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Abstract

Recent development in the linear robust control theory provides many systematic control
design procedures which solve stabilization, tracking, robustness, noise reduction problems.
However none of these is able to cope with constraints. Nowadays one of the most important
practical and theoretical open problem in control is the analysis and design of feedback
controllers for systems with state and control constraints. Constraints on the inputs and
often also on the state are present inherently in all real physical systems. The former are
dictated by physical limitations of the actuators; the latter by the necessity to keep some
plant variables within safe limits. If constraints are not properly accounted for in the design
procedure, this would lead to serious performance deterioration and even instability.

This dissertation includes contributions on the analysis and design of control systems
subject to pointwise—in—time state and control constraints. First, the necessary and sufficient
condition for safe operation of constrained systems is derived. This result is obtained by
constructing a certain subset in the state space such that avoiding constraint violation is
equivalent to restricting the state dynamics to this subset. This fundamental result has
important applications in the area of stability analysis and controller design.

Many control specifications, stability, performance, robustness, are required of control
system design. This makes complicate or even impossible to design a single special feedback
controller which satisfies required specifications as well as attempts to handle the effects
caused by constraints. Therefore despite its importance in practice, various problems asso-
ciated with control of constrained systems still remained unsolved. However in constraint
free case, systematic techniques are available to solve design problem and provide efficient
conventional feedback controllers. Even in constrained case, there is no necessity to replace
a conventional techniques with completely new one which attempt to satisfy many control
specifications and also constraints handling at the same time. Alternatively, introducing
a higher hierarchical level mechanism which utilizes conventional feedback controllers also
attempts to handle constraints would have potential benefits.

Control system design techniques utilizing hierarchical structures are proposed. Switching
control scheme which includes fixed structure controllers and a supervisor. Where super-
visor selects the highest performance controller which is safe for the current state of the
plant. Because supervisor avoids constraint violation, controlled system remains stable and
controller switching improves control performance. The other method consists of adding to
a primal closed—loop system a nonlinear device called reference governor which manipulates
the desired reference signal in order to avoid constraint violation. This control scheme is
proved to fulfill the constraints and tracking requirements. All resulting control systems has
separation structure: first stabilize the system and improve performance by using the con-
ventional feedback controller in the absence of constraints; then adding switching mechanism
or reference governor those operate at a higher hierarchical level for constraints fulfillment.
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ooooobooobooobobOobOobOogob celObDODOOOOoObOOOO. 240
oo,b000oooboboboobooooobooobooooono ceiooboOoOobOoOn, o
ooooboobooboobboooooboboobooo,0b0oboboooo cperbOOO
oboobOoOoOobOoooooon. 25000,00 CelOOO0,000000000DO00
oooboooooooboboooboo.26000,0000000000O0,270000O0
ooo.
O0: 2000 0000000000, RO0O0OOODOOOOODOODOOOOO. Me
rRMrOo0oo0oo0o, MyO0 MOO 00000000, gheR™"O0000,¢ 0 ¢gO0
Joooogoo. ¢g>00000 ¢>00 ¢, >0,¢,>000000000000,
g>hO0000 ¢g>h0,0000 g-—h>0,g—-—h>0000. XCcR"OOOOO
coX,intX O,0000 XOOO,0000000. MeR™™OOOO0O, Set(M) O
Set(M)={reR" Mx<1}0000000000000COCDO.OD0O0O0O0OO 10,00
00000 (D000 1erR™ 1000000000000 0O00O0. 000000 OOODOO
O00,00000000000000000000ODODO. 000000 Set(M)O,000
oooooOooooooo.

22 JOoogoobbootubodubobbood

goud,gubbbboggoboobooooobog.

x(t+ 1) = Ax(t) + Bw(t) (2.1a)
z(t) = Cx(t) + Dw(t) (2.1b)

000 z(t) eR"O000,w(t) e R"O0000000,00000000000 W cCR™
D000 wt)eWDOOOOOD. OO0 0eWDOOOO. 2()eRPODO0ODO0ODDO0
00000000000000,z2(#) e€Z0000000.00 ZCcRPOOOOO, 2(t)
0000000000000000000000000000,0000000 0¢€intZ0
0D000.000 W,Z000000000.

0D00000000000,000000 Zz,WO00,0000000000000,

W = {w S le Fyw < gw} Fy € stxm, gw € R*W, gw >0 (22)
Z:{ZGRpl Fzzggz} erRSZXp, gZERSZ, gz>0 (23)

000 Fw, gw, Fz,9,0,00000000 W, Z00000000000000000
0000000000,00 sw,s;0,0000 W,Z000000000O0O00OO0OOO.
00 W,Z0O00OO0OOOOODOO0OOOO,0000000000000000000000.
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22, 0DOhOoOoboO0obObOOOOoOoOobOoobOoo

w,zO0OoOooooboooooobooboobooboboobobooboooo.obbo
oo, oobbbbodoogoob,bboooooobbbouodbooobbo
ggoboobdgdgg. gb,bboobobobooooboboooboobobooobon
gogoo.

00 2.1. 0000000000000 2000000 z,220000.

w1y =| 2! 2'0] x(t)—l—F] u(t) +

08 2.0 1 w(t) (242)

mﬂ:—pzoﬂx@ (2.4b)

4 _92

000000000, v <500000000000. 0000000,u<5, —u<5
oo,

T T
DDDDDDD.DDDD(zammmm,z:mf§:[4_q,gzzk ﬂ 0ooo
000000 ZzOOODOOOOOOO.

Z-{zeR] [zllzg [2]}

D000 w0, |w <100000,(22)000 WOOOO0OO0O0000O

W:{wendz1w§[ﬂ}

w(t)=0000000 2000000 2,22000000,000 w(#)=100000
000000000000 Fig.21000.
wt)=0000000000000,0000 20000000 |u/<5000000
D0000D0000.000000 2200000,u(?2)=-58000000000000
Doooo0o0o0ooo0.

000 w=100000000,4 0000000000000 u(2)=-59480010,
000000000000,
00000000000,00000000000000,0000000000000
0000000000000,



20 0O0OOodbodobobooodon

4
b . -=- bounds on u

0 2 4 6 8

Fig. 2.1: Simulation results of system (2.4)

23 0UDO0OoOoOoOonD CrronO

gogbboubooobog,gbobooggo.
00 21 (000000). 000000 X(C,D,Zz,W)00o0D0ooooooo.

X(C,D,ZW)={zeR"|Ce+DweZ weW}

0000,0000¢t000000000000000D00D00000,2(t) e X(C,D,Z,W)
goo.

00 2.1. 00000000000, X(C,0,7{0})000 [30000000000000
oooooooo.

gbddoobododououoouoououo,oooouoooouoooouoouuooa
Oo0oooDoooOoooDO. ooboooooobobooobobooobooooo. oo ScRHO,
O00000000000. 00000000000 20)eS00000 w)ewO0OO
O0,(21a)0000,00 SO0OO0D0ODO0OOOOCOOO,SOO0O0O0O0O0ODODOOOOOO
O [17].

000000 soo0o,00 SCX(C,p,Zz,Ww)booooooooooooooo. ™
00000000000000,0000000 «0)esSO000000 z(t)e s, 0000
z(t) e X(C,D,Z,W)00000,0000000000000000. 00000000
ooo.

00 2.2(CPID0). SCR'O0DOD0DODOOO. SCX(C,D,ZW)0000
0 SO (21a) 000000000000 0O0O0O0O CPl(constrained positively invariant) O
gooo.

o0 2.2 CPl0O0O0O,00000C0000.000O0 CPlOO0O0ODOOO0OO0OOOOOO
0000000000 0000D. OO0 BojDooOoCocoOoOoO0oODoDOoDOoDOOOOODO
00000000000 (maximal output admissible set) 0, 000000000 CPI O
oooboooobOoOo celooobOo.obobbo0oOobOobD 240000000,
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23. 00ODO0OOOO CcrIOO

00 23. 000000000DOO0OO0ODODOOOODOODO.DOO cPIDOO,0D0ODOO
000000000000.0000 0eitX(C,D,Z,W)0,CPIO0O0ODOOODOOODO
gogbodggo.

celOO0D00OO0O00O0ODODOODO,00DO0D0ODOODODOODbOODOD. ODDOO
cel0O0ooooopOoOo,b0obobb0oooboboooboboboDbOon.

gbooboogobg,gubooobbuoogobuobobbbogobouobboooog
Ooooooo,0ob0 celob0oboobboboboooooboboonDon.

b 23000,000000b00b0b000.gbobboboonoobobouboon
ooo crPlobobooooooooooo.24000,000 CcPIDO0ODODOODODOO
OO cel0O000OoOobOoOobObDO,00bD00o0obO0ob0U0bDO.bDoboobbo crPInO
gobooboooboooooobooboo 2s00b00ObOoboO. 260000,00 CPI
gogboooboobobboogodgu,26000ggbob. bbbobuogboogooobon
0000000000000,0000000000000000000O0O [42].

23.1 0OD0OOO0OOO CcrPIOoOoOognd
gooooogoo

celO000O0O0OOO,00bOO00bOO0D0O0O0ODbOOOODODbDDODOODbODOODO.
0000000000000000000. 00 (23)0000,

(Fz)@i)

€ RZ*P
(gz)i

(Mz),) =
0000,0000 Z =Set(My) 000 ZOOO. Z = Set(My) 00, 0000 ¢ O
0000000000000, My(Cx(t) + Dw(t)) < 10000 w(t) e WODODODO
0000000000, 0000,0000000 X(C,D,Z W) = {z € R"| MyCx <
l—MZDw,UJGW}DDDDD. O00 weW OUOOODOOOoOOoOoooooooooog
OobOoboobooboo,000b0obooobon,0boog goeR200000.

(95)i = maximize (MzD) yw  i=1,...,8z (2.5a)
subject to we W (2.5b)

goooodob 20 MzDbwl g0 0000O0DOODO,0000000D000000OO.
gbooboboogou,bgggubooooobobooag.

X(C,D,Z,W)={x e R"| MzCx <1-—g;} (2.6)

oobooouoobobob,oboobobboooboobboboboo.gog 0oew
00 g¢>0000. 00 0eitX(C,D,Z,W)0 CPIOD0ODOOOOODOODODODOOO
uboo,0b0d0 1-¢gy>000000.

11



20 0O0OOodbodobobooodon

crioonoon

o0 cCelOObOOoOoOoOooo. celOb0O0,bb00bOobOobDOooooboobOoOoOoD
0.000,00000000000 (6000000000000 0O0O0O.000O0O0O,
X(C,p,Zz,Ww)O0OoOoooooooooooo soooooao.

M

S={reR" M,C

1
T < . } My € R*X*" (2.7)
1—g

000 Mxx<10O00OOOOODODOODOOODO.SOcCPIDOOO0OOOODO,OO
0O CPIOODOOODOOO, (21a)00000000000D0OOOOOOOO.
000000000000 00000000O0O00o0oooooooO,oo 17oooo
O00.000000000000oooogoooooooogo, (27100 sooooo
00000000000 oooO0ooooO0,000000 (27)oboooooOoooOOo.
gbbobbuogooguoobooooboboo.

00 2.1. 0000 SO bOoOobOobobobObooobo0oboobo0,000 zeS,weWw
0000 A+ BweSODO0O0OOODODOODO.

00.00 [1700 O

00210000 (27 0000000000000, 000 zeS,weWwW ooon

1
1—-g°

opooo SO celogoooooobobooooooo.w, sgoobooooooon
0000000000000000000,00000000000 6 eRsxtsz000
go.

Mx
M,C

Mx

Az <
o M,C

Bw (2.8)

% o (MxB)gyw 1=1,...,s5x
0] = maximize
(MZCB)(i7:)w 1=sx+1,...,8x + 5z,

subject to w e W

(28) 0000 200 000000000, (28 UIOOOOOODOOOO.
O00000000000000 preRxtsz00000.

* - (MxA) @,y 1=1,...,s5x
7, = maximize
(MZCA)(Z-7:)$ 1=sx+1,...,8x + 8z,

subject to x € S

(28) 0000 n*0OODOODODOOOO,0000D0ODO0D0O0O. OO0 (27HOOOOO

T
0SSO CPIOD 000O0DDOODOOODOO,p< 1t 1T (g —6*0000D0O
gooon.

12



24. OO CPIODODOO

o0o0OOo sobooobooboo,cPlooobooooobo0ooooooo.oobOoo
000000 z(0)eSOO0O0 zt)eSOOOO,00000000000000. OO
gooobooogooan.

00 2.2 (27) 0000000000 S0 CPI0O0 0000000000000, 5*<
T
1T 17— (¢)"| - 0000000000,

0000 S0000000000,CPI0000000000000000.00000
000000 2(0)eS0OO000 z(t)eSO0000,00000000000000.

w(t)=0000,[1500000000000000000000000000. w(t)#£0
00000000,00000000000000000.

00 23. (270000000000 SO CPIO0O00O0OOODOOODODO,O000
00000 HeRGxtsz)xx+sz2) g ooOoooooon.

A H 1 S 1 . — 0"
1-—g, 1—gg

ob 24. 00 230000,0000 AOODODOODOOOODODO,0b0obDOOobbOOO
ubobooooob.oobob pyobooboboboobobobobboboobooboboOon.
O000,0000000 HOOODODDOOOOOOOOO.w()=0000000 (15100
00, wW={0}00g¢g=¢g"=00000000000O0OO0.

M
M,C

Mx

H>0, H
= M,C

24 00O CPIoonogog

2300000000000 o00ooobL,00boooboboboobOo So cerooO
OOobo0oooooobo.obbobooboob,cPlObO0bD0OUbOO SoboOooOoo
goboooooooobo. oo criobo,0ooboooooooboooooooonn
gg,bboboogoobobobogbooooobbobob.bobgoobooboboobo
goo.

o0 24. 5,5 CRO0000 (21)0000 CPIODOOOO.OD0OO S3=co(S1US,)
000 (21)0000 cpeloDOoOOO.

00.2z00000,S; € X(C,D,ZW)000. 000 a2 € Se, w € WOODO,
Ax + Bw = a(Az; + Bw)+ (1 —a)(Aze + Bw) 000 21 € S1, 22 € S, € [0,1] 000
O0.0000 Ay, +BweS), Avo+Bwe S, 00 Ae+BweSs00000.00000
2100 S0 CPlOOOOonO. U

00 2400,(21)0000 CcPlO0OODOOODOODO,O000 CPIOODOOODOOO
CPl000U0DUDODO0ODODD. 00000000 SyaxO0O0O,(21) 000000 CPI
gogooo. ggogbooobogoobd.
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20 0O0OOodbodobobooodon

00 25. 0000000000 (21)0,0000000 wit)eW,teZ+000000
00 :(t)eZ, te Zt00000000000000,00000000 2(0) € Syax O
0oooo0oooooo.

00. Syax 0000000000000 00000. 00 Sy 0, 00000000
00000000000, 0000000000000000000000000000
2(0) € Syax 000000000000, O

00 25 . 00000000000, Syax 000 (30)000000000O0O0ODCOOO
go.

Gilbert and Tan[30] 0,0 000000000000 Swax 00000000. 0000
00000 Sywwx 0000000000,0000000000000000000000
0000000000000 000000000.0000000,0000000000
000000000000000000, Syax000000000. 000000000
0000 (30000000, W ={0}00000000000000000000000
0o.

000000 X(C,D,Z,W)00000,000000000

Vee X(C,D, Z,W): z(0) =2 = 2(0)eZ

000000000 «(0)e X(C,D,ZW)000000,00¢t=0000000 2(0)€ Z
0D00000. 00 X(C,D,ZW)0,0000000000000000000.000
000 t=1000000,21)eZ000000000000.

