the condition that there exists o € O such that
R.(v,0,w) or Ro(v,w,0). A subset W’ of W is R,-upward closed, if w < v and
w € W imply v € W’ for any w,v € W. Thus, the above definition of DFL-frames
says that O and N must be R.-upward closed. Besides, €ppr, denotes the class of
all DFL-frames.

The set of all R,-upward closed sets over W is denoted by Up(W). Moreover,
given a DFL-frame § = (W, 0, N, R,, V), a tuple 9 = (F,V) is a DFL-model,
where V' is a function from ® to Up(W), called a valuation.
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Although we defined several relational semantics, we call just frame, model or
valuation as long as possible.

Given a model M = (F,V) = (W,..., V), an element w € W (sometimes, we
say w is an element of § or M) and a formula ¢, we define a relation 9, w Ik ¢ as
follows. (If 9, w I+ ¢ does not hold, then we denote 9, w Iff ¢.)

For FL formulas:
e Muwl-p < w € V(p), for an arbitrary propositional variable p € .
e Muwlkl <— we 0.
e MwlF0) < weN.
o M wl- T always holds.
o M. wlf L always holds.
e MwlFopViyYy < IMuwl- ¢ or Muwl- .
e Muwlkp Ny <= Mwl- ¢ and M, w IF Y.

o« Muwlk dpoh
there exist v,u € W such that R,(w,v,u), M, v - ¢ and I, u Ik .

e Muwl- P\t <—
for any v,u € W, if Ro(u,v,w) and 9, v I ¢, then MM, u Ik 1.

e Muwl-iy/¢p <—
for any v, u € W, if Ro(u,w,v) and MM, v I ¢, then MM, u Ik 1.

For modal formulas:
e Mwlkp < w e V(p), for an arbitrary propositional variable p € .
o M wl- T always holds.
o M. wlf | always holds.
e MwlFopViy < MwlF¢or Mwl- .
e MuwlFodpAyp <= M wl- ¢ and M, w - Y.
e Muwlo¢—y < if Mwlk ¢, then M, w - .
e Muwlk—-¢p < Muwlf ¢.
e M wlkO¢p < forany v € W, if Ro(w,v), then M, v |- ¢.

e M wl- Cp <= there exists v € W such that Rg(w,v) and M, v IF ¢.
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We might want to call 9T, w I ¢ that a fomula ¢ is true at w in § under V,
at first. However, for FL formulas, this relation 9, w IF ¢ is, in fact, not enough.
With this relation I, we define truth, global truth or validity as follows. (As we
can see later, in normal modal logics, 9, w IF ¢ is completely equivalent to the
following definition.)

e A formula ¢ is true at w in §F under V' (§, V, w Ik, ¢), if and only if §, V, w IF ¢
and w € O.

e A formula ¢ is globally true in §F under V (§,V Ik, ¢), if and only if §, V,w I+
¢, for all w € O.

e A formula ¢ is valid on § (§ Ik ¢), if and only if §, V' Ik, ¢, for any valuation
V.

Given a set X of formulas and a class € of frames, 3 is valid on € (denoted by
¢ Ik, X)), if and only if every formula in ¥ is valid on any frame in €.

Besides, by the above definition of truth, global truth and validity, we can con-
sider that a sequent is true, globally true and valid as follows.

e A sequent I' = ¢ is true at w in § under V' (denoted by §,V,w Ik, T' = ¢),
if and only if §, V,w IF T"° implies §, V,w IF ¢.

e A sequent I' = ¢ is globally true in § under V' (denoted by §,V I-; ' = o),
if and only if I' = ¢ is true for any w € §.

e A sequent I' = ¢ is valid on § (denoted by § Ik, ' = ¢), if and only if
I' = ¢ is globally true for any valuation V.

Note that global truth and validity correspond to algebraic truth and validity,
respectively. Moreover, the following proposition for DFL-models holds.

Proposition 4.3

Let M = (§,V) be any DFL-model, w,w’ arbitrary elements in 9t and ¢ an
arbitrary formula, if 9%, w IF ¢ and w < w’, then 9, w’ IF ¢ holds. In other words,
the relation IF is R.-upward closed. Therefore, truth, global truth and validity also
are R,-upward closed.

Proof
Induction on ¢.

o If 9, w Ik p, then M, w’ I p, because V(p) is R.-upward closed.
o If M, wlk 1, then M, w' IF 1, because O is R,-upward closed.
o If M, w Ik 0, then M, w’ IF 0, because N is R.,-upward closed.

o If M wlk 1V yx, then M, w k¥ or M, w Ik x. By the induction hypothesis,
M, w' I or M, w' I x. So, M, w'IFYVy.
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o If M wlk Ay, then MM, w - ¢ and M, w IF x. By the induction hypothesis,
M, w' Ik and M, w' Ik x. So, M, w' IF P A .

o If M, w Ik ¢ oy, then these exist v,u € M such that R,(w,v,u), M, v I
and M, u I x. Moreover, by means of R.-transitivity and R,-reflexivity,
R.(w',v,u) holds. Therefore, M, w' I 1) o x.

o If M, w' I ¥\, then there exist v,u € M such that R,(u,v,w’), M, v Ik ¢
but M, u I x. Moreover, by means of R.-transitivity and R,-reflexivity,
Ro(u,v,w) holds. Therefore, 9, w I ¥\ x.

o If M w' I x /1, then there exist v, u € M such that Ro(u,w’,v), M, v I
but 9, u If x. Moreover, by means of R.-transitivity and R,-reflexivity,
Ro(u,w,v) holds. Therefore, M, w I x /1.

Since O is R,-upward closed, truth, global truth and validity are also R.-upward
closed. (Q.E.D)

On relational semantics, we say that an axiom (initial sequents or an inference
rule) corresponds to a frame condition, if any logic L containing the axiom if and
only if any frame satisfying the frame condition validates L. Next, we prove the
following correspondence lemma for DFL-frames.

Lemma 4.4
Each structural rule corresponds to the following DFL-frame conditions, respec-
tively.

For any w,v € W, if w < v, then R.(v,w,w).

(=) Or, equivalently on DFL-frame, for any w € W, R,(w, w, w).

(e =) : For any w,v,u € W if Ro(w,v,u), then R,(w,u,v).
(W =) : Forany w e W, w e O. (That is, O = W)
(= w) : N=0.

Proof

(c =) : Suppose that I, ¢, ¢, A = ¢ is valid on § satisfying (¢ =) DFL-frame
condition. For an arbitrary valuation V' and an arbitrary w € §, if 9M(=
$,V),w Ik T°o0¢oA° then there exist v, u,z,s € M such that R.(w,z, s),
Ro(z,v,u), M, v lFT° M ul- ¢ and M, s IF A°. By Ro-reflexivity, u < u.
So, by (¢ =) DFL-frame condition, R,(u,u,u) holds. Then, 9, u IF ¢ o ¢.
Then, 91, w IF I'opopoA°. From the first assumption, 9, w I+ ¢. Therefore,
¢, A = ¢ is valid on .

Let M = {w, v, u}, Ro, {w,v}, 0, V) be a DFL-model, which is not satisfying,
Ro (u,u,u).

R, = {(w,w,w), (v,v,v), (u,w,u), (u,u,v)}
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V(p) = {u}

In this model, 9%, u IF p and 9, u I pop. So, although pop = pop is valid,
p = popisnot true. Therefore, (¢ =) is not valid.

