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Abstract

The connection between linear logic and Petri nets has recently been a subject of great
interest. In these researches, the propositional fragment of intuitionistic linear logic with
exponential ! was considered, and Petri nets were related to linear logic as follows: each
place of a Petri net is regarded as an atomic proposition of linear logic, and transitions
as provability relation.

Soundness and completeness of linear logic are proved for algebraic structures, called
quantales. Engberg and Winskel showed soundness of linear logic for quantales induced
from Petri nets, but for these quantales completeness was not valid. Soundness states that
all provable properties (formulas) in linear logic hold in Petri nets, while completeness
states that properties which hold in any Petri net can be proved in linear logic. When
both of soundness and completeness are valid in some quantales induced from Petri nets,
we can say that a property is provable in linear logic if and only if it is a common property
of Petri nets, i.e., it holds in any Petri net.

Recently Engberg and Winskel have also proved completeness of a LI-free fragment of
linear logic and linear logic with distributivity. One of difficulties in proving completeness
for full linear logic lies in distributivity of M over U, i.e., AN (BUC) = (ANB)U(ANC),
which does not hold in linear logic. The quantales constructed by Engberg and Winskel are
distributive lattices, i.e., distributivity is always valid. Therefore, to prove completeness
using their quantales, we have to deal with the U-free fragment or to add the distributivity
to linear logic as an axiom. However these are not what we intend to do. Although
there should be argument about which of full linear logic or a logic with distributivity
is appropriate for representing properties of Petri nets, we here concentrate on proving
completeness for full linear logic. To find adequate logics for which the models of Engberg
and Winskel are complete is another interesting problem.

In this thesis, we first construct non-distributive quantales, i.e., quantales in which
distributivity is not always valid, from Petri nets, and prove completeness of linear logic
without exponential for the quantales. In linear logic, exponential ! is added to compen-
sate the absence of the rules of weakening and contraction. For example, !A indicates
that we may extract as many data of type A as we like, i.e., a datum of type !A is a
finite collection of data of type A. For Petri nets, we can regard a place with exponential
I as a place which can supply arbitrary many but finite resources (tokens, in petri net
terminology) by firing transitions. We extend the construction of the quantales to those
with exponential, and prove completeness of linear logic for the quantales. It means that
properties which hold in any Petri nets with such exponential places can be proved in
linear logic.

We also give an impression on the meaning of the logic on the proposed Petri net
model, comparing with that by Engberg and Winskel.
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Chapter 1

Introduction

Linear Logic, introduced by J. Y. Girard in 1987 [19], is interesting from a purely logical
point of view, and potentially of considerable interest for computer science [20, 24, 26,
27, 30, 45]. Linear logic (intuitionistic, classical and predicate) are obtained by deleting
the contraction and the weakening rules from standard sequent calculus formulations of
corresponding logics. Linear logic may be viewed as an example of a resource conscious
logic, where the formulas represent types of resource, and resources cannot be used ad
libitum. That is to say, asserting a sequent A, A = B means something like: we use
two data (resources) of type A to obtain one datum of type B. In Gentzen-style sequent
calculus for intuitionistic logic, a sequent A;,..., A, = A is written to mean that the
formula A is deducible from the assumption formulas Ay, ..., A, (we shall use capital
Greek letters as an abbreviation for a sequence of formulas). The calculus has the two
structural rules for adding a vacant assumption and removing of a duplicate of assumption,

% (weakening)

IVAJA= B

m (Contraction)

In the presence of these rules the following two rules for conjunction

A= ANB ,

'=ANB

become interderivable in the sense that the first rule can be derived from the second by
weakening, and the second from the first by contraction. In intuitionistic linear logic these
rules (weakening and contraction) are deleted and the rule of (1) and (2) are no longer
interderivable. Without them, propositions cannot be introduced arbitrarily into a list of
assumption and a duplication in the list cannot be removed. It is in this sense that linear
logic is a resource conscious logic.

In the years 1960-1962, Carl Adam Petri defined Petri nets which is a general purpose
mathematical model for describing relations existing between conditions and events [40].
Petri nets consist of two types of elements, places and transitions. Each place models a
process in terms of types of resources, and can hold arbitrary nonnegative multiplicity.



Each transition represents a state transition rule, i.e., how those resources are consumed
or produced by actions. They are described using the notion of multisets. A multiset over
a set P is a function, m : P — N [9, 18, 32, 41].

The connection between linear logic and Petri nets has recently been a subject of great
interest [7, 8, 15, 16, 17, 29, 34, 35]. Girard’s linear logic has a great deal of interest in
how might be useful in the theory of parallelism. In these researches, the propositional
fragment of intuitionistic linear logic with exponential ! [47] was considered, and Petri nets
were related to linear logic as follows: each place of a Petri net is regarded as an atomic
propositions of linear logic, and transitions as provability relation. In the sequel, we shall
simply use the word “linear logic” to denote the propositional fragment of intuitionistic
linear logic.

Soundness and completeness of linear logic are proved for algebraic structures, called
quantale [1, 5, 19, 21, 22, 39, 47]. Engberg and Winskel [15] showed soundness of linear
logic for quantales induced from Petri nets, but for these quantales completeness was not
valid. Soundness theorem states that all provable properties (formulas) in linear logic
hold in Petri nets, while completeness theorem states that properties which hold in any
Petri net can be proved in linear logic. When both of soundness and completeness are
valid in some quantales induced from Petri nets, we can say that a property is provable in
linear logic if and only if it is a common property of Petri nets, i.e., it holds in any Petri
net.

Recently Engberg and Winskel have also proved completeness of a L-free fragment
of linear logic and linear logic with distributivity [16, 17]. One of difficulties in proving
completeness for full linear logic lies in distributivity of M over LI. Although the following
proof shows that

(ANB)U(ANC)=An(BUC)

is derivable in linear logic,

B=B
A=A (o) B:>B|_|C(:E|_|Ié1)2>)
AMNB= A A|_|B:>B|_|C(:>|—|) (a)
ANB=AN(BUCQC) :
C=0C
Aﬁc?AA (Ml =) Agc?ngé?”%QL)
= = (=m (b

ANC=AnN(BUCQC)

and from (a) and (b), we can get

ANB=AN(BUC) ANC=AN(BuUC)
(ANB)U(ANC) = AN (BUO) L=)

we cannot prove the sequent
AN(BUC)= (ANB)U(ANCQ).

That is, the distributivity of M over U does not hold in linear logic. With the contraction
and weakening rules, we can prove this as follows:
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A=A
A B= A

B =B

m (Weakening)

(weakening)
(=)

A B= ANB 1
ABoAnBUAnc &Y (a)

A=A

m ﬁ (Weakening)

(weakening) 10=C A
A C=ANC (= L12) (b)
AC=(ANB)U(ANC) ,

and from (a) and (b), we can get

A B=(ANB)U(ANC) A C=(ANB)UANQC)
A BUC= (ANB)U(ANC)
AN(BUC),AN(BUC)= (ANB)U(ANC)
AN(BUC)= (ANB)uL(ANC)

(=)

(M1 and M2 =)
(contraction)

The quantales constructed in [15, 16, 17] are distributive lattices. Therefore, to prove
completeness using their quantales, we have to deal with the LI-free fragment or to add
the distributivity to linear logic as an axiom. However these are not what we intend to
do.

There is a family of substructural logics, such as relevant logics, in which distributivity
is valid. It has been pointed out that semantic considerations of substructural logics tend
toward validating distribution, and proof theoretic considerations tend toward invalidating
it (see [13]). Although there should be argument about which of full linear logic or a
logic with distributivity is appropriate for representing properties of Petri nets, we here
concentrate on proving completeness for full linear logic. To find adequate logics for which
the models of [15, 16, 17] are complete is another interesting problem.

The key element is the way of the construction of quantales. When we construct
the quantales, we use a closure operation. We introduce two closure operations C; and
Cy. Let X = (M, <, -, e) be a preordered commutative monoid. We define two closure
operations C and Cy on P(X). C} is an operation on P(X) such that

CiX ={yeM|IreX(y<u)},
and C5 is an operation on P(X) such that
CoX :=(X7)7,

where

X7 ={yeM|Vzre X(z<y)}
and

XT={yeM|Vr e X(y<uz)}.

C is used in[15, 16, 17], and Cy, which is called the MacNeille completion of X [23, 31], is
used in this thesis. In the quantales constructed from Petri nets using C', distributivity



is always valid. But in the quantales constructed from Petri nets using C5, distributivity
is not always valid.

In this thesis, we first construct non-distributive quantales, i.e., quantales in which
distributivity is not always valid, from Petri nets, and prove completeness of linear logic
without exponential for the quantales.

Moreover, we extend the quantales to the quantales with exponential. In linear logic,
exponential ! is added to compensate the absence of the rules of weakening and con-
traction. For example, !A indicates that we may extract as many data of type A as we
like, i.e., a datum of type !A is a finite collection of data of type A. For Petri nets, we
can regard a place with exponential ! as a place which can supply arbitrary many but
finite resources (tokens, in Petri net terminology) by firing transitions. We extend the
construction of the quantales to those with exponential, and prove completeness of linear
logic for the quantales. It means that properties which hold in any Petri nets with such
exponential places can be proved in linear logic.

There are two approaches to construct a Petri net model in which completeness of
linear logic holds; one is introducing distributivity in the logic, and the other is the
approach taken in this thesis, i.e., making a non-distributive model by using appropriate
closure operation.

From the practical point of view, the former approach may be useful in dealing with
properties of Petri net. The quantale constructed in this thesis seems strange from a Petri
net point of view, because the closure operation takes both of forwards and backwards
reachability into account. However, the motivation of this thesis is to find an answer to
the following problem: Is there a Petri net model which is sound and complete for full
linear logic? And the problem has been solved affirmatively.

Of course, the significance of the result depends on the meaning of the logic in Petri
nets. For the proposed Petri net model, we give an interpretation of the logic which
may be acceptable from a Petri net point of view, comparing with that by Engberg and
Winskel [15].

The organization of this thesis is as follows.

In Chapter 2, we review basic algebraic structures and fixed point theorem. In the
discussion of this thesis, we shall often need the concepts of basic algebraic structures (for
example a multiset and ordered structures) and fixed point theorem. In these notes we
do not intend to go very deeply in to these; we limit ourselves to a brief description of
basic algebraic structures and fixed point theorem.

In Chapter 3, we review Petri nets. First we discuss Petri net simply. Then we
introduce the relation between Petri net and multiset, and reachability relation.

In Chapter 4, we discuss IL-algebras and quantales. Then we introduce two closure op-
erations C'; and Cy on the algebras, which play a crucial role in the proof of completeness.
Moreover, we discuss exponential and quantales with exponential.

In Chapter 5, we discuss linear logic without exponential (its syntax and semantics)
and then prove soundness theorem for quantales generated by Petri nets. Next we show
why we cannot prove completeness for the quantales used in [15, 16, 17]. Finally we show
how to construct quantales in which the distributivity is not always valid from Petri nets,
and then prove completeness of linear logic without exponential for the quantales.

In Chapter 6, we discuss linear logic with exponential (its syntax and semantics) and
then prove soundness theorem for the quantales generated by Petri nets. And then we
show how to construct quantales with exponential in which the distributivity is not always



valid from Petri nets, and then prove completeness of linear logic with exponential for the
quantales.

In Chapter 7, we give an impression on the meaning of the logic on the proposed
Petri net model, comparing with that by [15]. We consider a difference of interpretations
between closure operations C and C5, and we show a different interpretation of formulas
under the closure operation C\.

In Chapter 8, we consider classical quantales for classical linear logic generated by
Petri nets.



Chapter 2

Preliminaries

In this chapter, we review basic algebraic structures and fixed point theorem. For back-
ground material on basic algebraic structures, see [3, 6, 14, 28, 46, 48, 49] and on fixed
point theorem, see [37].

2.1 Basic Algebraic Structures

In the discussion of this thesis, we shall often need the concepts of a multiset and ordered
structures. In these notes we do not intend to go very deeply into these; we limit ourselves
to a brief description of the theory of multiset and the pure theory of ordered structures.

2.1.1 Multisets

Intuitively, a multiset is a set with (finite) multiplicities; there may be finitely many copies
of a single element. As a formal definition we use

Definition 2.1.1 (multiset) A multiset over a set S is a mapping m : S — N, where
m(a) = n means that a occurs with multiplicity n. If m(a) = 0, a is not an element of m
(that is to say, a occurs with multiplicity 0).

The operation + on multisets is defined by (m +m’)(a) = m(a) +m/(a) for all a € S,
and [] denotes the empty multiset.

We shall denote the set of all multisets over a set S by Mg, and use {---} for a set
and [- -] for a multiset.

Example 2.1.2 Let a and b be elements of S. Then
e {a},{b},{a,b},... are sets and
{a} ={a,a} and {a} U {a,b} = {a,b},
e [a], [b],]a,b],... are multisets and

[a] # [a,a] and [a] + [a, b] = [a, a, b].



2.1.2 Monoids and Ordered Structures

Definition 2.1.3 (monoid) A structure M = (X, e) is a monoid with the identity e
if - is a binary operation on X and e is an element of X such that for every a,b,c € X,

L.a-(b-¢)=(a-b)-c,

Remark 2.1.4 When the structure satisfies only 1 of Definition 2.1.3, it is called a
SEmLgroup.

Definition 2.1.5 (commutative monoid) A structure M = (X, -, e) is a commutative
monoid with the identity e if

1. (X,-,e) is a monoid,
2. a-b=">-a for every a,b € X.

Definition 2.1.6 (partially ordered set) A structure X = (X, <) is a partially ordered
set if < is a binary relation on X such that for every a,b,c € X,

1. a < a (reflexive),
2. if a < band b < ¢, then a < ¢ (transitive),

3. if a < b and b < a, then a = b (antisymmetric).

Let P be a partially ordered set and X C P. y € X is the greatest element of X if
and only if
if v € X, then x <y,

and y' € X is the least element of X if and only if
if v € X, then ¢/ < z.

Let P be a partially ordered set and X C P. y € X is the maximal element of X if
and only if
if y<xand xz € X, then z =y,

and 3’ € X is the minimal element of X if and only if
if r <y and x € X, then x = y¢/'.

Let P and @ be partially ordered sets. Then a function f : P — @) is monotone if
and only if for all a,b € P,

if a < b, then f(a) < f(b).

So f preserves order.

We shall think of the elements of a partially ordered set as being propositions, and
of < as meaning “=", or “entails”, or “is logically stronger than”. Then it is precisely
antisymmetry that says that if two propositions are logically equivalent (each entails the
other) then they are equal: we identify them.

7



Example 2.1.7 Little partially ordered sets can be drawn using diagrams as follows:

Figure 2.1: Partially ordered set.

Here each line represents an inequality. For instance, b < a, because b is at the
bottom end of the line, e < b. We can deduce other inequalities, such as f < f,
e < a, from the partially ordered set axioms, reflexive and transitive, i.e., ¢ < b and
b<a,ore<candc<a.

Example 2.1.8 Let X be a set and P(X) its power set, i.e., the set of all subsets of
X. Taking < to mean C, P(X) is a partially ordered set. Antisymmetry corresponds to
the extensional definition of set equality, which says that equality between sets is to be
determined entirely by what elements they have.

Definition 2.1.9 (preordered set) A structure X = (X, <) is a preordered set if < is
a binary relation on X such that for every a,b,c € X,

1. a < a (reflexive),
2. ifa < band b < ¢, then a < ¢ (transitive).
Proposition 2.1.10 Let P be a preordered set. We define a binary relation = on P by
a=bif and only if a < b and b < a.

Then = is an equivalence relation, and the equivalence classes [a] form a partially ordered
set P/ =, with
[a] < [b] if and only if a <.

Definition 2.1.11 (preordered commutative monoid) A structure X = (X, <, - e)
is a preordered commutative monoid if,

1. (X, e) is a commutative monoid,
2. (X, <) is a preordered set,

3. ifx <z’ and y <y, then z-y <z’ -y forall z,2",y,y € X.



2.1.3 Meets and Joins

Thinking of < as meaning “=-", we next wish to describe what corresponds to “and” and

“OI'” .

First, we define meets, which correspond to “and”.

Definition 2.1.12 (meet) Let P be a partially ordered set, X C P and y € P. Then y
is a meet (or greatest lower bound or infimum) for X if and only if

1. y is a lower bound for X, i.e., if x € X then y < x, and
2. if z is any other lower bound for X then z < y.

In symbols, we write y = A X.

Example 2.1.13 Let P be a partially ordered set, X C P and y € P. A meet, or a
greatest lower bound y and lower bounds of X can be drawn as follows:

Y meet, or greatdst
lower bound

lower
bounds
of X

Figure 2.2: Meet and lower bounds.

e If x € X, then y < x, and then y is a lower bound for X,

e if z is any other lower bound for X, then z <.

Proposition 2.1.14 Let P be a partially ordered set and X a subset. Then X can have
at most one meet.

Proof. Let y and ¢’ be two meets of X. Since y is a meet and 3’ is a lower bound,
y' < y. Similarly, y < y'. By antisymmetry, y = y/'. [ |

Next, we define joins, which correspond to “or”.



Definition 2.1.15 (join) Let P be a partially ordered set, X C P and y € P. Then y
is a join (or least upper bound or supremum) for X if and only if

1. y is an upper bound for X, i.e., if x € X then y > x and
2. if z is any other upper bound for X then z > y.

In symbols, we write y =V X.

Remark 2.1.16 T and L are defined as follows:
e T is the greatest element,
e | is the least element.

a Vb and a A b denote \V{a,b} and A{a, b}, respectively.

Proposition 2.1.17 Let P be a partially ordered set. Then for all y € P,
1. y is the empty meet if and only if it is a top (greatest) element and

2. y is the empty join if and only if it is a bottom (least) element.

Proof.

1. Suppose y = AD. Every z € P is a lower bound of (): for the condition
if x €0 then z <z

is satisfied vacuously. Therefore 2z < y, so y is greater than every other element of
P. Conversely, if y is top then it is a lower bound for () (because everything is) and
it is greater than all the other lower bounds (because it’s greater than everything),

SO
y=N\0.
2. Suppose y =\ (). Every z € P is a upper bound of (): for the condition
if v € 0 then v < 2

is satisfied vacuously. Therefore y < z, so y is less than every other element of P.
Conversely, if y is bottom then it is an upper bound for () (because everything is)
and it is less than all the other upper bounds (because it’s less than everything), so

y=\/0.

]

Empty meets and joins need not exist. We have already seen an example (see Figure
2.1) that had two minimal elements g and h, but no least element. A least element would
have to be less than everything else. Thus this example does not have an empty join,
although it does have an empty meet, namely a.