0000000 K,0000.

K%:{xGR”|Ax+BwEX(C,D,Z,W) we W}
K, =K, NX(C.D,Z,W)

#(0) € K, 000000, 2(1) € X(C,D,2,W) 0000 t=1000000 2(1) € Z0
00000.00 K, 0,000000000000000000.0000000000,
2(0) 0000000 2(0) e X(C,D,Z,W)000000. 000 2(0)¢ Z,2(1) e Z00O0O
000 ¢t=0000000000000000000000. K,0,K,; 0 X(C,D,Z,W)
0000000000,00000000000000000

Vee Ky: z(0)=2 = 2(0),2(1) e Z
ool K;Ooooooooog.

Ky ={zeR"Az+Bwe K1 weW}
Ky=K,) NX(C.D,Z.W)

14



24. OO CPIODODOO

#(0) € K, 0000, 2(1) € K, 000000000 2(1),22) € Z000000. OO
K,,0,000000000000000.0000000000 %(0) € X(C,D,2,W)0
00000000, 20)¢Z2000000000000000000000. K,0O, K,
0 X(C,Db,z,W)0000000000,00000000000000000.

1
2

Vee Ky: z(0)=2 = 2(0),2(1),2(2) € Z

000000000000000,X(C,D,ZW)0000 Ky, K,,...0000,000
00 Swx 00000000000, 000 K, K,,ic2t0000000000.

Ko = X(C,D,Z,W) (2.9a)
Ki_qy1 = {reR"Azx+Bwe K,y weW} (2.9b)

b 26. Ky, K00 000000000000, K;0000000000000000
gogobooo.

VeeK,: 2(0)=2 = =zk)eZ k=1,...,i
(29) 0000 Syax O0,0000000000000A0O.

OO0 2.1. CPlO000000D0O0O00OD0O0ODO0OD0O00,0eintK,, 000,0000 Ky =

SMAX.

00.0000,000 €K, weWDOOOO Az+Bwe K, 0000O0. 000, K.
000000000000 X(C,D,ZW)00O00000000000. 000 0€ intKy
000000 Ky =Swax. 00 CPIO0O0OO0OO000O00,00 24000000000
K,O00D0OO.000 0€eintK, 00000 K. = Suax. 0

00 2100,CPI0D000000000, SwaxO (29 0000000DO0ODOOO
guobbboboboub.bobobboobooobbbobbuooooboooobo.
000 Syawx 0000000000 000000000 300000000 0ooooo.

00 2.3. (290000,K, =S 00 reZt0000000, Syax 0000000
0oooo0o0oo.

Swax D0O0ooDooooog,oooooooog.

00 2.2. 0eintk,, 000. Syax0000000000000000O0000, (29)0
000 K,=K,, 000 reZ2"0000000000.0000 K;=K,,j>700
O, Suwax = K.

ggboudgoogbooood.

15



20 0O0OOodbodobobooodon

00 26. K;;, K;,i>00000,000000000,

00. Ky,i€ 2 00000000000000000.

(29C)DD Ko2 K, 0DD. (29) 00000 z€ K, we WOODO Az +Bw e
K, CK,00000.000 ¢€k, 000000, 0000 Ky2K,000000.
0oo KlDK(ZH)1DDDDDDDDDDDDDD (29¢) 00, 00000000
Kin 2K, 0DODO.

(290) 00000 @ € Ko, w € WODOO Azt Bw € K;i» C K 00000, O
00 2€ Ky 000000,0000 Kgpyyr 2 Kyp 00000,

000000 K, 00000000 (29)000000. 0

00 (00 22). K, = Koo = Syax 000 700000000. 000000 260
0K, =Ky =-=Ky. 00 K, =K, ;00 10000. (29¢) 00, K,y =
KanNKyCK, 0000, K =K., 00000¢€ek, 0iek,0000. 000
000 weWDODOODO A2+ Bwe K, 0000000, K, 0 CPIO00OO0O0. 00O
K, =K1 CKoo=Syax. 00000 2600 K; = Syax, j > 7. O

00 27 000000000000 (30,00 26,00 220000000000 (300
000000.0000000,wt)#A0000000000000 (00O 2900).

00 28. Syywx 0O0O0O0OQOOOOOODO (290000,00 220000000000
O000000000.000 SyaxOOO0O (2900000000 2000000000
googo.

100000000 K,=K,n, 00 -s00000D0O0O0ODO. D000 cPIObDOO
obo0O,00 22000 K,=5SuwUOoo4o. 0ooOooOoo,0b000oboogoon
K,=K,,UO0Or00oobooooobboboboboboboboobo.bboobo
gbogbdbbdobouooooobobooobboobooo.obboboob 250
gogdd.

0000000 0€intK,,, 0000 CPIOO0O00O00O0O0O00O0ODO (00O 2.1). 0€
intK, 0000,00 2600000 reZ2t0000 0eitK, 0000000000
0.000 CpPIDO0O0OO0U0DDOO,0¢gintK, 00 70000 (29 00000000
gooo.

25 00O CPIOOUObObObDOOUOOoOoOn

24000000,8ux 0 (29)00000000000000000O0.000O00O0OO
O Svax ODO0OO0DD0ODOOO0OOO0OO0ODOOOOODODOOOOOOg.
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25. OO CPlODODOOOOOODODOD

00 23. 0eintK,, 000, (C,A)0000,A00000000000.0000 Suax
g,ggogbuoogoob.

ggbouogoogooogd.
o0 2.7 (C,A)000000ODO0O0O0.O0000 K,i>n—1000000.

00.002600,K,,00000000000000000.00000000000
00,0000000 K,.,000.

Ko=X(C,D,Z,W)0,(26)000000. 00 (26),(29000,K, 000000
ooooooo.

MyCA

W
M,C €W}

Ky ={xeR"| 1— g
— 9

Y e [1 — g5 — MzCBuw

000 (25)00000,¢f,¢€eZ2"0000000000000O0O0O0O.

(9;); = maximize (MzCA"™' B);yw (2.10a)
subject to w e W j=1,...,87, i>1 (2.10b)

000 ¢ 0 (25000000.
0000 K, 0000000000 K,,0000000000.

- a1 -
-3
5=0

MZc’Anil n—2
MyC A" 1-> g;
Kp,={zer" | ° z < ;J }
My,C "

K, ,O0odoooooooooooa,
Z'={CeR| Mz <1 g}
§=0

goooo.oo,oogoof
Zi=7"x 7"V x oo x 70 ¢ Rpx(+1))x1
goooo. ooo,
CA

i—1
O, = cA e Rpx(H)xn 4 o Z+

17



20 0O0OOodbodobobooodon

0000 K,1={zeR"|Op12€Z,,}000 K,,000000.

00 200000000000, (21000000,0eWw 0000000 ¢¢>0.00
0z>2z°>....0000,Z00000000000 Z000000,000 20O
0oo0ooooo.

000 K,,0000000000000. 000z2z€K,.,00000,0, 12=p¢
Z,,000.000 rank®,_, =n0000000,20 p,0,.,0000,

7= (0 10n-1)" Oy yp
00000000, peZ,, 0000000000000 00000000, 0

00 (00 23). 00 2700000000000, K;={z€R"Oze Z}00 Kiyg =
K;N{z e R"| CA*z e 7+ 0ODOODODODO.

00 2600 0€intko, 0000 0 € intk,, i € Z*000000. 00 K; ={z €
R O € Z}00,0€cintk; 0000000000000, 0€eintz, 000. 000 Z
0000 Z22°2..-00,0eintZ,00000000,0€intZ2 000000 .

00 2700,i>n—1000 K;CcS(r)00 r>000000.000 S(r)cR"O,
00 »r00000000000000.i—00000 CA—-0000,0€intZ 000
0000,000 seS(r)0000 CAHtlseZz*'00i>n—100000. 0000
K; CS(r)00 K; C {x € R"| CA*'z € zi*1}. 0000000 Ky =K, 00000
2200 Syax = Ki. O

00 29. 000000000000 (30,00 2700000 230000000000
(300 000000.0000000,w(t)£A000000000000A0O.
gooooboo,db 23000 220000 0eintK,, OOOO0OO0OO0OOOOO
0((@0O 27).000 CPlO00D0O0OOO0OODNOOOOOOOO (OO 2.1).
w(t)=0000,A0000000000 0eintZO0OO0O0OO CPIOOOOOOO
30 0000000000000 000O000. 0eintK,, O, w(t)A00000000
goboguoggbogag.

00 2.10. (C,A)0D0D00,A00000000.00 28000 2300,CPIOOOO
OO00000 SywO0oooooooo,cPlODO000O0O0ODODO 0¢intK, 00 70
ooo0o.000 29000000 U0OoOoOooooD.

00 2.11. (C,A)000000000,00 [3000000000000 (21)00000
000000000000000000000000000 Syax00000000.00
0 (C,A)0D00000000000000000.

26 U0 CPIOOooonoOO

Swax 0000000O0OCOO (29 00000D0O0OOCOOODOOOO (DO 28,00
210). 00000 K, O0OOO K;,=Set(M;,) 0000000 M;00000000.0O
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26. OO CPlODODODOO

00000000,0 K, 0000000 M;00,00000000000000000
00. 0000000000 M;000000000 Eim[M,]00000. 000000
0000000,00000000000.

00 Ky=X(C,D,Z,W)0000000. K,O (26)000000.0000

1—g5#0
000 0¢intK, OO CPIDDDDDDDD.I—QS>ODDDDD,
r (MZC)i,Z
(M) = i)

1_(98)1‘
000 MyO0O0O0OO00.0000 Ke=Set(M})OOO. 000 MjO0OO00O00O0OOOO

0000000000, My=Elim[M;]000. 00000 Ky=Set(M,) D 00000,
KO,

Ky ={zeR" Az +Bwe K, weW}
goodob.ooo Myooboo,
Ky ={z € R"| MyAz <1— MyBw we W}
oo MpOUooooboboooobbbooo,boogo g’%DDDDD.
(g’%)Z = maximize (MyB) ;. w
subject to we W

000000 K, ={zeR"| MyAz <1—gi}.
2
000 1-¢; #0000 0¢intkK, 00 CPIOOO0O0O000. 1-g; >000000,
2 2

(MOA)'L,:
My = T rss
1—(g1):
2
ood M%DDDD.DDDDD K%:Set(M%)DDDDDD.
DD KlzK%mK(]DD,
Mz
Klz{xeR”|[ 2]x§1}
My

000 My =[MP MP"000. My =Elm[M/] 000 K, =Set(M;)000000.
D00000000000000 Ky =Set(My) 00000 M,000 M,00000
0.00 SwwxO0OOOOOO K,=K,,00000000000O0.0000 MO0
0000 Elim[]00 M;=M,,, 000000000.0000 Suax = K; = Set(M;) O
00.00000000 Syax 00000000000000000.
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20 0O0OOodbodobobooodon

Svax 00000 :
ooo M,
0000 1) i=1000.

0000 2) 00000000000 9;,1;DDDDD'

)3

*

(9(171)5)3’ = maximize (M;_1B) ;. w

subject to w e W.

0000 8) 1-g;_,, #0000 CPIO0O000000. 000 Suax=200000.
2
1-g7 ,,>0000 M, 0000000000.
2

(Mi_14) 3

My 1)y = —— 20

( ( 1)2)(J,) 1—(9 - l)j
© 1)2

T
oood 4)M[:[MT. M| 00O M;=Elim[M]00D00.

(i-1)}

0000 5) M, 1 =M, 000 Syax =Set(M; ;) 00000. 0000000 i:=i+1
000 0000 2)000.

OO00o00oooo,00b0bb0 230000000000000 SvaxOOoooooOO
O0O0O. 00 CPlO0D0OO0OO0O0O0ODOO0OODbD ogintK, OO 70000, 00000000
goggbobodg.

Elim[] 00O

MreR™" D000 K=Set(M")0DO0O0O.000000+0000 M&’:)D,KDD
gboboooboobboooo. MymObbboboobooboooobobboboo
g,b0bod M(’;.’:)DDDDDDDDDDDDDDDDDDDDDDDDD.DDDDDD
gogoogooogg.

M&’:)DDDDDDDDDDD a),b)0000000000.

a) M, =M; 00 1<i<j<mO0000.

by000O0D0OCOOOOODOO.

h = maximize (M");

subject to x € Set(M")

0000 A<1000.

000 a),b)0000000O M(’;.’:)DDDDD +1 00000 1000000040. 0

000000 K=Set(M)ODODOO,000000000C00O0 MOOOOO.
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27 000

00 MOOOO Mgy, Mgy, k#1 0000000000000 MOOOO K =
Set(M)DDOODOD,000 K=Set()000 KOOODODODOODO MOOOOOOO
00000000, 0000000000000000000000000000000
0,0000 MOOOOODO. 000000000000 M"O00000000000
Elim[M"] 000,

2.7 QOO0

g 21000o0obooobbon

gobooboooboogg.

(24)0000 2600000000,00 CPIOOOOOOD. 0000 Ky=K,400O
O0,Suax =K;000. 000 Fig.22(a) 0000000D0O0OCO0O0O0O0OO. ODO0OO
000000000000 (24 0000000000000, 0000 210000,0
00 w(t)=1000000 2000000 #,2200000000000000 CPILO
00000 Fig.22(b)000. 00 21000000,2000 220000000000
0000000000000, 2,22000 Swax 00D0DO0ODOOOOOODODOO.

O00o0o0ooOoooooO 24 0000w(t)=000000000,0000000
celO0ooOoOO.0boooogooboobobob celooboooDoOoO.

ot 1) = _0;8 ;8] () + H u(®) (2.11a)

Mﬂz—@204x@ (2.11D)

[_4 _2

(211)000 260000000000 CPIOD0O0O0O0O00.0000 K,=K;0000
Swax =K;000.00 CPIOOO0OO, Fig. 22(a) 0000 (24)000000 CPI
000000,0000 Fig.23()000. 0000000000000000 (2.11)00
000000O00000.000000000000000 (211)000000 CPIOO
0,(24)000000 CPIOO0O0O0O0,00000000000000.0000 210
00000,0000000000,0000 200000000000 |u<50000
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20 0O0OOodbodobobooodon

(a) maximal CPI set for the system (2.4) (b) state trajectories in phase plane for the sys-
tem (2.4)

Fig. 2.2: Maximal CPI set and state trajectories in phase plane for the system (2.4)

0000000,0000 22000000000000000000. 000 Fig. 2.3(a)
000000 «A000 CPI0DO00O00O0O0O00000,22000 CPIOOOO0OOOO
000000000000000000. 00 Fig.23(0b)0000000 z),220000
00000000000000000000.
DDDDDDDDDD@@DDDDDDDDDJM§au:—@2oquDDD.

000 (21)0000,D=0000000000.000 |u<5000
u:—@204x+0m

OooOO00 cel0OO0OOOO0.000bOO0bOOO0ODbDO0OO0.OD00DU0DbObO,0bO0ODO
00000000000000(24), (211) 000000000000,

0.1 2.0 2 |
r(t+1)= [—0.8 2.0] z(t) + [1] u(t) + ) w(t) (2.12a)
mw:—km Qﬂﬂﬂ+0mw) (2.12D)

0000 Ky,=K;0000,00 CPI0O000O0OO0O0O0O0O0O0OOOOOO. 00 (2.12)
O0Oo0oO0obD CPlIO0O0O Fig. 2400000000000 0O0ODOD. ODDODOODOODOO
(212) 0000000000000, 000000000000 (24000000 CPIO
0000, (212) 000000 CcPIOOO,0000000O0ODODOODOOOOOOOO,
(24) 000000 CPIOUOODOOO, 000000000000, OO (212)0000
gbogogooboobobboogooo,gbbooobobobooobooobooobo
gd.
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(a) maximal CPI set for the system (2.11) (b) state trajectories in phase plane for the sys-
tem (2.11)

Fig. 2.3: Maximal CPI set and state trajectories in phase plane for the system (2.11)

ooobobo0obobobOOobDOoooboobobobo cPlOoo0oUobOooobobD, oo
ZO00O0O 00 woooo((24),(212) 000000 CcPiooooooo.
00000000000 —2<uw<h000000000.0000 (23)0000 z=u

zgﬁ}

000000000. 000000000000000 |w <1000000. 0000
(24)00000 Ks=K, 000000 CPIOOO0OO0O000.000000 (212)000
000 CPID0O0O0DO0000.00000 (212)00000,000000 —2<2<5
0000000000 wt) 000 |w <100000. (24000000 CPILOOO

—1
Z ={z€R]| [1

Fig. 2.4: Maximal CPI set for the system (2.12)
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20 0O0OOodbodobobooodon

Fig. 25000. 000000000000 0ODOO, Fig.22(a)0000,00 CPIOOO
gooobo.oooooooboboobo,ooogob celobooooooO.