(e =) : Suppose that T', ¢, 9, A = ¢ is valid on § satisfying (e =) DFL-frame
condition. For an arbitrary valuation V' and an arbitrary w € §, if M(=
S, V),w Ik I°othopoA°, then there exist v, u, z, s € M such that Ro(w, x, s),
Ro(z,v,u), M v l-T° M ulkpopand M, s - A°. Moreover, from 9, u I+
1 o ¢, there exist y,z € M such that R,(u,y,z), M,y IF ¢» and M, z I+ ¢.
By (e =) DFL-frame condition, R,(u, z,y) holds. Also, 9, u Ik ¢ o ¢ holds.
Then, 9, w IF T'° 0 ¢ 01 o A°. By the assumption, 9, w I ¢. Therefore,
LY, 0, A = ¢ is valid.

Let M = ({w,v,u}, Ro,{w,v},0,V) be a DFL-model, which is not satisfying
Ricire(u, w,u) implies R, (u, u,w).

R, = {(w,w,w), (v,v,v), (u,w,u), (u,u,v)}

V(p) = {w}
V(g) = {u}

In this model, 9, u IF p o g and M, u If g o p. So, although gop = qop is
valid, p o ¢ = g o p is not true. Therefore, (e =) is not valid.

(w =) : Suppose that I A = ¢ is valid on § satisfying (w =) DFL-frame
condition. For an arbitrary valuation V' and an arbitrary w € §, if (=
5, V),w - T°0¢o A° then there exist v,u,x,s € M such that R.(w,x,s),
Ro(z,v,u), Mo Ik T° MulF ¢ and M, s I+ A°. By (w =) DFL-frame
condition, v € O. So, v < x holds. Then, by R.-transitivity and R.-
reflexivity, Ro(w, v, s) holds. Therefore, 9, w IF I'* 0 A°. By the assumption,
M, w Ik . Therefore, I', ¢, A = ¢ is valid.

Let M = ({w,v}, Ro,{w},0,V) be a DFL-model, which is not satisfying
veo.
R, = {(w,w,w), (v,v,w), (v,w,v)}

V(p) = {v}

In this modes, 9, v IF p and MM, v I 1. So, although, = 1 is valid, p = 1 is
not true. Therefore, (w =) is not valid.

(= w) : Suppose that I' = is valid on § satisfying (= w) DFL-frame condition.
For an arbitrary valuation V' | there is no element w € § such that §,V,w I+
I'°, by the assumption. Therefore, I' = ¢ is valid.

Let M = ({w, v}, Ro, {w}, {v}, V) be a DFL-model, which is not satisfying
wé¢ N.

R, = {(w,w,w), (v,w,v), (v,v,w)}
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Vip) = {w}
In this model, 9, v IF 0 and 9, v | p. So, although, 0 = is valid, 0 = p is
not true. Therefore, (= w) is not valid. (Q.E.D)

4.2 Soundness
We prove the soundness of DFL and K.

Theorem 4.5 (Soundness)
Fvery formula in DFL and K is valid on the classes €ppy, and Cq, respectively.

Proof
As in the case of algebraic semantics, we firstly prove the soundness theorem for
DFL, because €g is a class of some DFL-frames with a binary relation.

It suffices to check both every initial sequent is valid and, in each of cut rule
and rules for logical connectives of DFL, the lower sequent is valid, if the upper
sequents are valid. Let § be an arbitrary DFL-frame.

¢ = ¢ : By definition.

I' = T : This is immediate, because § IF T always holds.

I, L,¥ = ¢ : This is immediate, because § I} L always holds.
= 1 : By definition.

0 = : By definition.

dN(WVX)=(pAY)V (pAx) : For an arbitrary valuation V on § and an ar-
bitrary w € §, assume M = (F,V),w Ik ¢ A (¥ V x). Then, M w Ik ¢
and either M, w I+ ¢ or M, w IF x. Either M, w IF ¢ and M, w I+ 2,
or Mw Ik ¢ and M w IF x. So, Mw Ik (¢ A1)V (¢ A x). Therefore,

ON WV Y)=(6AY)V(PAx)is valid on §.

(cut) : Suppose that I' = ¢ and X, ¢, = = ¢ are valid on §. For an arbitrary
valuation V and an arbitrary w € §, if M (= F, V), w IF £°0I'°0Z=°, then there
exist v, u, s,x € M such that R,(w,x,s), Re(z,v,u), M, v l- X M ul-T°,
and 9, s IF =°. By the first assumption, 9, u IF ¢. So, M, w IF 3° 0 ¢ o =°.
Then, by the second assumption, 9, w I+ ¢. Therefore, X, 1", = = ¢ is valid
on §.

(1 w) : Suppose that ', A = ¢ is valid on §. For an arbitrary valuation V' and an
arbitrary w € §, if M(=F, V), w IF I'°010A°, then there exist v, u, s,z € M
such that Ro(w,x,s), Ro(z,v,u), Mo Ik I'° M u I- 1 and M,s - A°.
Since © € O, v < x holds. From Proposition 4.3, 91, x I+ I'° holds. So,
M, w IFT° o A°. By the assumption, 9, w I . Therefore, I';1, A = ¢ is
valid on §.
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(0 w) : By definition.

(V=) : Suppose that I, ¢, A = ¢ and I';9,A = ¢ are valid on §. For an
arbitrary valuation V' and an arbitrary w € §, if M(=F,V),w lF o (¢ V
1)oA°, then there exist v, u, x, s such that R.(w, x, s), Ro(x,v,u), M, v Ik T°,
M, ulk¢Vipand M, sk A° If M, ulk ¢, then, from the first assumption,
M, w IF p holds. Otherwise, 9, u I- 9, then, from the second assumption
M, w IF ¢ holds. Afterall, 9, w I ¢. Therefore, I', ¢ V 1, A = ¢ is valid on

5.

(= V1) : Suppose that I' = ¢ is valid on §. For an arbitrary valuation V' and an
arbitrary w € §, if M(=F, V), w IF I'°, then, from the assumption, M, w I+ ¢
holds. So, 9, w I+ ¢ V. Therefore, I' = ¢ V 1 is valid on §F.

(= V2) : Suppose that I' = 9 is valid on §. For an arbitrary valuation V' and an
arbitrary w € §, if M(=§, V), w Ik I'°, then, from the assumption, M, w I+ )
holds. So, 9, w IF ¢ V . Therefore, I' = ¢ V 1 is valid on §.

(A1 =) : Suppose that I, ¢, A = ¢ is valid on §. For an arbitrary valuation V'
and an arbitrary w € §, if M(=F, V), w IF T o (¢ A1) o A°, then there exist
v,u,z,s € M such that R,(w,z,s), Ro(z,v,u), Mo Ik T° Mul- oA
and 9, s - A°. Then, M, u I ¢ holds. So, from the assumption, M, w I+ ¢
holds. Therefore, I'; o A9, A = ¢ is valid on §.

(A2 =) : Suppose that T',;9, A = ¢ is valid on §. For an arbitrary valuation V'
and an arbitrary w € §, if M(=F, V), w IF I o (¢ A1) o A°, then there exist
v,u,z, s € M such that Ro(w,z,s), Ro(z,v,u), Mo IF T Mul- oA
and M, s IF A°. Then, M, u IF ¢ holds. So, from the assumption, 9, w IF ¢
holds. Therefore, I', ¢ A, A = ¢ is valid on §.