An empty meet (top) is often written as T, and an empty join (bottom) as L.

10



Example 2.1.18 In logic, meets are conjunctions and joins are disjunctions. We are
thinking of < as meaning =-.

e meets.
— First, PN Q = A{P,Q}, a meet for the set {P,Q}. We check
PN =Pand PNQ = Q

so that P M@ is a lower bound for {P,Q}.
— Next, if R is another lower bound for { P, @}, in other words

R = P and R = Q,
then R = PrQ.

True is easily seen to be a top element: it holds unconditionally, so anything implies
true: P = true.

e joins.
— First, PUQ = V{P,Q}, a join for the set {P,Q}. We check
P=PuUuQ@and Q= PUQ

so that P U@ is an upper bound for {P, Q}.
— Next, if R is another upper bound for {P, @}, in other words

P=Rand Q = R,
then PUQ = R.

False is bottom because of the standard logical idea that if we assume a contradiction
then we can prove anything: false = P.

Example 2.1.19 In set theory, meets are intersections and joins are unions. We work
with subsets of a “universe” U, and < is set inclusion, C.

e First, meets. Clearly if each X, is a subset of U, then

— N, X; C X; for all 4.

—IfY C X, foralliand y € Y, then y € X for all 7 and so y € N; X;. Therefore
Y SN X

— The empty meet is the top subset, U itself.
e Next, joins. Clearly if each X is a subset of U, then

- Xz g Uz Xz for all <.

—If X; CY forall 2 and x € U; X;, then x € X, for some 7 and so z € Y.
Therefore |J; X; C Y.

— The empty join is the bottom subset, 0.

11



To summarize, the relation of orders, logic and sets is the following Figure 2.3:

Orders Logic Sets
< = -
= N =
top, T, true universe
empty meet, N\ ()
bottom, L, false 0
empty join, \/ ()
meet, A, conjunction, | intersection, N
greatest lower bound, glb, and, A
infimum, inf
join, \, disjunction, union, U
least upper bound, lub, or, V
supremum, Sup

Figure 2.3: The relation of orders, logic and sets.

2.1.4 Lattices

Definition 2.1.20 (lattice) A partially ordered set P is a lattice if and only if all two-
element subsets have meets and joins.

Let T be a binary relation on a lattice defined by
xCyifand onlyifx Vy =y.

Remark 2.1.21 Let a structure L = (L, C) be a lattice. Then for a,b € L, the following
are equivalent.

1. a C b,

2. aVb=>band

3. aANb=a.
Proof.

e o C hif and only if a Vb = 0.

Suppose a C b. Then b is an upper bound of {a,b}. If ¢ is an upper bound of {a, b},
b C ¢ from definition. It means that b is the least upper bound of {a,b}, i.e., b is
the supremum. Therefore a V b = b. Conversely suppose a Vb = b. Then

aCaVb=hb,

and hence a C b.

12



e al

Sup
ch

b if and only if a A b = a.

pose a C b. Then a is a lower bound of {a,b}. If ¢ is a lower bound of {a, b},
a from definition. It means that a is the greatest lower bound of {a,b}, i.e., a

is the infimum. Therefore a A b = a. Conversely suppose a A b = a. Then

and

a=aAbCb,
hence a C b.

Proposition 2.1.22 Let a structure L = (L, V, A) be a lattice. Then for every a,b,c € L,
it satisfies the following conditions.

1. aV
2. aV
3. aV

4. aV

Proof.

a=a,ala=a (idempotence),
(bve)=(aVvb)Ve,an(bAc)=(aNb)Ac (associativity),
b=0bVa,aANb=DbAa (commutativity),
(@anb)=a,aAN(aVb)=a (absorption).

1 and 3 are immediate. We show 2 and 4.

1. (associativity).

(a)

aV(bVe)=(aVb)Ve.

Suppose that aV (bV¢) = d. It suffices to show that d is the least upper bound
of {aVb,c}. First, sincea T dand bVeCd, aCd,bC dand ¢ C d. From
aC dand bC d, aVbC d, and then d is one of the upper bound of {a Vb, c}.
Next, suppose that e is an arbitrary one of the upper bound of {aV b, c}. Then
aCe,bCeandcCe. FrombC eand cC e, bV cC e, and then e is also one
of the upper bound of {a,bV ¢}. Since d is the least upper bound of {a,bV ¢},
d C e. Therefore d is the least upper bound of {a V b, c}, and then

aV(bVe)=d=(aVb)Vec.

aN(bAc)=(aNnb)Ac.

Suppose that a A (b A ¢) = d. It suffices to show that d is the greatest lower
bound of {a A b,c}. First, since d C a and d C bA¢, d C a, d C b and
dCc. FromdCZ aand d E b, d C a A b, and then d is one of the lower bound
of {a A b,c}. Next, suppose that e is an arbitrary one of the lower bound of
{aANb,c}. TheneCa,eCbandeC c. FromeC band e C ¢, e C b A ¢, and
then e is also one of the lower bound of {a,bA c}. Since d is the greatest lower
bound of {a,bAc}, e C d. Therefore d is the greatest lower bound of {a A b, ¢},
and then

aN(bAc)=d=(aND)Aec.

2. (absorption).

13



(a)

= a means a A\ b C a, and it is trivial.

() A(aVb
A (aV b) =a means a C a Vb, and it is also trivial.

V(anb) =
V(anb) =
A(aVd) =
A(aVd) =

Definition 2.1.23 (distributive) A lattice L is distributive if and only if for every
a,b,c € L we have
aAN(bVe)=(anb)V (aAc),

i.e., A distributes over V, in the same way as, for numbers, multiplication distributes over
addition.

Proposition 2.1.24 In a distributive lattice L, V also distributes over A.

Proof.

(avVb)AN(ave) = {(aVvbd)Aa}V{(aVbd)Ac}
= aV{cA(aVb)}
= aV{(ecANa)V(cAb)}

= {aVv(chna)}V(bAc)
aV (bAc)

u
Remark 2.1.25 A lattice does not satisfy the distributivity of V and A in general, i.e.,
e (aANb)V(aNc)EaA (bVc), but does not hold
aN(bVe)T(aNb)V(aAc)
and
e aV(bAc)C (aVb)A(aVc), but does not hold

(avVb)A(aVe)TaV(bAc).

Example 2.1.26 If U is a set, then we have already seen that its power set P(U) is a
lattice (it actually has all meets and joins, not just the finite ones). It is distributive.

Example 2.1.27 A partially ordered set P is linearly ordered if any two elements are
comparable:

if x,y € P then either x <y or y < z (or both, if and only if z = y).
Such a partially ordered set has all binary meets and joins, for instance
x ANy =min(x,y) =z if z <y,

x Ay =min(xz,y) =y if y < x.

14



Example 2.1.28 Two Non-examples of distributive lattices can be drawn using diagrams
as follows:

d: d2

Figure 2.4: Distributive lattices.

1. Cconsider the left-hand example. First of all, it is a lattice. The nullary meets and
joins are d; and e;, and we know binary meets and joins of comparable elements
always exist. All that is left to check are meets and joins for the incomparable pairs
{a,c} and {b,c}. These are as written in the diagram, i.e., d; and e;, and they are

e di=aVc=>bVcand

eci=alNc=DbAc
respectively. However, the lattice is not distributive, because

aN(bVe)=aANdi=a#b=bVe =(aNb)V (aAc).

2. Consider the right-hand example. The nullary meets and joins are dy and e;. Meets
and joins for the incomparable pairs {a,b}, {a,c} and {b, ¢} are as written in the
diagram, i.e., dy and ey, and they are

e dy=aVb=aVec=>bVcand
eco=aANb=aANc=bAc

respectively. However, the lattice is not also distributive, because

aAN(bVe)=aANdy=a#e=eVes=(aNb)V(aAc).

Proposition 2.1.29 Let P be a partially ordered set in which every subset has a join.
Then every subset has a meet.

Proof.  Let S C P, and let L be the set of its lower bounds. If a meet (greatest lower
bound) of S exists, then it must be \/ L. Thus all we need to show is that \/ L is a lower
bound of S. But if x € S and y € L, then y < z,s0 V L < x. [ ]

15



Definition 2.1.30 (complete lattice) A partially ordered set P is a complete lattice if
and only if every subset has a join and a meet.

Example 2.1.31 For a given set U, a structure P(U) = (P(U),U,N) forms a complete
lattice, where U and N are the usual set theoretic operations, union and intersection.

Remark 2.1.32 In a complete lattice (X, V), the greatest and the least element exist:
in fact

o T:=VJX,
o | =AX.
Remark 2.1.33 We can define a mapping A (the infimum) of P(X) into X by

AY =\/{z|zCyforallye Y}

2.2 Fixed Point Theorem

In the discussion of interpretation for the exponential !, Engberg and Winskel use the
fized point theorem. For an element a of a quantale (it is given in Chapter 4), as an
interpretation of !a, they require an element x such that it is the greatest fixed point of a
function. Therefore, we introduce the basic fixed point theorem here.

First we discuss monotone and fixed point, and then we show the least (greatest) fixed
point theorem below.

e monotone:

Given a complete lattice L, a function h : L — L is monotone if and only if

if x C gy, then h(z) C h(y) for all z,y € L.

e fixed point:
An element x € L is a fized point of h if and only if

r = h(x).

Theorem 2.2.1 (fixed point) Let L be a complete lattice and h be a monotone mapping
on L. Then h has a fized point.

Proof.  Suppose
D={zeL|h(zx)Cux}

and maximum of L is 1. Then D is not empty since 1 € D is immediate, and so AD
exists. Therefore, we may assume a = AD, and it suffices to show that a is a fixed point
of h. Suppose that x € D, then a C x. Since h is monotone,

h(a) C h(z) C z,

16



and hence h(a) is a lower bound of D. Since a is the infimum of D,

and using monotone of h, h(h(a)) C h(a). This means h(a) € D. Since the infimum of D
is a,

It follows that h(a) = a, and hence a (= AD) is a fixed point of h. n

Theorem 2.2.2 (least fixed point) Let L be a complete lattice and h be a monotone
mapping on L. Then h has the least fixed point:

Nz € L|h(z) Ca}.

Proof.  Suppose
D={xeL|h(zx)Cz}.

Since we have shown that h has at least one fixed point in Theorem 2.2.1, we show a
fixed point @ in 2.2.1 is the least fixed point. Suppose that b is a fixed point of h, then
h(b) = b, and hence b € D. Since a is the infimum of D, a C b, and hence a is the least
fixed point. [ ]

Theorem 2.2.3 (greatest fixed point) Let L be a complete lattice and h be a mono-
tone mapping on L. Then h has a fixed point, and especially,

VireL|sCh)}
18 the greatest fixed point of L.

Proof. ~ We can prove similarly. Suppose
D={xeL|xCh(x)}

and minimum of L is 1. Then D is not empty since 1. € D is immediate, and so VD
exists. Therefore, we may assume a = VD, and it suffices to show that a is a fixed point
of h. Suppose that x € D, then z C a. Since h is monotone,

x C h(z) C h(a),
and hence h(a) is an upper bound of D. Since a is the supremum of D,
a C h(a),

and using monotone of h, h(a) C h(h(a)). This means h(a) € D. Since the supremum of
D is a,
h(a) C a.

It follows that a = h(a), and hence a(= VD) is a fixed point of h.

Next we show a fixed point a is the greatest fixed point. Suppose that b is a fixed
point of h, then b = h(b), and hence b € D. Since a is the supremum of D, b C a, and
hence a is the greatest fixed point. ]
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Remark 2.2.4 In chapter 4, when we discuss the definition of the exponential on the
complete lattice L, we use the greatest fixed point theorem.
The monotone mapping h is

h:z—aAN1A(zex).
Then the greatest fixed point p is defined as

V{izeL|zTanlA(zex)}.
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Chapter 3

Petri Nets

In this chapter, we discuss Petri nets. For background material on Petri nets, see [40, 41]
and on the relation between Petri nets and multisets, see [9, 18, 32].

3.1 Petri Nets and Multisets

Petri nets is a general purpose mathematical model for describing relations existing be-
tween conditions and events.

Petri nets consist of two types of elements, places and transitions. Each place models
a process in terms of types of resources, and can hold arbitrary nonnegative multiplicity.
Each transition represents a state transition rule, i.e., how those resources are consumed
or produced by actions. They are described using the notion of multisets.

First we define Petri nets, and then we discuss the relation between Petri nets and
multisets with some examples.

Definition 3.1.1 (Petri net) A Petri net N is a quadruple (P, T,* (=), (—)*®) such that
1. P is a set (of places),
2. T is a set (of transitions),

3. *(—),(—)* are mappings of 7" into Mp (i.e., the set of all multisets over a set P),
where for t € T,
(a) *(t) is called the pre-multiset of ¢ and
(b) (t)* is called the post-multiset of ¢

respectively. Each element of Mp is called a marking, and in the sequel, we shall
use simply M for Mp.

A firing of transitions transforms the given marking into another one; firing a single
transition ¢ subtracts (adds) n from (to) the mark m in place A if there is an arrow with
label n from A to t (t to A). Firing of transitions gives the result of firing transitions in
some other.
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Graphically we can represent a Petri net by drawing the places as circles, the transi-
tions as squares, and an arrow from place A to transition ¢ (from transition ¢ to place A)
labeled with n € A"\ 0 if (4,t) €* (=) ((¢, A) € (—)*) with multiplicity n (n = 1 usually
omitted) (respectively). A marking can be indicated in a graphical representation of a
Petri net by inscribing the multiplicities in the circles.

For understanding of the relation between Petri nets and multisets, We give the fol-
lowing examples.

Example 3.1.2 Consider the following two nets, net-1 and net-2.

—

a t a(O)—

b b(O—

!

net-1 net-2

Figure 3.1: Petri net - I.

e net-1:
We show a Petri net N = (P, T7.,* (—),(—)*) with P = {a,b,c} and T" = {t}. Pre-
multiset *(¢) is [a,b] and post-multiset (¢)* is [c] respectively. Graphically this be-
comes like net-1.

— Suppose that there are one token in a and in b respectively. A firing of transition
t changes the marking from [a, b] to [c].

— Suppose that there are two tokens in a and in b respectively, then a firing of
transition ¢ changes the marking from [a, a, b, ] to [a, b, c].

e net-2:
We show a Petri net N = (P,T,*(—), (—)*) with P = {a,b,c} and T = {t,t}.
Pre-multiset *(¢1) and *(¢3) are [a] and [b], and post-multiset (¢;)® and (¢5)* are [c]
respectively. Graphically this becomes like net-2.

— Suppose that there are one token in a and in b respectively. A firing of transition
t; changes the marking from [a, b] to [b, ¢|, and a firing of transition ¢, changes
the marking from [b, ¢] to [c, ¢].

— Suppose that there are two tokens in @ and one token in b. A firing of transition
t; changes the marking from [a,a,b] to [a,b,c|, and a firing of transition ¢,
changes the marking from [a, b, ¢] to [a, ¢, ¢].
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Example 3.1.3 Consider the following net, net-3.

t
)
a
(
b t
1
net-3

Figure 3.2: Petri net - II.

We show a Petri net N = (P,T,*(—), (—)*) with P = {a,b,c} and T = {t,t}.
Pre-multiset *(¢;) and °*(t3) are [a,b] and [¢], and post-multiset (¢;)® and (t3)* are
[c] and [a] respectively. Graphically this becomes like net-3.

Suppose that there are two tokens in @ and one token in b. A firing of transition t;
changes the marking from |[a, a, b] to [a, ¢|, and a firing of transition ¢, changes the
marking from [a, ¢] to [a, al.

3.2 Reachability Relation

Next, we discuss the reachability relation >. It is the reflexive and transitive relation
defined as follows.

Definition 3.2.1 (reachability relation) Let N = (P, T.,*(—),(—)®) be a Petri net.
Then we define a relation > on M called the reachability relation of N as follows:

1. For t € T, let [t) be a relation on M such that
m [ty m' if and only if m =m" +° ¢ and t* + m" =m/

for some m" € M.

2. Let > be a relation on M such that
m>m' if and only if m [t1) my [t2) ma [t3) « -+ [tn) my =m/
for some t1,t9,...,t, €T, my,ma,...,m, € M and n > 0.

We show the reachability relation > using the net-3 of Figure 3.2.

Example 3.2.2 Consider the net-3 of Figure 3.2.

e Suppose that there are one token in @ and in b. A firing of transition ¢; changes the
marking from [a, b] to [¢], and a firing of transition ¢, changes the marking from [c]
to [a]. This means that

[a, 0] [t1) [e] [t2) [a]

and we have
[a, b]>[a].
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e Next suppose that there are one token in a and two tokens in b. A firing of transition
t; changes the marking from [a, b, b] to [b, ¢], and a firing of transition ¢, changes the
marking from [b, ¢] to [a,b]. Then a firing of transition #; changes the marking from
[a,b] to [c], and a firing of transition #, changes the marking from [c] to [a]. This
means that

[a, b, 6] [t1) [b, €] [t2) [a, 0] [t2) [c] [£2) [a]

and we have

[a, b, b]>]al.
For a Petri net N, we define structures My = (M, +,[]) and Xy = (M, >, +,]])-
Proposition 3.2.3 A structure My = (M, +,[]) is a commutative monoid.

Proof. In fact, we can show that a structure defined as above satisfies the conditions of
Definition 2.1.5, for every m, m/,m"” € M,

L.m+(m +m")=m+m)+m",
2.m+[]=[]+m=m,
3. m4+m' =m'+m.

]

Proposition 3.2.4 A structure Xy = (M, >, +,[]) is a preordered commutative monoid.

Proof. In fact, we can show that a structure defined as above satisfies the conditions of
Definition 2.1.11, for every m, m',m" € M,

1. (M, +,[]) is a commutative monoid,
2. a structure (M, ) holds Definition 2.1.9 since

(a) m > m,
(b) if m => m' and m’' > m", then m > m”",

3. ifr > a2 andy >y, then z +y > o' + ¢/

u
We show the conditions 2(b) and 3 of Proposition 3.2.4 with the example net-3 of
Figure 3.2.

Example 3.2.5 Consider the net-3 of Figure 3.2.
e Suppose that m = [a, a, a, b, b,b], and then m' = [¢, ¢, c] and m" = [a, a,al, i.e.,
la,a,a,b,b,b] = |[c,c, c] and [e, ¢, ] > [a,a,al.