10

-10

Fig. 2.5: Maximal CPI set for the system (2.4)

goodboood —%Swgl,DDDD
-1 L
W={weRr|| |ws<| P}

0000000000000000000000.0000 (24),(212)00000000
0K;=K,000000 CPIO00O0O0OO0O0. (24000000 CPIOOOOOOO
000000 Fig. 26(x) 000. 00 (2.12)000000 CPIOO0OOO0, (24)000
000 CPIOOO0DO0 Fig 2.6(b) 000. Fig. 2.2(a) 000 Fig. 240000000,
000000000000000,000000 CPI0O00O0O00O0O000000O0.

28 00O

goggdoobboboobbbbobboobbobbdoooboooouobobon
o,0booog,0oogboobobobobobboooo celooboooon.

celO000OO0O0ODOOO0O,00D00O00ODO0O0OUOOUODOO,0DDbUObDDODOOOOO
o0g celobboOoOoOoboobooooon.

o000 cPlO0OO0O0ODO0ODOODOODO CcPlOOOO0OOObOOOObD,0bDOobDOO
goboo.oo0ooboooooooboooogo,oo celobogooboobooboonn
ggbodoogoub.oggobboobooobbooboobooobbooobon
ooooooobo,0b celOObOOObDOOO0OD. ODbOobObOobDOobooboboobOooboo
oo0o0o00o0o0oobobbooooboooboooobUoobobo,oobobobobDbo cpl
goguoboodooobogogd.
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10 ——
-5<z<5 : S
5 -1/10sw<1 | .
><N 0 ,,,,,,,,,,,,,,,
=5~
T~
_10 L I ~1 L L
-10 -5 0 5 10
X

(a) maximal CPI set for the system (2.4)

2.8. 0

HEN

10 T T = —
-5<z<5 : S
5 -1/10sw<1 4‘» :,\ .
0 ,,,,,,,,,,,,,,,,
T~/
_5’ 47 -
~ I
‘“sa’\’\ <~ !
~<
_10 L L L ~ L L
-10 -5 0 5 10
X

(b) maximal CPI set for the system (2.12)

Fig. 2.6: Maximal CPI sets for the systems (2.4) and (2.12)
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30 tUbobtdbbbobbobotdbogd
Jotddootdgd

gobo,ggobooubobbobboboobobboobooobbonoogobbad
oob.00obooooboooobboooooobobobo,0boboooobob cpronO
gogodoobubo.gbbobuooooobo,obbbbbobbooouobobuoogo
gobooooooobo.oogb,bo cPlIboboboboboboo0bOoobOobbooboogoo
gobbdgg,gbooobbobogbuoo.pguboobooooboboboo,obbo
gouogbbboobobbobobbbobooobbbooobbooboobob.

3.1 0O0O0O0O0O

00000000,000000000000,000000000000000,000
000000000 ([27. 000000000,0000000000,000000000
0000000000000,000000000000000000.

00,00000000000000000000000000000000000 [56].
0000,00000000000000000000,00000000000000
00000000000 (71,43, 0000000000000000000000000
(Fig. 3.100).

00 [71)00,000000000000000000000000,00000000
000000000000,0000000000000000000000.00000
000000000000 0000,00000000000,000000000000
000000000.0000000000000000,00000000000000
000000 CPIOO [30,42,73)00000000000000000000000 [43).
0D000000000,00000000000000000000000000

0000,000000000000000000,00 CPlO0OOO0OOOOOOOO,
D0000000000000000000000000.00 32000,000000
00000000000.33000,00000000000000000000000
D000000000.000000000000000000000000000000
00000000000000000000.34000000000000000000
0,3500000000000000000.36000000000,00000000
0000000000000000000000000. 00 3.7000,0000000
000000000000000000000.
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U3 bOoboougdbbooobobbobouboboboba

O0: Zf000 0000000000, ROOD0OD0O0OO0OOO0O0OOOOOOO. «T O,
gugooooboudgb ebb0bobgd. bl e00O00, ;U0 o 00000
ooooo.00 A0O0O00,A4,,0 AO0000000000.000 A;)0 AO
(,) 0000000. 00 TTAD,AD000OOOO. P=P e R™", p> 0000
O,E(p,P)={zxeR" 2P <p}000.

3.2 UOOOOoog

gogbboogobbbooobobobuoobobboobo.

xz(t+ 1) = Azx(t) + Bi(zo0(t)) + Bau(t) (3.1a)
z(t) = Chx(t) (3.1b)
y(t) = Cox(t) = x(t) (3.1c)
lu;| < @, j=1,...,m (3.1d)

D00 z(t)eR"000,z00000,ul)eR™"00000,2¢t) eROODDOOOO
y()=2()00000000.6¢)0 t=00 1,0000000 00000000000.
A Bi=A B, C,,C,=1,0,000000000000000000000,0000
00000000 (Fig. 3.100).

00 3.1. (C1,A,B,)0,0000000

u; >0,7=1,... mUO,0000000000000000000000000000
gooog,ggboogoooboobbbo.bobbboobooob  ovobooboo
goooog.

U:{UGRm||U]|S’l—L] ]:1,,m}

00 (3.1)000 Fig.3.100,0000 0000000000000 ,000 3400
gbobooubbibooobboobboooogooboobboon.
00000000000 3.1)OooOoOooooooUooOoooooOoooooOooDo.
oobdoooob ‘cobobo’obbooboo0obobooooo,boboboobbooDbo
gbooooobooboboboooboboboo. 0o boo0’ddoo b oo
ggdoobogobboooo,ugoobbobobooobobobodbog,buagobo
ggoobgoboooo.
goodboboood,ggoubobuouoobbbboodag,oobooaoab o
O0000000,00000000000000C0O0000DDODO0OO (71, 43).
gobg,boogbooobboboboobboooooboobn b, 000bo
gbogouooouooboobobbobo F,0DD0ODbOd

F={F,eR™"i=01,.. .k}
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3.3. Doooon

0000000.000,00000000000000000000000000000
0000,00000000000000000000000,000000000000
0000000000000 u(t)=F(z(t) 00000 (Fig. 3.100).

J)Q(S(t)
Z(t) | Bl = A |«
< C1 | N
t)=x(t u(t
=20 =1, | T leosdel ik ARG
M- Input Constraints
2(t) "LA
» SUPERVISOR l
> FO 3/3
>~ Fl '/C
I
|
- Fk’ —0/3

Fig. 3.1: State and control constrained system and piecewise-linear compensator

3.3 U

0000000000 F,00000 (3.1)0000000000000000 00
god.

s 2(x +1) = (A+ BaFy)x(t) + Bo(00 (1))
¢ z(t) = Cx(t)

000000000000, 000000000000000.

000 X000000000000000000 [30,42,73. 00 TCcR*O,000
r(t)eTOOODO z(t+1)eTO0O0000 X 0000000000 (positively invariant
set) D 0O OO [30].

000 FrCcuopoooooo,TOo CPlOO (Constrained Positively Invariant set)
0000 [73,0000000 z(0)eTODOOO X 000000000000 2(t) — 0,
t—ooOOODODO.

F,0 j 00000 (F),,)000000w = (F)jyr 000. OO0O0DO |u| =
(Fi)goel <w, 0O0D00O, Frcug,0j=1,....m0000, (F)gyr = a; O
00 (F)gyr=-4; 0000000000,000000 700000 Fig.3.20000
ooooooooooo.
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U3 bOoboougdbbooobobbobouboboboba

Fig. 3.2: Geometrical representation of CPI set

PO Y 000000000000 (A+ ByF)TP(A+ByF)—Pi+R=0,R>000
000.0000,>00000000000000000.

E(p, P;) = {z € R"| 2T Pz < p}

000000000000,000,>00000000 E(p,P)0,% 0000000
000000 (71,30, 000 FE(,P)CUDOOOOOOOD 400000000, X
0000 CPI0O000000000000. 00000000000 2 € E(p,P)00
00,z(t) -0, t—oco00wu(t)eUVte Z- 000000,

00 [71]00,000000000000000000000000000000000
00.0000 F, B, p 00

E(p', P) C E(p", Piy)

00000 Fuy, Py, pt 0000000000000 OO0O0OOOOOOOOOOOO0
gob,bbubgodbbooubbobbooob.bboboboobbbobboan
0000000000000,000 E(,P)000000000000000O0O0OOO
00000 (Fig. 3.300). 00000,0000 z(t) 0000000000 DOODOOOO
oobdo Fo0dbobobobobooobo.

00000000,000000000000000000000000 CPT (Constrained
Positively Invariant ) 0000 0000000000000 (30, 42, 73].

00 3.1 (00 CPIOO([73]). 0000 2(0)=2 0000000000000 %00
00 u(t;z) 000. ¥ 000000 CPIO0OOO0DO0O0O0OO0OO.

Ol ={xg e R"| u(t;zy) €U Vte ZT}

00 3.1.0_ 0, 00000000 CPlOO0OOOOOO0OOOO0O0 CPIOOO
[30,42,73]. 000 ¥ 00000000000000000000000000, 2(0) € O,
0Dooooooooood.
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34. Upoobboboooobodgd

1+1
O

(E+1)(j,:)$ - ﬂj

Fig. 3.3: Switching diagram with ellipsoids (left) and maximal CPI sets (right)

00 CPIOD O, 0,000 F,OOODODDODDODODOODOODOODOODOODOOOOO
000.0000,0000¢0000,000 wt)=Fx(¢) 0000000000000
000000,z €0, 000.000 O, 000000000000 0OO0OOOOO0O
000000000000, 000 0, 0000000000000 00O0O0oooO
0000000000000 00o00,00000000000oooooooO (Fig. 3.3
O00). 0oogoopooooooo.

oo 3.1. Jbogbboobgobbuoooobuobooooooobo rpObO0obOo0oo
OoooooxXxoooa,

0% col c.---cOk
000o0o0o0ooooooooooon F,e=1,2,..., k00000000,

00 3.2. 00 31000000000000000000000 F={F, e R™"|i=
0,1,...,£}00000,000000000000000D0O0O0DOOO0OOOOOOOOO
gobbooobogn.

3.4 00UOODOUOOOOOOOO

0000 F_,, 0, P, 000 cOl, 00000 F, 0, 00000000, O
00 ¥ 000000000 O0Ctcol 000,
oo,

pit =min{p € R| O C E(p, Pi1)} (3:2)
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U3 bOoboougdbbooobobbobouboboboba

D00 pf'00000.000,05'0000 E(pf,P,)00000000 (00 3.3,
Fig. 3.4 00).

Fig. 3.4: Geometrical representation of design procedure

000X 00000000, E(py',Py) CE(.,P)DO00D00000O00ODODOO
FE(,P)cUD00D0O0O0O0,0000

oo 1 Y 0,0000
0o 2 E(p, Pioy) € E(pL, P)
0o 3 FEE(p",P)cU

00000 F, P, p. 0000 (Fig. 3400). 00000 F, P, . 000000000
oooooooo.

ud 3.1.00 1,2, 30,00000000000.

VR >0, 3F;, 3P, =P >0, 3p° >0

P b
- = >0 (3.3b)
P+ P-
02
—! >p j=1,....m (3.3¢)
(3P ET) )

000,00 1,2,300000(3.3a), (3.3b), (3.3) 0000000.

00. (3320 X 000000000000000.
(33p) 000000000000000000,00 (710000000 (Lemma 4.1).
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34. Upoobboboooobodgd

0030 (33¢)0000000000000,00 y=P20000,000 E(),P)
0ooo0o00o0o0ooo.

E(p.,P) ={z e R"| y"y < p’,y = Pz}
goooooono,
u= EP;l/Zy

noo.
00 y000000,00300000000,05=1,...,m0000,000000
(F)yoB Py=5,00000

a]
(F,PYFE) 2

(4:9)

d.:

J

7=1....m

000 E(p,P) 000 (p)Y?200000d; > (p)Y?00000000. 000 (3.3c)
ooooo. O

00 3.2. F, P, p. 0 (3.3)00000000000.0000 E(,P)0,P 0000
00000000000000,Y. 0000 CPIO0000.00000 CPIOO O O
000 E(p,P)co._ 000ooo.

00 310 (33)00000000000,000000000D0000000DO0O0 F,
P,p 00000000O000.000000000,0000 z2(00)=20000000
O00000000000. 000 Fig.3.1000000000000 z6(t)(0000)0O
0000 H*00000000000000,00000000000 F,OOOODO.

min Tr(BIP;B)) (3.4a)
Fi, P, P,
subject to  (3.3) with R = CTC, (3.4b)

g 1ogbobogoboboboobobbbgn.

00 3.1. 00000 00000000000, (32)000(34) 00000000
0000000000000 F={FeR™"|i=0,1,...,k} O

0% col c.--cOk
ogoooo.

00.(34)00000000000000000 FOO0OOO X000 CPIOO O
0ooo0. E(p,P) 0,5 0000 CPIO0O000 (00 3.2). 000

OZ ! (pJr P )CE(pi,Pi)COfX)

goodd. 0
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U3 bOoboougdbbooobobbobouboboboba

00 33.0, 0,000000000000000000000000OO0 [30,73]. (3.2)
goggod pl_'FD,DDDDDDDDDDDDDDDDDDDDDDDDD. gbobooo
(34)0,0000 (33)0 0000000000000 0DODODOOOOODODODO. ODO0OO
000000000000000000 (0000D0)0000oooooooo [20].

ggooood

00 31000000000000000000 F,i=0,1,...,k0(3.2),(3.4) 000
0000000000000000000.0000 (32),(34) 00000000000
00000000,

00000000000 (32)00000 20000000000000000.000
000 y=P22 0000 O, E(p,P,.,)00000000000.

Ogl ={r e R"| Miflpiillﬂy <1 lef%x =y}
E(p,Py) =fe e R yy<p Plz=y}

/-'0000000000 yOOOO00000,0000 051000000 E(p, P_y)
000 p000000000,00000000000000000.

p'mt = max yTy (3.5a)

subject to MZ-_1P;11/2y§1 (3.5b)

Oo0ooooooO0O F,0000000000000@B4) 0,00000000000
guooogbobobooooobod.

min Tr(Xy;) (3.6a)
Qi, Yi, X4 ﬂ%, ,» Xog
subject to @, — —QT' >0 (3.6b)
Qi QAT +YTBI Q,CT]
ClQi 0 Ip i
X, BY]
>0 3.6d
B Q) (364
Xo; Y;_
YT O, >0 (3.6¢)
1 _ .
(Xzi)(j,j) - p—luf <0 g=1,....m (3.6f)

000000, Q! =p P, Q=P Y,=FQ;000.
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3.5, DOOoOoogooo

(3.6¢) O (3.3a) 0 (3.4b) 0 R=CIC, 0000 Schur complement 000000000
gooog.

