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ABSTRACT
We observe structures of social networks in the real world
which are not always simple such as the empty, the com-
plete, or the star network. In this paper, by introducing ef-
fect of individuals’ reputation in the society, we show that
a decentralized connected star network which consists of
multiple disjoint components connecting some star net-
works can be also stable.
Keywords: Social networks, reputation, stability, decen-
tralization.

1. INTRODUCTION

In this paper, we deal with forming a social network. A
network is defined as a set of the members (players) be-
longing to a society where the network is formed and
the links connecting players. In published papers on net-
works, using the framework of game theory, a number
of studies have been made on the payoff allocation rules
among players taking the network structure into account
and the stability and efficiency of the network [3, 4].

From the viewpoints of stability and efficiency of net-
works, Jackson and Wolinsky [3] give a network model
leading to some of the empty, the complete, or the star
network. However, structures of social networks in the
real world such as networks of groups with interest in en-
vironmental issues are not always one of them, and it is
observed that such a network consists of multiple compo-
nents in different regions and nations.

In most of models for analyzing the stability and effi-
ciency of networks, a utility of a player of the network
is composed of the benefit from the network and the cost
to form links. For analyzing communities with individu-
als interested in social issues, it is natural that a member
in the community ought to take into account the benefit
from the network which deals with the social issues as
well as the private gain or loss obtained by participating
the network, and he or she may care about the reputation
in the community. In this paper, by introducing effect
of individuals’ reputation in the community suggested by
Akerlof [1], we define a utility function including a term

of the reputation and show that a general network can

which consists of multiple disjoint components connect-
ing some star networks.

2. PRELIMINARIES

LetN ={1,...,n} be the set of all players or members in

a community. A network is characterized by nodes rep-
resenting players and arcs representing links connecting
any two players.

Definition 1 A subset containing two elemen{s, j} of

the seiN is called dink and it is denoted bij. A network

gis represented by a set of links. Especially, the set of all
the possible links is referred to as tbemplete network
and it is denoted bg", and the empty sef= 0 of links

is called theempty network.

The complete network and the empty network are shown
in Figure 1.

the complete network the empty network

Figure 1: The complete network and the empty network

For any networkg C gV, if ij € g, a link is formed be-
tween playersandj, and ifi j ¢ g, any link is not formed
between them.

Definition 2 A function v, called avalue function of a
network, is a real-valued function which associates any
networkg C gV with its real numbew(g) € R, and we
always letv(0) = 0.

A value v(g) of a networkg is interpreted as a benefit
obtained from the netword.

Definition 3 A networkg is said to beefficient if v(g) >

be stable such as a decentralized connected star networkv(g') for all g’ C gV.



Definition 4 For a given set of player§,...,ii} €N,

if a pair of the playersy andi, is connected through a
set of links{ikik+1,--- ,ii—1i1 }, then such a connection is
said to be gath connectingyk andi;, which is denoted

byik<g>i|.

From Definition 4, ifij € g, we havej<g>j, and the linki j
is a trivial path directly connecting playerandj.

Definition 5 For a given networkg, let N(g) = {i |
there existg such thaij € g} denote a set of players
possessing a link in the netwogk Then, a subnetwork
g C gis called acomponent, if the following two condi-
tions are satisfied:
1. Any pair of players, j € N(d'),i # j have a path.
2. If, for playersi e N(¢') andj € N(g), ij € g, then
ijed.
Especially, a component is said to immimal if the com-
ponent is divided into two components by deleting any
one of the links in the component.

An example of a minimal component is shown in Figure
2.

Figure 2: A minimal component

Definition 6 A function 15, called autility function of a
playeri, is a real-valued function which associates any
networkg C gN with its real numberg(g) € R.

For a given networlg, let A*éj denote an increment of
the utility of playeri by forming a new linkij ¢ g, and
let A, é‘ denote an increment of the utility of playeby
deletlng an existing linkj € g. These values are given as
follows:

Af”—Tﬁ(QHJ) (1)
Itis assumed that, for a given netwagka new linkij ¢ g
is formed |fAJrIJ >0 andA*” > 0, and an existing link
ijegis deleted i, é’ >0 orA ” > 0. Namely, we as-
sume mutual link formatlon Where a new link is formed if

each of the utilities of both players connected does not de-
crease by the link formation, and unilateral link deletion

T5(9), 1] ¢ 9,
T(Q), ij €0

where an existing link is deleted without consideration of
the utility status of the connected player if the utility of
one player increases by the link deletion.