Since m > m' = [a,a,a,b,b,b] = [c,c,c] and m' > m" = [¢, ¢, c] = [a,a, a], then
[a,a,a,b,b,b] = |a,a,a], ie.,

if m = m' and m' = m", then m = m".
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e Suppose that = [a,b] and y = [a, a, b, ], and then z' = [¢] and ¥’ = [¢, ¢], i.e.,
[a,b] = [c] and [a,a,b,b] > [c, ¢].

Since z + y = [a,b] + [a,a,b,b] = [a,a,a,b,b,b] and ' + ¢ = [c] + [¢,c] = [¢, ¢, (],
then [a, a,a,b,b,b] > [c, ¢, c], ie.,

r+y>o +y.
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Chapter 4

Quantales and Closure Operations

In this chapter, we discuss [L-algebras (intuitionistic linear algebras) and quantales, and
introduce closure operations on the algebras. Moreover, we discuss exponential ! and
quantales with exponential. For background material on the algebras, see [2, 4, 38, 39,
42, 43, 50].

4.1 IL-algebras and Quantales

Algebraic semantics for linear logic, as presented here, is for linear logic what Boolean-
valued models are for classical logic, and Heyting-valued models for intuitionistic logic.

4.1.1 IL-algebras
Definition 4.1.1 (IL-algebra) A structure A = (A, A,V, L, —e e 1) is an [L-algebra if
1. (A,A,V, L) is a lattice with the least element L,
2. (A, e,1) is a commutative monoid with unit 1,
J.ifzCa',yCy, thenzeyC 2/ @y and 2'—ey C x—ey/,
4. x ey C z if and only if x C y—ez for all x,y,2z € A.
Lemma 4.1.2 In any IL-algebra A = (A, A\,V, L, —e e 1), for all z,y,z in A,

1. ze(zVy) = (zex)V(zey), and moreover, if the join \/;,c; y; exists, then re\/;c;y; =
ViEI(x o yl);

2. r—e(y—ez) =1 ey—ez,
3. L—el istop of A (T :=_L—el).
Proof.

1. Suppose that ze (zVy) C v. Since zVy C z—ev, © C z—ev and y C z—ev. Therefore
rzezL vand yez L v, and hence (z ex)V (zey) C v. We can prove the converse
similarly.
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2. Suppose that u C z—e(y—ez). Then uex C y—ez, and hence uezr ey C 2. Therefore
u C x e y—ez. Similarly we can prove the converse.

3. Since . Cx—el, | ex = 1. Therefore x C 1 -1, and hence T = 1 —e_|.

Proposition 4.1.3 A definition of IL-algebra is obtained replacing Definition 3 of 4.1.1
by ze(zVy)=(zex)V(zey).

Proof.  Assume Definition 1, 2 and 4 of 4.1.1 and ze(zVy) = (zex)V (zey). If x T 2,
then x vV ' = 2. Therefore

ze(zxVa') = (zex)V(ze2)

/
= zeu,

and hence z e x C z e ', Also assume x C 2. Since z C 2’—ey if and only if z e 2’ C v,
z e x C y. Therefore z C r—ey, and so z'—ey C x—ey. [ ]

Definition 4.1.4 (complete IL-algebra) A structure A = (A, —e,V, A, 1)isacomplete
[L-algebra if

1. (A, A, V) is a complete lattice,

2. (A, e,1) is a commutative monoid with unit 1,

w

(V) ey =\V(z; ey) for all z;,y € A,

4. x ey C z if and only if x C y—ez for all x,y, 2 € A.

Proposition 4.1.5 Let M = (M, -, e) be a commutative monoid with the identity e, and
for each X, Y C M, define sets X oY and Y —eZ of M by

1. XeY :={z-y|lzeX,yeY},
2.YeZ:={zeM|x-yeZ foralyecY}.

Then the structure

P(M) = (P(M), —e,U,N, e, {e}),
where U and N are the usual set-theoretic operations, is a complete IL-algebra.
Proof.
1. 1 and 2 of Definition 4.1.4 are trivial.
2. For 3 of Definition 4.1.4, we show that
(X ey =X oY),

Suppose that z € (UX;) Y. Then = = y - z for some y € JX; and some z € Y.
Therefore y € X; for some i, and so = € X; Y. Since z; ¢ Y C U(X; oY),
z € U(z; @ Y). Conversely suppose that X; C JX;. Then X;eY C (UX;)eY.
Therefore J(X;0Y) C (UX;) o Y.
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3. For Definition 4 of 4.1.4, we show that
XeY C Zifand only if X CY—eZ.

Ifre X, thenz-ye XeoY forall ye Y. Therefore x-y € Z, and so x € Y 2.
Thus X C Y—-eZ. Conversely forallz € X and y € Y, since X C Yo7, z-y € Z.
Therefore X oY C Z.

Remark 4.1.6 The structure P(M) = (P(M), —o,U,N, e, {¢e}) satisfies a law not gener-
ally valid in IL-algebras: distributivity of the lattice operations.

The simplest way to see that distributivity of the lattice operations does not hold in
general, is to verify that the sequent

AnN(BuUC)= (AnB)uANC)

is not derivable, since this means that the IL-algebra constructed from Intuitionistic linear
logic or classical linear logic by means of the Lindenbaum construction does not obey
distributivity.

4.1.2 Quantales

Definition 4.1.7 (commutative quantale) A structure Q = (@, V,e,1) is a commu-
tative quantale if

1. (@, V) is a complete lattice,

2. (Q,e,1) is a commutative monoid,

3. (Va;) ey =\ (r; ey) for all z;,y € Q.

We shall use simply quantale for commutative quantale with unit.

Remark 4.1.8 Define a binary operation —e on Q by

y—ez:=\/{z |zeyC z}.

Then
rCy—ezifand onlyif rey C 2.

Proposition 4.1.9 Let M = (M, -, e) be a commutative monoid with the identity e, and
for each X, Y C M, define a subset X oY of M by

XeV:={z-y|lzeXyecY}

Then the structure
P(M) = (P(M),U,e,{e})

18 a quantale.

Proof.
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1. 1 and 2 of Definition 4.1.7 are trivial.
2. For 3 of Definition 4.1.7, we show that

UXi)eY = J(X;oY).
Suppose that z € (UX;) Y. Then = = y - z for some y € JX; and some z € Y.
Therefore y € X; for some i, and so z € X; eY. Since z; ¢ Y C U(X; oY),
z € U(z; oY). Conversely suppose that X; C UX;. Then X; oY C (UX;)eY.
Therefore J(X;0Y) C (UX;) o Y.

Remark 4.1.10 In the quantale P(M),
Y-z = |J{X|XeY CZ}
= {zeM|z-yeZ foralyeY}.

Remark 4.1.11 It is easy to show that a complete [L-algebra is just a quantale, in which
y—ez is defined by

y—ez:=\/{z |zeyC 2}
Proposition 4.1.12 A structure is a complete IL-algebra if and only if it is a quantale.

Proof. It is trivial that if a structure is a complete IL-algebra, then it is a quantale.
We show that if a structure is a quantale, then it is a complete IL-algebra. Define

y—ez:=\/{z |zeyC z}.
Then we show that a commutative quantale is always a complete IL-algebra.
1. 1, 2 and 3 of Definition 4.1.4 are trivial.

2. For 4 of Definition 4.1.4, we show that
rey L zif and only if x C y—ez.

Suppose that y—ez := \/{uluey C z}. f rey C 2 then z € {u |uey C z}, and
hence x C y—ez. Conversely if z C y—ez, then

vey L (y—ez)ey
= (V{ulueyZ z}) ey

= \/{uoy|uoygz}
C z,

and hence rey C 2.

]
The proposition shows that complete IL-algebras and quantales amount to the same
thing.

Corollary 4.1.13 A structure P(My) := (P(M),U, o, {[]}) is a quantale, where
XeY:={m+m'|meX,m eV}
(Note that a structure My = (M, +,[]) is a commutative monoid.)
Remark 4.1.14 In the quantale P(My),
YeZ = [J{X|XeYCZ}
= {meM|m+m'eZ forallm €Y}
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4.2 Closure Operations on IL-algebras and Quantales

Next, we discuss closure operations on the IL-algebras and the quantales which play a
crucial role in the proof of completeness.

4.2.1 Closure Operation

Definition 4.2.1 (closure operation) An operation C' on a quantale Q = (@, V, e, 1)
is a closure operation on @) if

1. z C Cu,

2. if x C y then Cx C Cly,
3. CCzx C Chu,

4. CxeCyC C(xey).

An element z of @ is C-closed if x = Cz holds. C(Q) denotes the set of all C-closed
elements of ().

Lemma 4.2.2 C(Cz VvV Cy) = C(x V y) holds for every x,y € Q.
Proof.  Since C'(xz Vy) C C(Cx Vv Cy) is trivial, we show that
C(CzvVvCy)CEC(xVy).

xrCzVyandyC xVy, then Cx C C(xVy) and Cy C C(zVy). Therefore (CxV Cy) C
C(z Vy), and hence

C(CxzvCy) C CC(xVy)
= C(zVy).

u
Lemma 4.2.3 C(Cz e Cy) = C(x e y) holds for every z,y € Q.
Proof.  Since C'(z ey) C C(Cx o Cy) is trivial, we show that
C(CxeCy)C C(rey).
Since Cx o Cy C C(x @ y) (4 of Definition 4.2.1),

C(CzxeCy) T CC(zxey)
= Clzey).
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4.2.2 Closure Operation on IL-algebras

Proposition 4.2.4 IfC is a closure operation on an IL-algebra A = (A, A\,V, L, —e e 1),
then
C(A) = <C(A)7 /\7 vC? C’J—a 9,00, Cl>

s also an IL-algebra, where Vo and e¢ are defined by
1. Vox; i = C(\/l‘i),

2. vecy:=C(rey).

Proof. ~ We show that a structure (C'(A), A, V¢, C L, —e, ¢, C1) defined as above holds
Definition 4.1.1. The proof of that if a,b € C(Q), then a Ab € C(Q), a Ve b € C(Q),
aecbe C(Q) and a—eb € C(Q), and 1 of definition will be shown later (see the proof of
Proposition 4.2.5. Now we show 2, 3 and 4 of definition.

1. We show that a structure (C'(A), A, V¢, C L, —e, 00, C1) is a commutative monoid
with unit 1.

(a) For aec(becc) = (aecb)ecc, aec(becc) = C(aeC(bec)) = C(CaeC(bec)) =
(C’(aO(bb)oc)) = C((aob)ec) = C(C(aeb)eCc) = C(C(aeb)ec) = C((ae.b)e() =

(b) Foraec Cl=Cleca=a,Cleca=C(Clea)=C(CleCa)=C(lea)
Clael) =C(CaeCl) =C(ae(Cl) = aecCl, and C(lea) = Ca =
Therefore C1 is the unit.

(c) Foraecb=beca,aecb=C(aeb)=C(bea)="0besa.

Sl

2. We show 2z e¢ (z Vo y) = (2 8¢ x) Ve (2 8¢ y).

Q

e (zVcy))

e C(zVy))
Cze(C(xVy))
ze(zVy))
(ze0z)V (z0y))
Czez)VC(zey))
= (2ecz) Vo (200Y).

zec(xVey) =

I
Q

C

I
Q

C

I
Q

(2
(2
(
(
(
(

3. We show z ey C z if and only if x C y—ez.

recy = Clrey)
= C(CzxeCly)
C Cg,

then Cx ¢ Cy C C'z, and hence x C y—ez.
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4.2.3 Closure Operation on Quantales

Proposition 4.2.5 If C is a closure operation on a quantale Q = (Q,V, e, 1), then

C(Q) =(C(Q), Vc,ec,C1)
s also a quantale, where V¢ and e¢ are defined by
1. Vex; = C(Va;),
2. vecy:=C(rey).

Proof.  First we show that if a,b € C(Q), then aAb € C(Q), aVeb € C(Q), aecb € C(Q)
and a—eb € C(Q).

e ForaANb € C(Q), since a AbC a, ClaAb) C Ca = a. Similarly since a A b C b,
C(aAb) E Cb="b. Therefore C(aAb) CaAbC C(aAb), and so a Abe C(Q).

e For aVeg b € C(Q), ClaVeb) = C(C(aVb)) = C(aVb) =aVeb. Therefore
Cl\/chO(Q).

e Foraecb € C(Q), Claecb) = C(C(aob)) = C(aeb) = aecb. Therefore
aecbe C(Q).

e For a—eb € C(Q),

C(a—eb) oc a C(a—eb) o Ca
C(C(a—eb) @ Ca)
= C((a—eb) e a)

b

1M

(since we can get (a—eb) @ a C b from a—eb C a—eb). Therefore

C(a—eb)

a—eb

C(a—eb),

11

and so a—eb € C'(Q).

Next we show that a structure C(Q) = (C(Q), Ve, ec,C1) defined as above holds
Definition 4.1.7.

1. (C(Q), V) is a complete lattice.

We show that a structure (C'(Q), V¢) is a lattice and holds Definition 2.1.30. It is
enough to prove for V.

First we show that (C(Q), V) holds Definition 2.1.20.

(a) ForaVeca=a,aVeca=C(aVa)=Ca=a.
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(b) For associative a V¢ (bVe¢) = (a Ve b) Ve e,

aVe (bVee) = ClaVvC(bVc))
C(CavC(Vec)
C(C(aV (bVe)))
C(aV (bVe))
C(aVv C(bVe))
aVe (bVe c).

1M

1M

Therefore a Ve (bVee) =C(aV (bVe)) =C((aVd)Ve)=(aVeb) Ve e
(c) ForaVeb=0bVeca,aVeb=C(aVb) =C(bVa)=0bVca.
(d) ForaVe(and) =a,aVe(and) =C(aV(anb)) = Ca=a. Foran(aVeb) = a,

a J aA(aVeb)
aNC(aVb)
a A (aVb)

a.

I

Next we show that the maximum element : T and the minimum element : CL
exist.

(a) TeC(Q)since CTCETLCCT.
(b) Since L Caforalla e @, CLLC Ca=a.

2. (C(Q),®c,C1) is a commutative monoid.
We show that a structure (C'(Q), e¢, C'1) is a monoid and holds Definition 2.1.5, for
every a,b, c € C(Q).
First we show that (C(Q), e¢, C'1) holds Definition 2.1.3.

(a) For aec (becc) = (aecb)ecc, aec(becc) = C(aeC(bec)) = C(CaeC(bec)) =
(C’(aO(gb)oc)) = C((aob)ec) = C(C(aeb)eCc) = C(C(aeb)ec) = C((ae.b)e() =

(b) Foraec Cl=Cleca=a,Cleca=C(Clea)=C(CleCa)=C(lea)
Clael) = C(Cae(Cl) = C(aeCl) = aecCl, and C(lea) = Ca =
Therefore C1 is the unit.

Sl

Next we show that (C'(Q), ec, C'1) holds 2 of Definition 2.1.5.
Foraecb=beca,aecb=C(aeb)=C(bea)="besa.

3. We show that e~ distributes over V.

(\V/S)ech = C(C(\/S)eb)
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= C(\/Seb)
= C(V (aeb))

a€S

= C(\/ Claeb))

a€S

=\ (aech).

acSc

Therefore for every S C C(Q) and a € S, (Vo S)ecb=\/ (aech).

aESC

4. We show that for every a,b,c € C'(Q), a ec b C ¢ if and only if a C b—ec. Suppose
that a e b C c.

Cae(Cbh
C(aeb)

aech

aeb

1M

1M

c

and hence a C b—ec. Conversely, suppose that a = b—ec. Then a ¢ b C ¢. Therefore
aechb=C(aeb) C Cc=c, and hence aecb C c. Therefore for every a,b,c € C(A),
a ec b C cif and only if a C b—ec.

Lemma 4.2.6 In the quantale C(Q), x Ay and x—ey are C-closed whenever x and y are
C-closed. Hence operations N\ and —e coincide with the original operations on Q.

Proof.
1. Cz—eCy C C(Cx—eCy) is trivial. We show C(Cz—eCy) C Cz—eCly).

C(Cz—eCy) C Cx—eCy if and only if C(Cz—eCy)e Cx T Cy.
But

C(Cz—eCy)eCx

M

C(C(Cz—eCy) e Cx)
C((Cz—eCy) e Cx)
CCy

= Cy,

M

using (u—ev) e u C v and 1, 2, 3 and 4 of Definition 4.2.1.

2. CaNCy C C(CxACy) is trivial. We show C(CzACy) CE CxACy. CxACy C Cx
and Cx A Cy C Cy, hence C(Cxz A Cy) C Cz and C(Cz A Cy) C Cy, therefore
C(CxANCy) ECzACy.
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4.2.4 Closure Operation C; and C5

Let X = (M, <,-,e) be a preordered commutative monoid. We define two closure opera-
tions C and C on P(X).

Proposition 4.2.7 Let X = (M, <, -, e) be a preordered commutative monoid and define
an operation | on P(X) such that

X ={yeM|Jre X(y<uz)}

Then it is easy to see that | is a closure operation on the quantale P(X) = (P(M), U, o, {e})
(see the proof of Proposition 4.2.10).

Definition 4.2.8 Let X = (M, <,-,e) be a preordered commutative monoid and define
an operation C; on P(X) by
ClX I:J/ X.

Definition 4.2.9 Let X = (M, <, -, e) be a preordered commutative monoid and define
two operations — and < on P(X) by

X7 ={yeM|VzeX(x<y)}
XTi={ye M|V e X(y<ux)},
and let Cy be the operation on P(X) defined by
CoX == (X7)".
(Cy is called the MacNeille completion of X, see [14, 23, 31, 36]).

We can easily show the following propositions (see e.g. [47]).
Proposition 4.2.10 C' is a closure operation on the quantale
P(X) = (P(M),U, e, {e}).
Proof. ~ We show that a function C'; defined as above holds Definition 4.2.1.

1. If x € X, then = < z, and hence Jy € X (x < y). Therefore x € C1X, and so
X COX.

2. If z € C1 X, then 3z € X (2 < ), and since X C Y, so 3z € Y (2 < x). Therefore
z € (1Y, and hence C1 X C C}Y.

3. If x € C1C1 X, then Jy € C1X (r < y) and 3z € X (y < z). Therefore z < z,
so x < C1X, and hence C;C1 X C C1X. Since C1 X C C1C1X (1 of definition),
Olch - OIX

4. We show that if x € C;X and y € C1Y, then z -y € C;(X oY). Since z € C1 X,
dr' € X (z < 2'). Since y € C1Y, Fy' € Y (y < ¢'). By definition, since x-y < z’-¢/,
r-y€ X eY. Therefore 32/ -y’ € X oY (z-y <a’-y'). Thusz-y € C1(X oY),
and hence C1 X ¢ C1Y C C(X oY).
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]
Proposition 4.2.11 (s is a closure operation on the quantale
P(X) = (P(M),U, e, {e}).
Proof. ~ We show that a function C5 defined as above holds Definition 4.2.1.