00 Xoi= XL € R™™0(3.3c) 000000000000 000000000, (3.3¢)
gooogooon

Xoi — EPTYEY >0
L _ :
(Xzi)(j,j) < p—iug j=1...,m
O Schur complement 0 000000000 (3.6e), (3.6/))00000.
000 (3.6a), (3.6d) 000 X, =X, e R0 H2O000D00000000000O0

gobboobggd.

3.5 Uouogogod

0000000000000 00000 F={FKeR™"i=0,1,...,k}00000,
00000000000000000000000000000000000000000
D00 u(t)=F(z(t)) 0000

gobobobooogubooobooo

ut) = Flz(t) = Fpayz) (3.7a)
i(r) = argmin{z € O’} (3.7b)

i=0,1,... .k

00 3.2. 0000000 z2(00)=2,€ 0% 0000,(3.1)000 000 (3.7 00000
000000000000000000.

00.000000000,0Y.00000000000000.00¢0000 z(t) € 0%,
0000000, F,— FO0000000000000000000000.00000
000,00000000000000000000000. 00000,0, 00000
0000000 z(t+1) €0, 0000000. 000000 370000000000
1, €0F 0000000000,000000000000000000000 FO000
00000040,00000000000000000. O

000 (3.7 0000000000 2€Of 00000000 D0O0O0O0O0O0OODOOOO
gbbogoo,ubdotboobooooououoobbuooobobobobuoob oo
goog.

0000000000000000,0000000000 RO X 00000000
obood pO0O00O0ODO.OO0O,0000000000O0DO,000000000O0OO
000000. 000,000000000000 écCcRMO000,ECOLDODDOOOD
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000000000000 F,0000(2),B8340000000.0000000000O
g, goobbobuobouooooobooobbbdodood. ggoooobb, ol
0&£0000,k00000000000,00 £ECOX 00000000 OOOOOOO
gbooobogbod.

0000000000000000, 37)00,00 ()0 0, 0000000000
00000000000O00. 00 CPIO0 00000000,00000000000
0DO0O0O00oooao 3o, 73).

O, ={reR" Mz <1}

000 M;eR>*" 00000 O, 0000000000000 O0OOODOO0O, 1€ RS
0100000000000,s0 0, 000000000000000. 0000000
000000000000000000000000000. 0000 =)0 O, 000
00000 Mz(t)—100000000000000O0O.

0D00000,000000000000000000000000 CPI0000000
0000000 [(71)0000000000000000000000.0000000 OF,
00000000000000000,00000000000000000000. 00
00,0, 000000000,0000000 07'0000000000000 z(t) € O
000000000000,

000000000000000,0000 0, 0000000000000, 00 [43]
00000,0., 000000000000 000000000000000,0000
0 200000000,0000000000000000000000000 0,00
00,00000000000000000000000.000000,000 0%, 00
00000000000000000,00000000000000000000000
00000000000,

3.6 00O

00 7100000000
io(t)| |10 0f |zo(t)
1
O0000. 000 W <w=30000000000000.0000000000O0DOO

0000000000 T,=01[s]000000000000O0ODOOODOOOOOOOOO
gooo.
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3.6. OO0

0000000000 Fy=[-683 —121]000, F,¢=1,230000000000
00.00000000000000000 CPIOO O, 00000000000000

gobogo Fig. 3.50000.

Fig. 3.5: Maximal CPI sets for the pendulum model

0000 [21(0) 22(0)]T=[65° —40°s!]00000000000000 00 2(¢), O
00 z,(t) 0000 Figs. 3.6,37000. Fig. 3.70000,00000000000000
000000,000 ARO0D00000000O00O00O0O000000000000. O

guogbuodgoboodoogobooooboogag.

| switching control O gain F3

X, [rad/s]

0
X, [rad]

Fig. 3.6: State trajectories in phase plane for the pendulum model

OooooobobooooooonD, Fe 380 0000D00OO0DOO0OOOOOOO. O
gogbogbobdg,gdbboabbbbboooboobbuoboooooog.
00000 [(71]0000000000000.3.7000000000000,00 [71]
gogdu,ugbobubodgbooobbuboouooboooobbboboobbogn
goobooobo.bobo,00gooboboooon0 k=30000bb0O00ObDDbDOO
Ooooooodb,k=110 120000000000 00O0O000O0DO0OO0OOOO
OO00. Figs. 3.9, 3. 100 000000000000, k=300000,000000000
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1 switching control | 2 switching control |
gain F, gain F,
3 3
= 0 T -~
E T Of d,' A
. -~ - =
><‘_| 0 r N = e = ><N
-0.5 2
0 2 4 6 8 10 0 2 4 6 8 10
t[s] t[s]
a) Position, x1, versus time for the pendulum elocity, xs, versus time for the pendulum
Positi time for th dul b) Velocit time for th dul
model model

Fig. 3.7: Position, x1, and velocity, x5, versus time for the pendulum model

switching control
gain F3 1

Fig. 3.8: Actuator control signal, u, versus time for the pendulum model

oooooooooooo.0ob0ob0 k=11000000D00000OODOOOOO
oo0o0oO0,00 (710000000000 ooo.

3.7 0UU0O0ognd

0000000000000 0000,000000000000D00O [M1J0ooOo0O,
oo00b0oooogo celObobo0obO0oOoobOoob,b0DboboobooboUobobobogo
gobgbbuoogoobooag.

000o000O0oQ00OOoO000,000000000000D00000O0 (32)00000
00000 oL'ooooooog E(p,P)0000000. Fig.3.50000000
000,000 E(pL,p,) 00000 OZ'000000000000000000OO0.
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3.7. Doooon

switching control |

switching control |
————— reference [71] k=3
““““““““ reference [71] k=11

————— reference [71) k=3
““““““““ reference [71] k=11

X, [rad/s]

|
N

0 2 4 6 8 10 0 2 4 6 8 10
t[s] t[s]
(a) Position, x1, versus time for the pendulum (b) Velocity, z2, versus time for the pendulum
model model

Fig. 3.9: Position, x1, and velocity, x5, versus time for the pendulum model

switching control

reference [71] k:37
reference [71) k=11

Fig. 3.10: Actuator control signal, u, versus time for the pendulum model

D000 OG0 o, 0000000000000000000000.00000 [71]0
000,000 E(p-,P,) 00000000000 E(p.,P)000000000000
0D000000000000000,000000000000.

0000000000,000000000000000000000. 00 CPIOO
Oo5'0000000000000,000000000000000000000000
D0O0000.000 0'0000q9™,...,v'eR"000.000 ¢,,0 O5'00
oooooo.

00000000000,340000 20 O CcE(),p)000000000.00
0@3.3b) 0000000000000000000000, (33)00000000000

ggobogoooon.

(o YT P~ < ot l=1,....,t
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jeooboooooobo,0ooo0ooobbb o KROOO,ooobboboooo
Ugbd Fig. 3110, 0000000000000000DO0O0O0O00O00DODOODOODO
00000000 Figs. 3.12,3.1300. Fig. 3.11 0 Fig. 3.5 000000,0 O, 000
gbbod,ugbogbbboouo,goobbobobubbooobooobbbbobb
gooo.

000000000000,0000 ogtoooooongd vw,l=1,...,t;,000000
goboodo. gbbo,ddgooooooubo,gbgbbooooobooobobobooo
gooooboboobobo. oobuooooo,340bb0obbbobboobbogn
godbuouogoodg,buggobooogoobboobobobbood.

___Ep.P) —O

o« |

X, [rad/s]

0
X, [rad]

Fig. 3.11: Maximal CPI sets for the pendulum model

1 switching control | 2 switching control |
= 05 g
E el
><H 0’ :N
-0.5¢ 2
0 2 4 6 8 10 0 2 4 6 8 10
t[s] t[s]
(a) Position, x1, versus time for the pendulum (b) Velocity, z2, versus time for the pendulum
model model

Fig. 3.12: Position, x1, and velocity, x5, versus time for the pendulum model
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switching control

Fig. 3.13: Actuator control signal, u, versus time for the pendulum model

3.8 OO0

gogbbgobbbuoogubodg,bbuboboobbooodgbobdooggo
goobooobob. bbooooooboobogbobodg,bbbbodoobobob, o
gbogobbobobubbboodooouobbobuoboo. oobobuoobouoobo
gubdgoouoboobbooobooobbboob,booobboooboooba
goooooo,0ob0 celObooobboobobobobooo.bobobo,bobobobobooboo
gobbobobuoggobob,bogboubobbbuobuooobbooboon.

gouduodgbogbbbuogbo,ugbobobdouooobuogooobbobaobon
gbogobobbooooboobob.bbbbobooodobobobboooboobbobo
gbg,gobbooobbboobbooobbooobbooobboobbobobon
googo.

gubggooobbobbbob,bbobobbuoobbooboboobbooon
goggobobo.gubgobbbog,ggoobouobooboooobobooog.

gbobobob,ogbooobboboobobb,bbbouobobobboob, o
gogoboboboobogoaan.

go,00creloboobbooboobooooboobboooo,booooobogo
gouobobdgoggobdoooob.guobobb,boboouoobobboboobon
gbooboobbob,ogboggbuobobuooobboobouobobooaaon
gb,b0bgdgogboogogon.

41






40 UOOoobotdobobotutoodd
Juodootdotdotdyd ot
BN

gobb,bbdouogooobooobobuogooobo,bggboobbobonoo
ggoububboobooobodo.gbuobod,oobbbuoouooobobuoabobb
goboboodoob,bbgodggouboooobbobugooobboooob.ba
gbbbobbobobooobboodbo,bbobbodobboboobobooobboo
gogoobobo. bogbbouogbuooooo,gggbbooboboouobo,ood
ggboboodgbbbuoooooobbooboobobon.

4.1 0O0OOO

goougooo,gboguogoboggoo,bbogbbobbooobog,bood
000000000 [27.00000000,0000000000,0000000000
goboboggoboobogon.
00,00000000000000000000000000O00O00O0O0OO000 [56].
goboboobbobbuodgoobboooodboog,ggooogoboboboono, g
O00000000000,000000000000 [71,43,74). 00000000C0O,00
gggbougbbobob,buouooobbuoobuobobobuooobouoobbonoo
gobuogbgoobob. ooguoobooboo,bbbobbbooobbuoooooon
goodbubdg,uooooobboboubobobbbooobobbb,boogo
gbooboooogo.
gubgboboogobbbbuobbboobbooodgbbdo,0buogoobooon
goodbboubogob,obboboduboobbooob,bugggooobooobogo
gbobgbb,buobobobbooobobbboooboooooooboog.
0000, [74000000000000000O0000000O,000000000
ggbogbuoooobobbobooobbboo.oooobbbooob,bbboogab
gbogubbbooggbbogoobgbooobob.bbobbooobooobbbooon
gboboubd,bggouobbog,uooobobouoobuobbobooboboobb
god.bbodooouoggoubooboobooooboobooooo.

g 42000,000000000000000O0.43000,0000000000
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bbb, oo boo.44000,00000
gooodooobobbbbobtoodooooobboobob. 45000, oo O
gogoootbb. oboguoouob,bbbobboobooooobobobboooo
gboboboobbbooobbobbb.4e0bb,b00bOn.

O0: Zt000 0000000000, RO0D00O000O0O0O0OOOOOOOOO. o0,
gugooooboudgb ebb0bobgd. bl e00O00, ;U0 o 00000
ooooo.00 A0O0O00,A4,,0 AO0000000000.000 A;)0 AO
(,) 0000000. 00 TTAD,AD000DOOOO. P=P e R™", p> 0000
O, E(p,P)={zxeR" 2Pz <p}000.

4.2 OJOO0O0OOOO0OOOOOOO

goggdoobobobobbbbbobbobobooououduoooubooooooon
gogoogo.

z(t 4+ 1) = Ax(t) + Bo(xo(t)) + Biw(t) + Bau(t) (4.1a)
20(t) = Coz(t) + Dorw(t) + Dogu(t) (4.1Db)
z1(t) = Chz(t) + Dyyw(t) + Digu(t) (4.1¢)
y(t) = Cox(t) = (1) (4.1d)

000000 z(t) eR"O000,2,€R*" 00000, u(t) eR™OO000, z(t) € R
0D0000,00 y#)=2(¢) 000000, wt)eWCcR™OODOOO0OOOO00O. 6
0t=00 1,0000000 00000000000. A, By, By, Ba, Cy, Cy = I, Doy,
Do, Dn, D1, 000000000000000,00000000.

00 4.1. (C1,A,B,)0,0000000
() eRPI0O00D0DODOODOOOOOOODOOOOOOOOOOOOOOOOOO
wt)ez VteZ*t (4.2)

ggdobooogbboboooo. oobbbooooo,gboobbboouogon
gbooggbobboobogbboba,bboouoobooboobo.obbobo,b
gbobooboobooobooobobooob w,zooooboooooboooooo.

W:{weRm1||wZ|§1 izl,...,ml}
Z:{ZoeRp0||<Zo)i|S1 izl,...,po}

00 (41)00,00000000000000000,000 442000000000
goouooooobobuooooooooooobooboag.
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D02 < ’U)(t)
D11 <
State and Control Dol
Constraints . O e
< o ——Nom™ +, B |«
21(t) < O By |«
y(t) = z(t) "
> A u(t)
»| SUPERVISOR ¢
> FO -/3
> Fl -/3
I
|
> Fk —0/3

Fig. 4.1: State and control constrained system and switching state feedback compensator

4.3 0OO0OO0OOO

0000 (41)0000000000000 ut)=Fzt)000000000 %000
0oo.

z(t+ 1) = (A+ BoF;)z(t) + Bo(xod(t)) + Brw(t)
21 (t) (Cl + DmE)ZL’(t) + Dlgw(t)

0000 (42)00000000,Y 00000000.00 $¥0000000 X(00
000000000 [30, 42, 73].

X'={x € R" (Co+ DpoF;)x + Dpyw € Z Yw € W}

00 4.1. 0000 (42)00000000,00000 e X'00000000000
gogd.bobbobobogdgo,ouoggobboooobobuoaoooon.

X' ={2 e R" |(Co+ DpaFi)jnx| <1l—e; j=1,...,p0} (4.3)
gooo0Oo00 eeRre00O00 e;0,00000000000000000 [73].
€j:g16%<(D01)(j,:)w J=1...,po

000000 X‘0,% 0 (42)0000000000000000000O0O, X0 0
000 42)00000000000C0C0O00000O0,0000000000000 CPI
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(Constrained Positively Invariant) 00 O, 00000000 [73]. OO CPIO OO [43, 74]
gougbbdougbugbbouoobbbobuooboboooobobb.

00 4.1. 200) =20, we WODOODO X 000 (41b) O z(t;z0,w) 000. X000
CPI00O0O00O0O0OOOOOO0.

Ol = {xg € R"| z(t;20,w) € Z Vte ZT VYw e W}

00 4.2. 00 CPIDOO,000000 (positively invariant set) 00 0. 0000000
z(t) € OL,w(t) e WDODOOOOOOO z(t+1)e0, 000. 00000000 O C X*
O000. 0000000000000000 ¥ 0000 CPI (Constrained Positively
Invariant) 00 00000 [73]. (7] 00000000000,00 CPlOOOOOOO0O
ooooag.

00 4.3. 0, 000000000000
O, ={reR" Mz <1} (4.4)

00000000000000. 000 M;eR>"0,0,, 0000000000000
T

DD,lzP ~-@ eR% 000 [42][73]. 00O0OOO0OO0O0OO0OO0O0OO0OOO

0oooo0oooooo.

oogoo 41000 4.1DDDDDDDDDDD,O&)DDDDDDDDDDDDD
73].

00 4.1. 000 weWODOOO,X: 00000 (42)00000000000000O0O,
x(0)eO, 000.