(= A) : Suppose that I' = ¢ and I' = ¢ are valid on §. For an arbitrary
valuation V' and an arbitrary w € §, if M (= §, V), w IF I'°, then, by the first
assumption, M, w IF ¢, and, by the second assumption, I, w I+ ¢ hold. So,
M, w IF @ A1 holds. Therefore, I' = ¢ A ¢ is valid on §.

(o =) : By definition.

(= o) : Suppose that I' = ¢ and A = ¢ are valid on §. For an arbitrary
valuation V' and an arbitrary w € §, if M(=F, V), w IF I'° o A°, then there
exist v, u € M such that R,(w,v,u), M, v IF ' and M, u - A°. From the
first assumption, M, v IF ¢, and, from the second assumption, 91, u |- 1 hold.
So, M, w Ik ¢ o). Therefore, I'; A = ¢ o1 is valid on §.

(\ =) : Suppose that I' = ¢ and =1, A = ¢ are valid on §. For an arbitrary
valuation V' and an arbitrary w € §, if M(=F, V), w Ik Z° oo (p\1p) 0 A°,
then there exist v,u,z,s € M such that Ro(w,z,s), Ro(x,v,u), M, v IF =°,
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M, ulkT°o (p\¢) and M, s IF A°. Moreover, from I, u |- T° o (¢\1)), there
exist y, z € M such that R,(u,y,z), M,y IF T° and M, z Ik ¢\¢. By the first
assumption, M, y IF ¢ holds. So, M, u IF 1 holds. By the second assumption,
M, w I ¢ holds. Therefore, =, T", p\1), A = ¢ is valid on §.

(=\) : Assume that I' = ¢\v is not valid on §. Then, there exist a valuation
V' and an element w’ € § such that M(= F, V'), w’ Ik T° but M, w’ I ¢\v.
So, there exist v,u € M such that Ro(u,v,w’), M, v I ¢ but M, u I 1.
On the other hand, since R,(u,v,w’), M, v IF ¢ and M, w’ |+ T'° hold, then
M, ulkpol™. So, M w' | ¢,I" = 1. Therefore, ¢, ' = 1 is not valid on §.

(/ =) : Suppose that I' = ¢ and =,¢, A = ¢ are valid on §. For an arbitrary
valuation V' and an arbitrary w € §, if M(=F, V), w IF Z°0 (/) o I'° 0 A°,
then there exist v,u,z,s € M such that R.(w,x,s), Ro(x,v,u), M v IF =°,
M, ulk (/@) o' and M, s IF A°. Moreover, from M, u I+ (¢/¢) o I'°, there
exist y, z € M such that R,(u,y, z), M,y -1 /¢ and M, z IF T'°. By the first
assumption, M, z I ¢ holds. So, M, u |- 1 holds. By the second assumption,
M, w I- ¢ holds. Therefore, =1 /¢, ', A = ¢ is valid on F.

(= /) : Assume that I' = ¢/¢ is not valid on §. Then, there exist a valuation
V' and an element w’ € § such that M(= §, V'), w' IF T but M, w' I /.
So, there exist v,u € M such that R.(u,w’,v), M v |- ¢ but M, u I 1.
On the other hand, since R,(u,w’,v), M, v IF ¢ and M, w’ |+ T'° hold, then
M, ulk-T°0¢. So, M w' | ', ¢ = 1. Therefore, I', p = 1 is not valid on §.

Thus, €ppy, IF; DFL. We only check the inference rule (O) on €5 here. Let § be
an arbitrary Kripke frame.

(d) : Suppose that I' = ¢ is valid. For an arbitrary valuation V' and an arbitrary
we g, if M=F,V),wlk (O)", by the Meet preservation, I, w I+ O(T").
So, for any v € §, if Ro(w,v), then M, v I T". By the assumption, 9, v IF ¢.
Then, M, w I O¢. Therefore, OI' = O¢ is valid on §. (Q.E.D)

Given a logic L, a frame § is a L-frame, if § I, L. The set of all L-frames is
denoted by €. By Theorem 4.5, the name (DFL-frame) makes sense.
As a corollary, we can show the following.

Theorem 4.6
Any DFL (normal modal) logic L is sound for the class €, of L-frames.

4.3 Kripke completeness via canonicity

Now, we will show Kripke completeness of some DFL (normal modal) logics. As
we saw before, thanks to the Lindenbaum-Tarski algebra, any extension L of DFL
and K is algebraic complete with respect to the class €. However, on a relational
semantics, we do not know the way we can detect every Kripke complete logic, yet.
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It is also known that there exist some non-Kripke complete logics in normal modal
logics (see e.g. chap 4.4 in [2], [4] or [9]). But, in normal modal logics, there exists
a way to check some Kripke complete logics automatically. So, we take the same
strategy for DFL logics.

Definition 4.7 (Kripke complete)
A logic L is Kripke complete with respect to the class &, of L-frames, if €, I L.
Sometimes, we say just Kripke complete.

To define canonical models, we introduce some terminology.

Definition 4.8 (L-set)
Given a logic L, a set X of formulas is a L-set, if X satisfying the following.

1. If p € ¥ and ¥ € 3, then p A € X.
2. If p € ¥ and ¢\ € L, then ¢ € ¥.
Y is consistent, if ¥ also satisfies the following.
3. 1¢y.
Y is prime, if 3 also satisfies the following.
4. If pVp € X, then ¢ € X or ¢ € 3.

We know that, given a logic L, the set Con(Frm(®)) of all L-consistent sets
is a partially ordered set under the set inclusion. Therefore, we can define the
following.

Definition 4.9 (Maximal consistent set)
Given a logic L, a set ¥ of formulas is mazimal, if ¥ is a maximal element in the
set Con(Frm(®)) of all L-consistent sets.

It is known that, for any normal modal logic L, every L-prime consistent set is
maximal.
We define the canonical model here.

Definition 4.10 (Canonical model)
Given a DFL logic L, the tuple MY = (WX OY NY RL VL) is the canonical model
of L, where

1. WU is the set of all L-prime consistent sets,
2. OY is the set of all L-prime consistent sets containing 1,

3. N is the set of all L-prime consistent sets containing 0,

4. RE(31,%,,3%3) —
for any formulas ¢, v, x, if ¥ € Xa, x € X3 and (¢ o x)\¢ € L, then ¢ € ¥,
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5. VE(p) .= { | p € B}, for any propositional variable p € ®.

The condition 4 can be considered as RY (X, ¥y, ¥3) <= 35 0X3 C Xy, where

Y9 0 X3 :={¢ | there exist ¢ € 3o,y € 33 and (¢ o x)\¢ € L}.

Given a normal modal logic L, the tuple MY = (W RE VL) is the canonical
model of L, where

1. WY is the set of all L-maximal consistent sets,
2. RE(El,Eg) < {¢ | ng S 21} C 22,
3. VE(p) := {2 | p € X}, for any propositional variable p € ®.

The tuple F deleting V¥ from the canonical model 9 of L is called the canonical
frame of L.

A logic L is canonical, if F¥ € €;,. We claim that every canonical logic is Kripke
complete. To show this, we prove the following lemmas.

Lemma 4.11

Given a logic L, for any ¥; € W&, there exist ¥y, %3 € WL (3,) such that
RY(S1,%0, %), ¢ € S and ¢ € 53 (RY(S1,%5) and ¢ € %), if ot € %,
(Cp € Xy).