1. If x € X, then Vy € X7 (x < y). Therefore x € (X7) = C2X, and hence
X C (h)X.

2. First we show that
if X CY, then Y7 C X7---(1).

If z € Y7, then Yy € Y (y < z). Therefore Vo € X (z < z), and hence z € X .
Next we show that
if X CY, then Y< C X< .- (2).

If z€ Y, then Vy € Y (2 < y). Therefore Vx € X (2 < x), and hence z € X*. By
(1) and (2), if X C Y, then Y7 C X7, and if Y7 C X7, then (X7) C (Y 7)“.
Therefore if X C Y then (X 7)< C (Y 7)%, and hence Co X C C,Y'.

3. X C(X7)" by 1, then by 2,
(X7)7)7 = (GX)7 CX7---(1).

If z € X7, then by definition, Vy € (X7) (y < x). Therefore x € ((X7))7, and
hence
X7 C (X)) =(GX)7 -+ (2).

By (1) and (2), (X~)7)~ = (CoX)~ = X~. Therefore CoCsX = ((CoX)?)< =
(AXVH)F == CQX, then CQCQX == CQX

4. We show that
if v € CoX and y € CyY, then 2y € Cy(X oY),

Suppose that z € (X ¢ Y)”. Then Vu € X and Yv € Y (u-v < z), and hence
Vu € X (u < v—ez). Since u € X is arbitrary, Vv € Y (v—ez € X7). Therefore
r < v—ez, and hence we have v-x = x-v < z. Thus v < r—ez. Since v € Y is

arbitrary, we have r—ez € Y7, and hence y < r—ez. Therefore x -y =y -z < 2,
and hence z-y € (X oY) )" =Cy(X oY). Thus C4X ¢ (Y C Cy(X o Y).

Remark 4.2.12 (] is the closure operation used in [15]. In the quantales constructed
from Petri nets using C, since C-closed sets are downwards closed, for m, m' € M

Ci(m) C Cy(m') if and only if m > m/'.

Therefore C adequates for the reachability relation of Petri nets. Similarly, since every
Cs-closed set is downwards closed, Cy also adequates for the reachability relation.
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Lemma 4.2.13 Suppose that a structure P(My) := (P(M),U, o, {[]}) is a quantale con-

structed from a Petri net using Cy closure operation. Then for all x € M, the following
holds.

Co({z}) ={y |y E =}
Proof.

e First we show that if m € Cy({z}), then m C z. Suppose that m € Cy({z}). Since
C is reflexive, then = € {z}~, and hence m C x.

e Next we show that if m C z, then m € Cy({z}). Suppose that m C z. If m' € 27,
then x T m'. Since C is transitive, then m C m/, and hence

m e ({z}7)" = G({z}).

4.3 Quantales with Exponential

We extend the quantales given above to the quantales with exponential, which correspond
to the logical connective !.

The following definition of quantales with exponential will naturally arise from the
syntactic properties of ! in linear logic.

4.3.1 Exponential on Quantales

Definition 4.3.1 (exponential) Let Q = (Q,V,e, 1) be a quantale. An ezponential !
on Q is an unary operator such that

1. lz C x forall z € Q,
2. if lx C gy, then !z Cly for all z,y € Q,
3. 1=IT,
4. lzely =l(x Ay) for all z,y € Q.
Lemma 4.3.2 Clause 2 of the definition is equivalent to the following:
if x C y, then !z Cly and !x Clly.

Proof.  We show that if lx C g, then !z Cly. Since !z C y, !z Cly, and since x C z,
'z Cllz. Therefore lx Cly. Next we show if  C y, then !z Cly and lx Clly. Since z C v,
'z C y by 1 of the definition, and hence !x Cly and !z C!ly by 2 of the definition. |

Lemma 4.3.3 In every quantale with exponential, the following holds:
1. Ny =,

2. 1=I1.
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Proof.

1.

2.

"z Clz by 1 of the definition. Since !z Clz, !z C!lz by 2 of the definition.

'TC 1 by 1 of definition. Since 1 =!T and 1 C 1,!T =1LC 1, and hence 1 C!1 by 2
of the definition.

Lemma 4.3.4 In every quantale with exponential, the following holds:

1.

2.

3.
4.

lr C 1,
lr Clrelx,
lxely Cl(1zely),

if x C y, then !z Cly.

Proof.

1.

Since x & T, !z © T by 1 of the definition, and !z C!T by 2 of the definition, so
'z £ 1 by 3 of the definition.

lx =l(xz A z) =lzelz by 4 of the definition.

lzely =!(z Ay) by 4 of the definition. Since !(z Ay) Cl(z Ay), (z Ay) Cll(x Ay) by
2 of the definition. Therefore !zely Cll(z A y) =!(lzely).

Since we have lx C y from x C y by 1 of the definition, !z Cly by 2 of the definition.

4.3.2 FS-quantales and Quantales with Exponential

Here we discuss two definitions of the quantale with exponential !. The former definition
is used in [15, 16, 17]. Using this definition, we could not prove the completeness of linear
logic for Petri net models with exponential. Therefore we use the latter definition and
prove it.

In this thesis, we call the quantale defined by the former definition “FS-quantale with
exponential”, and call the quantale defined by the latter definition simply “quantale with
exponential”.

1.

FS-quantales with exponential

In linear logic, given a proposition a, the assertion of !a has the possibility of being
instantiated by the proposition a, 1 or lax!a.

The definition of FS-quantales with exponential will naturally arise from the fol-
lowing syntactic properties of ! in linear logic, the rules of (1) and (2). The formal
definition of exponential ! of linear logic will be given in Chapter 6.
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e From the rules of la = a, la = 1 and la =laxla,

la = a M 1Mlaxla--- (1),

e from the rule of free storage,

b=a b=1 b:>b*b._.(2)
b=la

As an interpretation of !a, for an element a of a lattice, we require an element x
from (1) such that
tCaANlA(zex).

This will not in general characterize a unique value of the lattice. For instance
taking = to be the bottom element L of the lattice will always do. How ever from
(2) it follows that any z satisfying x C a A1 A (x e x) should be below !a. Therefore
'a should be the greatest fixed point of the monotone mapping

r—aAN1A(zxex)

in the complete lattice given together with the quantale.

(In Chapter 2, we have shown that for a complete lattice L and a monotone mapping
h on L, there exists fixed point, and especially,

Vir e L|aC h()}
is the greatest fixed point of L.)

Such a solution ensures the soundness of the proof rules extended by those for !a.

We define FS-quantale with exponential Q' = (Q, V, e, 1,!) as follows:

Definition 4.3.5 (commutative FS-quantale with exponential) A quantale with
exponential Q' = (@, V,e,1,!) is a commutative FS-quantale with exponential if

bE a,bC 1 and b C beb implies b Cla.

We shall use simply FS-quantale with exponential for commutative FS-quantale with
exponential.

Proposition 4.3.6 Let Q = (Q,V, e, 1) be a quantale, and for each a € Q, define
an operator | on @ by

la:=\/{z €QzCanlA(zez)}.

Then Q' = (Q,V,e,1,!) is an FS-quantale with exponential.

Proof. Tt is immediate from the definition of exponential. |
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2. quantales with exponential

This definition of !a is different from one in [15, 16, 17]. They define !a for the
linear logic with the rule of free storage [47], and to be the greatest fixed point of a
mapping corresponding to the free storage rule.

We define quantale with exponential Qk = (Q, V, e, 1,!,F) as follows:
Definition 4.3.7 (commutative quantale with exponential) Let Q = (Q,V,e,1)
be a quantale, and F be a subset of () such that

(a) ifx,y € F, then x @y € F,
(b) zex =z forall z € F,
(c) 1eFand z C 1 for all x € F.

Then a structure QL = (Q, V, e, 1,!, F) is a commutative quantale with exponential

la=\/{z €F|zCa}l

We shall use simply quantale with exponential for commutative quantale with expo-
nential.

Proposition 4.3.8 la = \V{zx € F | x C a} defines an exponential over Q.

Proof.  We show that la = \/{z € F | z C a} holds Definition 4.3.1.
(a) !z C z is immediate from condition of definition. Since lx = \/{y € F | y C z},
then !z C z.

(b) We show that if lz C y, then !z Cly. Suppose that !z C y. From definition

lt =\/{z € F|zC 2} and

!y:\/{zEF|zEy}.

Since lx =\{z € F|zC x} Cy,if 2 C x, then z C y, for all 2 € F. Therefore
we have !z Cly.

(c) We show 1 =!IT. Since
IT=\/{zreF|zC T}

and from condition of the definition, it is immediate. Because since 1 € F' and
rClforallze F,!TC1,andsince l1C T and 1€ F,1C!T.
(d) We show that lzelz =!(x Ay) for all z,y € Q.

e First we show that !zely C!(x Ay). Since ly CIT =1,

lvely T lze!lT
= lrzel

= lz.
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Therefore !xely Clz, and similarly !zely Cly. Since lx C z and ly C y
from 1 of definition, !zely C x and !zely C y, and then !zely C z Ay. Also

lrely =

1M

\/ {ze2 | 2Cz,7 Cy}
z,2'€F

(by distributivity of V over e)
\/ {ze2|zClz, 2 Cly}
z,2'€F
(since z € F and z C u implies z Clu)
\/{z € F |z Clzely}
(lzely),

hence lzely Cl(lzely) Cl(z A y).

e Next we show the converse, !(z A y) Clzely. On the other hand,

zAy)=\{ze€eF|zCazny}

For all z € ), if z C z Ay, then z C x and z C y, which in turn implies
z Clz and z Cly, and hence z = 2 @ z Clzely. Therefore |(z A y) Clzely.
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Chapter 5

Intuitionistic Linear Logic without
Exponential

In this chapter, we will first describe syntax and semantics of linear logic without expo-
nential, and prove soundness theorem for quantales. Then we will prove completeness of
linear logic without exponential for quantales induced from Petri nets by using the closure
operation C\.

In this thesis, we follow notation of linear logic in [47]. Therefore we have kept Girard’s
symbols 1, T, and replaced ®, @, & by x*, LI, 1 respectively, and interchanged L and 0. For
technical background on linear logic, see [19, 21, 22].

5.1 Syntax

5.1.1 Formulas

The language of linear logic without exponential has an alphabet consisting of

propositional variables: a,b,c, ...,
propositional constants: 1, T, L,
connectives: *,L1,M, —o and

auziliary symbols: ().
The connectives carry traditional names:

+: multiplicative conjunction (times),
LI: disjunction (or),
M: additive conjunction (and) and

—o: linear implication.
Formulas are inductively defined by

the propositional variables and constants are formulas and

if A and B are formulas, then (A x B), (AU B), (AN B) and (A—oB) are formulas.

We shall use A = B as an abbreviation for (A—oB) M (B—A), and denote the set of all
formulas by ®.

40



5.1.2 Sequents

A sequent of linear logic without exponential is an expression of the form
=<,

where I' is a finite sequence of formulas and C is a formula. Both T' and C' may be
empty. In the sequel, capital Greek letters will denote finite (possibly empty) sequences
of formulas.

5.1.3 Axioms (initial sequents) and Rules

The calculus is given by specifying axioms and rules as following.

Definition 5.1.1 (axioms and rules of inference) The axioms of linear logic without
exponential are the instances of the following four axiom-schemes:

A=A,
=1,
=T,

I, L,A= A

The rules of inference of linear logic without exponential are the following structural
rules:

A=A .
m (1 - Weakenlng),

I'A,B,A=C
B AASC (exchange)

P A AAY=C
ATy= o (oub)

and the following logical rules:

A A=C T,B,A=C g
T,ALUB,A=C =)

= A ['= B

roaug =Y rsang =W
AA=C 1 I B,A=C "9
FAnBAsCc (M=) Tanpasco (2=)
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I'=sA I'=2RB

roanpg =0
F7A7B7A2>C = A A=1B
FTA+BASC ™) TAsazp &)

'=A ABYX=C A= 0B
AABIyxsC (°F) TS aoB !

= —o)
Note that in the absence of contraction and weakening in linear logic,

'AJA= B
ﬁ (contraction) % (weakening)

the choice of rules for conjunction leads to distinct connective M and *, and the distribu-
tivity of M over LI becomes not to hold in general.

Linear logic may be viewed as an example of a “resource-conscious” logic, where the
formulas represent types of resource, and resources cannot be used ad libitum.

Example 5.1.2 The following two simple examples show why linear logic is called resource-
conscious logic.

e Asserting a sequent
AJA= B

means something like: we use two data (resources) of type A to obtain one datum
of type B.

e The following logical rules:

A=B A=C
AA= BxC

(= #)

means that we can derive lower sequent A, A = B % C' from upper sequents A = B
and A = C, i.e., if we use one datum of type A to obtain one datum of type B, and
we use one datum of type A to obtain one datum of type C', respectively, then we
use two data of type A to obtain one datum of type B and one datum of type C.

5.1.4 Examples of Proofs

For understanding of the rules described above, we give the following examples.

Example 5.1.3 We can derive the rule

I'= AoB
NA=1~B

from (—o =) as follows:

A=A B=1HB
= A—-oB A—oB,A= 1B

A= B

(o =)
(cut)
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Example 5.1.4 We can derive that (Ax B) = C = A = B—oC, i.e., if (AxB) = C,
then A = B—oC' and if A = B—oC, then (A x B) = C.

e First we show that if (A * B) = C, then A = B—oC"

A=A B=B
A B= AxB AxB=C(C

1 B=C (cut)
1= B—C &

(= +)

e Next we show that if A = B—oC, then (A x B) = C:

B=B C=C

A= BoC BoCBoC (°7)
A B=C (cut)
A*B:C(*:)

Example 5.1.5 We can derive that (AU B) «C = (AxC)U (B *C) as follows:
o For ( AUB)+xC = (AxC)U (Bx*C),

A=A C=C B=B (C=C
A,C= AxC (:’(im) B.C = B+C (:’(im)
A C=AxCUBx*xC B,C=AxCUBxC

AUB.C=A+CLUB+C (U=)

(AI_IB)*C:>A*C’I_IB*C(*:>)
e For (AxC)U(B*xC)= (AUB)xC,
A=A B =B
A:>A|_|B(:>|‘|1) C:>C(:>*) B:>A|_|B(:>|‘|2) C:>O(:>*)
A C= (AUB)xC (+ =) B,C = (AUB)*C (x =)
AxC = (AUB)xC i B*C:>(AI_IB)*C'(Z:>)
AxCUBx+«C= (AUB)«C

Remark 5.1.6 Although the distributivity of M over LI does not hold in general, the dis-
tributivity of LI over x holds in linear logic.

Remark 5.1.7 With the constraction and weakening rules, we can prove Ax B=ANB
as follows:

e For Ax B = AN B, we have

A=A B=1B

WY (weakening) WS E::aglﬁ)emng)
A B= ANB (x =)
A«B= ANB

e For AN B = Ax B, we have
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A=A B=B
10=>4"?) TB=B (”(j)*)
ANB,ANB= A+ B .
1NE= A+B (constraction)

Remark 5.1.8 The distributivity of M over U does not hold in general. Although the
following proof shows that (AN B) U (AMNC) = AN (BUC) is derivable in linear logic,

A= A Bi:];ﬁC( Li1)
AnB=a4 M=) AHB:>BL|C’E2>2|_|:)>) (@
ANB=AN(BUCQC) :

A= A Ci:gSC( = L2)
Anc =4 (M=) AHC:>BUCE2>2|_:|)>) )
ANC=AN(BUCQC) ,

and from (a) and (b), we can get

ANB=AnN(BuUC) AnC=An(BUC)
(ANB)U(ANC) = AN(BUO) =)

we cannot prove the sequent AN (BUC) = (ANB)U(ANC).
With the contraction and weakening rules, we can prove this as follows:

B=1B
A B=B (= )
A B=AnNB

AB=AnBU@Anc & (@),

A=A

1524 (weakening)

(weakening)

% (weakening)

(=)
AC=ANC
Acs@AnBu@ng & )

A=A

10= A4 (weakening)

and from (a) and (b), we can get

A B= (ANB)U(ANC) AC=(AnNB)u(ANCQ)
A BUC = (ANB)U((ANC)
AN(BUC),AN(BUC)= (ANB)L(ANC)
AN(BUC)= (ANB)U(ANC)

(L=)

(M1 and M2 =)
(contraction)

5.1.5 Relation between Linear Logic and Petri Nets

We explain the relation between linear logic and Petri nets, and we show that linear logic is
useful in the theory of parallelism and resource conscious of Petri nets. For understanding,
we give the following simple examples.
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Example 5.1.9 Consider the following nets, net-1 and net-2.

—+

1
_.Ob

_>Qc

2

al

net-1 net-2

Figure 5.1: Relation between linear logic and Petri net

We show the theory of parallelism with net-1, and the theory of resource conscious
with net-2.

1. Consider net-1 with P = {a,b, ¢} and T = {t;,t2}. Pre-multiset *(¢;) and *(¢3) are
[a], and post-multiset (¢;)® and (¢3)* are [b] and [c] respectively. We consider two
cases, one is the net which has one token, and the other is the net which has two
tokens, in the place a, respectively.

(a) Suppose that there is one token in a. A firing of transition ¢; changes the
marking from [a] to [b], and a firing of transition ¢, changes the marking from
[a] to [¢]. So the firings of transitions t; or ¢, transforms one token in a into b
or into ¢, but not both.

(b) Suppose that there are two tokens in a. A firing of transition ¢; changes the
marking from [a, a] to [a,b], and a firing of transition ¢, changes the marking
from [a, a] to [a,c]. So the firings of transitions ¢; and t, transform two tokens
in @ into b and into ¢ both.

In linear logic, we can represent these as following:

a=b a=c
a=blc (=) (a),

a=b a=c

axa=bxc (x=,= %) (b)

2. Consider net-2 with P = {a,b,¢,d} and T' = {t}. We consider two cases, one is the
net which has not an arc, and the other is the net which has an arc, from the place
d to the transition ¢.

Suppose that there is one token in a, b and d.

(a) Since there is no arc from the place d to the transition ¢, Pre-multiset *(¢) is
[a, b], and post-multiset (¢)® is [¢]. A firing of transition ¢ changes the marking
from [a, b] to [c].
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(b) Since there is an arc from the place d to the transition ¢, Pre-multiset *(t)
is [a,d,b], and post-multiset (¢)* is [¢]. A firing of transition ¢ changes the
marking from [a, d, b] to [c].