004100,0), 0000 F,0OOOOOOODODOOOO0OO0OO0O0O000000000. O
0000000 +0000,000 uw(t)=Fz(t) 000000000000 000000
00DO000,2(t) €0 000.0000000000000000000 O\, 00000,
Y 000O0ODOO0000O0OO0000000000000.00,0000000,000 0%
0000000000000000000000000000 [71, 43, 74].

000000000 [71,43,74 00,00 O, (0000 CPIODO)0O00O0O0O0O
D0000000000000000000000000000000000. 0000
O cOl c---co 00000 FOODOD,x(t)0 O, 0000000000 FO
0000000. 00000,000000000000000000,00000000
0000,000000000000000000000000000 (Fig. 4200).

0D00000000000000000000000,00 0% c---cOf 00000
00000. 0000000000000, Fig 420000000000, 2(t) €050
0D000000000000000. 0000 F,— F_,00000000000000
ooo.
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Fig. 4.2: Switching diagram and state trajectories: with disturbance inputs (dashed line),
with no disturbance inputs (solid line)

00000000000000000000000000,0000 Y000 z(t) € R
(t—oo)000000O0O00OOD. 000 R, O X0O00000000,000000
ooooo.
t—1
R, ={xeR'3HtecZ'IweW z=> (A+BF)""PBuwk)}

k=0
00000 ¥ 00000 20000000

aﬂ:m+Bﬁwam+t(A+&mw4%BW@)

0

—

b
Il

000000.000 (A+ByF)tay—0(t—>00)0000000,00000 t0000
0,2()000000000000,0000000000000 20000.000 00
00000 2€0:, 000 z(t)eR., (t—oo)00O00D0D0DODO.
00000000000000000000000 R, cOizlcoi, 00000000
00000000000 F,OOOO00.00000000000000, F, — F_,00
00000000000000.0000000000000.

ob 4.1. J000ObOO00Ob0O0ObOo0o0oboboooooooobo FppOboobbooo
000000 xXo00,00

R_cO'coO, i=12,...k (4.5)

Ooobooooooobooooboobog Fy,e=12,...,k00000000.
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00 44. 0000000000 CO0OOO0OOO,0000000000000000 |20,
7%. 0000,0000000000000,000000000.

00 4.2. 00 41 000000000000000000000 F ={F, € R™*"| =
0,1,...,k}00000,00000000000000C0ODO0OOCOO0OOOOOOOOO
gboogoobggoobo.

4.4 0O0U00O0O0OOOOOOOOO

4.4.1 0O0O0OOOOOO

00000 ¥ 000000 R, O0000,0000000000000 [20].

00 4.2. =P'>0, FOOOO,000 zeR*"000 2"Pz>1000 we WO
0o

(A + ByF))x + Byw)  P((A + By Fy)x + Byw) — 2" Pir <0
D000000DO0O0. 0000 E(L,P)0 R, O000000,R,_ CEQN,P)0OODD.

goobob 430,00 42000000000, 0000000 0ooobboogbo
gogoo.

00 43. ,=P'>0,F, >0, R 000 R, =diag[r!,...,r"™ ] >0, TrR; <100
00

R, BT DT

¥ ki, ! 11 >0 (4.6)
AQ; + BYY; B, Qi 0
ChQi + DyoY; Dy 0 I,

0D000000000.000 Q=P Y=FQ,000.0000 R_CE(,P)OO
00 ¥ 00000000,

00 (00 43). 00 420000 Sprocedure 2000 000,00 0000000000.

0000 P, =PY'>0,F, ;>0,5>0000 RO00 R = diag[r!,...,r™ ] >0,
TR, <10000,000 z€R" weR™ 0000
(A + ByF))x + Byw)  P((A + BoFy)x 4+ Byw) — 2" Pir <
— ((C1 + DiaFy)x + Dyyw) " ((Ch + DioFy)x + Dyjw)
—ai(zTPx — 1) — Bi(1 — w'Rw) (4.7)
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0000000000.0000 R, CE(,P)00000.0000000000000
;=3 00000000008 00000000. 000 Schur complement 0000,
(46)00000.

00 (47) 0000 100,00000000000000000000000,000

T
00000 ROOOOO [xT wT}R[xT wT} 0Doo0O0O0O000O000OO0OoO.

¥ O0OUOOODODODODODw=00000000000000 o;=4,0000(4.7)
HEN

2 (A + ByF)TPy(A+ ByFy))x — ' Px <
- ((01 + DlgFi)ZE) ((01 + DlgFi)I) - OziZL’TPiZL’ S 0

gbogobbobgooboa. 0

00 4.5. 00 [8)00C, 46)00000000000O0O0OOOCOOOOO,00000
000000000 0O00. 0000000000000, 0000 (4.6), (49 0000
0000000000 /0000000000 000CO0O00ODO. 0000 [FgoooO
ggoooooboooboogd.

4.4.2 OJ0OOOOOOOOOOOOOOO

0000 F_.y, P,,03'0000000 F, p,0, 0000000000, 0000
Y O0Ooooooooo R, cotcol, 000,
00 [740000000,00000000000 pf'00000.

pf,;l = min{p € R| Of;l C E(p,Pi_1)} (4.8)

00000000 ={z e R M2 <1}0000 E(pS,P,) 00000000
(Fig. 4.3, 00 4.8 00).

000 F, 000000000000 (Fig.4300). 00 ¥ 0OOOOOOOoOOO
D000, R, cOoL'0000000,00 4300, E(L,P)co'00o0oo. oo
0OoZlco, 0000000,00 E(pf,P,)CE(.,R)00, 000,00000
000000000,00 0.0 E(p,P)cX'00000.00000

0o 1 Y ooood
oo 2 E(1,P) c 0!
oo 3 E(pT!, Pi) C B(pL, P)
0g 4 E(p",P)C X’

ooo.ogobbog 10gbobbo4300b000b0.000 /R, RO00b00000
gooboooooo.
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(C() + DOQE)(]' T = 1— €;

(Co + Do Fy)(jyr = —(1 — ¢;)

cememem Bl P) eeeeeneoes B P)

Fig. 4.3: Geometrical representation of design procedure

o 4.4. 00 2,3,40,00000000000.

1
3P, =P >0, 3F, 3— >0, 3X;; = X}, 3Xo = X5,
p

X1 M;1Q;
>0 4.9a
(Xli)(j,j) <1l j53=1,...,8_ (49b)

1 )
Qi——Q7'>0 (4.9¢)

pL

Xo; CoQ; + DyY;

o 0Qi + Dol (4.94)
QiCy + Y Dy, Qi
1 .

(XQi)(j,j) < (]_ — 6j)2p—i ] = 1,...,p0 (496)

000000 Qi =PFYi=FQ, Q7' =p7'Q.000. 00 ¢, M, 0,000
0(43),(44)0000000,00 CPIOOODOODOODOOOO.

00 (00 44). 00 300000 (490)0000000000000000000,00
(710000000 (Lemma 4.1).
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00 20 (4.9), (4.9a) 00000 40(4.9d), (49)000000000000000
y=P’z00000.002400000000,00 y00000000000000.

X'={z € R [(Co+ DuF) P Py <1—e; PPu=vy, j=1,...,po}
Ot ={z e R My PPy <1 PPz =y}

E(L,P)={zeR"|y"y<1 PVz=y}
E(p,P)={zeR"y"y<p P z=y}

oo 2000000 yOOoooo,00doooon OE;IDDDDDDDD
(Mifl)(j,:)Piil/Zygl J=1,...,81

goooo

1 ,
lj = (Mi_lp_lelll)l/Q ] = 1,...,Si_1

i=1/(j.4)

00 E(1,P)000 1000000 (;>100000000. 00000 Xy,;=X{€
Re-s1 Q0000000 0ODOOOODOOODOOO.

Xy — Mi_lp,i_lMiT;l >0
(Xli)(j,j) <1 j =1,...,8_1
000 Schur complement 0 000000000 (4.92), (4.9b)00000.

00 40 (49d), (4.9e) 0000000000000 OOOO. 00DOO0ODO XtOOO
gobooo

(CO + DOQF;)(j,:)Piil/Qy <1l-—eg 7=1,...,p0

goooo

1
4 — j=1,...,po
" ((Co+ DoFy) PGy + DOQR)T)ZJ{?)

oooo.
00 40000000,00 E(p,R) 000 ()Y 0 ¢; 00000 d; > ()20
D000000. 00000 Xy =Xy € RP? 0000

Xoi — (Co+ DOQF%)Pfl(Co + DozFi)T >0

1 ,
(Xoi)j < (1= €j)2p—i i=1...,p0

0000.00000 Schur complement 0 000 O (4.9d), (4.9¢)00000. O
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00 4.6. 00 43,440000000 F, P, p. 0000. E(p°,P)0,% 0 CPIOO
00000 (00 4100000),00 CPIO0 O\, 0000 E(p,P)cO’ 0000,
D000 R, CcOLtco, 000000DO0.

00 43,4400, (46), (490000 F, 000,000 1,2,3,4000000.0
00 (46), (4.9)00000000000,000000000000000000000
00000000000.000000000000000 FOOOOO.

min Tr(By P;By) (4.10a)
ai, Ri, Qi, Y3, p% , X1i, Xog

subject to (4.6) and (4.9) (4.10Db)

000 w=0000000,0000 200 (¢#) 000 H2O0ODOD0DODO0OODOODOOOO
ggg.

00 4.7. 00000 (410)0,00000000000000000000O00O00O0O [74].
ggbbgbooggdg,bbbbooobobooo,bgggobboboooboon
gbooggo.

b 41000000oobooboboooogn.

00 41. 00000 200000000000, (48), (410)00000000000
0000000000 F={FKeRm™"|i=0,1,...,k} O

R cOZ'coO., i=12,.. .k
ooooo.

00. (41000000000 F,FODODOO,X 000 0, 00000.

00 43,4400, R CE(,P)CcOo;'000.3"Pz=p >1000000 4200
D00 z0000000,00 E(,R)CcX'000.0000 E(p,P)D0,% 0 CPI
00000, E(p,R)cOi,000.00 4400 OZC E(p',Py) CE(p,P) 00
000 R, ,CcOZtco, 000. O

00 4.8. 0:,0,00000000000000000000000000 [42, 73). (4.8)
000000 07'0,00000000000000000000 [74]. (41000000
0000000,(46)0000000000000000,00000.00000000
00000000 ,0000000,0000000000000000000000. 0
000000, (00000)00000000000000000000000. 4600
00000,0000000000000.
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ggboogdad

00 41000000000000000000F,i=1,....,k0 (48),(410)000
0000000000000000000.0000 (4.8),(410)00000000000
ooooooo.

00000000000 (4800000 20000000000000000.000
000 y=P22 0000 O, E(p,P,.,)00000000000.

O ={z e R"| M, P_Y?r <1 PYiz =y}
E(p,Pa) =fe e Ry y<p Plz=y}

/70000000000 yO00OO000000,0000 051000000 E(p, Py)
000,000000000.000 07'0,00020000000000000.

pimt = maxy'y (4.11)
subject to Mi,llDiill/zy <1 (4.12)

00000000 (410)0000.00000000000000000000 (4.6) 0
00000.0000,00 410000000000000000.

00000000000000 00000046 000C0C0O0O0O0O0ODODODODO. OO
O00,000000000000D000000ODO (DOOO0OOOO0)DOO0DO0OOO0DOOOO
gooon.

0000000, 00000000, 410)00000000000000O0COOO
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gogdboobod.gb 4ebubouoooooobuoooboon.

min Tr(Xs)

Qi, Yi, X14, Xog, X34,

3

1-a)Q 0 QAT+Y:Bf QCT+Y,DY]
0 R, BT DT
subject to “ ! . >0
AQ, + BY; By Qi 0
CiQ; + D12Y; Dy 0 I, |
Xy MiQ;)
i M@
QiMi_1 Qz i

(XM)(]J) S 1 j = 1,...,82',1

1 )
Qi_ 7 171>O
0 +

Xoi CoQi + Dg2Y;

>0
QCT+Y'D, @,

1 ,
(Xoi)g < (1 — ej)Qp—i i=1...,p0
X35 Bg

>0
By Qi

00000 Xy e RO, H200000000000000000O0000O0O0OO00O0O.

4.5 UOO0OOO0OOOOO

000000000000000000 F={FeRm™"i=0,1,...,k}00000,
000000000000000000000 u(t)=F(z¢)0000

guobobboooouboobbbbo

u(t) = F(z(t) = Fi)x(t) (4.13a)
i(x) = Za:rogfnlr;{95(zf) €O} (4.13b)

00 4.2. (41)000 (4.13)000000000000000000000,00000
00 z(0) =2 €Ok 000 weW O0OODO z(t) e R, (t—o00)00000. 0000
00 »€20,000000000000000.

00 (00 42). 00 +0000 2(¢) €0, 0000000, Fpy — F, 00000000
D000, 0, 000000000000, «z(t+1)e0, 0000000. 000000
000000,00000000,000000000000000000. 000000
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0000000 (45 00,000000000 Fy, — F,i>00000000000
00000000. 00000000000 = e Of 000 wt)eWODDOOOODOOO,
z(t) eR’ (t—o0)00000. 0000000000000000000000O0000
0000:0,000000000000000000.000 »w#)=000000,00
000000000000 z()—0000000. 0

00 4.9. 000 (413)000,0% cOk 00000, (71,43, 74 00000000, O
000000000000 FKROO0O000000O0,00000000000 O- 0000
0000 €~2Z00000,000000000000000. 00000000000
00000000000000000000000000000. 000 (71,43, 74 00
000O000,00 (45 00,000 weW 0OOODODOOOO0O0O Fyy — F 0000
z(t) € RY (t > o00)0000DODO.

0000,0000000000000000000000000 (7400000000
000000.000000,00000000 [74000000000000000,0
0000000000 [7400000000000000000000000.

D000 wW={0}000.00 43)0000 e=0000,00 R,_={0}000.
000 (4.6)0000 (47) 00000 e;=6=000000000

(A + BoF)2)"Py((A+ ByFy)z) — ' P <
— ((C1 + D12 F)x)* ((Cy 4 D1y Fy)x) (4.14)

godobog.
00000 200000 (4.9a), (49b) 0000000000000, OO0 (48000
0000000, (41000, (414)0000,0000000000
min Tr(Xs)

1
Qi, Yi, i Xoi, X3

1 )
subjectto  Q; — —— f[l >0
p

Qi QAT +Y'By QCl + Y;TD1T2-
AQ; + ByY; Qi 0 >0
C1Q; + D12Y; 0 I, ]
Xoi CoQ;i + D02Y;_
T T AT >0
Qico + Y; D02 Qz i
1 ,
(X2i) () < p—z J=1...,po
Xt By >0
By Q;

000 (7400000000000 0000O0,000000000000000O.
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4.6 OO0
0000000000 (71, (74 0000. 000 |oy| <2 |z <5 v/ <300000

Dooooooo.
] [ o 1] [x) 0
_ /
LJ 10 J[@u)+ %—w0+
1 0] [2i(0)
£ =
all) OJ[@@]
0000,00000000 01[s]00000000000000000000000

DDDDD.%:{4l7—5ﬂDDD,DDDDDDDfaizLQDDDDD.DDD
CPIOO0 O, 0000000000000000000000000 Fig44000.