Definition 7 Playeri is said to bestableif 4/} < 0 and
A 4 < 0for any playerj € N.

Definition 8 A network g is said to bestable if a new
link is not formed and an existing link is not deleted in
the networkg.

Although a network is stable if each of the players in the

network is stable, all the player in a network are not al-

ways stable even if the network is stable as shown in a
following section.

Jackson and Wolinsky [3] show that a stable network is
not always efficient under the condition of the mutual link
formation and the unilateral link deletion, and that a star
network shown in Figure 3 with links between a certain
central player and the other players can be stable as well
as the complete and the empty networks in their network
model. Assuming another conditions on the link forma-
tion, Hummon [2] shows that a ring network as shown in
Figure 3 can be also stable.

a star network a ring network

Figure 3: A star network and a ring network

As mentioned above, although each of the complete net-
work, the empty network, the star network, and the ring
network can be stable, in the real world we observe more
general shapes of networks such as a decentralized con-
nected star network which consists of multiple disjoint
components connecting some star networks shown in
Figure 4. In the following section we intend to consider
the possibility of formation of more general networks.

3. NETWORK STRUCTURE

Jackson and Wolinsky [3] define the utility of a player
as a function of the benefit from a network and the cost
of network formation, and in the model the benefit of a



a networkg. Then, we define a utilityt(g) of playeri
from the networlg as follows:

Ti(9) =Biv(g) - > cij 4)

jeP?

whereP? is a set of players who are directly connected
by a link with playeri in the networkg, i.e., F’ig =
{ilijeg}

We assume the symmetric cost of forming a link and fo-
cus on the simple and symmetric benefit networks, and
therefore leBj =1,&; =¢>0,4;=0>0,¢c;=c>0

for alli, j € N. Let the number of elements of the &

be denoted byP?| = €’, and then the utility function (4)

is simply rewritten as

Figure 4: A decentralized connected star network

network depends on distances between two players con-
nected through a path. In this paper, however, because we
focus on networks providing commons and in such a net-
work each of players equally benefits from the commons,
we newly define the utility function of a player to suit to

this situation. 1i(g) = v(g) — &%. )
We assume that the valmgg) of a networkg increases
by &ij if a new linkij ¢ g is formed, and it additionally
increases by if there does not exist a path between the

Theorem 1 For a given networlg with the utility func-
tion (5), the following three statements hold.

playersi and j before they are tied with the link. The in- (i) If c <¢, the complete network is uniquely stable.
crement;j means an increase of the value of the network (i) If £ < ¢ < &+¢, a network which is a single minimal
by simply adding one linkj, and the incremerd;; means component containing all the players is stable.

an increase of the value of the network by additionally

connecting two distinct components with the exception (i) If 3¢ < c, the empty network is uniquely stable.

of the effect of adding one link. Proof From (1) and (3) , we have
Let a modified networlg to which a new linkij ¢ g is g
added be denoted lg+-ij =gU{ij}, and let a modified At JO+e—c ififh] ©6)
networkg from which an existing linkj € gis deleted be h9 £—c if idj,
denoted byg—ij =g\ {ij}. After forming a new linkij,
the value of a modified netword+i j is represented as and similarly from (2) and (3) , we have
I V) R -TR Y A [—@Ere e if i&h .
v(g+ij) = 9 3) g = 9l Y
V(g)+€ij+5ij if i5]. —€+¢C if i J.