In linear logic, we can represent these as following:

a,d,b=c

al_ld,b:>c(|_|:>) (a),
a,d,b=c
a*d,b:>c(*2>) (b)

Parallelism and Resource-consciousness of linear logic seem useful to research the
connection between linear logic and the theory of Petri nets.

5.2 Semantics

5.2.1 Valuation on Quantale

Definition 5.2.1 (valuation) A wvaluation v on a quantale Q = (@, V, e, 1) is a mapping
of @ into () satisfying the following conditions: for every A, B € ®,

1. v(ANB) =v(A) ANv(B),
2. v(AUB) =v(A) Vu(B),
3. v(AxB) =v(A) ev(B),

(
(
4. v(A—oB) = v(A)—ev(B),
o(T) =T,
6. v(Ll)=L1,
7. 0(1) =1

5.2.2  Validity
Definition 5.2.2 (valid) A formula A is said to be
1. true in a valuation v on a quantale Q if
1C v(A)
holds, which will be denoted by
Qv 4

2. walid with respect to a class Q of quantales if for each quantale Q € Q and each
valuation v on Q,

QuEA
holds, which will be denoted by
Q4
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and a sequent I' = A is said to be valid with respect to Q if and only if
Q ET"—oA,
where I'* is a formula defined by 0* := 1 and (', A)* := T x A.

5.2.3 Soundness
The soundness theorem can be shown as usual (see e.g. [47]).

Theorem 5.2.3 (soundness) If a sequent I' = A is provable in linear logic, then it is
valid with respect to the class of all quantales.

Proof.  Soundness is proved by a straightforward induction on hight of proof.

e Initial sequents are valid,
e for the rules of inference (structural rules and logical rules), if upper sequent(s) is

valid, then lower sequent is valid.

We show that initial sequents, structural rules and logical rules are valid. For structural
rules and logical rules, we show that if upper sequent(s) is valid, then lower sequent is
valid.

1. We show that initial sequents are valid.

(a) E A= A
We show that = A—o0A. By the definition, it suffices to show that

1 C v(A—oA).
Since v(A) C v(A), 1 ev(A) C v(A), and hence 1 C v(A)—ev(A). Therefore
1 Cv(A—oA).
(b) E=1.

We show that = 1. It suffices to show that
1 Co(l).
Since 1 C 1 and v(1) =1, 1 C v(1).
(c) T =T.
We show that = TI'*—oT. It suffices to show that
1 Co(l"—oT).
Since T is the greatest element, v(I'*) C T. Therefore 1 @ v(I'™*) C v(T), and
hence 1 C v(I'™*)—ev(T), and so 1 C v(I™*—oT).
(d) T, L,A = A
We show that =T x L x A*—0A. Tt suffices to show that
1 C oI LxA*—oA).
Since L is the least element, v(L) C v(I'*) e v(A*)—ev(A). Then v(L)ev(I'*)e
v(A*) C v(A), and hence v(I'*) @ v(L) e v(A*) E v(A). Therefore 1 C (v(I'*) o
v(L) e v(A*))—ev(A), and so 1 T v(I™* x L x A*)—ev(A). Thus 1 C v(I'* * L
A*—0A).
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2. We show that structural rules are valid.

(a) 1-weakening.
e Since =A== A, =T« A*—o0A. Then 1 C v(I'* * A*—0A), and hence
1 C o(I* * A*)—ev(A). Therefore 1 C v(I'™) @ v(A*)—ev(A), and so
v(lC") e v(A™) C v(A).

e We show that if ', A = A, then = T,1,A = A. By the definition, it
suffices to show that
ET*x1xA"—oA.

Since v(I'*) @ v(A*) C v(A), v(I'*) e v(1) @ v(A*) C v(A), and hence 1 C
v([*)ev(l) ev(A*)—ev(A). Thus 1 C o(I™**x 1% A*—0A), and so =T 1«
A*—A.

(b) exchange.
e Since EI'NABIA=C,ET"xAxBxA*—C. Then 1 C v(I'™ x A x B
A*—o('), and hence 1 C v(I'™*) e v(A) e v(B) e v(A*)—ev(C'). Thus
v([*) ev(A) ev(B)ev(A*) C v(C).

e We show that if = ' A,B,A = C, then = T',B,A,A = C. By the
definition, it suffices to show that

ET**«BxAx A"—oC.

Since v(I*)ov(A)euv(B)ev(A*) C v(C), v(I'*)ev(B)euv(A)ev(A*) C v(C),
and hence 1 C v(I'™*) e v(B) e v(A) ® v(A*)—ev(C). Therefore 1 T v(I™* %
Axbx A*—('), and hence =T'" x B x A x A*—oC.

(c) cut.

e Since = T = A | I™o0A. Then 1 C v(I'*—oA), and hence 1 C
v(['*)—ev(A). Thus
o) Ewv(4)--- (1),

e Since = AJA Y = C, E A*xAxX*—oC. Then 1 C v(A*xAxX*—o('), and
hence 1 C v(A*) e v(A) e v(X*)—ev(C'). Therefore v(A*) e v(A) e v(X*) C
v(C), and so

v(4) E v(A7) e v(E%)—ev(C) -+ (2).

e We show that if ' = A and E A, A, Y = C, then E AT, ¥ = C. By
the definition, it suffices to show that

E A"« % X" —oC.
Since v(I'™*) C v(A*) e v(X*)—ev(C) from (1) and (2),
v(A*) e v(T™) e v(X¥) C v(C).

Therefore 1 C v(A*) e v(I'*) @ v(X*)—ev(C), and hence 1 T v(A* x '™ x
Y*)—ev(C). Thus 1 C v(A* « ™ « X*—o('), and so = A* « '™ x £* (.
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3. We show that logical rules are valid.

(a) U=.
e Since FI'A,A = C, =T *«AxA*—(C. Then 1 C v(I'™*x Ax A*—oC'), and
hence 1 C v(I'*) @ v(A) @ v(A*)—ev(C'). Therefore v(I'*) @ v(A) @ v(A*) C
v(C), and so
v(A) C o) e v(A*)—ev(C)---(1).
e Since =", B,A = C, EI"«BxA*—oC. Then 1 C v(I™* BxA*—o('), and
hence 1 C v(I'™*) e v(B) o v(A*)—ev(C'). Therefore v(I'™*) e v(B) @ v(A*) C
v(C), and so
v(B) Co(I™) e v(A™)—ev(C) - (2).

e Weshow thatif ="' A, A = Cand =T, B,A = C, then =T, ALUB, A =
C. By the definition, it suffices to show that

ET*x AUBx*x A"—oC.
Since v(A) Vv(B) C v(I'*) e v(A*)—ev(C) from (1) and (2),
v(l*) e v(AU B) e v(A¥) C v(C).

Therefore 1 C v(I'*) e v(A U B) @ v(A*)—ev(C), and hence 1 C v(I™* x
(AU B) * A*)—ev(C). Thus 1 C (I % (AU B) *x A*—(C), and so
% (AU B) x A*—oC.
(b) = U1.
e Since =I'= A, v(I'*) C v(A) by cut ---(1).
e We show that if = ' = A, then =T = AU B. By the definition, it
suffices to show that
= T o(A U B).
Since v(I'™*) C v(A), v(I'™*) C v(A)Vu(B). Therefore v(I™*) C v(AUB), and
hence 1 C v(I'™*)—ev(AUB). Thus 1 C v(I™—AUB), and so = I —o(AUB).
(c) The proof is similar for (= L2).
(d) Ml =
e Since =T A,A = C, v(A) Co(I*)ev(A*)—ev(C) by cut ---(2).
e We show that if F T AJA = C, then = T AN B,A = C. By the
definition, it suffices to show that

ET* % (ANB)* A*—C.

Sir(licehv(A) C o(l™*) e v(A*)—ev(C), v(A) Av(B) C v(l™*) e v(A*)—ev(C),
and then

v(AM B) C o(T") e v(A*)—ev(C).
Therefore v(I'*) e v(AM B)ev(A*) C v(C), and hence 1 C v(I™ % (AN B) %
A*)—ev(C). Thus 1 C v(I'™ % (AN B) x A*—(C'), and so T % (A B) %
A*—o(.

(e) The proof is similar for M2 =-.
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(f) = n.
e By cut ---(1), since ="' = A, v(I'*) C v(A)---(1) and
e since =I'= B, v(I'*) Cv(B)---(2).
e We show that if =’ = A and =T = B, then =T = AN B. By the
definition, it suffices to show that

= T*—o(A 1 B).
Since v(I'*) C v(A) A v(B) from (1) and (2),
L

o(*) C (AN B).

Therefore 1 C v(I'*)—ev(AM B), and so 1 C v(I'*—(A M B)). Thus =
I* (A B).

(g) * =
e Since =" A,B,A = C, ET*x A% Bx A*—oC. Therefore 1 C v(I™ % A %
B« A*)—eu(C), and hence 1 C v(T*) e v(A) @ v(B) ® v(A*)—ev(C). Thus

v(l'*) ev(A) ev(B) e v(A*) C v(C).

e We show that if £ T, A,B,A = C, then = T'Ax B,A = C. By the
definition, it suffices to show that

ET" % (Ax B)*x A"—oC.
Since v(I'*) e v(A) e v(B) e v(A*) C v(C), v(['*) e v(Ax B) e v(A*) C v(C).
Therefore 1 C v([™*) e v(Ax B) e v(A*)—ev(C), and so 1 T v(I'™ % (A% B)
A*—o('). Thus T * (A * B) * A*—C.
(h) = .

e By cut ---(1), since =I' = A, v(I'*) C v(A) and

e since = A = B, v(A*) < wv(B).

e We show that if ="' = A and = A = B, then =T',A = A x B. By the
definition, it suffices to show that

=T* % A*—0A * B.

Since v(['*) e v(A*) C v(A)ev(B), 1 C v(I'*) e v(A*)—ev(A)euv(B). There-
fore 1 C (T * A*)—ev(A x B), and so 1 C v(I™* x A*—A * B). Thus
ET* % A*—Ax B.
(i) —o =-.
First we show thatifa C o’ and b C ¥, then o' —eb C a—eb'. Since a’'—eb T o’ —eb,
a' e (a'—eb) C b, and since a C o’ and b C ¥/,

a' e (a'—eb)
b
bl

a e (a'—eb)

111

and hence
a'—eb C a—el'.
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e Since =I'= A, v(I'*) C v(A) by cut ---(1).

e Since E A, B, Y. = C, v(B) C v(A*) e v(X*)—ev(C) by cut ---(2).

e We show that if ="' = A and = A, B,Y¥ = C, then F A, A—-oB,[',¥ =
C. By the definition, it suffices to show that

E A" % (A—oB) [ %« X" (.

Since v(A)—ev(B) C v(I™*)—e(v(A*) @ v(X*)—ev(C')) by the results above,
B))eu(I'™) C v(A*)ev(X*)—ev(C). Then (v(A)—ev(B))ev(I*)e
*) C v(C), and so

v(A*) e (v(A)—ev(B)) e v(I'™) e v(X*) C v(C).

Therefore 1 C (v(A*) @ (v(A)—ev(B)) @ v(I'™*) @ v(X*))—ev(C), and hence
1 Cv(A*) ev(A—oB)eu(l*) ev(X*)—eu(C). Thus 1 C v(A* x (A—oB) x*
[* % ¥*—(), and so = A* x (A—oB) « I'* x« ¥*—(.

(1) = -

e Since ET,A = B, =ET*%x A—-oB. Then 1 C v(I'"* * A—oB), and hence
1 C o(I'* + A)—ev(B). Therefore 1 C v(I'*) @ v(A)—ev(B), and so

v(I'™) e v(A) C u(B).

e We show that if = ' A = B, then ' = A—oB. By the definition, it
suffices to show that
ET*"—o(A—oB).

Since v(I'*) e v(A) C v(B), v(I'*) C v(A)—ev(B). Therefore
1 Co(I™)—e(v(A)—ev(B)),

and hence 1 C v(I™*)—ev(A—oB). Thus 1 C v(I"*—(A—oB)), and so =
[*—o(A—oB).

5.3 Completeness

First we discuss the classes of quantales. Then we show how to construct the quan-
tales from Petri nets, and prove completeness of linear logic without exponential for our
quantales.

Let Qy, Q1 and Q5 be the classes of quantales defined by

Qp := {P(Xy) | N is a Petri net},
Q, :={C(P(Xy)) | N is a Petri net},
Qy 1= {Cy(P(Xy)) | N is a Petri net}.
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Then P(Xy), C1(P(Xy)) and Cy(P(Xy)) are quantales obtained from the preordered
commutative monoid Xy using closure operations C; and Cs.

We say that linear logic without exponential is complete for a class Q of quantales,
if ' = A is provable in linear logic without exponential whenever I' = A is valid with
respect to Q.

Q; is the class of quantales used in Engberg and Winskel [15]. In any quantale in
Qy or Qq, the distributivity is always valid: in fact, in Qg and Q;, the lattice operations
meet and join correspond to usual set operations intersection and union, respectively, and
hence the distributivity automatically holds. As mentioned in Chapter 1, any logic which
is complete for Qy or Q;, must have the distributivity as a theorem. Here we consider the
class @y, and prove completeness for Qs in which the distributivity is not always valid.

In order to prove completeness, we have constructed quantales from a Petri net as
follows (see Figure 5.2):

First we construct a Petri net N = (P, T.* (—),(—)*). For constructing N, we take
formulas as places and sequents (provability) as transitions. Then from N, we construct a
preordered commutative monoid Xy = (M, =, +,[]), and from the powerset P(Xy) =
(P(M),U, e, {[]}) of the preordered commutative monoid, we construct a quantale Qy =
(C3(P(M)),Uc,, 8¢y, C2({[]})) by closure operation Cy. Finally we prove completeness
using the quantales.

Petri net N

U Proposition 3.2.4

preordered commutative monoid Xy

[} Proposition 4.1.9

quantale P(Xy)

U Proposition 4.2.11

quantale by closure operation C, QQ‘

Figure 5.2: The construction of the quantales Q.

In the sequel, we shall prove completeness for Qy
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Theorem 5.3.1 (completeness) If a sequent I' = A is valid in Qa, then it is provable
in linear logic without exponential.

Proof.  First we construct the Petri net N = (P, T, *(—), (—)*) as follows:
1. P := & (the set of all formulas),

2. T:={(T'",A) | I' = A* is provable in linear logic without exponential}
(in intuitionistic linear logic, the formulas on right hand side of the sequent are
restricted at most one formula occurrence, so the formulas in A are connected with

%),
3. for each t = (I'A) € T,

Then we define a mapping v of ® into the quantale Qs by
v(C) == G({[CT}).

Note that in the preordered commutative monoid Xy = (M, =, +,[]), for a sequence T,
since [I'] is a multiset consisting of places in T,

[[)—[A] if and only if I' = A* is provable
in linear logic without exponential, and hence
Co({[T']}) € C2({[A]}) if and only if I' = A* is provable

in linear logic without exponential.
We can show by induction on the complexity of C' that v is a valuation on Q.

Case 1 . C'= AN B. By the definition of v, it suffices to show that

C({[AT BJ}) = Co({[A]}) N G ({[BI})-

Suppose that [['] € Cy({[A N B]}). Then [I'J>[A M B], and since AN B = A is
provable in linear logic without exponential, [AM B]>[A]. Therefore [I']>[A], and
so [I'] € Ca({[A]}). Similarly we have [I'] € Co({[B]}). Thus [I'] € C2({[4]}) N
C2({[B]}). Conversely suppose that [['] € Co({[A]}) N C2({[B]}). Then I = A and
[' = B are provable in linear logic without exponential, and hence we have

I'=sA I'=2RB
r=ang =M.

Therefore [I'] € Cy({[A N BJ}).
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Case

Case

2 .C =AUB. Since

v(A) Ue, v(B) = C({[Al}) U, C({[B1})
Co(C2({[A]}) L C2({1B]}))

C({[Al} U{[BI}),

it suffices to show that

C2({[Au BJ}) = G:({[Al} U{[B]}).

Suppose that [['] € Co({[AU B]}) and [A] € ({[A]}U{[B]})~. Then since [A]>[A]
and [B]>[A], we see that I' = AU B, A = A* and B = A* are provable in linear
logic without exponential, and hence

A= A* B= A*
I'= AUB AU B = A*
['= A*

(U=)
(cut)

Thus [[']>[A]. Since [A] is arbitrary, we have [['] € Cy({[A]} U{[B]}). Conversely
suppose that [['] € Co({[A]}U{[B]}). Since A = ALB and B = AL B are provable
in linear logic without exponential, we have [A]>[A U B] and [B]>[A U BJ, and
hence [AUB] € ({[A]}U{[B]})~. Therefore [['|>[ALB], and so [['] € Co({[ALB]}).

3. C=AxB. Since
v(d) ec, v(B) = Ca({[A]}) ec, C2({[B]})
= C3(Cx({[A]}) o C2({[B]}))
= C({[4]} o {[B]})
= C({[4] + [B]})
= G({[A, B]}),

it suffices to show that

C2({[A * BJ}) = C2({[A, Bl}).

Suppose that [['] € Cy({[A*B]}). Then I' = Ax B is provable in linear logic without
exponential, and hence

=1 A=A

(= *)
A=1xA B B
:>A,B:> 1+ A) = (=)
[= AxB A% B = (4,B) = (=)

= (A, B)* (cut)

Thus [I'] € Cy({[A, B]}). Conversely suppose that [I'] € Cy({[A, B]}). Then
[[]>[A, B]. Since A, B = Ax B is provable in linear logic without exponential, we
have [A, B]C>[A * B] and hence [I'|C>[A * B]. Therefore [I'] € Cy({[A * B]}).
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Case 4 . C = A—oB. We show that

Ca({[A—oBl}) = Co({[A]}) —=C2({[B]}).

Suppose that [['] € Cy({[A—B]}) and [A] € Cy({[A]}). Then I' = A—-oB and
A = A are provable in linear logic without exponential, and hence

A=A B=21B
'=A—oB A-oB,A=1HB

A>A T.A> B (cut)
FAsp  (cut)

(o =)

Therefore [I', A] € Cy({[B]}). Since [I', A] = [I'] + [A] and [A] is arbitrary, we have
[[] € Co({[A]})—C2({[B]}) by Remark 4.1.10 and 4.2.6. Conversely suppose that
] € C5({[A]})—eC5({[B]}). Then [I] +[A] € C5({[B]}) as [A] € Co({[A]}). Hence
[['] + [A]—[B], and so [I', A]>[B]. Thus I', A = B, and hence

A= B
= AoB (& ),
Therefore [I'] € Cy({[A—B]}).