X, [rad/s]

Fig. 4.4: Maximal CPI sets for the pendulum model
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4.7, 000

switching control

gain F2
o 2~
e} = <=’ -
g B
><‘—1 ~ - xN_
Se-- 7 switching control
ot gain F,
-0.5
_3 L
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
t[s] t[s]
(a) Position, x1(t), versus time for the pendulum (b) Velocity, x2(t), versus time for the pendu-
model lum model

Fig. 4.5: Position, z1(t), and velocity, xo(t), versus time for the pendulum model

switching control
----- gain F,

------- - boundson u

=~

Fig. 4.6: Actuator control signal versus time for the pendulum model
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gggbboobbooobbog,boooboooooooobbbbobobboao
gogbuoboobbboogbuoouoooobboobdooa.
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gubdgbobboobobuob,bbbboogubobooobobobobooo. oo
ggoud,bguoggogobboouoboo,boooooobboobbbooob

o7



40 OOOdbOObObObOobobobuobooboogobobobooobobon
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go.ggbodgobbboogguobuououguobobooo,bbboooooooon
guobbobbooboooobb.boboobbbbobbbooboooobbod
gooboobb.bgbguoobbodoogbbobobbooob,bboooboboooogn
gbobougooobbbdgobobobo.oguogboooog,obuooobobbo
guogdoobbbo,bobuboubooboobbo. obobboboobb,od0d
gobobooboob.
gb,gggoobobobouobubooubboonog,sgboobbo,booooobad
gboboboobbooboboobouooobooo.gboboobobboboobboo
gbbouogogoboobobbooououogo, 3o boobuobooooon.
gbobobobooouobobobuoobbooobobb,obobobooouoaaon
ggbuobobboubooobboob. bbb, sgubooboooog,gbbaoon
gbobdoooboooboooobbobobbooobbooboboobo,obo
goooboobobooobogoon.
gguouggouoboboobbuoob,obbbboboooobao,booaon
goggoobobooobbooobodbboogbbooo. bgboobboooon,
ggbgoboooouobobob,obbbbobobbodabg,gbobobbodooaon
ggogboogboobbo.ggbgoboboooob,bbbougoobooabon
gb. bobogooggbbbodg,bbuobbouoboooobobobooboa,gogo
goggobbbooob,gobobbuobboduodogoooboo,bboouonbn
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s bbb tooggd
Jugogduguood

gbobod,ggubgobboodgbodogbbobobboooobboboboogn
gooo,godgobbbdogbbbboboubbooooboboboog. gogo
gb,bbodbboogbuggbobboobbobooou,pggoboboooooboog.
gbobobob,bubobbgobooobboboooboboboouoooooa. go
gbobodgbo,gbuoboogbobobobodbgbo,bobobuobobodobao
gg,bbbuogguuobooguougooobbboubooobbobooobboon.

5.1 0OOODO

gogbboooboo,ggoobbugoogg,obobboooobooboboooooon
ggbuobuooogoboobbdoo. gobogboubobboboboabob,bboabob
goduobogbuggoobooooboo,gbboggbooogbbobobgood
Ooooooooooooo [27).
goodboudg,bgguodggogguuboobbobubob,oboogoogo
gbobobgobuooooo,bobboouobobuobouogo,gboobobobooooabb
00000000000 DO [8,29,38) (Fig. 5.1100). 000000 OOO,00000
ggboobuooodoouogooouoboooobbo,oggbobboooob.bo
gg,ugggbugougbbbooboboobbbdooboooguobooobobo
googooo.
gbgd,gbobgobboboguooobbuobuobbboobboobbbobob
0‘ooo’'oobooobooobbob0. booggooboobobobooooo
gggouoooobodobob,uggbobogoboooboooobobbooboboaoo
goobobodgb. bboog,oboooubbboooogbooobo,gboooboboboon
gbobobbouodgb.gbbobb,boobooobobobooooobboooon
gob,boguoodgogooobboboobobobbooouoooooooog.
s20bb,dbobbuoobobbobubgog.s3ubb,bboboobbbob
ggboboboobooobb,gbboodbbooobog.s4bod,obboon
gbodbogobbbbbbbobboobdooduoououobooouoooooobon
gododd,ggooobbbbodugooug. gb,ggbobbobuobboonoboo
gbooooobuoobboooog. ssuun,bobuouoogooubououauuon
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gobdbogod.sebdb,s400bdbuooonboonoobgob,bgogd
gbbuogbooobobbboobboobboooubboouooabbooag. ooooo
gbo,bbodoogboobooobboobobuobooooobgbooob.srgog,
ggubgbogbobboooobobobbob,bobbobbobobboaogon
gooo.

00: Z*000 0000000000,RO00OOC0OOOOOOOOOOO0O. «* 0O,
ggbboodgouub eogbbogg. bbb e, a0 o O 00000
oo0ooo0.00 AO0O00O0O,A4;,0 A0 .0000000000.000 A0 AO
(1) DODOODOODO.

5.2 UOOOOO

ooooboonD ¥»obooo.

zp(t +1) = Apry(t) + Byu(t)
xP 21(t) = Cpap(t)
y(t) = Cpazy(t)

000 z,e R» 00000000,vueR"00000,% €RO0000000,00
000000000000 00000000 »,0000000000000000, 00
yeRPOO00000000000,A,, B, Cy, Cp D,000000000000000.

0O000 YyO0OOOOOODOO0OOO00D0,0000000000000000000 %0
000 (Fig. 5.1 00).

Te(t + 1) = Acre(t) + Baw(t) + Beay(t)

> u(t) = Coxe(t) + Daw(t)(t) + Deay(t)

000 2,=R*=0000000,weRO000000000000, A, Ba, Ba, C.,
D.,D,000000000000C0DO0.

w(t)

SRS v () T ey MO

Z1 (t)

y(t)

Fig. 5.1: Closed loop system

gbooobobogbbbuooooooboogon

Zo(t) = Cpol’p(t) + Ocol'c(t) + DuolL(t) (51)
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00000000 eR00000.0000 20
wt)eZ VteZt (5.2)

00000000000000 (Fig.5200). 00000000 ZCcRreO, 00000
guoggooboggobon.

Z:{ZoeRp0||(Zo)j|§1 jzl,...,po} (53&)
—1
={2€eR™ | |z <1} (5.3b)
IPO
gdddoo20000uootuo, oo ouooooooooog.
z0(t) ~+
zZ0 € Z T+ "
State and Control u(t) w(t)
1 P c
Constraints | 2 (t) by ¢ by

y(t)

Fig. 5.2: State and control constrained system (1)

P 3000 (5.1) 0000000000000 X000000000 (Fig. 5.300).

x(t+1) = Ax(t) + Bw(t) (5.4a)
21 (t) = Crz(t) (5.4c)
T
000000 z= |2 7] ,ni=n,+n.000,000000000000.
—A+BD202 BC BDI
A= P p=ci~p p~c ERan B = p=c eRnXl
Bc20p2 Ac Bcl
Co = |Cpo + DyoDe2Cry Cop + DuOCci| € RPox" Dy = DD, € RP¥!
a = e, o] erim

oooooboOo ¥ooo,gobooooooao.
oo s5.1. 00000 X¥XO0Oooa.

gb s.1. J00O0obbO, 0000 obobob »obobobooo,obobbooboo
O0000000000000000000000000 (00000000 0)00000
Og.gb0g x0,000obo0bobo0oob,bobboboobbOo,bobg ez
0000000000,000000000 «0000000D0OO0O0OO0 (DO0O0)000
goooog.
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zZ0 € Z

State and Control
Constraints

Zo(t)

B

Zl(t)

w(t)

Y

Fig. 5.3: State and control constrained system (2)

00 5.1. 000000000 [80].

T, 0|1 . Ze
0113 -3
P z11=11/0 T e |Pe| = w
U U 3010 =30
Yy 10 Yy
goooono

lu| < 2.25
0000000000000, 0000 Z={x||»<1}0000
Lp

- :L’C
2.25 ]
u

ZOZ{OO €z

gboddobuobodooooooooboobo.
O0000,0000000000C00C0. OODOOOODOOOOO0 Ty=0.05[s] 000
gobooubgbbobobboooobbooog.
xC
] "
Y

T 110.05 . .
u u
Y 1] 0

Oooooooboo Xoboboobooboo.

1]015 —0.15
30 0 —30

—05 15 | 0
Tl 015 1 [015 | [,
S |zl [T=30 30
S w
2| | 225 225
1 0 0

00000 ¥0000,000000 |w<22000000000000 Fig. 540
guo.

Fig. 54(a) 00000 w000 ,0000 »000000000000O0DO.

ObOoobooboboboboOoOobOon Fig ss5000.

0000000000, 000000000000, Fig.b5(b)0000000,000
gogbbogoouogooad.
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0.51 W(l')

0 1 2 3 4 5 6
t[s]

(a) reference input: w(t)

u(®)

———= -bounds on u

t[s]
(c) controller output: wu(t)

Fig. 5.4: Simulation results (no constraints present)

Fig. 51 0000000,000 v ODOO0O0O0OO0OO0ODOO0O ¥0000000000
guobbob.ouboggboboougobb,bobbbbugooooo,oooobod
O000000O000,000000000000O0 (Fig.5200).0000,000000
googobooboboooooobb »ouooooooboobooboo,bbooon
gobdogobbob,gobobuogobbobogoa.

gooboo, Fig.s200000000000000000000DO0DOOO0ODOOO
goboob. bbogguoboooobbooo,ggbooboogbobooooogoon
0000000000000000000D0 [80]. 000000000000 O0OD0OOOO
goboodoo,jboobboobboboboobo00 bbroboboboboo
g,ggbbbooogbboooobn.

gubdgoggoooouoooboobooobbouobuob,goboboboboon,on
guogbdbobodgbdo. obbboooobobobobooboob,oboogo
gouogbouogbbdooo.gbbboooobo,bbboooobobobbooon
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l,
0.5r w(t)
2
0
-0.5
_1—
0 1 2 3 4 5 6 0 1 2 3 4 5 6
t[s] t[s]
(a) reference input: w(t) (b) controlled output: z(t)

u(®)

———= -bounds on u

(c) plant input: u(t)
Fig. 5.5: Simulation results with input magnitude constraints

gbboodgbuoogbobbooobuoooo,buoouoobooobboboboabbo
gogooogoooo.

goooud,gboogobbogbboboobobooobbbooobooobbob
godgoooogo.

oo s.2. 0000,X00000000 », 0000000 0000 «0000000
oooooooobobob. obooobooooobD ¥oobobooooboooobg
gbobobg,bbobboobbobod.

5.3 UQHOOOOO

gogbbobob,gbbguoggobobbooogoooogobobooo.gooo
gog,b0ooooooboo ¥oog,gboboboboobbobbobobobboogn
go.
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5.3. DOooogn

0000 +4>000000000000000000
R(y) ={reR| -y <r <7} (5.5)

g ~0O00oooogbob 200b0b00bo. obbobobobooubn
goboooobo.

X°y)={z € R Coxr+ Dyw € Z Vw € R(7)} (5.6a)
= {z € R" [(Co)yyz + (Do)goyw| <1 Ywe R(y), j=1,...,p}  (5.6b)
_ n | —Co 1—e(v)
={z e R"| C, x < [1_6(7)]} (5.6¢)

000000 e(y)eR0000000DO0ODODOOOOOOOOOOODO.

e; = max (Dg)¢; w =1,...,
i = max (Do) j Po

00 5.3. 0000000,0000000 weR(y)0000,000000 (5.4b)00
000 (5.2)00000000000000.00000 £0,0000000 weR»Y)
0000000000000000000000,00000000000 X%y) 000
Do0oo00Oo0ooo.

¥0,0000000weR(y)ODOOO,000000 (5.2)0000000DOODO
O000000,0000000000000 CPI (Constrained Positively Invariant) 0 O O
O0ooooo.

00 5.1. 000000000000000 w#)eR(y)Vte Z- 00000 20000
000 (54b) 0 z(t;z0,w) 000. 00000000000 X000 CPIOOODO
0DO0O0o0ooooo [42),[73).

0% () = {xo| 20(t; wo,w) € Z ¥t e Z* Yw € R(7)}

00 5.4. x00000000,00000 7000000 0%()#£2 00000000
0 [30],]42],[73. 0000000 00000, 0%() 0000000,

00000000 5100000000000,00 CPIO0O O°%(y)OODOOOOOO
goboon.

00 5.1. 00 v>00000,0%(y)#2000. 0000000 w(t)eR(y)000
0 %(t)eZVte 2+ 000000000000000 z(0)e0’(y)000.

00 5.5. 00 CPIOO 0%(7) 000000000000
0% () = {r € R"| Mpz <1}
0000000000000.000 MyeR* 0 0% () 000000000 OOOO

T
DD,lz[l 1} erReJUO0.000DOOO0O0O0DOODOODODDODODOODLODbOOOOD

00000000. 00000,00 MyODODOOO O%()OOODODODODOODOODDOOO
gobi se0,00000 v0O00DOOOO.
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00 5.6. 55000, 0000000000000000,0000000 «() 000,
z(t) e 0% (y) 00000000000000000000. 0000000 Ma(z)—10
0000000000000000000.

00000 40000 0%(y)#90000000.0000 R(y)0,00000 0
0000000000000000000000000000.000000,00000
00000000000000000000,000000000000000.0000
00000000000,

rm = sup{y € R| O%,(7) # &} (5.7)

00 5.7.7°0000000,0000000 e>00,00000000000.000
00o0oo0oooooo,r <y+e00000 yOOO0,000 72 000.

00000 (.7)00 A 00000000000
RO={reRrR|—r) <r<r2} (5.8)

g, ogbdgbooooboobbobooboboboboobobooobooboobooooog.
0000000 (X0000)000000000.00,000000 RRODOOOOO
0000 CPIOO0OO0O O 0000000o0o0oo.

0% = {xg € R"| 2(t; o, w) Vte ZT Vw € R}

00 5.2. 00 5100000000.~4=010000 0°(0.1)0, Fig. 5.6(a) 0000
D000. 00000000, =2000.000000000,0000000 =,0
000000000.000 R0.1)0 2, 0000000. 0000000000000
0,(5.6)000000000000000,000000000000,00000000
00000000000000000000.

00000000 (5.7)0000000 R%,0°% 0 Fig. 5.6(b) 000. 00000000
P9 =02430000. 0000 r(t) e R°={r| —0243<r <0243} 000000000
00000,000000000000000000000.

DDDDDDDDxM:PQ% 4mﬂ{DDDDDumw%:QMBDDDDDDDD
000000 Fig. 5.7(:) 000. 000000,0000000000000000000,
00000000000000000000.

00000000 w=047,w=1.0000000000 Fig. 5.7(b)000.0000,0
0000000000000000000,00000000000.00 w=1.00000
00,0000000000000000,0000000000000000 (Fig. 5.5(b)
oo).

66
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(a) w=0.243 (b) w =0.243,0.47,1.0

Fig. 5.7: State Trajectories in phase plane

54 U0OOUOOOOOO

000000 RRODDODOUO0DO,X00000000000000000000
00000.0000000000000,0000 R(OODDA)0DD0O0D0D0O0OOO
god.bbbooooogobobuoooobboobobobooboob,oboogg
guogdodobbod.oboob,booobuoobuooobbbaobbobaooon.

gbobobgobogo,bgbuobgogbbubooboubboooobboooon
x(t) 00000000000 [80]. DO0DODO0O0O0O0O,X0000000000000O0,
000000000000000000000000.0000,0000 w(t)=r00
000000000000000 5300000000,0000000000 R'OOO
O0. R, ROODODD,0000000000O0O00OOO.
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5.4.1 RO0O0OOOO

000000 wt)=r2, 0000 X000000000. 000000000 7 =722
goboboobogooo.

=) z' = Az' + Br!
Zy = Coz' + Dy 7 = O11t
000000000 2 0,000000 RPOODODO,0000000000 zeZ

00000.000000 |(3),;/=100 j00000000,00000 X00000
gbobobogbobbooobbooogboon.

00 5.2. 22 emtZ000000,000000 RO (D0O0O0O0)0O0ODODOOO
guo.

00 5.8. 000000000 z0,RR0UD0000,00000000 zezOOO.O
000 |(3),/=100 yj00000000,X000000000000000000OO
gooo.ob s20,000b0bo0bgoaaboon.