Moreover, we formulate the utility function of a player  If c<¢g, from (6), forallij Z g, we haveﬁﬁ;j >0,gcgY,

by taking into account_ not only t_he benefit from a nt_at— i € N. Similarly, from (7), for allij € g, we haveAi_g" <0,
work gnd the.cost of_ link format|on.bu_t glso the soc.|al gCgV,ieN. Namely, all possible links are formed, and
norm in a society, which means the individual reputation 5y existing link is not deleted. Therefore, the complete
in the network, and then we examine the effectof the indi- atwork is formed and then statement (i) holds.

vidual reputation with respect to stability of the network .
structure. If € < c< 3+¢, from (6), for allij ¢ g, we haver| >0

g .

for all i such thati¢;j, and we havey)! < 0 for all i
3.1. The Utility Function without the Social Norm such thai<g>j_ Similarly, from (7), for allij € g, we have
A4} < 0for alli such thai €74, and we havey, ! > 0

foralli such thatf‘ﬂj. Namely, when there does not ex-
ist any path between playdrandj, the linkij is formed,

and when there exists a nontrivial path between players
Let ¢ij denote the cost for forming the liril, where the i and j, the linkij is deleted. Thus, a single minimal
cost for maintaining it is also included. L@t € [0,1] component containing all the players is formed and then
denote the marginal benefit of playigirom the value of statement (ii) holds.

First we consider a model with a utility function of a
player depending only on the benefit from a network and
the cost of network formation.



If 3+¢ < C, from (6), for allij ¢ g, we haveA*” <0,

gC gV, ieN. Similarly, from (7), for allij e g, we
haveA,; ” >0,9C gV, i € N. Namely, no link is formed,
and each of the existing links are deleted. Therefore, the
empty network is formed and then statement (iii) holds.
|

Although Jackson and Wolinsky [3] show that the com-
plete, the empty, or the star network is stable, in our
model we have shown that the complete or the empty
network is also stable but a single minimal component
containing all the players can be stable instead of the star
network. The cost of link formation in our model is the
same as that of Jackson and Wolinsky, but the benefit
from a network is not the same. Because, in the Jack-
son and Wolinsky model, a player receives a more benefit
from neighboring players than players in the distance, we
can intuitively understand that the star network in which
a distance between any pair of players is one or two link
length is likely to be formed. In contrast, because we sup-
pose that each player equally receives a benefit from the
commons provided by the network in our model, a dis-

tance between players need not be smaller for the sake

of stability. Simply, the number of components and the
number of links become smaller and then it follows that
a single minimal component containing all the players is
formed.

3.2. The Utility Function with the Social Norm

In this subsection we consider a model with a utility func-
tion of a player depending not only on the benefit from a
network and the cost of network formation but also on the
individual reputation in the network.

LetR : {g]|gc gV} — R denote a real-valued function
of the reputation of playdrin the networkg, and leta; €

[0,1] denote the personal tastes representing a rate how

playeri cares about his or her reputation in the network.
Then, the utility function of player including the effect
of the reputatiora R (g) in the network is represented by

T (9) = aR(9) +Biv(g)— > ¢ ©)

jeP?

As we assumed in the previous subsection, we consider
a simple model with the symmetric cost and benefit net-
works, and therefore Iffj = 1,&j=¢> 0,8 =8> 0,

cij =c>0foralli, j € N. Then the utility function (8) is
simply rewritten as

T(g) = aR(g ) —e'c. )

Akerlof [1] assumes that the reputation of an individual
depends on his or her obedience of the code of behavior

and also on the portion of the population who believe in
that code. Nyborg and Rege [5] deal with the formation
of social norms for considerate smoking behavior, and ex-
press the reduced social approval of being inconsiderate
as the product of the public’s belief about adverse health
effects for passive smoking and the average consideration
level in society.

We try to formulate the reputation of an individual suit-
able for the context of network formation. In our so-
cial network model, the link formation corresponds to the
code of behavior, and the proportion of the population
who make links corresponds to the portion of the popu-
lation who believe in the code. Moreover, because it is
natural that the reputation of a player relates to the num-
ber of links between the player and the other players as
well as whether there is any link, we define the reputa-
tion as the ratio of the number of links of the player to
the average number of links in the network. Namely, the
average of links in the networis & = .y €/n, and
then the reputatioR; (g) of playeri is represented by

9 =€/

To consider stable networks, we give conditions for form-
ing and deleting a link in the following.