Proof
We prove RY here, since RE can be analogously proved. If ¢; o ¢ € ¥;, we can
define two sets of formulas as follows.

Iy i={o [ ¢\¢ € L}

Py :={o ] ¢2\¢ € L}

Then, I'y and I'y are L-consistent sets satisfying 'y oI’y C 34, ¢1 € 'y and ¢9 € T'y,
because, if L € I'|(I'y), L € ¥;, a contradiction. We want to show that there
exists a L-prime consistent set Y5 such that ¥y oI’y C ¥, I'y C 5. From now on,
we construct .

We define F := {T" € Con(Frm(®)) | Iy CTandT'oTy C ¥;}. F is non-
empty and inductive. Therefore, by Lemma 3.6, there exists a maximal element
Yo of F. We claim ¥, is prime. Assume ¢; & Yo, 19 & Yo but ¢y V by € 3.
Since Y, is a maximal element of F, the smallest L-set containing v; and ¥, is
not in F. Therefore, there exist ¥}, 15 € 39, x1,x2 € ['3,01,02 ¢ 31 such that
(1 A 9}) 0 x1)\B1 € Loand (s Ath) 0 x2)\6 € L. Then (v V ths) A g4 At o
(x1 A x2))\(01 V 6y) € L, a contradiction. The same strategy can be useful for the
other side. (Q.E.D)

Lemma 4.12
Given a logic L, for any formula ¢, M, X IF ¢ <= ¢ € 3.
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Proof
Thanks to Lemma 4.11, this is immediate by induction on ¢. (Q.E.D)

Lemma 4.13
Given a logic L, if ¢ ¢ L, then there exists a L-prime consistent set ¥ such that
LCY and ¢ €3

Proof

We define the class F := {I" € Con(Frm(®)) | L C T" and ¢ ¢ I'}. Since L € F,
F is non-empty. Then, since F is an inductive set, by Lemma 3.6, there exists a
maximal element ¥ in F.

We want to show that ¥ is prime. Assume that ¢, € ¥ and ¢, ¢ X but
GV € X. Since ¥ is maximal, for the smallest L-consistent set ¥, (X;) containing
YUY} (BU{p}), Ba (3) is not in F. So, there exists x, € ¥ (x5) such that
(o Axa)\@ (6 A xp)\@) is in L. Then, we can prove (¢, V 1)\ @, a contradiction.
(Q.E.D)

Then, we can prove the following theorem.

Theorem 4.14 (Kripke completeness via canonicity)
FEvery canonical logic L is Kripke complete.

Proof

Assume that ¢ ¢ L. By Lemma 4.13, there exists a L-prime consistent set 3 such
that L C ¥ and ¢ ¢ X. Then, by Lemma 4.12, MY ¥ If ¢. Now, since L is
canonical, - € €y,. Therefore, €, If; ¢. (Q.E.D)

Next, we show Kripke completeness of K and DFL. To prove Proposition 4.17,
we prove the following lemmas.

Lemma 4.15
Given two L-sets 31 and Yo, 3 o X5 is again a L-set.

Proof
We show that >; o 2y satisfies the conditions of L-sets.

If g1 € 3103y and ¢9 € ¥y 0 Yo, then there exist 1,99 € X9, x1, X2 € 2o
such that (¢1 0 x1)\¢1, (Y2 0 x2)\¢2 € L. Then, ((¢1 Atha) o (X1 A Xx2))\(¢1 A ¢2).
Therefore, ¢ A ¢ € X1 0 2.

If ¢ € 31 0% and ¢ = ¥ € L, then obviously ¢ € ¥; 0 3,. (Q.E.D)

Lemma 4.16

For any L-consistent sets Yo, >3 and a L-prime consistent set Yq, if 35 0 33 C ¥y,
there exist L-prime consistent sets ¥ and ¥4 such that R(X;, X5, %), ¥ C 3
and 4.
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Proof

Assume 35 0 33 C 3. We find X firstly. Let F be the class of all L-consisntent
sets A satisfies X9 C A and A o X3 C ¥;. Since F is an inductive set, by Lemma
3.6, there exists a maximal element ¥}, € F.

We want to show that XY is prime. Assume ¢y & X, ¢ & X5 but ¢ V ¢ €
Y’. Then, in the smallest L-consistent set X, (X5,) satisfying X5 U {¢1} C 3,
(35 U {p2} C X)), there exist x1,x2 € X1, 1,12 € X5, 01,02 € ¥3 such that
((p1 Ah1) 0 01)\x1 and ((¢2 A 1hg) 0 05)\ x2, because ¥, is maximal of F. Then, by
the distributivity, (((¢1 V ¢2) Ahy Athg) o (01 Aby))\(x1V x2), a contradiction. For
Y3, we can take the same strategy. (Q.E.D)

Then, we show the following.

Proposition 4.17
DFL and K are canonical.

Proof

We need to show that FPFE (FX) is a DFL- (Kripke) frame. But, it is obvious that
§¥ is Kripke frame. So, we here show that FPFL is a DFL-frame. In other words,
FPFL gatisfies the conditions for DFL-frames.

RPFL_reflexivity : For any L-prime consistent set ¥, ¥ o L C ¥. By Lemma

4.16, there exists a L-prime consistent set I" such that 1 € L C I' and
RPFL(Y. T, %). The converse is analogous.

RPFL_transitivity : Assume that RPFL(3,,3,,33), ¥, C 'y, 'y € 3y and I's C
Y3. For any formula ¢, ¢ € I'y0oI's C Y5033 C ¥ C I'y. Therefore,
R]ODFL(FD F27 FS)

RPFL_associativity : Assume RPFL(3, 35, 33) and RPFL(%,, ¥4, ¥5). Then, by
the associativity of o, ¥4 o X5 0 33 C ¥;. By Lemma 4.16, there exists
a DFL-prime consistent set I' such that RPFY(3, %, T), RPFY(T, %5, 33).
The converse is analogous.

OPFL is closed under C : If ¥; C ¥y and £; € OPFL 1 € ¥, C %,. Therefore,
¥, € OPFL,

NPFL g closed under C : If &; C 3, and ¥, € NPFL 0 € ¥, C ¥5. Therefore,
¥, € NPFL (Q.E.D)

Then, we can prove the following, as a corollary of Theorem 4.14.

Theorem 4.18 (Kripke completeness of DFL and K)
DFL and K are Kripke complete.

Proof
This is immediate from Proposition 4.17 and Theorem 4.14. (Q.E.D)
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Next, we prove Kripke completeness of all basic DFL logics.

Theorem 4.19 (Kripke completeness of all basic DFL logics)
Any basic DFL logic is Kripke complete.

Proof

We need to check every canonical model satisfying each rule satisfies the corre-
spondence DFL-frame condition.

(c =) : If L satisfies (¢ =), then ¢\(¢ o ¢) € L for any formula ¢. Therefore, if
¢ €3, then po¢p e 3.

(e =) : If L satisfies (e =), then (¢ o )\(¢) 0 ¢) € L for any formula ¢ and 1.
Therefore, if pop € 3, then o p € X.

(w =) : If L satisfies (w =), then ¢\1 € L for any formula ¢. Therefore, 1 € ¥
for any .

(= w) : If L satisfies ( = w), then 0\¢ € L for any formula ¢. Therefore, there
is no X such that 0 € X.