Case 5. C = T. For any [['] € M, since ' = T is provable in linear logic without
exponential, we have [['] € Co({[T]}). Hence

M C G({[T]}) € M.

Case 6 . C'= L. It suffices to show that

02({[J—]}) = CQ(/)-

Suppose that [I'] € Cy({[L]}) and [A] € 07 = M. Then I' = L is provable in
linear logic without exponential, and since 1 = A* is the axiom-scheme of linear
logic without exponential, we have

(cut).

Thus [[']=>[A], and hence [T'] € Cy). Conversely suppose that [['] € Cy0) and [A] €
{[L]}~. Then since [['] € (07)* and [L] € M =07, ' = L is provable in linear
logic without exponential. Therefore we have I' = A*, and hence [['] € Cy({[L]})-

Case 7 . C = 1. Since v(1) = Cy({[1]}), it suffices to show that
C({[1]}) = C({11})-
Suppose that [['] € Cy({[1]}). Then [T']>[1] = [#*], and hence

[T € C({[11).

Conversely suppose that [T'] € C5({[]}). Then [[']—[0*] = [1], and hence

] € C({[1]}).
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Finally we prove that = A is provable in linear logic without exponential whenever
1 C v(A). To this end, suppose that 1 C v(A). Then Cy({[]}) € C2({[A]}), and hence
[J=>[A4] in the original preordered commutative monoid Xy. Thus = A is provable in
linear logic without exponential. Therefore if ['*—0A is true in Qy with v, then

F=1* A=A
=[*o0A4 TI*"oA T =A4
'= A

(o =)
(cut)

)

and hence ' = A is provable in linear logic without exponential. [ ]

The semantics looks like traditional, so called phase space semantics for linear logic
and also like traditional Routley-Meyer semantics for relevant logics (see e.g. [10, 11, 12,
33, 44]). Note that these quantales do generate a phase space in the traditional manner,
and that this result can then be viewed as a tighter completeness result.
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Chapter 6

Intuitionistic Linear Logic

In this chapter, we will extend linear logic without exponential to linear logic with expo-
nential. In linear logic, exponential ! is added to compensate the absence of the rules of
weakening and contraction. For example, !A indicates that we may extract as many data
of type A as we like, i.e., a datum of type !A is a finite collection of data of type A.

First, we discuss intuitionistic linear logic with exponential (its syntax and semantics),
and then prove soundness theorem for quantales with exponential. Then we extend the
construction of the quantales to those with exponential. And we also prove completeness
for quantales with exponential generated from Petri nets by using similar construction in
Chapter 5.

In this thesis, we follow notation of linear logic in [47]. Therefore we have kept Girard’s
symbols 1, T, !, and replaced ®, @, & by x*, LI, I respectively, and interchanged 1 and 0.
For technical background on linear logic, see [19, 21, 22].

6.1 Syntax

6.1.1 Formulas

The language of linear logic has an alphabet consisting of
propositional variables: a,b,c, ...,
propositional constants: 1, T, L,
connectives: *,L1, 11, —o,
an unary connective: | and
auziliary symbols: ( , ).

The connectives carry traditional names:
«: multiplicative conjunction (times),
L disjunction (or),
M: additive conjunction (and),

—o: linear implication and
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I: exponential (storage or of course).

Note that storage operator is superficially similar to the modal operators O, in the
usual modal logics. The role of ! is to introduce weakening and contraction in a controlled
way for individual formulas. By inspection of the rules we see immediately that if we add
weakening and contraction, then we may interpret ! by identity, i.e., !A := A validates all
the rules.

Formulas are inductively defined by

the propositional variables and constants are formulas,

if A and B are formulas, then (A * B), (AU B), (AN B) and (A—oB) are formulas
and

if A is formula, then !A is formula.

We shall use A = B as an abbreviation for (A—oB) M (B—A), and denote the set of all
formulas by ®.

6.1.2 Sequents

A sequent of linear logic is an expression of the form
I'=<cC,

where I' is a finite sequence of formulas and C is a formula. Both T' and C' may be
empty. In the sequel, capital Greek letters will denote finite (possibly empty) sequences
of formulas.

6.1.3 Axioms (initial sequents) and Rules

Definition 6.1.1 (axioms and rules of inference) The axioms of linear logic are the
instances of the following four axiom-schemes:

A= A,

=1,

=T,
I, L,A= A

The rules of inference of linear logic are the following structural rules:

A=A

m (1 - Weakening)

)

I'A,B,A=C
T BAASC (exchange)
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F=A AAY=C
ALY =C (cut)

and the following logical rules:

A A=C T,B,A=C g
T,ALUB,A=C =)

= A =B

= 108 (= |_|1)7 = ALB (= |_|2)’
AJA=C IB,A=C
rAnBasc ') Fanpasc (27
R
riipasc Y TRSATS )

'=A ABY=C
AABTIy=C (°F) ToaopF )

and the following exponential rules:

A= B |
rass )

I'=B . .
TIA= B (! Weakenlng),
[VIAJIA= B
b ket Rt { I '
T A= D (! contracmon),
"= B |
r=ig &Y

where !I" is a shorthand for 'A,,...,!4, where I' = A,,..., A,.
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Definition 6.1.2 The addition of free storage to linear logic corresponds to a rule of free

storage
B=A B=1 B=BxB
B =!A (FS).
The three exponential rules (! =, ! - weakening and ! - contraction) and F'S may also

be formulated as follows (see Remark 6.1.7):

1A= A (1),
A=1--(2),
1A =144 (3),

B=AN1NnBxB )
B =4 (FS).

In this thesis, we call linear logic with FS “FS-linear logic”.
Given a proposition A, the assertion of ! A has the possibility of being instantiated by
the proposition A, the unit 1 or !Ax!A, and thus of arbitrarily many assertions of !A.

6.1.4 Examples of Proofs

For understanding of the rules described above, we give the following examples.

Example 6.1.3 We can derive that !A = Ax!A and A =!(A x A).
e For A = Ax!A, we have
A=A 1A=14

A4S Ada &) (o)
TAJ1A = AxlA '
Y ' _ .
1= AdA (! - contruction)
e For !A =!(Ax A), we have
A=A A=A
A A= AxA (E:;)
IAJJA= AxA Y
Y ' _ .
Ao A A =1 (! - contruction)
IA=l(AxA) Y
Example 6.1.4 We can derive that |(A M B) =!Ax!B.
e For (AN B) =!Ax!B, we have
Theed M=) gipap (=)
! !
(4nB =47 unp =57

anB) = 7Y ane ss &

(AN B), (AN B) >1A=B (= %)
(AN B) =4+ B

(! - contraction)
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e For !Ax!B =!(A N B), we have

A=A B =B

I =) (! =)
!AéA( : B=B " :
R E (! - weakening) A5 = B E:> |:/)eakenlng)
A,'B= ANB =)
A,!B =!(AN B) '

B si(anB) ¢ )

Example 6.1.5 We can derive that |(AMN B) =!AN!B and !(!AN!B) =!(A N B).

e First we show that !(AN B) =!AN!B.

ANB= A (=) AﬂB:J?O )
I(AnB)=A "~ | (AN B) = )
(anB) oA ) ians) =B
(A1 B) SIAMIB (=
e Next we show that !(!1AMN!B) =l(A N B).
— For |(1AN!B) =!(A M B), we have
A=A B =B
(=) (=)
i M=) BB g ﬂ;)‘)
ANB = ANB (| )
(lAN'B) = ANB |
(AnB) SiAnB) Y
— For (AN B) =!(AN!B), we have
A= A
Y (Tl;f;) BB (T,Q;f;)
(AN B)=A | (AN B) = |
anB) =4 7Y ane) s Ez )ﬂ)

(AN B) =!ANIB |
anB) sitang) Y

Example 6.1.6 We can derive that 1 =!T.

e For 1 =!T, we have

(=1)

=!T (1- Weakemng)

1=IT

e For !'T = 1, we have
=1 (
T=1

I - weakening)
Therefore if there is !, then 1 is expressed by T.
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Remark 6.1.7 The rules of (1), (2) and (3) of Definition 6.1.2 are derivable from the
above original rules as follows:

. :
1= (! vveakemng)7

A=A 1A=S14
1A, 1A =1A1A
A =1Ax1A

(= #)
(! - contraction)

Proposition 6.1.8 The rule of (1), (2) and (3) of Definition 6.1.2 are interderivable
with the following single rule:

14 = AN 10 (1Ax1A).

Proof.
A=A 1A=1
Ao ant . &M 14 siasa (=)
1A= AN1n(1Ax1A) .

And if !1A = AN 1M (1Ax!A), then 1A = A 1A = 1 and !A =!Ax!A immediately. =

Proposition 6.1.9 Using the rule of (FS), we can derive the following rule:
AN1n(lAxlA) =I1A.

Proof.  Define B:= AN 1M (1Ax!A).

A=A 1A=1
Ao ant . O 14 oA
i (=
'A= B 'A= B
4,1A= B+ B (=)
B =1AxlA AxA = BB E:u?;)
B=A B=1 B:>B*B(2)
B='4

Therefore in FS-linear logic,

1A= AN1n (14xlA).

6.1.5 Relation between the exponential and Petri Nets

We explain the relation between exponential ! and Petri nets, and we show that expo-
nential is useful to represent a place which can supply arbitrary many but finite tokens
by firing transitions. For understanding, we give the following simple example.
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Example 6.1.10 Consider the following net, with P = {la,a} and T = {¢;,ts,t3}. Pre-
multisets *(t1), *(t2) and *(t3) are [la], and post-multisets (¢1)°, (t2)* and (¢3)* are [la, la,
[] and [a], respectively.

Figure 6.1: Relation between the exponential ! and Petri net.

Suppose that there is one token in !a.

1. A firing of transition ¢; changes the marking from [la] to [!a, !a],
2. a firing of transition ¢, changes the marking from [la] to []| and
3. a firing of transition ¢3 changes the marking from [la] to [a].

The firing of the transition ¢; transforms one token in !a into two tokens in !a. Then
we can supply arbitrary many but finite tokens by firing transition ¢;. By the firing of
the transition o, the token in !a vanishes. The firing of the transition t3 transforms one
token in !a into one token in a.

In linear logic, we can represent these as following:

1. la =laxla,
2. la=1,

3. la = a.

6.2 Semantics

6.2.1 Valuation on Quantale

Definition 6.2.1 (valuation) A wvaluation v on a quantale Q = (@, V, e, 1) is a mapping
of ® into @) satisfying the following conditions: for every A, B € ®,

1. v(ANB) =v(A)

N
2. v(AUB) =v(A) Vu(B),

63



6.2.2 Validity
Definition 6.2.2 (valid) A formula A is said to be

1. true in a valuation v on a quantale Q if
1 C v(A)

holds, which will be denoted by
Qv 4

2. walid with respect to a class Q of quantales if for each quantale Q € Q and each
valuation v on Q,

QuEA
holds, which will be denoted by
Q4

and a sequent I' = A is said to be valid with respect to Q if and only if
Q ET"—oA,

where I'* is a formula defined by * := 1 and (T, A)* :=T™* % A.

6.2.3 Soundness

The soundness theorem can be shown as usual (see e.g. [47]).

Theorem 6.2.3 (soundness) If a sequent I' = A is provable in linear logic, then it is
valid with respect to the class of all quantales with exponential.

Proof.  Soundness is proved by a straightforward induction on hight of proof.
e Initial sequents are valid,

e for the rules of inference (structural rules and logical rules), if upper sequent(s) is
valid, then lower sequent is valid.

We show that initial sequents, structural rules and logical rules are valid. For structural
rules and logical rules, we show that if upper sequent(s) is valid, then lower sequent is
valid. In this section we show only four structural rules for exponential which are added
to linear logic without exponential in Chapter 5.

We show that structural rules are valid.
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(a) ! =

e Since ET,A = B, =T*%x A—-oB. Then 1 C v(I'"* *x A—oB), and hence
1 C o(I'* « A)—ev(B). Therefore 1 C v(['*) @ v(A)—ev(B), and so v([*) e
v(A) C v(B). Thus

v(A) C (') —ev(B).

e We show that if = ') A = B, then = TI',!A = B. By the definition, it

suffices to show that
= T"xlA—-B.

Since v(A) C v(I'*)—ev(B), v(!A) C v(I'*)—ev(B) by lv(A) C v(A). There-
fore

v(*)elu(A) = v(I*) e v(lA)

C u(B),
and hence 1 C v(I'™*) e v(!A)—ev(B). Thus 1 C v([™x!A—oB), and so
EI*«!A—-oB.
(b) ! — weakening.

e Since =I'= B, =I"—B. Then 1 C v(I'*—B), and hence
1 C o(l")—ev(B).

e We show that if =" = B, then = T",!A = B. By the definition, it suffices
to show that
ET*«!A—-B.

Since 1 C v(I'*)—ev(B) and w(A) C 1, w(A) C v(I'™*)—ev(B), and then
lw(A) =v('A) C v(I'*)—ev(B). Therefore v(I'*) @ v(!A) C v(B), and hence
1Cv(l*) ev(!A)—ev(B). Thus 1 C v(I'x!A—oB), and so = I*x!A—oB.

(c) ! = contraction.

e Since FI'!A/!A = B, EI"xlAx!A—oB. Then 1 C v(I"+!Ax!A—B), and
hence 1 C v(I'™*) e v(!A) e v(!A)—ev(B). Therefore v(I'™*) e v(!A) @ v(1A) C
v(B), and so v(!A) e v(!A) C v(I'*)—ev(B). Thus

lu(A)elv(A) C v(l™)—ev(B).
e We show that if =T',!A,!A = B, then = T',!A = B. By the definition, it

suffices to show that
= I"xlA—-B.

Since lv(A)elv(A) C v(I™)—ev(B) and lv(A) Clu(A)elu(A),
lw(A) C v(l'")—ev(B),

and then v(!A) C v(I'*)—ev(B). Therefore v(I'*)ov(!A) C v(B), and hence
1Cv(l*) ev(!A)—ev(B). Thus 1 C v(I'x!A—oB), and so = I*x!A—oB.

(d) =
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e Since EII' = B, = (II')*—oB. Then 1 C u((II')*—B), and hence 1 C
v(('T)*)—ev(B). Thus
v((I1)) E v(B).

e We show that if =II" = B, then =II' =!B. By the definition, it suffices
to show that
— (I7)*—o!B.

Suppose that = (II')*—!B. Then 1 C v((!II')*—o!B), and hence 1 C
v(('T)*)—ev(!B). Therefore we show that
(1)) Eo('B).

Since v((IT')*) C v(B) and if v(A) C v(B), then lv(A) Clu(B), lv((IT")*) C
lv(B). Therefor v(!(I")*) C v(!B), and hence v((!'I')*) C v(!B). Since
v((IT)*) C o((1T)*), ((!F) ) C v(!B). (Note that IT" is a shorthand for
Ay,..., 1A, where ' = A;,... A,.)

Theorem 6.2.4 (soundness) If a sequent I' = A is provable in FS-linear logic, then it
15 valid with respect to the class of all FS-quantales with exponential.

Proof. ~ We only show that additional one rule, FS, is valid.

FS.
(a)

Suppose that B = A, B = 1 and B = B * B are true. Then = B = A,
=B =1and | B= BxB, and hence | B—oA, = B—ol and = B—oB % B.
Then 1 C v(B—oA), 1 C v(B—ol) and 1 C v(B—oB x B), and hence 1 C
v(B)—ev(A), 1 C v(B)—ev(l) and 1 C v(B)—ev(B) e v(B). Therefore
v(B) E v(4),
v(B) Cwo(l) =1,
v(B) C v(B) e v(B).

We show that if = B = A, =B =1and F B = Bx B, then =B =!A. By
the definition, it suffices to show that

= B—olA.
By Definition 4.3.7, on the FS-quantale with exponential, if v(B) C v(A),
v(B) C 1 and v(B) C v(B) e v(B), then v(B) Clv(A) = v(!A). Therefore
1 C v(B)—ev(!A), and so 1 C v(B—olA). Thus B =!A4 is true.
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6.3 Completeness

First we discuss the classes of quantales. Then we show how to construct the quantales
with exponential from Petri nets, and prove completeness of linear logic for our quantales.
Let Qq, ©O1, Q2 and Q!Z be the classes of quantales defined by

Qp := {P(Xy) | N is a Petri net},

Q, := {C(P(Xy)) | N is a Petri net},
Qy 1= {Cy(P(Xy)) | N is a Petri net},
Q) = {Cy(P(Xx))" | N is a Petri net}.

Then P(Xy), C;(P(Xx)), Co(P(Xy)) and Cy(P(Xy))' are quantales obtained from the
preordered commutative monoid Xy using closure operations C; and Cs.

We say that linear logic is complete for a class Q of quantales, if I' = A is provable in
linear logic whenever I' = A is valid with respect to Q.

Q; is the class of quantales used in Engberg and Winskel [15]. In any quantale in
Qpy or 9y, the distributivity is always valid: in fact, in Qg and Q;, the lattice operations
meet and join correspond to usual set operations intersection and union, respectively, and
hence the distributivity automatically holds. As mentioned in Chapter 1, any logic which
is complete for Qy or @1, must have the distributivity as a theorem. In Chapter 5, we have
considered the class Q,, and have proved completeness for Qs in which the distributivity
is not always valid. Here we consider the class Q), and prove completeness for Q) in
which the Petri nets have the place with exponential !.

In order to prove completeness, we have constructed quantales with exponential from
a Petri net as follows (see Figure 6.2):

First we construct a Petri net N = (P, T.* (—),(—)*). For constructing N, we take
formulas as places and sequents (provability) as transitions. Then from N, we construct a
preordered commutative monoid Xy = (M, =, +,[]), and from the powerset P(Xy) =
(P(M),U, e, {[]}) of the preordered commutative monoid, we construct a quantale Qy =
(C3(P(M)),Uc,, 8¢y, C2({[]})) by closure operation Cy. Finally we construct a quantale
Q; = (Co(P(M)),Ucy, ®c,, Co({[1}), 1) or Qp = (Co(P(M)),Ucy,, ®c,, Co({[]}), !, F) from
Q>.

Petri net N

U Proposition 3.2.4

preordered commutative monoid Xy

(X Proposition 4.1.9

quantale P(Xy)
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(X Proposition 4.2.11

quantale by closure operation Cy QZ‘

U Proposition 4.3.6 or 4.3.8

quantale Q, with exponential Q) or QY

Figure 6.2: The construction of the quantales with exponential Q}, or Q.