(10)

3.2.1 Link Formation

For a given networlg, from the value function (3), the
utility function (9), and the reputation (10), an increment
of the utility of playeri by forming a new linkij & g is
rewritten as

ned — 2¢? L9
T eg(ne9+2)a'+6+s c ifigsj, >0
9| nef—2e LE—C ifidj, ed>1
B+ 2)° L& =22
(11)

In (11), if there exists a path connectingnd j, we have

e’ > 1 because there exists at least one link. Then, a con-
dition A+” > 0 of playeri for forming a new linkij ¢ g

is given as the following two inequalities

S(N@+2)(c— (5+€)) 1 n®

R L
(12)
1<el< _ég(né9+22)(c—s)é+§ ifidj. (13)

Because the conditions (12) and (13) of playdepend
only on the personal tastesand the number of Iinkqg,
a set of pointga;,€Y) satisfying the conditions (12) and



(13) is given in thea-€? plain. Leta anded be generic
representations @ ande,g, and we define the right hand
sides of (12) and (13) as follows:

f9( )E_ég(nég+2);c—(6+s))§+§’ (14)
9(a) = 7é9(nég+22)(c—s) g+§. (15)

Using f§(a) and f}(a), we define the areas satisfying the
conditions (12) and (13) as

(16)

R ={(a&) f§(a)},
f (17)

Fl={(ae) (@)}

From & > 0, we have f§(a) — fJ(a) = d&9(n&¥ +
2)/(2a) > 0, and thereforef§(a) > f7(a) holds. From
this fact, we hav§1g C F(?. Then, from (12), (13) and the
fact thatFlg C Fog, for any playeii, the followings hold.

| e <
e <

g
@) er§ o 20 je {ienlii¢a ihi},
19)

(@, &) eFP«=n) >0, je{jeN]ij¢g}. (19)

The statement (18) means that a pdiate’) of player

i in a networkg is in the area:(? if and only if playeri

is ready to form a link with each of players who are not
connected through a nontrivial path, and the statement
(19) means that a poir(ey,€”) is in the areaF if and
only if playeri is ready to form a link with anyone of
players who are still not connected directly by a link.

The functionsfg and f{ are hyperbolic functions o,
and the second term is the common conste®t2. Signs

of the coefficients of the first terms depend on the relation
of €, 8, andc. Namely, ifc < g, the coefficients of the first
terms off§ and f{ are nonnegative. < ¢ < +¢, the
coefﬁuent offd is nonnegative, and that cbf is negative.

If d+¢e<c, both of them are negative. Moreover, from
fg(a) > f)(a), for a given networkg, the areas of link
formation can be expressed as in Figure 5.

In Figure 5, the values of}, and f¥, are given as
g (c—0—¢)(ne¥+2)
foo = n J
¥(c—¢)(ne¥+2)
nes —2 ’

(20)

fo _

1= (21)

From fJ(a) > f3(a), we havefy, < fJ,. Whend+¢ < c,
we havefg, > 0, and where < c, because, for the point
(f,1), n&® = 5 v € > 2, we havef?, > 0.

3.2.2 Link Deletion

For a given networlg, from the value function (3), the
utility function (9), and the reputation (10), an increment
of the utility of playeri by deleting an existing linkj € g

is rewritten as

ned — 2¢?
Afij_ Wﬁ) (6+£ +cC |f IMJ qg>l
g T ) ne¥-2 g

In (22), we haves? > 1 because there exists at least one
link to delete, and if there exists a path connectiagd],

we haveg! > 2. Then, a condition\, ;' > 0 of playeri for
deleting an existing linkj € g is g|ven as the following
two inequalities

pc o B8 22)( )% @i o)
zsé’s—ég(nég_z); Chy ))é+§ if 1814},
(24)

We give a set of pointéa, €”) satisfying the conditions
(23) and (24) in the-€9 plain in a way similar to that of
the link formation. Let the right hand sides of (23) and
(24) be defined as follows:

(@) = _ &(ne? —22)(0—5) §+ g’ (25)
d&(a) _ég(nég—Z)gc—(EHe)):e_L1 g (26)

Usingdg(a) anddy(a), we define the areas satisfying the
conditions (23) and (24) as

(27)
(28)

D§={(a&) | &> di(a)},
D¢ = {(a&) | &> d¥(a)}.