Therefore, every canonical model of L satisfying each rule is in €. That is, L is
canonical. (Q.E.D)
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5 Algebraic semantics and Relational semantics
via Stone’s duality

In the previous chapter, we defined a relational semantics for DFL logics and proved
Kripke completeness of basic DFL logics and K. Here, we introduce Stone’s duality
on which our relational semantics for DFL logics are based.(see [8], [10], [12], [14],
[18], [19] or [20]).

5.1 Stone’s duality

We introduce Stone’s duality here.

Definition 5.1 (Prime filter frame)

Given a bounded distributive lattice A = (A, V, A, T, L), atuple A_ = (Pf(A), C)
is the prime filter frame of A, where Pf(A) is the set of all prime filters over A
and C the set inclusion.

Definition 5.2 (Set algebra)
Given a poset § = (W, <), the tuple §~ = (Up(W),U,N, W, D) is the set algebra of
§, where

1. Up(W) is the set of all upward closed sets over W,
2. U (N) is the set union (intersection).

Then, we can introduce the following theorem.

Theorem 5.3 (Stone)
Every bounded distributive lattice A is embeddable into (A_)~, with the following
embedding h from A to (A_)~.

h(a) :=={F € Pf(A) |a € F}

We have separately considered algebraic semantics and relational semantics so
far. But, in modal logics, it is known that Theorem 5.3 represents a connection
between algebraic semantics and relational semantics. Since we define DFL-frames
based on this viewpoint, we will consider, in parallel with some results in modal
logics, the connection between DFL-algebras and DFL-frames.

5.2 Dual algebra

As in the case of set algebras, we introduce dual algebras.

Definition 5.4 (Dual DFL-algebra)
Given a DFL-frame § = (W, O, N, R.), §7 = (Up(W),U,N, *,\, /,O, N, W, ) is
the dual DFL-algebra of §, where

38



1. Up(W) is the set of all R,-upward closed subsets of W,
2. U (N) is the set theoretical union (intersection),

3. for any XY € Up(W),
X *Y :={we W |for some v,u € W, R,(w,v,u),v € X and u € Y},

4. for any X, Y € Up(W),
X\Y :={weW]forall v,u € W,if R,(u,v,w) and v € X, then u € Y},

5. for any X,Y € Up(W),
Y /X :={weW|forall v,u € W,if R,(u,w,v) and v € X, then u € Y'}.

Although Definition 5.4 gives us the definition of dual DFL-algebras, we need to
make sure that the definition is well defined. The following lemma shows this.

Lemma 5.5
Given a DFL-frame §, in the dual DFL-algebra §*, X UY, X NY, X *xY X\ YV
and Y / X are R,-upward closed, for any X,Y € Up(W).

Therefore, the above definition is well defined.

Proof
For any X,Y € Up(W),

XUY :
Assume w < w’ and w € X UY. Then, w € X or w € Y. Here, both X and
Y are R.-upward closed. Therefore, w' € X or w’ € Y. So, w' € X UY.

XNY :
Assume w < w’ and w € XNY. Then, w € X and w € Y. Here, both X and
Y are R.,-upward closed. Therefore, w’ € X and w' € Y. So, w' € X NY.

Xx*xY :
Assume w < w’ and w € X *x Y. Then, by the definition of *, there exist
v,u € W such that R,(w,v,u), v € X and u € Y. Here, by R.-transitivity
and R,-reflexivity, R.(w’, v, u) holds. Therefore, w’ € X Y.

X\Y :
Assume w < w' and w’ € X \ Y. Then, by the definition of \,, there exist
v,u € W such that R.(u,v,w’), v € X but u ¢ Y. Here, by R.-transitivity
and R.-reflexivity, R,(u,v,w) holds. Therefore, w & X \ Y.

Y /X :
Assume w < w' and w’ € Y / X. Then, by the definition of /, there exist
v,u € W such that R.(u,w’,v), v € X but u ¢ Y. Here, by R.-transitivity
and R.-reflexivity, R,(u,w,v) holds. Therefore, w ¢ Y / X. (Q.E.D)

Then, we prove the following.
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Theorem 5.6
Given any DFL-frame §, the dual DFL-algebra § is a DFL-algebra.

Proof

It suffices to show the following conditions. First, we show that(Up(W), U, N, W, 0)
is a bounded distributive lattice, and (Up(W), *, O) is a monoid. Then, §* satisfies
the residuation law.

(Up(W),uU,n, W, 0) is a bounded distributive lattice :
By Lemma 5.5, Up(W) is closed under U and N. Beside, by the definition
of W (0), W (@) is the maximum (minimum) element of Up(W). Then,
(Up(W),U,Nn, W, () is a bounded lattice.
It is suffices to prove X N (YU Z) C (X NY)U(X NZ), for the distributivity.
For any w e X N (YU Z), w € X and, either w € Y or w € Z, hold.

fwgY, thenw e XNZ. It derives w € (X NY)U (X NZ). Otherwise
w & Z, then w € X NY. It also derives w € (X NY)U (X NZ). So,
we(XNY)U(XnZ).

Therefore, (Up(W),U,N, W, () is a bounded distributive lattice.
(Up(W),*,0) is a monoid :

Associativity : Assume w € X * (Y % Z). Then, there exist v,u,s,t €
W such that Ro(w,v,u), Ro(u,s,t), v € X, s € Y andt € Z. By
means of R.-associativity, there exists w' € W such that R,(w,w’,t)
and R,(w',v,s). So, w € (X*Y)*Z. Therefore, X*(Y*Z) C (XY )*xZ
holds. The converse is analogous.

(Up(W), *, O) satisfies the associativity.

Identity : Assume w € X % O. Then, there exist v,0 € W such that
R.(w,v,0), v € X and o € O. This leads v < w. Now, X is R.-upward
closed. So, w € X. Therefore, X + O C X.

Assume w € X. By R.-reflexivity, there exists o € W such that
R,(w,w,0) and o € O. So, w € X * O. Therefore, X C X x O.

O * X = X can be analogously proved.

§T satisfies the residuation law :
For any XY, Z € Up(W), the residuation law is proved along the following
way.

X+Y<Z=Y<X\Y=X<Z7/)Y=XxY <7

First implication. Assume X xY < Z, w € Y, v € X and R.(u,v,w).
From the latter three assumptions, u € X %Y holds. Besides, by the first
assumption, u € Z holds. Therefore, X xY < 7 —=Y < X \ Z.
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Second implication. AssumeY < X \ Z,w € X, v € Y and R,(u,w,v). The
latter three assumptions mean v € Y, w € X and R.(u,w,v). Besides, by
the first assumption, u € Z holds. Therefore, Y < X\ Z —= X <7 /Y.

The last implication. Assume X < 7 /Y and w € X *xY. w € X *xY means
there exist v,u € W such that R.(w,v,u), v € X and u € Y. From the first
assumption, w € Z holds. Therefore, X <7 /Y —= X xY < Z. (Q.E.D)

Based on this duality, we prove the following proposition for validity.

Proposition 5.7
For any formula ¢, ¢ is valid on a DFL-frame §, if and only if ¢ is valid on the
dual DFL-algebra §.