R0 (00DODD)0O0ODOOOODODOD. 000D 0000000000 200
gg.

't + 1) = Az'(t) + Bw'(t) (5.9a)
! 25(t) = Cox*(t) + Dow' (t) (5.9b)
2 (t) = Ciat(t) (5.9¢)
gooogon
wl =w — 7 = -7t
z(l):zo—zé z%:zl—ii

000 w!, 2!, 2,7 0,00000000000000 7,22,z 000000000
oooooooo.
0000000000 2 0xy00000000 (52)00,%'0,

Z'={z € R”||(2)); + (Z);] <1 j=1,...,p0} (5.10a)
-y _
14 ()1
>1
— {2 e R7| X LG |ty (5.10b)

1—(zNh
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O00o0OOoo ZtcRrReOoooO
nwt)yezt  vtezZt

goooboogobboad.
00000 000000000, 000000

R'(y)={r'eR|— <r' <~} (5.11)
000,00 51000000 CPIOO0O00On.

00 5.3. 000000000000000 w'(t)eR(y)Vte 2+ 00000 2000
000000 £ 000G 0 2t vw)000. y000000000000000
0 x'000CPIDDOOOOOOOOOOO.

OL () = {x}| 2 (t; 25, w') € Z8 ¥Vt € ZT Yu' € R'(v)}
00 ¥*0000000oo
"m = sup{y € R| O, (7) # &} (5.12)
gobogbbbboboooboo,gooobooboboubbbbaaa
Ri={r'eR|—r}, <r' <r.} (5.13)

0¥ 0000000000000, 00000000 RAOODD0OOO0OOOO CPIO
gbobobooooo.

OL = {2} € R"| z(t; 2, w') Vte Z* vu' € R'}

00 5.3.00 5200000000, 7 =0 =02430000 xO00O000O00O,
2l=0ez000,R0,(00000)0000000.

00 z2=00000000 (510000000000 Z2'0000 Z=2'00000.
00000,¥0 ¥ 0000000000000000,000000000000 RO
0000000 RROODDODOO0O0000000, R =RY0243)00000.000
0000 R°,0°. 0000000000 R,oLO000000.

R', 0L 0000 Fig. 5.6(b)0 R°, 0% 0000 Fig. 58000 .

ggbbboogobuguouuoboon

00 52000000,000000 w>r2 0000 wgRPOODOOOODODODOOO
0000,000000 RPROODDODDODOO CPIOD 02 000000DOOO,O0
000000 (b.2) 0000000000000 O0O0O0O0OODOOODOO.
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Fig. 5.8: Reference signal sets R and R!

000000000000 wD,00000 ROOOO,weR' 000000,000
00000000000000,00000000000000000000000000
ooooooo.

D000000000000000 . 000000000000000.00000 79,
0,z(r)e0L 0000000 r0,0000000 wOOOO0OO. 0000 weR'O
0000,00 »000000,00000000000000.

00000000000000000000000000000,0000000000
000,0000000000000000000000000.

00 5.4. 00 5300000000000 R, RRO0OOO (Fig.5800). 00O 520

gogoggo,boodad xoz[—O.QS —0.23]T,DDDDDDDDDD w=0470000
00,000000000000000 (Fig.5.7(b)00). 0000000000 w=0.47
gogobbodgoooobod.

000000000,00000000000 7% =02430000000000000
god. bbbl w=0470000000,0000 w=0470000000000
00000,zeOl, 000. 00000000000 ODO,00000000 Fig. 590
guo.

0 =0.243 z(t) € O°
r(t) = {Tm #(t) € Ox (5.14)

w=047  z(t) € O
Fig. 590 00000,00000 w=0470000000 (5.14) 000000000

000,000000000000000. O00000000 r)=w=0470000
gogbbo,gogbobodooogogg.

OOooooooo0ooo,00o00oobooogbo celOobDbODbDOobOOoOOoOUODbDOO
g,gbbboduobobobbboouobodoouoobuooooobb.obbbbobob
gobobobobobon s50000.
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Fig. 5.9: State trajectory in phase plane

5.4.2 R'O00000OO

RPO000O00000O0R,:>100000000000000000000000
(00000)000000000000. 0000000 R,i>1000000000
0o.

000000 wit)=r-'4+7/1i>1,("=0)0000 x000000000.

R S ' = Az’ + B
EBZCO.TZ‘FD(]?:Z 2;:01;7;2
000000 =0,2°=0,2=0,22=0000.
RPO00DDO00D0DO,000000000.

00 5.4. zeintZ000000,000000 R-'0(00D00O0)000O0OODOOO
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00 5.9. 0054000520000,0000000000,000000000000
0000000000000000.0000,00000000 #0,000000 R
000000000000000 2,eZ00000.0000 |(g),/=100 ;0000
0000,>x00000000000000000000000.

R-IO00000D000OO0OO. 0000 20000000000 ¥0000.

o't +1) = Az'(t) + Buw'(t) (5.15a)
> 2o (t) = Coz' (t) + Dow'(t) (5.15b)
Zi(t) = Oy (1) (5.15¢)
gobogoog
w' = w — 7 =17
zé:zo—éé zi:zl—ii
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L 1- (E(i))po
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gobooooog.
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Y gOoOoO0oOoO0 CPI00O0OOOOOOOOoooan.
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0000 £ 000 (5.150) 0 Z(t,w') 000. yO0OODOO000000000000
» 000 CPI0000000000000.
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00000000000 ¥0000000000 ROOOOoOoO0.
rl =sup{y € R| O', # 2} (5.17)
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0¥ 0000000000000, 00
Ol = {z}h € R"| z{(t; x},w") Vte€ 2t Vu' € R}
god.
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gogboboboogobogod

gbodobd,buoodobobooobbbuoobbobuoouoob.ooobbodgo
go,bgggbobboodobbobobodono,ugd

= il D) = Az + B!
7yt = Cot ' + Dy =03

0000000 »*0000000000000000. 000000 4> 1, =0,
=02=022=0000.00;00000000000000000R,;j>10
0000000000000000.

0000000000 RO000000000 CPIO0 OZ00000

RU'={r"eR" —r <r " <r'}
O ={a" € R" 2"tz ,w™) Vte ZWVYw € R}
goooaoao.

00 55.00 530000000000000000000000000000000
oo.

00 5300000000000000,0000 wt)=/F000000000000
A =00000,000000 R-'0000400000000000.0000000
Zi=7z0000,0 ROOOOOOOOD RROODOODOOODOO R =R(0243)000.

R,O i=0,+1,+2,43, 440000 Fig. 510000

-1 -0.5 0 0.5 1

Fig. 5.10: Reference signal sets R, i = 1,41, 42, £3 + 4
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go.doooboooboobgobobbuooobboboonobFe s110b0o00obogon
ggbobuoooooboobob.

S
20 ZO(t) r(t) w(t)
State and Control D Reference [~
Constraints | 21(t) Governor

x(t)

Fig. 5.11: Closed loop system with reference governor

00000000000000000 5400000000000000
RO, i=0,4£1,4£2,..., %¢
0000000000000.000000000000000.

R:CJH

i=—q
={reR|-r+7r1<r <rl +7}
q
Ox = | 0L
i=—q

Ooooouooobooobooobg Fig s110gboooogobobooooaoon,
goboobogobobogg.

00 5.2. 20,0000
I(x) = {i|x € O}
00000.0000000 2z€0, 0000 I(x)D0000O0O0OODOOOOOOODO.

gooboooboooob,sd1bdgoboonoououoouggobooonoooo
gobogboog.obd Fieg bs11gobooooboodobo,boboooboobooogon,
0000000000 r(y) 00000000000,

gooogobobobboooogon

data: x(t), w(t)
if w(t) >rd + 7 2j(t) i=q goto case 2
elseif w(t) < —r, 4771 1 j(t) = —¢q goto case 2
elseif t=0 : goto case 1
elseif w(t) € Y () =gt —1) goto case 2 (5.18)
else : goto case 1
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case 1: J(t) = {j| w(t) € R’}
I(t) = {il =(t) € O}

if Jt)NI(t)# o : for some k € J(t) N I(t) (5.19)
Jjt) =k i(t):=k
r(t) == w(t) (5.20)
else D Jmax = max{j| j € J(t)}

Jmin ‘= mln{j’ JE€ J(t)}
imax := max{i| i € I(t)}
imin = min{i| i € 1(¢)}

if Jmin > fmax : J(t) := Jmin (5.21)

i(t) := imax
r(t) = ril) 4 70 (5.22)

else : () = Jmax

i(t) := imin

r(t) == —r'® 4 70
(5.23)
case 2:

if x(t) e 010 Ci(t) = (1) (5.24)
if  j(t)=q cr(t) i=rd + 71 (5.25)
elseif  j(t) =—¢q cr(t) = =1 479 (5.26)
else cr(t) = w(t) (5.27)
elseif j(t) >i(t—1) : i(t):=max{i| z(t) € O} (5.28)
r(t) = r® 4 70 (5.29)
else ca(t) = m1n{2| x(t) € O} (5.30)
r(t) == —r® 4 70 (5.31)

oobooooobuooobooooo b Fig. b11gdoo,0boobgon.

00 5.1. 0000000000000000000 Fig. 5110000, 2(0) € O, 000,
1.0000000 w0000 2(t) € ZVte Z*.

2. 0000 wDDOOODOOOO w(t)»@000000.0000 +()0000000.
3.2.0000000 wt)~weROODOD0OOD0.0000 #0000 r(t) — w.
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gb 5.10. 00O 510 3. 00, 000000000 w0 ROUODOUODUOOD wDODOOO
000,0000000000 00000000000 Fig.5110 z(t) —w 0000
O0000.00000000 510 1.00,0000 (2)000D00O0ODODOOODODODOO
ga.

00 5.11. 00 510 2. 00, 000000000 « 000000 #0000000
r()0000000.0000 weROOODOO 510 3. 000000.w¢RO0O0OO
0w>r,+m/000 r)0000000000000000000000000 rY,+7
00000.00 w<-r9+7700000,r¢)0 —r9+7700000.

00 (00 5.1). 00000 2(0) € 0, 000. +(t) 000D (5.20), (5.22), (5.23), (5.25),
(5.26), (5.27), (5.29), (5.31) 00000000 2(t) € 0¥ 00 r(t) e RO D OODO OO
0. 00000 CPIO0 O), 00000,0000000000 2(t) €0, 000,00
0000000000 L.Oo000O.

0000000 wO o€ RODODOOOOOOD,000 3.0000000000.

000 1. 00000,00 z(¢t) €O, 00000000000,0000000000
bodddw=weROODOOOODODOOD.

1.t=0000 casel(5.19) 0000 JO)NI(0)£220000000,000 ke J(0)NI(0)
0000 z(0)eOk,r(0)=weRFODO 2(1) €0k, OODO.

t=1000,(18)00 j(1)=4(0)=k000.00 w=w0000000000,0
00000000000 j)=k0D0000.

000 case?2 (5.24) 0000, 2(1) €O, r(1)=w 00 2(2) €0t 000. 00000,
D000000000 z2(t)e0k, r(t)=weRFOO0OOO.

2.t=00000 JO)NI(0)=p000000000. J(0),/(0)0,00 5200000
000000000000.000 J(0), /000000000000, jun > fmax 0000
max < fmin D000000000000. 000000 casel (5.21) D000 fuin > bimax
0ooooooooao.

3(0) = Junin > i(0) = ey DO 0. 2(0) € O, 1(0) = rit” + 70 ¢ RO 00 2(1) € O
0oo.

21.t=1000,(.18) 00 j(1)=4(0) =juw 000. 00 w=w 000000000
0,000000000000 5(t) =4(0)=jmm, t>000000.

case2 (5.24) 0000 z(1) e OV =0 0 OO OOOD, (1) € Oin_ (1) = @ € Rimin
00 z(2) € Oi=» 00O 0.

j(t) =jmn D0000,0000000000000 case?2 (5.24) D000 a(t) € Quin,
r(t)=we Rm»00000.
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22. case 2 (524) 0000 2(1) ¢ OY = ow QOOOODOOODO. ¢t=1000,
(5.18) 00 j(1) = j(0) = juw 00000, wt) =w 00000000, 0000000
i) =j(0) = jmx 000000 221000000,

2.21.case2 (524) 0000 (1) € O = 0= 0D, §(0) = j(1) = Juin > 4(0) = e 0
O case 2 (5.28) 0000 i(1) = max{i| (1) € O} > i(0) = ipaxy D00 (1) = ris) + 70
0o0.z(1)eo 0oooon i(1)>i(0)00000,0000 case?2 (5.28) 1000
i(1),i(0)0 0000000,

222.000 i(1) < j(1) = j(0) = juw 00000000000 i(1) =i(0) 0000
3(0) = jmin > 4(0) =4(1) 00000000, (1) >i(0) 0000 i(1) > j(0) = jum 0 OO
00.0000 (1) > 5(0), §(0) > 4(0) 00 i(1) > j(0) >i(0) 00 0. I(z(1)) = {i| 2(1) €
0. .}000000 5200, I(x(1))0 4(0),41)000000000000000000
0j0)eI(z(1) 0000 (1) €0’ 0000000000 00. 0000000 case
2 (5.24)000000.

00000, jt) =jwm 0000000000, 000000000000 case 2 (5.30)
0000000000.000000 ()0 case2 (5.28) 0000000, juw 00000
000000o000O00.

223.000 i) 0 j(0)=ju 0000000000000,

i) 0 ¢ <j0)=jue 0000000000. case2 (5.28) 00 i(r) =+ 000000
O7000 r@)=r" +7 000.0002(t)—2z"*'00000.000 zZ74' 0000
O. +7 0000 X00000000.0000 ¢ <4(0)=jm 1000000 ¢0
Jmin 0000, +1=4,, 000000000,0000000000000000000
00.00000 ++10000000000000000000000. 3+ e0'0
O00000 case2 (5.28)000,0000 7 0 i(r) = max{i| 2(7") € O} >4 +1 > ¢
000000.000 400 ¥ <j0)=4m000000000000.

000 4(t)0,0000 70 j(0) =4, 0000,0000 21.0000,70000
000000000 z(t) €O r(t)=we == 00000

3.0=00000,J0)NI(0) =G 00 jmx <imn 000000,2 000000000
0.

00000 w=w¢ ROODODDOO0O000000,w>r, +# 000 jt)=¢ 00
W< —r 9479000 j)=—¢000,r@®)0 r2+7 (w>rl +7 000)0000
47l (W< —r 947 9000)00000.000 2,3.000000000000
ooooooo. O

00 5.12. 00 B00,0000000000000000O0O0O0DOOOOOOOOO0O
O000. 0000 [29900,0000000000000000000O00DODODOODOO
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00000000000000000000000000. 0000 »(¢) 0000000
rit+1)=rt)+a(wlt)—rt) 0000 «0000000000000000O00000
0000000000.0000000 5100000000

r(t)
()
guouoooboogbboobuoboob.bguobooobb,bbo 1oboboboobod
celOO00OO0OOODbD.0O00OOobDOoOobOO,0ob crelbOOOoOo,DbobobOobOOD
ggbobgbbouobooobbbobobboooboobobbuooboboo,bbooon
gbobod.gboobdob,bbbbobbdodgboobooboboboooboaa, b

000000000000000,000 R,O, 000000000000 0OODOOOO
goooooo.

I 0
B A

r(t+1)
z(t+1)

00 5.6. 00 510000000,000000000000000000000. O
00000000000000000 CPIOOO, 00 5500000 R, O, i =
0,+1,42,43,+4000.