If & > dd(a) ore’ > df(a), thene’ > 1 ore? > 2, respec-
tively, and therefore we havee = zkeNeﬁ > 2. From
this fact andd > 0, we haved§(a) — g1 = 5&9(ne¥ —
2)/(2a) > 0, and thereforeig( a) > dj( holds Thus,
we haveD§ c Df in the area of > 2 From (23), (24)
and the fact thabg c DY, for any playei, the followings
hold.
(ay,€)) eDg<:>A-’” >0, je{jeN|ijeg}, (29)
(a,6%) € DY <= Ay >0, JE{JEN|I]€9, |MJ}
(30)

The statement (29) means that a pc(imte,g) of player
i in a networkg is in the areaDg if and only if player
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Figure 5: Areas of link formation

i is ready to delete a link with anyone of players who
are connected directly by the link, and the statement (30)
means that a pointa,€”) is in the areaD] if and only

if player i is ready to delete a link with each of players
who are connected not only directly by the link but also
by another nontrivial path.

Similarly to the functionsfg and f7, if ¢ < ¢, the coeffi-
cients of the first terms adg andd] are nonpositive. If
€ < ¢ < 0+¢, the coefficient oﬁgJ is positive, and that of
df is nonpositive. I8+ € < ¢, both of them are positive.
Moreover, fromdd(a) > df (a), for a given networlg, the
areas of link deletion can be expressed as in Figure 6.

In Figure 6, the values afj; andd?, are given as

3, =&(c— (3+¥)), (31)
dr, = Fe-90e=2) (32)

FromdJ(a) > df(a), we havedd;, < d?,, and whend +
£ < ¢, we havedg; > 0.

3.2.3 Network Formation

We consider network structures for the three cases: (a)
c<g (b)e<c<d+¢g, and (c)0+¢€ < c. Before ex-
amining each of the three cases, we give the following
lemma.

Lemmal For a given network, the number of links in
gis not larger thame®/2.

Proof First, consider the empty netwog<= 0. For any
playeri € N, because’ = 0 = né®, we haves? < n&d/2.

For a given network, we assume thaf <ne¥/2 for any
i €N.

Consider a new network/ such that the number of
links increases by one from the given netwgrk For a

player who increases one link, we haa?é'” =e+1<
nev/2+ 1= (ne¥+2)/2 =ne¥"'l /2. For a player with
the same links, we hawgf " = €} < né¥/2 = (n&¥*+i —
2)/2 < ne¥tl /2. Therefore, for any player we have
e,g/ < nég'/2, and the lemma is proved. |

For networks satisfying (a) < ¢, the following theorem
is obtained.

Theorem 2 For a society with the utility function with a
term of reputation (9) and the symmetric network benefit
(3), if the condition (a)c < € is satisfied, the complete
network is uniquely stable.

Proof From Lemma 1, we consider only the area of
0 < e¥ <né¥/2 in thea-€¥ plain. As seen in (a) of Fig-
ure 5, the area of & €9 < né?/2 is contained i, and
therefore each of all the players tries to make a link with
each of players who are not connected directly by a link.
As seen in (a) of Figure 6, there does not exist the inter-
section between the area of0e? < ne¥/2 andD9, and
therefore none of all the players delete any link. Thus,
the complete network is uniquely stable. |

For networks such that (8) < ¢ < 8+ ¢ is satisfied, no
stable network could be formed in the following case. For
a networkg, assume that all the players except for the
playersi and j are stable. Moreover, for the playdrs
andj, assume thafey, &) € Fy and(a;, €]) € FY, and the
playersi and j do not have a link, but they have a path.
Then, the linki j is formed and the networgis changed

to the networlg+ij. If this results in(a;, ™)) e F§™ n
D§™ for the playei or (aj,e?""!) € F§ ™! DI for the
player j, the player or j deletes the linkj and then the
networkg—+ij returns to the original netword. In this
manner, if such two networks appear by turns, no stable
networks appear. The areas of link formation and deletion
on thea-e9 plain in the case of < ¢ < &+ € and players

i and| are depicted in Figure 7.
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Figure 6: Areas of link deletion

Figure 7: Areas of link formation and deletion in the case
ofe<c<d+e

In the case where (&)< ¢ < 8+ ¢, although there would
be no stable networks, a network shown in the following
theorem is formed.