Proof
Given a DFL-model 9t = (§F, V), the valuation V' can be inductively extended as
follows.

e V(1)=0.
e V(0)=N.

w € V(g V) if and only if w € V(¢) or w € V(1).

w € V(o Av) if and only if w € V(¢) and w € V().

w € V(¢ o) if and only if
there exist v,u € W such that R,(w,v,u), v € V(¢) and u € V().

w € V(p\v) if and only if
for any v,u € W, if R,(u,v,w) and v € V(¢), then u € V().

w e V(y/¢) if and only if
for any v,u € W, if Ro(u,w,v) and v € V(¢), then u € V().

From this point of view, any valuation on a DFL-frame itself is an assignment on
the dual DFL-algebra. (Q.E.D)

Definition 5.8 (Dual modal algebra)
Given a Kripke frame § = (W, Rg), the tuple §* = (p(W),U,N, —, 0, W, () is the
dual modal algebra of §, where

1. (W) is the power set of W,
2. U is the set union,
3. N is the set intersection,

4. — is the complement operation,
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5. for any X € p(W),
0X :={we W |forall w e W, if Ro(w,w’), then v’ € X} .

Then, we prove the following.

Theorem 5.9
Given any Kripke frame §, the dual modal algebra F+ is a modal algebra.

Proof
We check the following.

(p(W),U,Nn, —, W, D) is a Boolean algebra : Thanks to Theorem 5.6, we need
to check (Complementation) and (Boundedness). But, both are obvious.

(Meet preservation) : Let X, Y be arbitrary elements of p(WW). If w € OX N
aY, then w € 0OX and w € OY. For an arbitrary element v € W, if
Ro(w,v), thenv € X andv € Y. So, w € O(X NY).

Assume w ¢ OX N OY. Then, there exists an element v € W such that
Ro(w,v) and either v € X or v € Y. Therefore, w ¢ O(X NY).

(Top preservation) : This is obvious. (Q.E.D)
Then, we can show the following propositions along with Proposition 5.7.

Proposition 5.10
For any formula ¢, ¢ is valid on a Kripke frame §, if and only if ¢ is valid on the
dual modal algebra F.

5.3 Dual frame

Next, we define the duality like prime filter frames.

Definition 5.11 (Dual DFL-frame)
Given a DFL-algebra A = (A,V,A,0,\,/,1,0, T, L), the tuple A, = (Pf(A),
Pfi(A), Pfo(A), R.) is the dual DFL-frame of 2, where

1. Pf(A) is the set of all prime filters over 2,
2. Pfi(A) is the set of all prime filters containing 1,

3. Pfo(A) is the set of all prime filters containing 0,

4. for any Fy, Fy, F3 € Pf(A),
R, (Fy, Fy, F3) iff boc < a, b € F, and ¢ € F3 imply a € Fy, for all a,b,c € A.
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The last condition can be also written by R.(F1, Fy, F3) <= Fyo F3 C F, if we
define a binary operation o on the set of filters of A, as follows.

FyoF3:={a€ A|for some b ce Aboc<a,bec F, and c € Fy}

Given an assignment f on a DFL-algebra 2, the dual valuation V; on the dual
DFL-frame 2, is defined below.

Vi(p) :={F e Pf(A)| f(p) € F}

To prove Theorem 5.15, we need to show several lemmas.

Lemma 5.12

Given arbitrary filters F' and F’, F o I’ is again a filter.

Proof

Since F and F’ are filters, each filter has at least one element. So, F' o F' is
non-empty.

Assume f1, fo € F o F’. Then, there exist a,b € F' and o',0' € F’ such that
aoa < fiand bobd < fy. By means of the monotonicity of o,

(anb)o(a ANV) < fiAfo

fi N fo € F o F'" holds, because a Ab € F and o/ AV € F.
The other direction is rather trivial. If fi A fo € F o F’, then there exist a € F
and a’ € F’ such that aod’ < fiAfs. So,a0d’ < f1 € FoF" and acd’ < fy € FoF".
Therefore, F'o F” is a filter. (Q.E.D)

The following lemma, which is called Squeeze lemma in [7], is often used in
relevant logics (see also [18] or [20]).

Lemma 5.13 (Squeeze lemma)
Let Fy, F3 be arbitrary filters and P; a prime filter. If 5 o F5 C P; holds, there
exist two prime filters P, and P3 such that F, C P, F5 C Py and P,o P3 C P;.

Proof
Let F be the class of filters F' satisfying Fy C F and F o F3 C P;. Then, F is
non-empty, since Fy € F. Besides, F is a poset with respect to the set inclusion
C. Then, F is inductive, because the infinite union of it is an element of F, for
every chain in F. By Lemma 3.6, F has a maximal element F,,,,.

We claim that F},,,, is prime. Assume that a &€ Fj,4z, b € Fyua: but aVb € Fpup.
Then, let F* _ be the smallest filter containing F,,... and a. Since F),.. is a

max

maximal element of F, F* o F3 € P; holds. It means that there exist f; € F4z,

g1 € F3 and hy ¢ P; such that (f; Aa)o g < hy.
Similarly, let F% . be the smallest filter containing F,,, and b. Then, there exist

fo € Fraz, 92 € F3 and hy & P; such that (fy A b) o go < hy. By the monotonicity
of o, (fiNfaNa)V (fiNfaAD))o(giAge) < hyV hy holds. From the distributivity,
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(fiNfaA(aVDb))o(gi Aga) <hyV hy. Therefore, hy V hy € P;. This contradicts
that P is prime.
Therefore, there exists a prime filter P, such that P, o F3 C P, and Iy, C Ps.

Along with the same argument, we can prove the existence of a prime filter P3 such
that PQOP3§P1 and Fggpg. (QED)

Lemma 5.14 (Prime filter theorem)

Given a filter F, if a € F for an element a, then there exists a prime filter P such
that F C P and a € P.

Proof
Let | a be the principal ideal generated by a. Then, F' and | a are disjoint, because
if there exists f € FFN | a then a € F.

Here, let F be the class of filters F” satisfying ' C F" and a ¢ F’. Then, F is
non-empty, because F' € F. Besides, F is a poset with respect to the set inclusion
C. Then, F is inductive, because the infinite union of it is an element of F, for
every chain in . By Lemma 3.6, F has a maximal element F}, ...

Then, all we have to show is that F},,, is prime. Assume that b &€ Fj4., ¢ € Fraz
but bV ¢ € F,up. Then, let F® __ be the smallest filter containing F},., and b, and

max

FE¢ .. the smallest filter containing Fj,,, and c. Since F},,, is a maximal element
of F, there exist f1, fo € Fyq4e such that fi A fo Ab<aand fi A fo Ac < a. Then,
(fiNfaoAND)V (fi NfaAc) < aVa=aholds. By means of the distributivity,

fiNfan(bV ) <a. Therefore, a € Fy,q,. It contradicts a & Fe.. (Q.E.D)
The above lemmas are very helpful in the following proof.

Theorem 5.15
Given any DFL-algebra A, the dual DFL-frame A, is a DFL-frame.

Proof
We show that 2, = (Pf(A), Pfi(A), Pfo(A), R,) satisfies all conditions for DFL-

frames.

(Ro-reflexivity) :
For any prime filter F', both Fo 11 C F and T 10 F C F hold, where T 1
is the principal filter generated by 1. By the prime filter theorem (Theorem
5.14), there exist prime filters P, and P, such that Fo P, C F, 1 € Py,
PooF CFandlepb.

Therefore, for all prime filter F', there exist prime filters P; and P, containing
1 such that R.(F, F, P)) and R,(F, P, F).

