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Proposed Method

@ AIST Vors

e Analyzing the Ising model
using probabilistic model checking.

As an example, we analyze
physical phenomena of the 1D Ising model.

simulation

model checking

experiments

mathematical model

theoretical analysis

physical phenomena
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Outline

* The Ising model
 Probabilistic Model Checking

e Discussion
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The Ising model

The Ising model is:

» a simplified model for magnets.
e G=(S,F)

—spin S =(s, 8y, ...), 5, =+1, -1
elementary microscopic objects.
s = +1 represents up, and s = -1 represents down.
— energy L
macroscopic physical quantity.
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The one dimensional Ising model
The 1D Ising model has:

* nspins, s, §,, ..., §,, located on a line 1n order.

* boundary condition s, ; = s,.
* Interactions restricted to nearby spins (s;, §,,)-

* cnergy E(817 Sy vy 5n> — _JZ?:]_ SiSi+1
* physical quantity

— magnetization

M(S].?SQ)"'?SN) — ?:]_S’L'
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Random spin flipping

1. Choose a spins; randomly.

2. Fix other spins si=jand evaluate the energy
difference AE = E' — E, where
E=FE(s1,..-,8.--,5n) and E' = E(s1,...,8,...,sn)

3. If AE <0, the spin flipping 1s accepted. Otherwise
accepted with probabilitye=2E/T where T'is
temperature.

4. Repeat steps 1 to 3 sufficient number of times.

7’% é ; 74 E(syy s 85 .05 8,)
S S LS S, ? accepted?
’75 Cfé rl ’76 E(syy s 85 s S,)
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Behaviour of the Ising model

We consider

* neighbourhood of equilibrium
AE=Ey+1, AM= My+1

where energy E, = -n, and magnetization M, = 0 at
equilibrium.

neighbourhood of
equilibrium
AE = Eg+1,

AM = Mg+ 1

time
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* The Ising model
* Probabilistic Model Checking

 Discussion
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Probabilistic model checking

A formal technique of verification.
* Input

— a finite transition system (model)
(DTMC.: Discrete Time Markov Chain)

— a property
(PCTL: Probabilistic real time Computation Tree Logic)

m model checker: PRISM

model
(n=10) ;

property (1024 states, 11142 transitions)

e Output

— true / false

true / false
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DTMC (Discrete Time Markov Chain)

Let AP be a set of atomic propositions.

A labelled DTMC (Discrete Time Markov Chain)
is a tuple M = (V,v", T, L):

e VV, a finite set of states.
e v ¢ V, the initial state.

e 7 :V xV — [0,1], a transition probability
function
such that Yo € V.3 ey T (v,0") = 1.

o £:V — 28P 3 labelling function.
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PCTL

PCTL (Probabilistic real time Computation Tree Logic) 1s a

probabilistic extension of the temporal logic CTL.
[H. Hanson, et al. Formal Asp. Comput. 1994]

°Sntax
=T | L|p|—-p|eve| Ao | o — o | Py (1)

[ [ 17 /\ A

1_0 =9 Up|eUsty

where p is an atomic proposition,

~€c {<,<,>,>} is a relational operator,
A € [0, 1] is a probability, and

t € Nat Or oo

Semantics
(*snip*)
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Examples of DTMC + PCTL
90.5 ?1.0
0.5
» “The probability of reaching a state where p holds
within 10 steps is greater than 0.3.”

P>o0.3 (T us10 p)

« “A state where p holds 1s reachable (with
probability 100%).”

P>1 (T U p)
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PRISM

Probabilistic Symbolic Model Checker

[http://www.prismmodelchecker.org/]

.
1nput 47 PRISM 3.11 =%
— a DTMC model T ——
— a property = itz e ”’"ﬁ
« PCTL formula T
e calculating probability e

e (transition) rewards

* output

— true / false, probability, value of expected rewards
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Modelling
Modelling the 1D Ising model

* 10 spins, sy, ..., 5,9, located on a line in order.

 1Interaction coefficient J = -1 (anti-ferromagnetic).
* boundary condition s, = s,.

e temperature 7'1s constant in a model.

e transition rule 1s the random spin flipping.

e cach transition has value of reward 1.

™7/ \ T\—\]\J
* CNCIgy rv(s1,s2,...,8N) = —J 25=1 SiSi+1
* magnetization M(s1,s2,...,55) = SN 1 s
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Properties verified

“equilibrium 1s reachable from arbitrary state,
after reaching equilibrium,
the system stays in neighbourhood of equilibrium
within 100 times of spin flipping with probability

more than 70%.”
0 Oi:i:»
B VY A o A
Pu1(T U(E =0AM=5)Au:-)) —
>10 1 U & U /\ 1Vl Q) \NWin))
_ <100
where ¥in = P<g.3(Xihs U=""" Xrhs),

Xihs = (E<2)A(4<MAM <6), and
Xrhs = R < E)V(M <4V6< M)
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e The Ising model
 Probabilistic Model Checking

 Discussion
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Discussion

Probabilistic model checking and Computer simulation:

 probabilistic model checking
based on exhaustive search.
— advantage: formal definitions, reusability of models.

— disadvantage: unsuitable to verify time dependency.
e computer simulation
based on evaluation along time series.

— advantage: suitable for statistic analysis.

— disadvantage: unsuitable for formal methods.
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Conclusion

Probabilistic model checking
* 1s useful to analyze the (1D) Ising model.

* will be able to cooperate with computer
simulation.
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Future work

* Solving the state explosion problem.

— abstraction, symmetry reduction, etc.

* Analyzing the 2D Ising model.

— more practical problems such as phase
transition.

* Analyzing other probabilistic systems.

— genetic algorithm, etc.
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(end of slides)
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This presentation is based on:

T. Sekizawa, T. Tsuchiya, T. Kikuno, and K. Takahashi,

“Analyzing the One Dimensional Ising Model by
Probabilistic Model Checking”,

Proceedings of the IASTED Asian Conference on Modelling
and Simulation, pp.199-204, ACTA Press, October 2007.
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