The Petri net N = (P, T, *(—), (—)*) is constructed as follows:

1. P := & (the set of all formulas),

[\]

. T:={(,A) | T = A* is provable in linear logic}
(in intuitionistic linear logic, the formulas on right hand side of the sequent are
restricted at most one formula occurrence, so the formulas in A are connected with

%),
3. foreach t = (I'; A) € T,

Then we define a mapping v of ® into the quantale Qs by
v(C) == G({[CT}).

Next we construct the FS-quantale with exponential Q) or the quantale with expo-
nential QY.

Note that in the preordered commutative monoid Xx = (M, =, +, []), for a sequence
[, since [I'] is a multiset consisting of places in T,

[[J—[A] if and only if I' = A* is provable
in linear logic, and hence
Co({[T']}) € C2({[A]}) if and only if I' = A* is provable
in linear logic.
We could not prove completeness for Q}, but we could for QY. In the sequel, we shall

prove completeness for Q.. First we explain why we could not prove completeness using
Q}, and then we show how to prove completeness using Q..
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6.3.1 Completeness for FS-Linear Logic

We had shown in Chapter 4, as an interpretation of !a, for an element a of a quantale, we
require an element x such that

tCaANlA(zex).

Although this will not in general characterize a unique value of the quantale, since from
FS it follows that any x satisfying  C a A 1 A (z e z) should be below !a, !a should be the
greatest fixed point of the monotone mapping

r—aAN1A(zex)

in the complete lattice given together with the quantale.
Note that by definition, a quantale with exponential Q' = (Q,V,e,1,!) is an FS-
quantale with exponential if

bC a,bC 1 and b C beb implies b Cla.

Moreover by proposition, let Q = (@, V,e,1) be a quantale, and for each a € @, define
an operator ! on () by

la:=\/{z €QzCanlA(zez)},
then Q' = (Q, V, e, 1,!) is an FS-quantale with exponential.
Proposition 6.3.1 Let
Q2 = (C2(P(M)), Ucy, o, Ca({[ 1)
be a quantale. For each A € Cy(P(M)), define an operator ! on Cy(P(M)) by
14 = [ J{X € Co(P(M))[X C ANG({[]}) N (X e, X))}

Ca

Then
Q; = (C5(P(M)), Uc,, 0c,, Co({[1}), 1)

15 an FS-quantale with exponential.
Proof. It is immediate from the definition of exponential. [ ]
Remark 6.3.2 Using Lemma 4.3.3, we can show that
v((I0)") <l (('1)")
by induction on the length of I'.

Proof.  W(A) C v(!A) from definition, then !'v(A) Clv(!A) by 4 of Lemma 4.3.4, and
hence

Ny(A) = lv(A) (by 1 of Lemma 4.3.3)
= v(lA)
C lu(lA).
Therefore v(!A) Clv(1A), and so v((IT")*) Clo((!T)*). u

Let Q) be the class of FS-quantales with exponential defined by
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Q; = {Qy | Q2 € Q!4 := Ue, {X|X = An G:({[]}) N (X o¢, X)},
A, X € Co(P(M))},

where Q, := {C2(P(Xx)) | N is a Petri net}, and Cy(P(Xy)) are commutative quantales
defined from a preordered commutative monoid Xy and closure operations C\.

We say that FS-linear logic is complete for a class Q) of commutative quantales, if
[' = A is provable in FS-linear logic whenever T' = A is valid with respect to Q.

Here we consider the class Qb, and prove completeness for @b, since the distributivity
is not always valid in FS-quantales with exponential from Q}.

In the sequel, we shall prove completeness for Q5.

Theorem 6.3.3 (completeness) If a sequent I' = A is valid in Q), then it is provable
in FS-linear logic.

Proof.

We can show by induction on the complexity of C' that v is a valuation on Qj.

Since the completeness proof of the quantales automatically extends to the FS-quantales
with exponential, it suffices to show that

v(1A) =lv(A).
Note that, by the definition of v,
o v(l4) = CG({[14]}),

o lu(4) =IG({[A]})
= U, {2 X0 X = Co({[A]}) N Co({[1}) N (G2 X 8¢, C5X)

where Cy X denotes the set of Cy-closed elements of a set X.

Here it suffices to show that
Co({I!A]} =2 ({[A]})-
We could prove Co({['A]} C!C2({[A]}), but we could not the inverse.

1. First we show Cyo({[!A]}) C!Co({[A]}).

Suppose that [['] € Co({[!A4]}). By the definition of exponential !, since

1Co({[A]}) = U{CoXCoX = Go({[A]}) N Co({[1}) N (CoX e, CoX)},

(&)

[[] €lCy({[A]}) if and only if there exists C5X such that
Co({[A]}) N C2({[]}) N (CoX e¢, C2X) = C2,X and [I'] € CoX.

Then it suffices to show that

C({[1A]}) = GTALY) N G N (C({[MA]}) ec, C2({[AT})-
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e For

C({[!AT}) € G({[ATY N G(TTH N (C({[MAT}) ec, C({[1 A1),

suppose that [A] € Co({[!A]}). Then since [A] > [!A], we see that A =!A is
provable in FS-linear logic. Since !4 = AM1M (!Ax!A) is provable in FS-linear

logic, we have
A=1A 1A= AN1n(AxlA)

AS Anin(ada) )
Therefore
[A] > A[M1 11 (1A% A)],
and hence
Al € Co({[AN1m(TAxLA)]}).
Thus

[A] € G[A]) N G{[1}) N (C({I!A]}) oo, Co({[1A]}))-
(Remark Cy({[!A]}) oc, C2({[!A4]}) = Co({[!Ax!A]}). Because

Co({[!A]}) oc, Co({[!1A]}) = Ca(CL({[1A]}) » C2({[!A]}))
{[1AT} o {[*A1})

Cs(
Co({[MA] + [1A1})
Co({[14,14]}),

and Cy({[IA<A]}) = C({[14,14]}) )

e For

C({[A1}) N G ({[13) N (C2({[!A]}) e, C2({[1A]}) € Co({[A1}),

suppose that
[A] € C({[A]}) N C:({[TH) N (C2({11A]}) e, Co({[1AT}))-
Then since [A] > [AT111 (IAx!A)], we see that
A= AN1n(!AxlA)

is provable in FS-linear logic. Since AM1M(!Ax!A) =!A is provable in FS-linear
logic, we have

A= ANTN(A€IA) AN10(14x14) =14
A=A

Therefore [A] > [!A], and hence [A] € Cy({[!A]}).
2. Next we show !Cy({[4]}) € Co({['A4]})-

(cut)‘

Since 1G5 ({[4]}) = Ue, {C2X|CoX = Co({[A]}) N Co({[]}) N (CoX e¢, C2X)}, it
suffices to show that if

O X = Go({[A]}) N Ca({[1}) N (G X eg, C5X),

then
CoX C Cy({['A]}).

We could not prove this.
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Remark 6.3.4 Consider the following rule:

B = A" for all n »
B =14 (FS”)

where A% := 1, A" := A x A"
By the addition of FS” rule to linear logic, we can derive F'S as follows:

B,B=AxA
B= BxB B*B;sA*AEu;;)
B=A B=1 B:A*A(FS”)
B =4

6.3.2 Completeness for Linear Logic

We will show how to prove completeness of linear logic for the class of quantales with
exponential.
First we show the construction of our quantale with exponential.

Proposition 6.3.5 Let Qy = (C2(P(M)),Uc,, 8c,, C2({[]})) be a quantale. Define F C
Co(P(M)) by
F={C({['A]}) | A € @}.

Then
QL“ = <02(P(M))7 Ucy,, ®Cys 02({“})7 L F>

18 a quantale with exponential.

Proof. ~ We can prove that F defined as above satisfies the conditions 1 to 3 of Definition
4.3.7.

1. If X,)Y € F, then X oY € F. It suffices to show that for Cy({[!A4]}) € F and

C({['B]}) € F,
Co({[!'A]}) ec, C2({['B]}) € F.

Since

Co({[!A]}) ec, Co({[!B]}) = Ca(C2({[1A]}) ® Co({['B]}))

Co({['A]}  {['Bl})

Co({[!A] + ['B]})
(
(

Co({[14,1B]})
— Gy({[1A%!B]}),

leten Bt W enten Sl guden

[
[
[
[

we show

Cy({['A«!B]}) € F.
By Example 6.1.4, !Ax!B =!(A M B), and hence

C({['A+!B]}) = C({[((AN B)I}) € F.
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2. Xe X =X firall X € F. It suffices to show that

Co({['A]}) e, Co({[!A]}) = Co({[1A]}).
Since Co({[IA]}) oc, Co({[1A]}) = Co({[!A%IA]}), we show

Co({[1Ax1A]}) = Co({['A]})-
Since !Ax!A =1(AM A) =!A,
C({[1A=4]}) = G({[[(AmA)})
= G({[!4]})
e F.

3. 1€ Fand X C 1 forall X € F. It suffices to show that

C({[]1}) € F

and

C({11A]}) € C:({[1D)
for all C2({[!A4]}) € F. Note that

C:({1}) = ({11}
= G({[1]})
€ F.

Therefore Co({[]}) € F. For Co({[!A]}) C Co({[]}), suppose that [['] € Co({['A]}).
Then [I'|—>[!4], and hence I" =!A is provable in linear logic. Since !A = 1 is also
provable in linear logic, we have

=14 1A=1
'=1 (CUt),

and then [I']>[1]. Therefore [['] € C5({[]}), and so C2({[!'4]}) C Ca2({[]})-

[ |
Note that F consists of Cs-closures of multisets which have a token in a place with
exponential !, that is the place can supply arbitrary but finite tokens. For the FS-quantales
with exponential which the definition of exponential ! is the one in [15, 16, 17], we could
prove soundness but could not prove completeness. Because we could not show that v
defined above was a valuation on the FS-quantales with exponential, i.e., we could prove

v(14) Clu(4),

but could not prove the converse. So we use the other definition of exponential !. Since
in the quantales with exponential of our definition, we can also show lv(A4) C v(!A), then
we can prove completeness.

Let Q) be the class of quantales with exponential defined by

Q, = {Qi | Q; € Qy, F C Cy(P(M)) with 1 to 3 of Definition 4.3.7},
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where Q, := {C2(P(Xy)) | N is a Petri net}, and Cy(P(Xy)) are commutative quantales
defined from a preordered commutative monoid Xy and closure operations C\.

We say that linear logic is complete for the class Q) of quantales with exponential,
if I = A is provable in linear logic whenever I' = A is valid with respect to Q). Here
we consider the class Qb, and prove completeness for Qb, since the distributivity is not
always valid in quantales with exponential from QJ.

In the sequel, we shall prove completeness for Q5.

Theorem 6.3.6 (completeness) If a sequent I' = A is valid in Q), then it is provable
wn linear logic.

Proof.

Since the completeness proof of the quantales automatically extends to the quantales
with exponential, it suffices to show that

v(1A) =lv(A).
Note that, by the definition of v,
o v(14) = C({[!4]}),
o l0(A) =!Co({[A]})
= U {CeX € F | 02X C Co({[A]D)},

where (', X denotes the set of C>-closed elements in the set F defined in Propo-
sition 6.3.5.

Here we show that

Co({[1A]}) =1C({IA]}).

1. For Co({[!A]}) C!C5({[A]}), since the closure operation Cy is order preserving
and !A = A by the definition, we see that

C({I14]}) <€ C({[A]D).
On the other hand Cy({['A4]}) € F, hence
C2({114]}) SIC({[A]}).
2. For ICy({[A]}) C Ca2({['4]}), suppose that Co({[!B]}) € F with Co({[!B]}) C

C2({[A]}). Then [!B]>[A], and hence !B = A is provable in linear logic.
Therefore !B =14, and so [!B]>[!A]. Thus

C({I'B]}) € C2({[1A]}),

hence

1C({[A]}) = U{C:X € F| CoX C Go({[A]})}

C>

< G({l'A]})
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Finally we prove that = A is provable in linear logic whenever 1 C v(A). To this
end, suppose that 1 C v(A). Then Cy({[]}) C C2({[A]}), and hence [|>[A] in the
original preordered monoid My. Thus = A is provable in linear logic. Therefore if
['*—0A is true in Qb with v, then

=1 A=A
=I1*o0A I*oAT=A (-0 =)
'= A (cut)

and hence I' = A is provable in linear logic.
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Chapter 7

Interpretation on Petri Nets

In this chapter, we give an impression on the meaning of the logic on the proposed Petri
net model, comparing with that by [15].

First, using some examples, we consider a difference of interpretations between C'
and C5, and then we show that the distributivity is not always valid for the quantales
constructed with Cy. We give also the interpretation of exponential ! for a Petri net
using an example. Moreover we try to give a different interpretation of formulas under
our closure operation.

7.1 Interpretation of (', and ()

The markings forward reachable from m form the set
tm={meM|m-—m'}

Similarly, the markings downward reachable to m form the set
Im={m' e M|m' — m}.

In this thesis, for a marking m, we consider the set of downward reachable to m, and
generally call the set the downward closure of m.
In [15, 16, 17], this notation is extended from the marking m to the set M of markings
as following:
IM:={m' e M|3Ime M(m —m)},

and we call this downward closure | M (.
In this thesis, this notation is extended as following:

M~ :={m e M |V¥m e M(m —m')},

M~ :={m e M|¥Yme M(m' —m)},

and we call this downward closure (M 7)< Cb.

In [15], C} is used as a closure operation when the class of quantales is defined, while
the closure operation used in this thesis is C5. First, we describe an informal difference
of interpretations between C; and Cy. The formal definition of = and wvaluation were
given in Chapter 5 and Chapter 6, but here for intuitive understanding, let us agree with
= A—oB means that A—oB holds in the quantales created with C; or Cs.
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For a single marking m € M, it is easy to see that

Am}=({m};™)",

and therefore
Ci({m}) = C2({m})

holds. Hence, for m, m' € M,
C;({m}) C C;({m'}) if and only if m>m' (i = 1, 2),

i.e., inclusion between two C'-closed markings in M coincides with the reachability rela-
tion between them, and also for two Cy-closed markings.
We will identify a marking with the formula representing it. Since

= A—oB if and only if v(A) C v(B),
the following holds for both of quantales C(P(Xx)) and Cy(P(Xy)):
E m—om/ if and only if m—>m'.

Hence we can read = m—om' as ‘m’ is reachable from m’. For a subset of markings, C;
and C5 may give different results.

7.2 Difference between C; and (5

First we give some interpretations of linear logic on the Petri net models created using
C, and C,.

Example 7.2.1 Consider the following net:

Figure 7.1: Petri net - L.

Here we have

Ci(flal}) = Ca({lal})
= {ldl},
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Ci({oly) = G({[b]})
= {ldl, 0], [d]},

Gi(fld) = Gl
= {ldl,[c]}-

In this example, with interpretations of connectives %, LI and 1, the following holds:

1. Faxa—oaxband = axa—ob*c. Because

Ci({la *al}) {[a]}) ec, Ci({[al})

Ci({[a]}) e C1({[al}))
{[a]} & {[a]})

{m+m'"|m e {la},m € {la]}})
{la] + [a]})

Ci({la, al})

{[a, al}

Ch

1 | | | L
Q

and

Ci({[a*b]}) {lal}) ec, C1({[0]})

{m+m"|m € {[a]},m" € {[a], [0], [d]}})
{la] + [al, [a] + [0], [a] + [d]})

{la, al,[a, 0], [a,d]})

la, a], [a, b], [a,d]}.

[ T T T
0

Since {[a,a]} C {[a, al, [a,b],[a,d]},

Ci({laxal}) € Ci({la * b]}).
(Remark

C({la xb]}) ({[a]}) ec, C2({IB]})
Co({m +m' | m € {la]}, m" € {[al, [b], [d]}})
({la] + [a], [a] + [b], [a] + [d]})

({la, al, [a, 0], [a, d]})
0,

{la, al, [a, 0], [a, d}, [b,
Since {[a, a]} C {[a,a], [a,b],|a,d], [b,b],[b,d],[d,d]},

Co({la xal}) € Co({lax0]}).)

We can prove = a * a—ob * ¢ similarly.

[ T TR T
$2

(b, d], d, d]}-
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2. Eald—ob and = d—oa U b. Because

Ci({leud]}) = Ci({lal}) Ve, Cr({1d1})
= Gi(Gi({lal}y) L Ci({1d]}))
= Gi({lal} U{ld]})
= Ci({[d], [d]})
= {ldl,[dl}
and C; ({[0]}) = {lal, [b], [d]}. Since {[a], [d]} € {[al, [6], [d]},

Ci(flewd]}) € Ci({ld}).
(Remark

C({lad]}) = Co({lal}) Ve, Co({1d1})
Cy(Co({lal}) U G ({1d1}))
Cy({[al} U {[d]})

C>({[al, [d]})

[

{[a], [0], [d]}
and Co({[b]}) = {lal, [b], [d]}. Since {[a], [0], [d]} < {[a], [b], [d]},
C(flavrd]}) € C({[d]}).)

We can prove = d—oa LI b similarly.

3. Ea—obMcand = bMc—oe. Because

and
Ci{brd}) = Gi({[o]}) NnCi({[el})
= {lal, o], [d]} N {[al, [c]}
= {la]}.

Since {[a]} C {[a]},
Ci({la]}) C Ci({[b1]}).

We can prove |= bMc—oe similarly. Since Cy({[bM¢]}) = {[a]}, C1({[e]}) = {[al, [e]}
and {la]} € {[a, [e]},
Ci({brd}) < Ci({[el})-

Remark 7.2.2 Here we consider the meaning of M, 3 of the example given above. |
a—ob M ¢ means that b and ¢ are reachable from a, but }= b M c—oe does not mean that e
is reachable from b or ¢. Note that in the interpretation of m Mmsy—omsg, it is not always
true that we understand the meaning of each marking in formulas as it has. It will be
described later, so here we show a case using the above example, = b c—oe. The rules
of M are the following:
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b=e c=e
bl‘lc:>e(|_|1:>), bl‘lc:>e(|_|2:>),

The meaning is not ‘e is reachable from b or ¢’, but ‘e is reachable from every markings
from which b and ¢ are reachable’. If x > b and © = ¢, then x > e. This does not
always mean that e is reachable from b or c.

Example 7.2.3 Consider the following net:

d
Figure 7.2: Petri net - II.

Here we have

Gi(fld) = Gl

Ci({lely) = Cu({lel})
= {la,b,d],[c,d], [e]}.