00000000000000 Fig. 51100000000 Fig. 5.12000.

Fig. 5.12(a) 00000 w0, 000000000000 Fig. 5.12(b) 000 » 0,00
00000000,0000000000 r000.0000 2 0000 Fig. 5.12(c) 00
00000O00,0000000000 Fig. 5.4(b)00000000000,000000
0000000. 000000 Fig. 512(d) 000000000 «0,000000000
oooooo.

5.6 U0OUOOOOOOOOO

0000,54000000000000000,000 ‘00000’000000000
0 §00000000000000. 00 550000000000000000000
0,000000 R,OL,i=0,+1,...,.+4¢000000000000000000000
000.00000000000,000 ROOODOOOOOOOOOOOODOO000O0
000000000000000.00000460000,00000000000000
0000 ROOOOOOOOOOO.

541000,(8) 000000 RPOODODOOO R OOOOOO, (511)0000

R'(y)={r'eR|—y <r' <~}

0000,00000 (.13)0 R*ODDODODO.
Oo00oooo0o (b11)00o0o0d

R'(y)={r'eR|0<r! <~}
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3 w(t)

0 1 2 3 4 5 6 0 1 2 3 4 5 6
t[s] t[s]

(a) reference input: w(t) (b) managed reference input: r(t)

S0
u(t)

_17 4

- -bounds on u

=2 v ]

0 1 2 3 4 5 6 0 1 2 3 4 5 6

t[s] t[s]
(c) controlled output: z1(¢) (d) controller output: wu(t)

Fig. 5.12: Simulation results with reference governor

000 RY(y)OODOOOOO,000000000000000000000000000
goon.

00000000000,000000 RO R'O‘000O0D’0000O0ODOOOOO
s0000,000000 RY(y)ODOODODODDODODOOODO.

R'(y)={r'eR| -6 <r' <~} 2r0 > 6 >0 (5.32)

000000 53000 CPIODOOOODOOOODO (5.12)0,000000000000
goo.

000 RROOOO,(6.32) 000000000 f0000000O,00000000
000000000000000000000.000000000000000 R, O,
goobobbobobboobogboogd,ssgbboobboobobboodonn
gogoooubooggoooban.

0000000 0000000000000 0OO0,0000000 ROOOOOOO
gboobobuooodbobooboobob.bobbobo,boguboguooooooon
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00000000000,00000 R,O!, 000000000 0O00O0D0OO0O0OOOO
oooooboobooooooo.obgoboboo,sbO0bbODO0bOODOOOOOD, OO
gobodggoubdgboggbooooooa. bbobooouooboouooooon
gbog,dbbouuoobiobodoodbb wboboooooboogg.

g 5.7. 00 53, 550 nobuooooboboonooa
R'(y) ={r' e R| —=0.05 <r" <~}

0000 R(»)0000,000000 ROOOOO.
0 R,0,. 00000000000000000000000000000C0 Fig. 5.13
ooo.

t[s]

(a) reference signal sets R, i = 0,41, +2 (b) managed reference input: r(t)

-1 u()
ol - -bounds on u|
0 1 2 3 4 5 6 0 1 2 3 4 5 6
t[s] t[s]
(c) controlled output: z(¢) (d) controller output: wu(t)

Fig. 5.13: Reference signal sets and simulation results, § = 0.05

Fig. 5.13() 0000 ROODODDOOOO O, 00000000,6=0.05000000,
0000000000000 RO Fig.5.1000000000000000000O00O
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0000.00000,0000000000,0000 R,O.,,i=0+1,+200000
00000000000, 0000000000000000000000.000000
00000000,000000000 «»000000000000000 (Fig. 5.13(b)

00) 000000000000 Fig. 5.13(c) 0000, Fig. 5.12(c) 00O DOOOODOO
gooooogooo.

000000, 0 Ri(y)O
R' ={r' e R| —0.393 < 7' <~}

godgdg,bbbooogboobodoooobboooobboogg.
00, 000000000000000000000000000000 Fig. 5.14 O
go.

P t[s]
(a) reference signal sets R%, i = 0,+1,...,49 (b) managed reference input: r(t)

-1 u(t)
ol - -bounds on u|
0 1 2 3 4 5 6 0 1 2 3 4 5 6
t[s] t[s]
(c) controlled output: z1(¢) (d) controller output: wu(t)

Fig. 5.14: Reference signal sets and simulation results, = 0.393

Fig. 5.14(a) D OD0ODOO, 0 O\, 000DD0ODO0OOUDOOOOOO, Fig. 5100000
Fig. 5.13(a) 000 0000000000000 0OOD RROODODOODOOODOOOO. O
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0000000D00000000000000 »(¢)0,000000000 wt) 0000
000 (Fig. 5.14(b) 00). OO Fig. 5.14(c) 000000000, Fig. 5.12(c) 00000,
ooooooo.

5.7 U0OUO

00 800000000 00000000 (Fig. 51500)0000. 00000 DC
oo, dgdggdgoubobogguobbouobobbooooboboob. boogg
go,0o00boobobooboooboooogoob,oooooo o 0DbO0oDbO0OO0OO0

ooooooooon.
Jro Br
r [
[

O
Fig. 5.15: Position servo mechanism

A

Table 5.1: Model parameters

symbol value meaning

I 0.5 [kgm? motor inertia

B 0.1 [Nm/(rad/s)] motor viscous friction coefficient
Jr 20Jy; [kgm?]  load inertia

AL 25 [Nm/(rad/s)] load viscous friction coefficient
kr 10 [Nm/A] motor constant

kg 1280.2 [Nm/rad] torsional rigidity

p 20 gear ratio

R 20 [Q] resistance of armature

T 0.1 [s] sampling time

. . T
z, =10, 6, 6y 6y| ,u=VODOO00000 XO000000000000000
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O0.0000b00bo ¢000b0oobobboon.

0 1 0 0 i 0
ko Br ko
dr, | J,  Jp pJL ! T+ 0 ”
a | 0 0 0 1 P ko
ko 0 ko Put k7./R RJT
L pJu P*JIm Ju M

gbobooboobb,ououbbobbbdgo

k
T:[kg 0 ——= o]xp
p

ooodoboobuobob«w=Vooobo,0bboobobbobbboobobobon.

IT| < 78.5398 [Nm] V| < 220 [V] (5.33)
ooQ
k
" 1 ke 0 ——2 0 L1 H
20(t) = semmes p mep— b 7
85398 |0 0 o o 220 |1

00 2(t)eZvVteZt000000000. 00000000 ZO (b.3)00000O0O.
0000000000000 Ty=01[s]0000000ODO0ODOOO,000 w—464,0
U0 «=V 000000000 ¥0ob0000.

1000(9.79292° — 2.18602% — 7.26632 + 2.5556)

EC
1024 — 2.728223 — 3.558522 — 1.30292z — 0.0853

>r, X 00000000 *0000,0000000 (533)00000000000
00000 Fig. 516000. 00000,0000000000000000 ,(0) =0,
2,(0)=0000,000000000 (Fig. 5.16(a)) O w(t) = 0.5236 [rad] = 30 [deg] O
0o.

Fig. 5.16(b) 0 000000000,00000 $0000000000000000
0D00000.0000000000,000 70000000 V00000000 (5.33)
Dooooooooo.

0000000000 X00000000000000000000,000000 R
05300000000000.000000000 (57)0000000 RO

R? = {r| —0.0461 < r < 0.0461}
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w [rad]

t[s] t[s]

(a) reference input: w(t) (b) controlled output: z(t)

200y,

30+ 100
E s
Z < 0
~ >
-100f vt
T -- - -bounds on V|
—mm ‘boundsonT] 2000 _ _ _ _\ _J _ _ _ _____________ ]
1 2 3 0 1 2 3
t[s] t[s]
(c¢) Torque: T'(t) (d) controller output: u(t) = V(t)

Fig. 5.16: Simulation results of position servomechanism model

0D000.00000000 CPIO0,0%,054000000000000000.

00 (57)00000 yO0000000000,000000 CPIOO O%(y) 00O
00000000000000000000000O0 (00 5500). 0000000
0’ (y)000000000000000000 Table. 5.2000.

0’ 00000000000000,0000000 2(¢)000,2(t)e0% 00000
D00000000000000.0000000000000000000000000
000000,000000000+0 /4, 00000000,000000000000
0000000.000000 0f,0000000000.00 560000000,00
D000 RO0000000000000000.

0000000000000000. Figs. 5.16(c),5.16(d) 000000000000, O
000000 £00,00000000 7T=0,«u=V=000000.000000000
00000000000 (5.16)00000000 20000 Zi=Z00000.000
0 RO00000000D0O000 RRO0D0DDO00000000000000,00000
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Table 5.2: Number of linear constraints in maximal CPI sets

vy number of linear constraints
0.0350 40
0.0450 44
0.0461 54

000,R, 000000000000 R,0:, 00000.0000 R,i=0,+1,...,420
00000000000000000.0000 R={r]-0922<r<0922}000.
00000000000000000 (Fig. 511 00)0000 Fig. 5.17000.
000000000 w(t)=0523 [rad)0,0000000000000000000
000 (Fig. 5.17(a)), 00000000000000. 0000 0000000000
0000 (Fig. 5.17(b)). 000 Figs. 5.17(c),5.17(d) 0 TO0OO0 vOOODOOOOODOOO
oooooo.

5.8 0OOUOO

gboboodbbuoodbboooboboobbooobbob,boobbooob
goggb.bbobobgoboodgouoobo,ggboboboooonoooggo
gbodbbooobooobboobooooobbo.ooboooobbouobo
g,ggbgbbbuogoobbobbuooooobooouob,gobboobbonoo
goobo celOoboobooo. bobobooboobooobo,0b0obobooboooon
gobbogboobooob,bgogbogoobobbuooggoboobbbooon
g, 0b0o0boobooooboobob crelobooboobooboooobOo,boobg
god.

gboboggobodgbuooboob,bogubooobbooobboobbbobo
god.gbgboooboooooodgb,gggobobooba,bbooboogo
godgbob.uogb,gbbuugobbbbobbobboboooobboono
gbobobobo,bgggbobooboboooogbboooo,obbbbbbobooggn
gogboboooogobuoooogn.

o000, 0bdoobooooboboobobo crPlobobooooooobooDO
gboooougbobbo. booouoooob, bbb booooon
g,gbbbbobdooooobobbooo,oobobuobooooobbbbooood
gobbogougd. gbooggobobbbuooobobboobobooboboooooooon
g,uogbgbdgbobobobbuoobbobooooubbobob,oooobbboboboo
gobbobbouogooobb.buobobobuobboouoobobobobog,ubba
gbodbuooogbooguobuodgbobobboboboboobb.oobbbbbboo
ggooooboobobooogu,gbobobooo,gbboooooooooobooo
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0.6 1 0.6
7777777777777777777777 /N0
T0.4 S0.4
Z N
0.2 1 02} z, (1)
rt) r(t)
ffffff w(t) - w(
0 0 :
0 1 2 3 0 1 2 3
t[s] t[s]
(a) managed reference: r(t) (b) controlled output: z(t)
90
60 0 '+|
30 1 100¢
£ S
=0 S
-30} {  -100f 140, 1
T() —mm -bounds on V|
-60¢ - ‘boundson 7|  “2000_ _ _ _ - ]
_90 ___________________________________________
0 1 2 3 0 1 2 3
t[s] t[s]
(c¢) Torque: T'(t) (d) controller output: V(1)

Fig. 5.17: Simulation results of position servomechanism model with reference governor

gobo,gdbobggdbobogboboobbbobbbooobbbuoobbbooon
gougb.bogogb,gboouobuobobbouooobuooboobbb.

gobgo,bbogdgobuogbbobobbbuobooobouooobooobbboon
go,ugbubdgobodooggbbuouaoobbobg.

gbooobooboboobbobobbo,obboobbobooboboboobbobogn
gbogbobbbuobbuoboboouoboboboo.bbbuobuoobooobo,bob
gogoobbobagbo,ggbooubgbbobboboobobbuoobbbuobobd
guododoooobdooboodobobobboooouobuogooboobooo
g.0gbgbod,ggoubboobobogoooooobbooobobbouabbn
guogoobo,boogbouuogbbbbodoooobboboboboobobobo,boo
goooooogoogogon.
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6.1 UOOO0gond

gboobo,bodbooobdgabb,gboobbo,gbooobaobbbbbooon
gbuogggbogobooooooobbo,gboboooboooboboooobuoono
gbboo.bbuogboboboobobbobooobbobbooon.

2000,0000000000000O0O0000O0OO00,0D0D00D0000O0DOO0O0O
O0000000000000000. 000000 CPI (Constrained positively invariant)
0000ooooOo,00bbo00bo0obooooooooodooooooD. oooa
O0,0000000000000O0DO000D000DO000D0000000O0,doooooad
0000ooooobooooooooooooOo,0000oooooooo ceioon
0o00d0odooo00doooDooDoobOd0o,0oo0bO00oooOoo. oogoon
OCPlO0O0O,000000000000O00O000ODOO,0DO0O000DO0O000O00O00O00OO0O
000000, 00000ddo0bddbO00dooDOo. b0dDoO0d0doDOo,00gogoao
00ooooboooooooooooOoO,000o00oo0ooooooobooooooooon
O00000O.00,000000 CPlOO0ODDOO0ODOOOODODOOODODOOOOOOn
0000ooodobOOobObOoo0obOo0ooo. oo 2000000,000000000
0000D0ODOO00D000O0bO0bO00D0DoO0o. oooooo 3,4,500000000000
00ooooo,bo00o0o0o000o0oo0oo CcelODOO,0D0000000O00DOOO.
00000, 000000000000,000b00000DOoOooO0oO0 celOooooOooOooOO.

Jubb,dbbbobobouooooobobboobo,guoooooobbbobn
gogbbooboubuodbbooboboboobooooobobobobobo.oboood
gubboobbobobodobboodgbouoooboo,oboobuoboooobooob
OOo00,0000000oboobooboobooobooboobo,bbooobo crelobOODbDOO
gbuooudgoo.gboboooog,bbuoooobobooobooooobbobbn
gob,dggoobgbobbooodooouo. oo, bbbuobbboogoboon
oooooo,0booo0b celobobobOoobO,b00b0bobo0o0oooooboooo
gbobo.obgbodobdboooobobbuobodoob,gguooobbobbooa
gobgdobb.bbbooubbboboogb,buoboogobboobooobobobo
godgobobbo,bugbodgbbdoouogooobboboogg,bobboouooon
gboogbbd. bbugbo,bbbodboooooobobbbbbboo,booog0d
OO0 CPlO0O0OO0O0ODOODOOODODODODODOOOOOO.ODOD,0DO CcPIOO

87



ged 0O O

godbobgboooobobbbob oo oboobobooob,o0oboa
guogdgobubboobooboub.gbbbobooobbbooobo,bogo
ggbbobooogoobuoboboouoobooooob.boboboboobobbo,o0oo
gbbuoogooboobbuobobobuogo. ogbbobo,oogobbbooobo
oooOoOoOoOOoO0ob celObOoO0O0obObDObOO0ObOUObODOO,0DbU0obOO0obDObOObDODO
gogoo.boggdg,boboouogbbbobbooobobobobogoogg, o
ggbogboguoobogooooooobbobooobg.

4000,000000b0b0bo0oboobobbobOo,0b0o0ooooboboo
gogobbooooob.gbobuooboboo,ggbooooobobboboogo
gobobo,buobggoobbboobbobuoodg. sguggbouooboooooobn
gbddooobobodoboooouoobooonoobo,obobboooboobo
gogdooboogobobo.bobobbobbboooooa,buggoobbboon
gbo,bguouboboobboobubbbobbooooo.boog,ooooabobo
gogobbooboogbuodboobouoboooguooobbuoobooboonoba
gbogud.gbboobuoobbbbboo,oobbobuoobbbuouoobob
gobobogobbbobdoogbbbuooboboobbooo.gbbuoobo,uoon
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