(Ro-transitivity) :
Suppose Ro(Fi, Fo, F3), Fi < F|, F}y < Fy and Fj < Fj. Generally, in the
dual DFL-frame, F' < F’ means that every element of F' is included in F’.

So,ifbe Fi, ce Fyand boc < a, then b € Fy, c € F5 and boc < a. By the
first assumption, a € Fy. So, a € F|. Therefore, R,(F}, Fy, F}) holds.
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(R.-associativity) :
Assume R,(Fy, X, Fy) and R.(X, Fy, F3). Then, (F, 0 F3) o Fy C F}. By the
associativity of o, (Fy o F3) o Fy = Fy o (F3 0 Fy). Here, from Lemma 5.12,
Fy 0 Fy is also a filter satisfying I o (F3 0 Fy) C F.

So, by the Squeeze lemma (Lemma 5.13), there exists a prime filter Y such
that R, (F, F3,Y) and R, (Y, F3, Fy). The converse is analogous.

(R.-upward closed property of Pf;(A)) :
Assume F} € Pfi(A) and F; < F5. From the definition of Pfi(A), 1 € F}
holds. Then, for each element of F} is included in Fy, by F} < F5. So, 1 € Fs.
Therefore, Fy € Pfi(A).

(R.-upward closed property of Pfy(A)) :
Assume F} € Pfy(A) and F; < F5. From the definition of Pfy(A), 0 € F}
holds. Then, for each element of F} is included in F3, by F; < F5. So, 0 € Fs.
Therefore, Fy € Pfy(A). (Q.E.D)

Based on this duality, we prove the following proposition for validity.

Proposition 5.16
For any formula ¢, ¢ is valid on a DFL-algebra £, if it is valid on the dual DFL-
frame 2.

Proof
Assume a formula ¢ is not valid on a DFL-algebra 2. Then, there exists a assign-
ment f satisfying A, f = ¢, which means 1 € f(¢). Now, let T 1 be the principal
filter generated by 1. From 1 £ f(¢), f(¢) €7 1 holds.

By the prime filter theorem (Lemma 5.14), there exists a prime filter P such
that T 1 C P and f(¢) ¢ P. So, on the dual DFL-frame, A, V}, P I ¢ holds.
Besides, P € Pfi(A). Therefore, 2, ¢ ¢. (Q.E.D)

However, it is known that the converse does not generally hold.

Definition 5.17 (Dual Kripke frame)
Given a modal algebra 2 = (A, V,A,—, 0, T, L), the tuple A, = (Pf(A), Rn) is
the dual Kripke frame of 2, where

1. Pf(A) is the set of all prime filters over 2,
2. for any Fy, Fy € Pf(A), Ra(Fy, Fy) if and only if {a | Oa € F1} C Fs.

Given an assignment f on a modal algebra 2, the dual valuation Vy on the dual
Kripke frame 2(, is defined below.

Vi(p) ={F € Pf(A)| f(p) € F}

Then, we can show the following propositions along with Proposition 5.16.

Proposition 5.18
For any formula ¢, ¢ is valid on a modal algebra 2, if ¢ is valid on the dual Kripke
frame 2.
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5.4 Canonicity via canonical extension

Through Stone’s duality, we introduce the following.

Definition 5.19 (Canonical extension)
Given an algebra 2, a bidual algebra (2, )" is the canonical extension of 2.

To state something about the connection between models (frames), we define a
morphism.

Definition 5.20 (Bounded morphism)
Given two models M = (W, O, N, R,, V), M = (W', O', N', R, V'), a function h
from W to W' is a bounded morphism, if it satisfies the following.

1. For any w € W and p € &, w € V(p) if and only if h(w) € V'(p).
2. For any wy, ..., w, € W, if Ro(wy,...,w,), then R.(h(wp),...,h(w,)).

3. If R, (h(w),v,...,v)), there exists vy,...,v, € W such that, for all i (1 <
i <n), h(v;) = v, and Ro(w,vq,...,0,).

In addition, A is called isomorphism, if h is bijecive. If there exists a isomorphism
from 9t to M, then M is isomorphic to M’ (denoted by M = M),

We introduce a relation between canonicity and canonical extension here.

Theorem 5.21
Given a logic L, the dual frame £(®) of the Lindenbaum-Tarski algebra £(P) of
L is isomorphic to the canonical frame X of L.

Proof
Let h be a homomorphism from - = (Wt O N¥ RL) to £(®), = (Wy, O, Ni, Ry,
defined by the following.

W) = {16] ] 6 € 2)

Then, we need to check h is a well defined isomorphism.

Well defined : Given a L-prime consistent set X, h(X) = {[¢] | ¢ € £} is a prime
filter over £(®). It is obvious, because every point in £(®) is closed under

=1,.

Homomorphism : h(WY) C Wy, h(OY¥) C Oy, and h(NY¥) C Ny, are rather
obvious. Assume RY(X;, 9, 3). If [1h] € h(Xs), [x] € h(Z3 ) and (o x)\¢ €
L, then, by the assumption, ¢ € ¥;. That is, [¢] € h(X2;). Therefore,
Rr(h(%1),h(X22),h(X3)). The converse is analogous.

Injective : Assume X; # X,. There exists a formula ¢ such that ¢ € ¥; but
¢ & Lo, If h(X;) = h(Xs), there exists 1 € 3y such that [¢] = [¢b]. Then,
Y\¢ € L and 9 € ¥, a contradiction.
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Surjective : Let F' be an arbitrary prime filter over £(®). We want to show that
¥ :={¢|[¢] € F} is a L-prime consistent set. L ¢ ¥/ is obvious. If ¢ € ¥’
and ¢ € X', then [¢], [¢)] € F <= [¢| A [¢] € F. Therefore, p ANp € ¥'. If
¢ € ¥ and ¢\ € L, then [¢] € F and [¢p] < [¢]. So, [¢] € F. Therefore,
pe¥. IfopVvy e then [p V] =[o] V[Y] € F. So, [¢] € F or [¢p] € F.
Therefore, ¢ € ¥ or ¢ € ¥'. (Q.E.D)

Then, we can prove the following.

Theorem 5.22
For any logic L, L is canonical, if €L is closed under canonical extension.

Proof

If € is closed under canonical extension, the bidual algebra (£(®),)" of the
Lindenbaum-Tarski algebra £(®) of L is also in €¥. By Propositions 5.7 or 5.10,
£(®)+ € €. Here, by Theorem 5.21, L is canonical. (Q.E.D)

We mention here that the converse direction of Theorem 5.22 for countably many
propositional variables is still an open problem.
We can prove a main theorem.

Theorem 5.23
Fvery canonical logic is Kripke complete.

Proof

We will show two things. First, we show that, if the class €% is closed under
canonical extension, the dual DFL-frames validates every formula in L. Then, we
prove that L is Kripke complete.

If the class €Y is closed under canonical extension, then, for any L-algebra A,
the bidual algebra (2, )% is again a L-algebra. So, by the definition of L-algebras,
()T E ¢, for any formula ¢ € L. From Proposition 5.7, we conclude 2, = ¢.

Next, if ¢ is not in L, then, by Theorem 3.19, £(®) £ ¢. By Proposition 3.18,
£(®) € €. Besides, by Proposition 5.16, £(®), s ¢. Since £(®) € €L, £(d), is
an element of the class €. Therefore, €y, Iff; ¢. (Q.E.D)

We can also prove Kripke completeness of basic DFL logics via canonical exten-
sion.