In this example, with interpretations of connectives —o, the following holds:

1. Ci({[b—oc]}) = Co({[b—oc]}) = {[a]}, and then

= (b—oc)—oa.

Because

Ci({[b—cl}) = Ci({[b]})-C1({[c]})
= Ulx1xeci({pl}) € Gi({ldh}

C1

= CGi({z |z +y e Ci({[c]}) for all y € C1({[b]})})
= Ci({z [z +b] € {la, 0], [c]}}).

If z = [a], then [a] + [b] = [a,b] € {[a,]], [c]}, and hence

Ci({[b—oc]}) = {[al}-
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2. C1([d—o€]) = Cy([d—oe]) = {[a, b], [c]}, and then
E (d—oe)—oa x b and = (d—oe)—oc.

Because

Ci({[d—el}) = Ci({ldI})—=Ci({[e]})

X [ X e Ci({[d}) € Ci({lel})}

C1

Ci(fz |z +y € Ci({[e]}) for all y € CL({[d]})})
Ci({z |z +[d] € {[a, b, d], [¢,d], [e]}})-

If z = [a,b], then
[a,b] + [d] = [a, b, d] € {[a,b,d],[c,d], [e]},
and if x = [¢], then [c] + [d] = [¢,d] € {[a, b, d], [c,d], [e]}. Therefore

Ci({[d—oel}) = {la, b], [c]}-

The following example shows the difference between C and Cj.

Example 7.2.4 Consider the net of Figure 7.1:
Here we have

o Ci({[b]}) = G ({[b]}) = {lal, [0, [d]},
e Ci({[d}) = Co({[e]}) = {la], [},
e Ci({[dl, [d]}) # C2({lal, [d]}), because
C1({la], [d]}) = {lal, [d]},
and since {[a], [d]}™ = {[b]} and {[b]}* = {[a], [0], [d]}, then
C>({[dl, [d]}) = {lal, [0], [d]}-

Next we show that, while the quantale constructed using C is distributive, it is not
always true in the quantales using Cj.

Example 7.2.5 Consider the net of Figure 7.2:
When we construct a quantale using C', we have

L (Ci({la, b}) Uey Cr({d1}) N Ci({[e]})

Ci(Ci({[a, 0]}) U CL({[d]}) N C1({[c]})
Ci({[a, 0]} U {[d]}) N C1 ({[d]})

Ci({la, b, d]}) N Ci({[c]})

a,b,d)} N{[a,b,c|}

a, b},

—~
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2. (Ci({la, b1}) N CL({[e]})) Ve, (CL({ld]}) O

Ci(
C1((Cr({la, b1}) N Cr({ld]}) L (Cr({[d]}) N Ci({[d]})))
C1(({[a, o]} N {a, b, 1}) U ({[d]} N {[a, b, ]}))
I
(

1({leh)

(
Cl { a, b]} U @)
C1({la, 0]})
[a, b1}

—

Therefore
(C1({la, b]}) U, C1({[d]})) N Ci({[e]})

= (Ci({la, 0]}) N Ci({[d})) Ve (Cr({d1}) N Ci({[e]}),

then distributivity is valid. But when we construct a quantale using Cs, we have

L (Co({la, b]}) Ue, Co({[d]}) N Co({c]}) = {la, b, [c]}, because

Co({[a, 0]}) Ue, C2({[d]}) = Ca(Ca({la, 0]}) U Co({[d]}))
Cy({[a, b1} U {[d]})
C({[a, b], [d]})
[a, 0], [d]} )
ey
0], [d], [d], [e]}

—

-~

[
[
and

Co({lel})

1 —
-

then (C({a, b]}) U, C2({[d]})) N Co({[c]})
o], [d], [d], [e]} N {[a, 0], [c]}

—
£ k3
)

2. but (Ca({a, 0]}) N Co({[dl})) Ve, (C2({ldl}) N Ca({[e]}))

Co((Co({la, b1}) N Ca({[e]}) U (C2({[d]}) N Co({[d]})))
Cs(({[a, o]} N {[a, b], [c]}) L ({{d]} N {[a, b], []}))
Cy({[a, 0]} L D)

Cs({[a, b1})

{la, 0]}7)"

[a, 0], ], [e]}

[a, b]}.

(
{
{
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Therefore
(C2({la, b]}) Ue, C2({[d]})) N Co({[c]})

7 (C2({la, b]}) N Co({[d]})) Ve, (Co({1d}) N Ca({[e]}),

then distributivity is not valid.

We consider conjunction and disjunction of two markings. Let m;, msy, and ms be
markings in M. The interpretation in C;(P(Xy)) is described as follows.
[ ] ): mi1—omso L mg:

ms or ms are reachable from m;.

e = my—omy Mmg:

ms and mg are reachable from m,.

e = my Lmy—oms:

mg is reachable from m; and ms.

[ ] ): mq 1 mo—o0Mmsg.

mg is reachable from every markings from which m; and my are reachable, i.e., if
mC>my and m—>msy then m—>ms. This does not always mean that mg is reachable
from my or ms.

From the last formula, it is not always true that we understand the meaning of each
marking in formulas as it has. We should read = m—om' as ‘if m is reachable from some
marking, then m' is also reachable from it’. Using this interpretation, the last formula is
read as ‘if m; and ms is reachable from some marking, then mj is also reachable from it’.

Using the same examples, we show the interpretation in Cy(P(Xy)). Ounly the differ-
ence between C(P(Xy)) and Cy(P(Xy)) is found in formulas with L, because

v(my Umy) = Co({mu}) U, Co({ma})

is not necessarily equal to
Co({rmi}) U C2({ma}).
[ ] ): mi1—omso L mg:

Every marking reachable in common from msy and mj is also reachable from m;.

e = my LUmy—omys:

ms is reachable from every marking reachable in common from m; and ms. As a
result, m3 is reachable from m; and ms, provided that there exist some markings
reachable from both m; and ms.
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7.3 Interpretation of Exponential !
For understanding exponential, we give the following example.

Example 7.3.1 Consider the following net:

Figure 7.3: Petri net - IIL

If we have a token in the place a, by the firings of transition ¢;, we may extract as
many tokens as we like. Because we can get two tokens from one token. So we can regard
the place a as one which can supply arbitrary many but finite tokens.

When we construct a quantale using C5, we have the followings:

1. Cy({[a]}) = {[al, [a.a], [a, a,al,...}, because Cy({[a]}) = ({[a]}7)*, and {[a]}~ is
{11, 0], [a,a,a,...]}, and then

{1, b1} = {lal, [a, ], [a, a, a], .. .}.

2. Go({[1}) = {ll.lal, [a, d],[a,a,d],. ..}, because C5({[1}) = ({[I}7)7, and {[]}~ is
{[]}, and then

{= = {llyu{lal,la,d,[a,a,d],...}

{11, la], [a, a], [a, a,a], .. .}.

3. Co({[b]}) = {[0], [a], [a, al, [a, a, d], . ..}, because C5({[b]}) = ({[b]} "), and {[b]} " =
{[b]}, and then

{[o]} = {[0]} u{ld], [a, al, [a, a,q], ...}

{[b], [a], [a, a], [a, a,a], .. .}.

Note that
Co({[o]}) = {[b], [a], [a, a], [a, a,al, .. .}
and
Co({lal}) = {lal, [a, a], [a, a, a],. ..} = Co({[!0]}).
Therefore Cy({[b]}) properly contains Cy({[!0]}).
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Remark 7.3.2 When we construct the quantale using C'; from the example given above,
for the set F of the quantale with exponential we have

F={la"][n=1}{la"] |n > 0}},
where [a"] := [a,...,al.
We can show t%at these hold Definition 4.3.7.
1. Forif z,y € F, then v ey € F,

{[a"}[n>1}e{la"]|n >0} ={[a"][n>1} €F.

2. Forxex =z forallx € F,
{[a"] [n =1} e {[a"] | n > 1} = {[a"] | n > 1},
{[a"] [n =0} o {[a"] | n = 0} = {[a"] | n > O}.
3. Forle Fand x C 1 for all z € F, C5({[1]}) = {[a"] | n > 0}, and
{[a"][n =1} C C({[1]}),
{[a"] [ n =0} € C2({[1]}).

7.4 Another Interpretation

We now give an intuitional meaning of each marking in formulas. By the definition of the
closure operation, it is easy to see that for any X € P(M),

Cy(X)7 = X

and

(Co(X) )T = Ca(X)

holds. Therefore, a function
Z:Cy(PM)) — P(M)™

defined by Z(X) := X is a bijection, and its inverse is Z"1(Y) := Y. Note that for
any X, Xo C M,

CQ(Xl) g CQ(XQ) if and only lfI(Xl) 2 I(XQ)

We try to give the meaning of X € P(M) by Z(X) instead of Co(X). Z(X) is the set
of all markings reachable from every marking in X. Considering each token as a resource,
Z({m}), m € M corresponds to results obtainable by providing resources m, where the
results includes all markings reachable from m.

Let mq, ms be markings. For the meaning of m; M my and m; U msy, we have the
following.
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o Cy({m1}) N Cy({my}) is the set of all markings from which both of m; and my are
reachable. Therefore, the meaning of m; Mma, i.e., Z(Co({m1}) N Co({ms})), is the
set of all results obtainable from every markings in Cy({my}) N Ca({m2}). As a
results, it contains both of Z({m;}) and Z({my}).

e The meaning of my L my, i.e., Z(Cy({m1}) Ue, Co({m2})), is the set of all results
obtainable in common by resources m; and by resources m..

Then the following interpretation is possible.
e |= m;—omy means that

‘if one can get any result obtainable from resource m;, then one can also get any
result obtainable from ms,’. As a result, my is reachable from m;.

e = m; LI my—omg means that

‘if one can get any result obtainable in common from m; and ms, then one can also
get any result obtainable from mj3’. As a result, mg is reachable from both m; and
ms, provided that there exist some markings reachable from both m and ms..

e | m;—omy LI m3 means that

‘if one can get any result obtainable from my, then one can also get any result
obtainable in common from my and ms’.

e = m; M my—omg3 means that

‘if one can get both of any result obtainable from m; and any result obtainable from
mg, then one can also get any result obtainable from mj3’. This does not necessarily
imply that ms is reachable from m; and ms.

e = mj;—omy M mg means that

‘if one can get any result obtainable from m;, then one can also get both of any
result obtainable from ms and any result obtainable from mj3’. As a result, both ms
and ms are reachable from m;.

Comparing with temporal logics, one of advantages of using linear logic in Petri nets
is to describe properties on individual tokens. For example,

Ecxm—o(alb)*m

means that ‘any results obtainable in common from marking m with additional resource
a and marking m with additional resource b is also obtainable by adding resource ¢’.

The difference between the interpretation shown above and that by [15] can be found
in the following example:

‘once place a is marked, it is possible to reach a marking where b is marked’.

On the model of [15], it is described by

FaxT—obxT.

On the model of this thesis, this has a different meaning:
‘if one can get any result obtainable in common from any marking with a marked,
then one can also get any result obtainable in common from any marking with b marked’.
Note that since Z(v(a * T)) may be empty in most cases, it is hard to describe such
don’t care submarkings on the model of this thesis.
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7.5 Relation of Linear Logic, Models and Petri Nets

Here we consider the relation of linear Logic, models (quantales with exponential !) and
Petri nets.

L Q) (P)

Figure 7.4: The relation of linear logic, models and Petri nets.

These mean that (L) is the set of formulas, (Q) is the set of quantales and (P) is the
set, of Petri nets, respectively.

e [ : the set of formulas

all formulas : the set of all formulas, i.e., ®
a C @ : the set of all provable formulas
b C @ : the set of all formulas which are valid in the quantales

¢ C @ : the set of all formulas which are valid in the quantales generated from
Petri nets

e () : the set of quantales

quantales : the set of all quantales

PN-quantales : the set of all quantales generated from Petri nets

1. relation between a and b

soundness : a C b

completeness : b C a
2. relation between a and ¢

soundness : a C ¢

completeness : ¢ C a
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Soundness and completeness of linear logic are proved for quantales [1, 5, 19, 21, 22,
39, 47]. Therefore the set of all provable formulas equals the set of all formulas which are
valid in quantales, i.e., @ = b. The problem of this thesis is how is the relation between
a and c. We considered whether the set of all formulas which are valid in the quantales,
i.e., the set of all provable formulas equals the set of all formulas valid in the quantales
generated from Petri nets or not, and have proved a = c.
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Chapter 8

Concluding Remarks

We have seen how to construct quantales in which the distributivity is not always valid
from Petri nets, and prove completeness of linear logic for the quantales. Moreover, we
extend the quantales to the quantales with exponential !. We introduce how to construct
quantales with exponential from Petri nets, and prove completeness of linear logic for the
quantales with exponential.

In this concluding chapter, moreover we consider the connection between classical
linear logic and Petri nets.

Definition A modal classical quantale is a classical quantale with additional unary op-
eration 7 satisfying:

L. (a—eb) C?a—e?b,
2. a C%a,

3. 70=0,

4. 77a C?a,

5. 0 C7a.

Lemma In every modal classical quantale, the following holds:
1. if a C b then 7a C7D,

2. if la @b C7¢ then !ae?b C7c.

Definition A structure Q = (Q,V, e, 1,0) is a commutative classical quantale if
1. (@, V) is a complete lattice,

2. (Q,e,1) is a commutative monoid,

3. (Vx;) ey =\(x;ey) for all z;,y € Q,

4. ~~vx=x (~x:=x-0) for all z € Q.
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We shall use simply classical quantale for commutative classical quantale with unit.

Definition Define a binary operation —e on Q by

y—ez:=\/{z |zeyC 2}

Then
rCy—ezifandonlyif zey C 2.

Definition Syntax (formulas, sequents, axioms and rules) of classical linear logic are
follows: (In this section we show only formulas, axioms and rules we have to add to linear
logic in Chapter 6.)

1. Formulas

The language of classical linear logic has an alphabet consisting of

a propositional constant: 0,
an unary connective: ? and

a binary connective: .
The connective carry traditional name:
@®: disjunction (par) and
?: modality (why not, consumption or costorage).
Formulas are inductively defined by
The propositional variables and constants are formulas and
if A is formula, then ?A is formula.
2. Axioms and Rules

The basic calculus is obtained from the calculus of linear logic by adding the fol-
lowing rules.

(a) The adding axiom of classical linear logic is the instance of the following one
axiom-scheme:

[,0= A.
(b) The adding rules of inference of classical linear logic are the following structural
les:
rules Do A 0 -
T A (0 wea enlng),
'=AA BA
TS ABAA (exchange)

)

and the following logical rules:
I'=A,D
s —"E———— =
D+ T'= A ( ),

D,T'= A

= A Dt (= 1)

Y
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Al'=A B/II=A (@ =)
A B, III= A A ;
I'=AAB (= )
'=AA®B ,

and the following modality rules:

L=4 (7 - weakening)

= A,7A ,
247
2 ;:}A’A%}’AA (? - contraction)

A= o
Aoy )

'=AA 0
r=aa =7

where 7I" is a shorthand for 7A,,...,7A, where ' = A,,... , A,.

For understanding of the adding rules described above, we give the following examples.

Examples of Proofs
1. We can derive that (A x B)* = A+ @ B+,
e For (A B)* = At ® B,
A=A B=1B

ABsA:B =%
(A B)t = A+ B! = a) (L=,=1)
(A% B)* = At @ B+
e For At ® B+ = (A« B)*,
A=A B=1B
— (L =) —/————— (L=
AL,A:>( ) BL,B:>( (E)B:>)
A B,At® Bt = (+ =)
AxB, At B+ = (= 1)
Ate Bt = (AxB)*
2. We can derive that A—oB = A @ B.
e For AoB = At @ B,
A=A
A=A (o)
:>A,AL( ) B:>B(_O:>)
A—-oB= A B
(=)

A-oB= At® B
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e For At ® B = A—oB,
A=A
A=4 (] =
A,Ai:>( )
A AoB=B
At ®B= A-oB

B=1HB
(= —)

(® =)

3. We can derive that (14)+ =74+

e For (1A)+ =744,
A=A
= A AL (=1

= A, 74+
—14,7A4%
(14)L =74L

(L =)

e For 7AL = (14)4,

A=A
A=4 (] =
AL,A:>( )

AL 1A =
74T 14 =
74 = (14)* (

(=)

(7 =)
= 1)

4. We can derive that A+ = A—o0. We use this later.

e For A+ = A0,

o For A—0 = A',

5. We derive that 0 =7_1.

e For 0 =71, we have
0=

0=71

(? - weakening)

e For 71 = 0, we have
1=

71 =
71 =0

(7 =)
(0 - Weakening).

Therefore if there is 7, then 0 is expressed by L.
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Suppose that we want to express the set of all markings which cannot be reached from
a marking.

For example, suppose that we want to express that in a Petri net model, a marking
in a place a cannot get into a place b. How we can express this 7 For understanding, we
give the following example.

Example

Consider the following net:

Suppose that there are one token in b, w; and wy, and we want to express that in
a Petri net model of mutual exclusion, processes p; and p, cannot get into their critical
regions ¢; and ¢ at the same time.

-

P-1

~
),
)
UE
[
L
3
()
),
e
N
()
),

Figure 8.1: Mutual exclusion.

Where the marking of the place w; indicates that the first process, p;, is working
outside its critical region, ¢, and similarly for the other process, p,. The resource corre-
sponding to b is used to ensure mutual exclusion of the critical regions and after a process
has been in its critical region it returns a resource, a, which then is prepared (transformed
into b) for the next turn. The initial marking, my, will be

We can now express that e.g. p; can enter its critical region (from the initial marking)
by:

): moy—ocCy * T.

However this does not ensure that no undesired tokens are present, so it is better to
express it:
): MmMo—oC1 * Wa.

If the system is in a “working state” then both processes have the possibility of entering
their critical section:
E wy * (aUb) x we—ocy * wy Mwy * Ca.

The property, that when p; is in its critical section and p. is working it is possible that
py can later came into its critical section with p; working, is expressed by:

): C1 * W9 —OW71 * Co.
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Similar other “positive” properties can be expressed. Shortly we shall see how to express
the “negative” property that both processes cannot be in their critical regions at the same
time.

Suppose we want to see how to express the negative property for Petri net, for example,
two processes cannot, be in their critical regions at the same time. Then we consider the
operation of linear negation.

Definition

Linear negation can be expressed in terms of 0 and —o by
At = A—o0.

Its semantics with respect to a quantale is determined by a choice for the denotation 0.

Now we can prove soundness theorem for quantales generated by Petri nets, but have
not succeeded to prove completeness for quantales by using similar construction in Chapter
5 and 6. It is one of subjects of further research.
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