Theorem 3 For a society with the utility function with a
term of reputation (9) and the symmetric network benefit
(3), if the condition (bE < ¢ < 8+ ¢ is satisfied, a single
component network including all the players is formed.

Proof From Lemma 1, we consider only the area of
0< &9 <ne¥/2 in the plain ofa-e9. Frome < c < 8+¢,

we haveh] < df, and then the area of 0 &9 < n&f/2 is
divided into three areaB’, F, andFj N D{ as seen in
Figure 7.

From the statement (19), players corresponding to the
areaFlg make a new link with other players, and from
the statement (18), players corresponding to the Bfea
make a new link with each of players who are not con-
nected through any path. For players corresponding to

the areary N DY, the following holds:

(a,6)) eFINDY =07y >0, je{jeN|ij¢g,
i»j}, andA ) >0, je{jeN|ijeg i&3j}. (33)

Namely, players corresponding to the aFgan D make

a new link with each of players who are not connected
through any path, and delete an existing link with each of
players who are also connected through another nontriv-
ial path.

Therefore, each player in some component tries to form a
link with a player in the other component, who is not con-
nected by any path, and then because any pair of players
are connected by a path, a single component network in-
cluding all the players is formed. ]

For networks such that (&+ € < cis satisfied, similarly

no stable network could be formed. Namely, because
there would exist players who form and delete links in
turn, there would be no stable networks.

Conversely, we consider stable networks when the condi-
tion (c) 0+ ¢ < cis satisfied. Frond+ € < ¢, we have
h{ < df andhy < d3. Moreover, ifné¥/2 < (2c— (8+
2¢)) /8, we havend < df and ifne%/2 > (2c— (8+2¢))/3,
we havend > df. Thus, the area of @ €9 < né¥/2 can be
depicted in two cases shown in Figure 8. The &B&in
Figure 8 is defined by

ST9={(a,&%) | (a,e%) ¢ Fy UDgUDJ}. (34)
For players corresponding to the ai€&?, the following
holds:

(a,6)) eSTI =) <0, je {jeN]|ij¢g}, and
Ay <0 je{jeN]ijeg}. (35)
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Namely, players corresponding to the af&f do not
make a new link and do not intend to delete an existing
link, and then they are stable players.

Although players inFy or DY intend to form or delete
links, they do not so if there does not exist an appropriate
partner. Therefore when all the players areFjfy DS,

or ST9Y, a stable network can be formed. In such a case,
although the empty network is uniquely stable in a model
with a utility function not depending on the reputation
in the network, there is some chance that more general
networks are stable in a model with a utility function with

a term of the reputation.

To give a stable network in a shape of a general structure,
we conduct the following computational experiment. Let
the number of players be= 25, and let the parameters
of the value and the cost of a network be seb at 0.01,

€ =0.03, andc = 0.5. The personal tastes of players

are uniformly distributed in the intervéD, 1]. The initial
state is the empty network, and players make their deci-
sions in the increasing order of their indices. Then, we
obtain a stable network shown in Figure 9.

1 2 3 4 5 6
[ ] e O o o [ ]

Figure 9: A stable network in a shape of a general struc-
ture

The structure of a stable network shown in Figure 9 can
be expressed as a decentralized connected star network
which consists of multiple disjoint components connect-
ing some star networks, and we can observe such struc-
ture of networks in the real world.

4. CONCLUSIONS

In this paper, we focus on networks for providing public
goods, and develop a model for analyzing network for-
mation. First, we examine a model with a utility function
with the benefit from the network and the cost to form
links, and it is found that three types of simple networks
can be stable. Next, introducing effect of the reputation in
the network, we define a utility function including a term
of the reputation and show that a general network can
be stable such as a decentralized connected star network
which consists of multiple disjoint components connect-
ing some star networks.
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