Theorem 5.24 (Kripke completeness theorem for basic DFL logics)
FEach basic DFL logics (DFL, DFL., DFL., DFL,, DFL,., DFL., and DFL,.,)
1s Kripke complete.

Proof

Thanks to Proposition 5.7 and Theorem 5.23, we only check that, if any DFL-
algebra 2 satisfies the condition which validates each structural rule, then the dual
DFL-frame A, is satisfying the correspondence condition.
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(c =) : Assume that a < aoa for any a € A and F} C Fy. If b,c € Fy, then
bAc € Fi. Here, by the first assumption, bAc < (bAc¢)o (bAc). Then,
by the monotonicity of o, bAec < (bAc¢)o(bAc) <boc. So, by the second
assumption, b o ¢ € F,. Therefore, I} o F} C F5.

(e =) : Assume that aob =boa for any a,b € A and Fro F3 C F|. If a € Fy
and b € F3, then, by the second assumption, a o b € F}. Therefore, by the
first assumption, boa € F}.

(w =) : Assume that a <1 for any a € A. If FF € Pf(A), then F' is non-empty.
So, there exists a € F. By the assumption, 1 € F. Therefore, F' € Pf(A).

(= w) : Assume that 0 < a for any a € A. If F € Pf(A), then 0 ¢ F, because,
if 0 € F, then F = A. Tt contradicts F € Pf(A). Therefore, Pfy(A) = (.

(Q.E.D)

5.5 Canonicity via general frame

To research canonicity via canonical extension, as in the case of modal logics, we
define general frames for DFL logics.

Definition 5.25 (General DFL-frame)
A tuple & = (§, P) is a general DFL-frame, if § is a DFL-frame and P is a subset
of Up(W) satisfying the following.

1. O,N,W,( € P.
2. P is closed under U, N, *, \, and / (these operations are in Definition 5.4).

We also define an admissible valuation V on a general DFL-frame & = (§, P), as
a function from ® to P.

Moreover, we can see DFL-frames as a special case of general DFL-frame which
P is the set of all R.-upward closed sets.

Then, we introduce the duality.

Definition 5.26 (Dual general DFL-frame) A
Given a DFL-algebra 2 = (A, V,A,0,\,/,1,0, T, L), a tuple >, = (A, , A) is the
dual general DFL-frame, if 2, is the dual DFL-frame and A is defined by the

following.
A:={aC Pf(A)|ac A}

a:={FePf(A)|acF}

Definition 5.27 (Dual DFL-algebra)
Given a DFL-frame & = (§, P), a tuple &* = (P,U,N, %, \, /,0, N,W,{)) is the
dual DFL-algebra.
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To consider canonicity, we here prove the following propositions.

Proposition 5.28
For any formula ¢, ¢ is valid on a DFL-algebra 2, if and only if ¢ is valid on the
dual general DFL-frame 2.

Proof
We need firstly to prove that every admissible valuation V' on the dual general
DFL-frame 2, is a dual valuation of an assignment on 2.

Let V' be an arbitrary admissible valuation on 2. If V(p) := a for any proposi-
tional variable p € ®, then a is an element of A. So, by the definition of A, there
exists an element a € A such that a = {F € Pf(A) | a € F'}. Therefore, we can
define an assignment fi, corresponding to V' as fy(p) = a. Then, V is also the
dual valuation of fy,, conversely.

Assume that ¢ is not valid on a DFL-algebra 2(. Then, there exists an assignment

f such that 1 £ f(¢). By the dual valuation V(1) Z Vi(¢), A, Vs Iy ¢. So,
A e .

Assume that ¢ is not valid on a dual general DFL-frame 2. Then, there exists
an admissible valuation V' such that 2.,V If, ¢. By the above assignment fy,

LZ fv(9). So, A~ ¢. (QE.D)

Proposition 5.29
For any formula ¢, ¢ is valid on a general DFL-frame &, if and only if ¢ is valid
on the dual DFL-algebra &*.

Proof
Since P is both the range of admissible valuations and the underlying set of the
dual algebra, we can take the same strategy with Proposition 5.7. (Q.E.D)

Although these propositions are like Proposition 5.7 and Proposition 5.16, there
are some difference. We, especially, note that ”only if” part of Proposition 5.16.

These propositions guarantee that any class of algebras is closed under this
restricted canonical extension. That is, for any algebra 2, the bidual algebra (2, )*
is also in the same class of algebras.

Again, this does not mean that any class of algebras is closed under canonical
extension. However, with the following definitions, we can discuss more concretely.

Definition 5.30 (Descriptive DFL-frame)
Given a general DFL-frame &, it is descriptive, if & = (8,)*.

Definition 5.31 (®-persistency)
For any formula ¢, the formula ¢ is ®-persistent, if ¢ satisfies the following.

For any descriptive DFL-frame & = (§, P), if & I- ¢, then § IF ¢.

Then, we can prove the following.
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Proposition 5.32
For any DFL logic L, the class €t of L-algebras is closed under canonical extension,
if L is axiomatized only by ®-persistent formulas.

Proof
We need to check that every ®-persistent formula ¢ in L is valid on the dual
DFL-frame.

Let 2 be a L-algebra. Then, for any formula ¢ in L, 2 = ¢. By Proposition
5.28, A, Ik, ¢. Here, since ¢ is D-persistent, A, Ik, ¢. (Q.E.D)

By Theorem 5.23 and Proposition 5.32, we can conclude that every DFL logic
L is Kripke complete with respect to the class €y, of L-frames if L is axiomatized
only by ®-persistent formulas. Moreover, we can show the following.

Theorem 5.33
Fvery logic L is complete with respect to the class of all descriptive L-frames.
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6 Conclusion

This paper has defined DFL-frames and general DFL-frames. The main results we
obtained can be summed up as follows:

e For all basic extensions of DFL, we identified corresponding frame conditions
and proved completeness results.

e We extended Stone duality to duality between DFL algebras and DFL frames.

e Finally, we have obtained general completeness result: every DFL logic is
complete with respect to a class of descriptive frames.

A natural question is how our semantics is related to existing semantics for
distributive substructural logics, in particular intuitionistic Kripke frames and
Routley-Meyer semantics. Kripke frames for LJ are partially ordered sets. It
is easy to see that in DFL.e,-frames, R,(w,v,u) <= v < w, where < is defined
as in Definition 4.2. Hence, Kripke frames for LJ and DFL,.,, frames in the sense
of present paper are in fact equivalent. As for Routley-Meyer semantics, a technical
problem is posed by the fact that the interpretation of negation in these semantics
is provided by unary function called the Routley star. However, it is possible to
relate our treatment of negation to that of relevant logicians. This subject is out-
side the scope of the present thesis, but we have already obtained results in this
direction which are currently prepared for publication.

In the course of our research, we identified the following open problems.

e Can we adapt the filtration technique for DFL logics? That would lead to
straightforward finite model property and decidability results.

e What types of FL formulas are ®-persistent? In particular, is there and
equivalent of Sahlqvist theorem for DFL logics?

e Which classes of DFL frames are definable? Is it possible to develop rich
correspondence theory for DFL logics? Our main goal here is a variant of
Goldblatt-Thomason theorem.

e Characterize along the lines of [17] and [22] those general frames which are
duals of subdirectly irreducible algebras.

e Finally, can we extend this semantics to modal logics based on DFL?
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